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Introduction: the linear case (p = 2)
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1. Introduction: the linear case (p = 2)

— Harmonic functions and the mean value property

1= n > 2 and Q C R"” denotes a bounded open domain.

The Laplacian of u € C?(Q):
Au=Tr{D?u} = i Pu
B B — Ox?

A function u € C?(Q) is harmonic in Q if Au = 0.

v is harmonic in Q <= u satisfies the mean value property in Q:

u(x) = ][ u(z) dz for every B,(x) € Q.
Br(x)
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1. Introduction: the linear case (p = 2)

— The asymptotic mean value property

Let u € C%(Q) and fix x € Q. Average with respect to z € By the Taylor's
expansion of u:

.
u(x +ez) = u(x) + e(Vu(x), z) + > Tr{D?u(x) - z ® z} + o(e?)

L ]

][ u(y) dy = u(x) + 0 + -
Be(x) 2

Blaschke, Privaloff, Zaremba (1900's)

Let v € C(Q2). Then

u is harmonic in Q <= u(y) dy = u(x) + o(e?), xeQ.
B:(x)
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1. Introduction: the linear case (p = 2)

— The random walk

The Random Walk is a stochastic process describing the location of a
particle jumping from one position to another inside .

— {x0, x1, X2, ...} C Q describes the
location of a particle at each time j > 0.
— Xj+1 € Q is randomly chosen in B.(x;)
for each j > 0.

— The process stops the first time the
particle exits Q at some x, ¢ Q.

— Then the amount F(x;) is collected, where F is a pay-off function
defined outside €;
FeC(Q:\Q),

where Q. is the e-extension of €,

Q. :={xeR" : dist(x,Q) < e}.
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1. Introduction: the linear case (p = 2)

— Harmonic functions, the mean value property and random walks

Let u-(xo) be the expected pay-off of a random walk starting from xp € Q,
i.e.

uz(x0) : = E[F(x) | x0].

Then, u. : Q. — R and, by conditional probability, u. satisfies

][ ue(y) dy if x € Q,
us(x) = B:(x)

F(x) if x € Q. \ Q.

1=y, satisfies the mean value property for each ball B.(x) C Q..
1= This is the so-called Dynamic Programming Equation (DPE).
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1. Bonus: the nonlinear case

— The p-Laplacian with 1 < p < c©

If ue C3(Q) and Vu # 0, then Apu : = div(|Vu|P~2Vu).

p—2 1 X n+2
- i= - = f
Tou(x) " p 2{;£L;£)u~|—Blsn(x)u} T, JZBE(X) u(y) dy

Manfredi-Parviainen-Rossi, 2010

Let u € C3(Q) and x € Q such that Vu(x) # 0. Then A,u(x) = 0 if and
only if 7;U(X) _ U(X) + 0(52)‘

There is a stochastic interpretation of the p-Laplacian in terms of
Tug-of-war games with noise, whose corresponding value functions are

the solutions of the DPE
{Eug in Q,
U =

F in Q.\ Q.
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Dynamic programming equations with bounded and measurable
increments
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2. Dynamic programming equations with bounded and measurable increments

— Elliptic PDE's in non-divergence form

Given 0 < A < A < oo, let us consider the PDE in non-divergence form
Lu(x) = Tr{A(x) - D*u(x)} =0

where the coefficients A(-) = {aj;}; are (measurable, bounded) symmetric
and uniformly elliptic, i.e.

MNEP < (AX) - €8 < AP (E€R”, xeQ)

Krylov-Safonov (1979)

Solutions of Lu = 0 are C%* for some « € (0, 1].

1= |s there a DPE related to this PDE?
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2. Dynamic programming equations with bounded and measurable increments

— Uniformly elliptic, bounded and measurable increments

In what follows we consider a more general class of Dynamic Programming
Equations that take the form

/ u(x + ez) dux(z) = u(x), x €.
By
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2. Dynamic programming equations with bounded and measurable increments

— Uniformly elliptic, bounded and measurable increments

/ u(x +ez) dux(z) = u(x), x €
By

Let 1 be a Radon measure supported in B; satisfying:

Unit measure: (B1) = 1,
Symmetry: u(E) = u(—E) for every E C R” measurable;

Ellipticity: there exist 8, A € (0, 1] and v a unit Radon measure
supported in By such that

w(E) =p——"+(1—-B)v(E) V E C R" meas.
|BAl

15 We denote by Mg the set of all measures p satisfying these
conditions.
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2. Dynamic programming equations with bounded and measurable increments

— Uniformly elliptic, bounded and measurable increments
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2. Dynamic programming equations with bounded and measurable increments

— Uniformly elliptic, bounded and measurable increments

/ u(x +¢ez) dp(z) = u(x), x €
By

1= |n addition, we assume that the choice of measures x — py is:
Uniformly elliptic: i € Mgy for each x € ;

Bounded and measurable: the map

X —> w dpx
By

defines a Borel measurable bounded function Q — R for every
w : By — R Borel measurable.
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2. Dynamic programming equations with bounded and measurable increments

— Uniformly elliptic, bounded and measurable increments

Indeed, we consider non-homogeneous dynamic programming equations:

/B u(x 4 €2) dj(z) = u(x) + €2f(x), x €

where f is a Borel measurable bounded function.

For convenience, we rewrite the DPE as

Lot = [ LB ) = 1

)

Cou(x) = /B u(x +ez) 4+ u(x — ez) — 2u(x) din(z) = £(x)

2e2
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2. Dynamic programming equations with bounded and measurable increments

— The limiting PDE

Let u € C?(R). Then:

2
u(x +ez) = u(x) +e(Vu(x),z) + % Tr{D?u(x) -z ® z} + o(c?)
Integrating with respect u, we get

Leu(x) = /B %Tr{Dzu(x) -z ® z} dux(z) + o(e9)

- Tr{D2U(x)- (%/812692 dux(ZZ)} +0(%)

.

—A(x)
= Lu(x)+ o(<%)
Let u € C?(Q). Then:
Lu(x)=0 — Lou(x) = u(x) + o(e?)
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2. Dynamic programming equations with bounded and measurable increments

— The limiting PDE

1
1= For A(x) = 5/ z® z dux(z), then
By

¢
(A(X) - £,€) = /<|§| djix(z).

It is easy to estimate

)\2
X162 < (A(x

DL )66 <5 Lep,

so A(+) is uniformly elliptic in Q.
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2. Dynamic programming equations with bounded and measurable increments

— An example: the ellipsoid process

1= Each positive definite matrix A(x) defines an ellipsoid.

Assuming that det{A(x)} = 1 for each x € Q we can define

Ex=VAKX)Bi={y eR": (A(x)""-y,y) <1}
The uniform ellipticity of A(+) yields that
BﬁcEchﬁ, x € Q.

B(0,/A)
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2. Dynamic programming equations with bounded and measurable increments

— Uniformly elliptic PDEs in non-divergence form and the ellipsoid process

If ue C?(Q) then

Tr{D?u(x) -A(x)} =0 inQ <+ u(z) dz = u(x) + o(¢?).
x+eEx
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2. Dynamic programming equations with bounded and measurable increments

— Uniformly elliptic, bounded and measurable increments

The Ellipsoid Process is a generalization of the random walk in which the
next step in the process is taken inside a space-dependent ellipsoid.

L

.
Xz

The expected pay-off function u, satisfies the dynamic programming
principle

][ us(z) dz if x € Q,
Ue(X) — x+eEyx

F(x) if x € Q.\ Q.
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2. Dynamic programming equations with bounded and measurable increments

— Existence and uniqueness

A.-Blanc-Parviainen (2020 & 2021)

Let f: Q — R and g : R"\ Q — R be measurable bounded functions.
There exists a unique solution u to the DPE

Lou=f inQ

u=g in Q. \ Q.
What is the regularity of the solutions of L.u = 7
1= The main problem is that the solutions of L.u = f might present
discontinuities. This is due to the fact that the averages are take in balls

that might exit de domain.
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2. Dynamic programming equations with bounded and measurable increments

— Asymptotic regularity estimates

1= {u, : € > 0} is asymptotically Holder/Lipschitz continuous if
|ue(x) = ue(y) < C(Ix = y[" +£7),

for some 0 < v < 1.

/’\ | £E—0
|

4

up i = lim u. € C%Y
e—0
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2. Dynamic programming equations with bounded and measurable increments

— Asymptotic regularity estimates: The coupling method

The coupling method for asymptotic Holder regularity uses the stochastic
interpretation of the DPE for the estimates using probabilistic techniques.

Luiro-Parviainen (2018): Several variants of the tug-of-war game in
connection to the p-Laplacian.

Parviainen-Ruosteenoja (2016): Parabolic version.

A.-Heino-Parviainen (2017): Space-dependent version in connection to
the normalized p(x)-Laplacian.

Han (2018): Space-dependent parabolic version.

A.-Luiro-Parviainen-Ruosteenoja (2019): Asymptotic Lipschitz
estimate for the space-dependent version with p(-) Holder continuous.
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2. Dynamic programming equations with bounded and measurable increments

— Asymptotic regularity estimates: The coupling method

A.-Parviainen (2020): The coupling method can be adapted for the
Ellipsoid Process in the following cases:

The assignment of coefficients x — A(x) is continuous.

The assignment of coefficients x — A(x) is measurable and the
maximum distortion A/ of the ellipsoids satisfies
AN n+1

1< -

A n—1
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2. Dynamic programming equations with bounded and measurable increments

— Extremal Pucci-type operators

1= The DPE’s described with a choice of measures x — puy can be
extended to a more general class of equations.

The maximal Pucci-type operators is

LTu(x):= sup / ulx + 822) — ulx) du(z),
rEMp \ J By €

while the minimal Pucci-type operator £ u(x) is defined analogously
taking the infimum.

This can be explicitly computed as
u(x +¢ez) — u(x)

2
By €

+(1—p) sup
z€By

dz
{ u(x +£2) + u(x — e2) — 2u(x) } |

2¢2

LIu(x)=p
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2. Dynamic programming equations with bounded and measurable increments

— Extremal Pucci-type operators

The extremal operators allow to cover a more general range of DPE's.
1= For example, if 2 < p < +o0, for = %23 and X\ = 1 it holds that

< Teulx) — ux)

£ u(x) 5

< LIu(x),
where T.u = u is the DPE for the p-Laplacian.

Thus, if u is a solution to the DPE
Teu(x) = u(x) + 2f(x),
then

Lou< < Lhu
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2. Dynamic programming equations with bounded and measurable increments

— Asymptotic Holder estimate and Asymptotic Harnack inequality

A.-Blanc-Parviainen (2020 & 2021)

There exists £g > 0 such that if u satisfies

LIu>—|f| and L-u < |f] in By
with € € (0,¢0), then
u(x) —u() < C[lullo + [Ifllc) (X —yI" +€7),  x,y € By,
for some C > 0 and v € (0, 1] independent of ¢.

If in addition u > 0, the following asymptotic Harnack inequality holds,

supu < C (infu + |Iflloo -|—5”||u||oo) .
B1 By
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2. Dynamic programming equations with bounded and measurable increments

— Asymptotic Holder estimate and Asymptotic Harnack inequality

1= There are two different proofs of the asymptotic Holder estimate:

A stochastic proof using probabilistic techniques.
A entirely analytic proof.
Both of them are based in two main ingredients:
A discrete version of the Aleksandrov-Bakelman-Pucci (ABP) estimate.

A truncated Calderén-Zygmund dyadic cube decomposition.
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2. Dynamic programming equations with bounded and measurable increments

— The e-ABP estimate

Aleksandrov-Bakelman-Pucci (ABP) estimate: if f € Cp(Q2) and
u € C(Q) satisfies

Tr{A(x) - D*u(x)} + f(x) 20,  x€Q,
then there exists C = C(n,diam Q, A\, A\) such that

1/n
supu<supu+CdiamQ(/ [ (x)|" dx) .
Q o9 {u+=r}

£
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2. Dynamic programming equations with bounded and measurable increments

— The e-ABP estimate

v= Caffarelli-Silvestre (2009): There is a ABP type-estimate for
integro-differential equations.

1= However, in the case of the DPE, the non-local nature of the setting
forces to consider non-continuous subsolutions, so I might not be C1:1...
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2. Dynamic programming equations with bounded and measurable increments

— The e-ABP estimate

“Mon dessin ne représentait pas un chapeau. It représentait un serpent boa qui

digérait un éléphant.” Le Petit Prince.
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2. Dynamic programming equations with bounded and measurable increments

— The e-ABP estimate

The e-ABP estimate (A.-Blanc-Parviainen, 2020 & 2021)

Let f € C(Q) and v : R" — R be a bounded measurable function satisfying

LIu+f>0 in Q.

Then 1/n
supu < sup u+ C(diamQ+5)( Z |Q| sup|f(x)|") .
Q RMN\Q Qeo. X€EQ

where Q. is certain pairwise disjoint family of open cubes @ satisfying:
|Q| ~ ¢ forall Q € O,
Qn{ut =T} forall Q € Q.,

U Qo {uf=r}
QeQ:
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Open questions
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3. Open questions

1= |s it possible to obtain an asymptotic Holder regularity estimate for
solutions of the mean value property

u(x + p(x)y) = u(x) _ f(x
[ R du() =

where p is an admissible radius function in Q such that

p(x) ~ edist(x, 0Q)?

= Non symmetric probability measures?

1= Further regularity? Conditions for asymptotic Lipschitz estimates? And
“asymptotic C17 estimates?
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3. Open questions

1= |s it possible to weaken the uniform ellipticity condition of the measures?
1= What happens if we replace pix by fixe,u?

1= Parabolic version? Lower order terms?
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Thanks for your attention!
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