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On a characterization of the analytic and
meromorphic functions defined on some rigid domains

par CAPI CORRALES RODRIGANEZ

O. Introduction

~ Let C be a non-singular projective curve (i.e. an integral, regular scheme

of finite type and dimension 1) defined over a complete non-archimedean
algebraically closed field k of characteristic 0. Let C°* be the analyti-
fication of C, and X = C\ {di,---,ds}, where d; is a point of C, or
X = C \ Uio,..,sD;, where D; is isomorphic to a disc in Pi. Let
u,v € Ocan(X) (holomorphic functions on X) or u,v € Mcan(X) (mero-
morphic functions on X). -

In this work we are interested in the following problem:
to find the smallest integer r such that whenever o;,---,a, € k and
v l({a;}) = v 1({a;}) for 1 <i < r, thenu = .

In other words, how many fibers determine the holomorphic (respectively
meromorphic) functions on X ?

This study could be thought of as a continuation of the article by Adams
and Straus (see [A-S]), who considered the same problem in the case of the
projective line Pj.

In section 1 we prove the following results:

THEOREM. Let k be complete with respect to a non-archimedean valua-
tion. Suppose that k is algebraically closed and has characteristic 0. Let
C denote a projective, non-singular and irreducible curve over k. Let X be
the analytic subspace of C obtained by deleting from C a finite number of
points and closed discs. Then X has the following property.

Suppose that u,v are holomorphic functions on X (resp. meromorphic
functions); suppose that the zero set of u is infinite. Let a1,az,as3
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(resp. ai,--- ,as) denote distinct elements of k; suppose that u~*({a;}) =
v"({a;}) fori=1,2,3 (resp. i=1,---,5). Thenu=v.

The strategy we take is the following: using the Riemann-Roch theorem,
we construct a function T' € R, the set of rational functions on C, having
exactly {d;,--- ,d,} at its set of poles; then X := C\ {d;,--- ,d,} = LPJ X,
with X, :== {z € C, |T(z)| < |p|}- It turns out that, for p € k* large
enough, we get X \ X, = {z € X, |p| < |T(2)| < o0} = 0 Vi \ {di}, where
d; € V;, and V; 2 B}l := {z € P}, |T(z)| < 1}. This fact allows us to make
use of the results obtained by Adams and Straus for functions defined on
puntured discs and annuli of the projective line (see [A-S], theorem 4-6).

In section 2 we consider the algebraic situation, i.e. the case in which u

and v are rational functions defined on the curve. We finish with a series
of remarks and questions in section 3.

The author wants to express her gratitude to J. Fresnel for his valuable
help throughout this work, as well as for the beautiful way in which he
introduced to her some of the inner mechanisms of this impressive machine
which is the rigid geometry.

1. On the number of fibers over elements of k¥ which determine,
in certain cases, the elements of Ogen(X) and Mcgan(X)

For the analytification of algebraic varieties we refer to [F-M], p. 161.

THEOREM. Let k be complete with respect to a mnon-archimedean valua-
tion. Suppose that k is algebraically closed and has characteristic 0. Let
C denote a projective, non-singular and irreducible curve over k. Let X be
the analytic subspace of C obtained by deleting from C a finite number of
points and closed discs. Then X has the following property.

Suppose that u,v are holomorphic functions on X (resp. meromorphic
functions); suppose that the zero set of u is infinite. Let a;,az,a3
(resp. a1,--- ,as) denote distinct elements of k; suppose that u=1({a;}) =
v-1({a:}) fori=1,2,3 (resp. i=1,---,5). Then u=wv.

Proof.
The theorem is known to be true in the following two cases:

1. X is a punctured disk (Theorem 5, [A-S]).
2. X is a “semi-open annulus”, i.e. isomorphic to {z € k| r < |z| < 1}
(theorem 4, [A-S]). It suffices now to prove the following lemma.
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LEMMA. Let X be defined as in the theorem. Then X is connected. X has
the form X = XoUX 1 U---UX, withr > 1, Xy affinoid, each X; fori>1
being either a punctured disc or a semi-open annulus.

Since u has finitely many zeros on the affinoid X, there is an X; (i > 1)
where u has infinitely many zeros. Using the known cases, one finds that
u — v is identically zero on X;. It follows that u — v is zero on a connected
component of X. Since X is connected, this means that u = v holds on X.

Proof (of the lemma).

1) We suppose that X = C\ {d;,dz,--- ,d,}. As d; is a regular point of
C, it is well known that d; is contained in an affinoid subset D; of C*" with
D; ~ B}, (the unit disc). Let f € R(C) (rational functions on C) be such
that its poles are exactly {d;,dz,--- ,d,}. For 7 small enough we have

2€C, |2(@)| < Inl} = D} UD;U---U D,
f
where D] is a subdisc of D;. We put
1
Xo = {z €C, |f(@)| < |}, X; =D,

We also have
X = L:{:Z: €C, |f(@)| < |ol}-

For the connexity we use the following step.

2) Let f € R(C), Y = {z € C, |f(z)] < 1}, and suppose that
{z € C, |}(z)| <1} is an union of closed discs. ThenY is connected.

Let {z € C, |f(z)] <1} = DyUD;U---U D,, where D; is a disc
with center a;, a; ¢ Y. Suppose Y = V U W, union of admissible sets.
Let C; be the circumference of D; with center a;, then V N D; = C; or
0 and WND; = C; or . Up to reordering indices, we have C; = V N
Diforl1 <i<t Ci=WnDjfort+1 < j <s. It follows that
Vv =Vu {Lt_JD,-},W‘ = WU {LjJD,-} are admissible sets of C%" with

C =V*UW?*. As C°" is connected by GAGA, one has V =0 or W = 0,
i.e. Y is connected.
It follows that X defined in 1) is connected.

3) Let D be a closed subdisc of C%". Then D is strictly contained in a
closed subdisc D' of C°™.
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One has Ocan(D) =k < g > ~ k < z >, for some g € Ocen (D). Since
Ocan (D) NR(C) is dense in Ocan (D) (see [F-M] theorem 4), there exists
f € R(C) such that Ocan(D) = k < f > (choose f € Ogan(D) N R(C)
such that ||f — g|lp < 1). Also, there exists Z D D, affine open set of C
with Oc(Z) = k[f2, f3,-- - ,/mland D= {2z € Z, |fi(2)] <1, 2<i<m}.
We consider Z’' = {z € C, f € O¢,z}; we then have

OC(ZnZ,) =k[f:f2)"' :fmafm+13"' 7ft]'

Up to multiplication of fm41,---,ft by a constant, we may assume
I fillp <1 for m+1<i<t. It follows that

D={z€2Z |fi(2)| <1, 1<i<t}
and that OC(ZnZ,) = k[fl:f2a"' afm)fm-l-l"" aft], with f = fl- Since

(0 Ocen(D) =k < f1 >,

(=]
we have f; = 3 6,7, with lim |a,;| =0, 2<i<t.
n=0 n—0o0

On the other hand, since fz, f3,- - , f; are algebraic over k(f) and thus
over k < f >, we can use [B-D-R] theorem 1, and guarantee the exis-
tence of p, |p| > 1, with lim |an| [p|* = 0, 2 < i < t. Let p1 = p,

n-—00

pi = max{|an;| |p|®, n € N}, for 2 <i<t, and
) D={zezZnZ, |fiz)| < ||, 1 <i<t}
It follows easily from (1) and (2) and from Ocan (D’) =k < ﬁ-, ﬁ, ey, ;Ef >
that the homorphism 7 : k < £ > — Ogen (D) is surjective, and since
k < £ > is integral of dimension 1, the map < must also be injective.

4) We suppose that X = C\ {D,U---U D,}; where D; are closed discs.
By 3) D; is strictly contained in a subdisc D] of C**. By [F-M] theorem 1,
there exists f € R(C) such that ‘lei ={z€C,fe0c,and |f(z)| <1}

Let 1 1
X ={zeC, 7 € Oc,z and l?(:z)l <1-¢}.

Then for £ small enough , D} N X, is a2 semi-open annulus. Furthermore
by 2) X, is connected, and thus X is connected.
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2. The algebraic case

THEOREM. Let k be an algebraically closed field, char k = 0, C a projec-
tive non-singular curve of genus g defined over k, u (resp. v) a surjective
morphism from C onto Py. Let ag, 01, - ,02g+3 be distinct elements of
Pi. Ifu'({a;}) = v ({a:}), then we have u = v.

Proof.

Case 1: case when g = 0. We may assume u,v € R(C)\k, ap =0, a; = oo,
and deg (divisor of zeros of u) > deg(divisor of zeros of v). Let w =
% (u —v). We will show w = 0. Suppose u — v # 0.

i) Let z € X with z # o0, and v,(u) = 0 (v, is the valuation defined by
z).
o If v,(u) < 0, then v,(%) = v,(u) — 1, and v,(u — v) > 1. Thus
Vz(w) = vz(u)-

e If v;(u) = 0, then vz(%) > 0, and v (u — v) = 0; thus v, (w) >
v,(u). Consequently,

(3) vz(w) > v(u), if vz(u) >0

Analogously, if v,(u—a;) > 0, v,(w) > v(u—a:), for i = 2,3. We conclude
that

(4) v2(w) 2 vo(u(u—az)(u—as)), ifv.(u(u—az)(u—as)) >0 and z # oo.

o If voo(u) > 0, then voo (%) > voo(u) + 1. This, together with (4),
shows that if ve(u) > 0 then

(5) deg(divisor of zeros of w) > deg(divisor of zeros of u(u — az)(u — a3)),
o If vo(u) < 0, then

(6) deg(divisor of zeros of w) > deg(divisor of zeros of u{u — a2)(u — a3)).

i) Let z # oo with v (u) < 0. We then have,
—0,(%) = —v,(u)+1, and —v,; (u—v) < v, (w)+(-v,(v))—1;
(M) hence, v,(w) < —2v,(u) + (—v-(v)), if 2 # o0, and v.(u) < 0.
It follows from (7) that

(8)  deg(divisor of poles of w) < deg(divisor of poles of uZv) if Veo(u) > 0.
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o If Uoo(u) < 0, then —veo(22) = voo(u) — 1. This, together with
(7) shows that

(9) deg(divisor of poles of w) < deg(divisor of poles of u%v) if Voo (u) < 0.

iii) We now have:
e if vo(u) > 0, using (5) and (8),
deg(divisor of zeros of w) > 3 deg(divisor of zeros of u),
deg(divisor of zeros of w) < 3 deg(divisor of zeros of u),

and thus a contradiction.
o if voo(u) < 0, with (6) and (9)

deg(divisor of zeros of w) > 3 deg(divisor of zeros of u),
deg(divisor of zeros of w) < 3 deg(divisor of zeros of u),

and thus a contradiction.
Hence, u =v,QED. O

Case 2: case when g > 1, i.e. dim H°(C,Q) > 1.
We may assume ao = 00, a; = 0. Letdw € H(C, ), and W := 2 (u—v).
Let z be such that v (u) > 0; then

v (W) = vz(i‘)—u) + vz(u — v) = v(du) — v.(dw) + v (u — v).

Since v.(du) = v.(u) — 1, and v.(u — v) > 1, we have v,(W) > v,(u) —
v,(dw); on the other hand, dw € H°(C,Q) implies that dw only has zeros
and is of degree 2g — 2. We thus have, after some calculations,

(10) deg(divisor of zeros of u(u — az) -« - (u — @zg43)) <
deg(divisor of zeros of W) + 2g — 2,

(11) deg(divisor of poles of W) < 2g — 2 + 3 deg(divisor of poles of u).

Suppose that deg(divisor of poles of u) > deg(divisor of poles of v) > 2,
(the last inequality comes from g > 1). It follows from (10) and (11) that

(2g + 3) deg(divisor of zeros of u) < deg(divisor of zeros of W)+2g —2 =
deg(divisor of poles of W) + 2g — 2 < 4g — 4 + 3 deg(divisor of poles of u),
which is clearly a contradiction. Consequently, u =v. O
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3. Remarks and questions

3.1. Remarks

1. In their theorem 5, Adams and Straus (see [A-S]) deal with the case
in which either u or v has a singularity in the missing point of a punctured
disc, and they proof r to be 3 in such a case. What would happen if u and
v are both holomorphic on a disc?

The following example shows that, provided the field has enough ele-
ments (say, char k = 0), one can take r arbitrarily large. That is, for any
chosen r we can find ai,--- ,a, € k distinct, and functions f and g holo-
morphic on the unit disc, such that f~'({a;}) = g7 ({a;}) for1 <i<r,
and still f # g.

Fix » > 2, and let k be a non-archimedean valued field, algebraically
closed and with char ¥k = 0. Choose 7 € k with 0 < |7| < 1, and let
g(z) =2%(z—n). Let a; =0, 02 =1, and, for 2 <i < r, let a; € k be such
that Ia,-[ = 1; g(z) —Q; = (Z - Ai)(Z —B,;)(Z - C,,) with A,’, Bi, C,' distinct;
a; # a; if i # j; this is possible because char k = 0. We define

f(z) :=2%(z — ) + Mmz(z — ) ﬁ(z - A;))(z - B))(2-C3),

=2
with z + Aw _I_rIz(z — A;)(z — B;)(z — C;) vanishing in =, that is,

1+ A_I:Iz(w — A;)( — B;)(m = C;) =0, and so || = 1. It follows that
() f(z2) =2%(z—7m)u withu € k <z >%,
(ii) f(2) —ai = (z— A;))(z = B;)(z — C;)us, with v; € k < 2 >*.
To see that v; € k < z >*, we only need to notice that v;(2) = 1+h;(2),

with ||hi]| < 1, for 2 < i < r. The fact that u € k < z >* follows from
looking at the Newton polygon of

h(z) =z+ Xt ﬁ(z - A;)(z — Bi)(z - C3),
=2

which tells us that the only zero of h(2) in the unit disc is precisely .

2. In the algebraic case, in the case where g = 0 the conditions of the
theorem are necessary, as the following example shows: let
z?(z — 1) z(z — 1)2

T emare-0 T T @-a@-b
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We have u~1({0}) = v~1({0}), u=({o0}) = v~ 1({o0}); we look for = such
that u~({w}) = v~!({n}). We choose 7 with

’(z—1)—m(z—a)*(z—b) = {i _—*_Z} {z(z - 1)* + n(z — a)(z - b)%};
this gives us
1 (Br-1)?  (Br—1)(w—1) b @Br—1)(zr+1)
30+ 8 4T 4n 0= 4n2 '

3.2. Questions Two questions remain unanswered:

1. Is the result of the theorem in the algebraic case best possible in case
g=217

2. Open question since 1971: would the conclusions of theorems 4-6
in [A-S], (and thus our theorem in 1.) remain valid if the hypothesis on
the number of values attained at the same points are reduced from three to
two and from five to four respectively? As Adams and Straus observe (see
[A-S], Problem and theorem 8, p. 424), the answer is yes if we strengthen
the hypothesis to saying that two functions attain certain values at the
same points with the same multiplicities.
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