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1. Introduction

Let a measurable 27 -periodic function f pe Li-integrable, ie.,

2
1
=1 =51 / 1 1dx < oo,
0

Let also the cosine series

B, = (11)
—+ Z ai cos kx
4 k=1

or the sine serjes
5 (1.2)
Z ay sinkx
k=1

be its Fourier series. Then the partial sums S, (f, x) are given by
n n
L + Z aicoskx or Zak sinkx,
2 k=1 k=1

respectively. Series (1.1) (or (1.2)) converges in Ly if

(1.3)
£® = sa(f, 0] =0(1) asn— .

E-mail address: s.tikhonov@sns.it,

0022-247X($ - see front matter © 2008 Elsevier Inc. All rights reserved,
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The L1-convergence problem is to fing the criterion for (1.3) to hold in terms of coefficients {

: ag}. In many cases the
Li-convergence class is described as

lan/Inn=0(1) asn - oo, (14)

This is true for series (11) (or (1.2)) with monotone decreasing coefficients ({q,} e M) [19], or quasi-monotone coefficients

({a} € Qu) [9,19], or O-regularly quasi-monotone coefficients ({a,} e ORVQM) [ 16,24]. Here,
M= {a, €R;: 37~ such that {n“’an}”

and the ORVQM-class is given by

n

ORVQM = [a,, €Ry: 3{A,)1, Aan € CAp such that {%"}i}

Recent investigations on L1-convergence problem can be found ineg. | 1—4.8,11.18,20.25,27] (for the history of the topic see
the survey [23]; for the related L1—integrability results see [12]),
Our main idea is to consider the behavior of

2n—1
Oy = Z lay —Qyyq].
=

We give conditions on Qn, Which guaranties the accuracy of the criterion

”f(x)—Sn(f,x)“=o(1) (or 0(1)) iff lanlInn =o0(1) (or 0(1)). (1.5)

Similar ideas were also considered in [4,11,20,27]. For example, the following classes of coefficients were studied.
The class of general monotone coefficients GM, is defined as

2n-1
GM = [a,, €C: Z lay —apiq) < Clanl}.
V=n

It turns out that for the series with GM-coefficients one can prove three convergence criteria for trigonometric series i Lp:
for p=oo, p= l,and 1<p<oo (see the history and resuits in [20]).
The GBVS [11] and NBVS-classes [27] are defined as

2n—1
GBVS = €C @ =@v1|SC max fay] for so e integer N
[an ‘é;f v =y w2y me integer }
and
2n~-1
NBVS:[GnGCI Z '(11'—au+1igc<lan,+,02";)}’
V=n
respectively.

For mentioned above classes the following embeddings are trye:

M & QM ¢ ORvQM & GM & GBVS U NBvs. (1.6)

For the GBVS and NBVS-classes criterion (1.5) was proved in [11] and [27), respectively,
For a more genera] class

a s
anp €C: E lay —apq| < C E M for some integer c > 1
v=n v=[n/c]

2n—1 [cn) }

criterion (1.5) was considered in [26]. _ ' e
The novelty of the present paper is that we obtain the L1-convergence result for the series with ge_neral behavior o An.

First, if this expression is bounded by some non-negative sequence f, such that 8, Inn = o(1), tl}en this allovys us to obt;m

the sufficient conditions in the problem of Ly-convergence, that is (14) = (1.3). If the behavior of coefficients is rather

regular, that is if, e.g.,

n-1 n-1 18
Z Bresn & CZ i/ka;I’ (1.8)
k=0 b1 k=0 I

or if
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mzn m

= Inm 2m
Z lay —a, ) < Chn = C(ln“" nmax —— Z Iau!)s (19)

V=m

-general
fined by (1.9) is wider! thap any of the classes considered jp (1.6)
and (1.7), we generalize these results,

Definition, Lot B= Bl ;1 be a non-negative Séquence, The Sequence of complex numbers ¢ — {an)
B-general Monotone, or general monotone With the bound B.orae GM(B), if the relation
2n—-1

Z lay —ay,q) < cp,

V=n

ey Is said to be

holds for 4y integers p, Where the constant C js independent of n.

The main €xamples of the Seéquence g, are

(1 1bn = lan],
n+N
(2) 26 = Z lac]for some integer N,
k=n
N
(3) 36 = Zlacrn[ for some integers N and ¢ 1,
=0
e lay|
(4) 4 = lay| + Z —~ for some ¢~ 1,
=n+1
o lay]
(5) 58n = Z —— for some ¢ > 1,
v=[n/c]
! lnm%la I) for some ¢ > 1.
(6) 66n=1In""n mgl[y/(c] - 2 1o

We have [22] (see also (2.4))

(2.1)
CMGB+2B+38+ 4B +58) = GM(58) G GM(gf).

i M(sBI\GM(58) # % is given
M = GM(8), GBVS = GM(28), and NBVS C GM(38). An example showing GM(sp \
We also note that GM = 18), =
% ?;Cﬁon 6'give the following important properties of GM(B)-sequences.
e now
Lemma 2.1. fa = {q,,}*° 1 € GM(B), then one has for any integern i
em 1. Ifa = e
lav| < Chn + lam| foranyy,m=n,... 2n, >
1 2n "
i ranyv=n,...,2n,
ol <Cpn + ~ Z lajl  for any
J=n+1

i ' Section 6.
1 The embedding is proper; see (2.1) and
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c n-1 2n-1
< 22 Bt X 1ay)s (2.4)

v=(n/2] j=n
[n/2] [n/2] [n/2]
!anl(z du) < C( Z dvBuiinsa) + Z dUUZ(lL;—[n/zJJ) foranyd, > 0. (2.5)
v=1 v=1 v=1
Proof. Indeed, using two simple identities (4as =qg — asy1)
Jj-1 v—-1
al.=ZAas+aj, J=v+1,....,2n and a\,:-ZAaera,-, i=n,...,v-1,
S=U s=i
we get
Jj-1 2n—1 V-1 2n—-1
lavl < )" I Aag] + ja) < 2 144 +1a; and |ay) <10+ jai < Y JAag] 4 gy,
S=y S=n S=i S=n

Therefore, (2.2) follows, Further, summing up on j and i, we write

2n v
(@n —v)lay| < Chy(2n - v) + Z laj| and (v —n)ja,| < Cha(v —n) + Z lail,
J=v+1 i=n+1

which implies (2.3).

To prove (2.5), we use (2.2):

0n] < Cysiny) + l82v+2p0/2)1,  for any v =1, .. - [n/2].

Now we add up these inequalities with weights {d,).

Finally, (2.4) immediately follows from (2.5) with dy = 1. This completes the proof. 0

3. Ly-convergence of trigonometric series

Before giving a result on Ly-convergence (or boundedness) classes of trigonometric series, that is

Hf(X)—Sn(f,X)H1 =0(1) (or 0(1), (3.1)
we remark that if

cheikx

kez

is the Fourier series of fely, then (3.1) is equivalent to

[ Vax) — Sn(®)|, =o(1) (or 0(1)), (3.2)
where V,(x) is (C, 1)-means of Sn(X) = Sn(f,x), ie.,
1 = [ Z "
Va(x) = —— Sp(x) = —— ( cre' ").
n+1‘§J n+1u=0 i<y

Therefore, we will further study only condition (3.2) for the sequences {Ck}kez. For the sequence {Ck}kez condition (3.hz)
is true if and only if the same condition holds for {cxlkso = {....0,c1,c2,...) and {ckhk=0=1{...,0, €-1,€-2,...}. For the
cosine series (¢, = C_k=ay/2)

ag
— 4+ E ag cos kx,
2

k=1

the accuracy of condition (3.2) for {ck}ks0 is equivalent to

(3.3)

[Vath 0 = sa(h, 0], =0(1) (or 0 (1),

where Sy (h,x) =ap/2 + 3" 1@y cosvx and V,(h, x) = # > V=0 Su(h, x). Similar argumentation is also applied to the sine
n ) b V=

series (cy = —c_y = —iay/2).

Therefore, for simplicity, in the rest of the paper we study the accuracy of condition (3.2) for the sequences {cy}n-0.
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Secondly, we hote that [2]

Vo) — 5
[Vaco "(X)N1SC( Z”SI(X) S|, + kX Sk - Sln/ZJ(X)”1)’

‘ (3.4)
which simply follows from

Snx ‘/"X = ]( ( =cC;e -,-—C e g
() () n+]jz s /) J U b
and

ZJC, ZC,+ Z Rl~w=4¢, & }j: G.
i=ln/2}41

I=1j/2]41
Let us now Present suffic

. ! eént conditions fo ;
Immediately follows from Lemma 2.1 ang (3, )r feltion (32) to hoid in 1erms of fin. We start with simple result that
Theorem 31, = ;
Letc = {c, 2, € GM(p), where q non-negative sequence B={p, Yne; satisfies
2n-1 <
nz :B_] -+ ’Cl
i—nt1=0M (or 0(1)).
(3.5)
Then the sequence (c, bz satisfies (3.2),
Proof. First, following [2] angd using inequalj
& Inequality (3.4), we note that (3.2) is implied by
w3 [Snt0 — 5100, = 0(1) (or 0(1)), -
Let us now show that our condition on {cq} guaranties the accuracy of (3,6), Indeed,
. i [ Jm=1 J
| | ! y m
Hsm(x) - Sn_](X)]‘i] = .che”"“ \“ Z AC,-Ze”‘" S Zelkx;”
J=n T jen =n =n i
m—1
C(Z 14c;lIn[(j - n) +2] + [cm| In[(m — ) 4 2})
Jj=n
< m— ( m—1
<C Ikl + 3" 1acy| ))
o k n+1 e
Br + lckl
£C
Z Bl
k=n
Thus, we obtain (3.6), which yields (3.2). The proof is now complete. O
This theorem immediately implies the following result (see also [8,10]).
Corollary 3.1.1. Let ¢ = {cn}32, € GM(PB) such that
(Bn + Icnl) Inn = o(1) (or o(1)). (3.7)
Then condition (3.2) holds true.
In particular, we obtain the following sufficient condition for (3.2) to hold.
Corollary 3.1.2. Let ¢ = {cn)is, € GM(gp). Then
3.8)
lenllnn =0(1) (or 0(1)) (

implies condition (3.2).
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We also describe some subclasses of B-general monotone ¢

oefficients such that only some conditions on {c cn} (instead of
(3.5) or (3.7)) guaranty the daccuracy of (3.2),

Corollary 3.1.3. [t €= {cn) 1 € GM(B), where

n-1 ~

Bretn ka+[an}
Zm gC Z T =Ch(ic),1)

= k+1 G
Jor some | >, Then condition
- Ick|
Zk—n+1 =0 (oroq)) (3.10)
k=n
implies (3.2).

In particular, (3.8)= (3.2).

We now show that condition (3.9) also provides the nhecessity part: (3, 2)=(3.8).

Theorem 3.2, [¢f ¢ — {en)2 —1 € GM(8), where (3.9) holds for some | > 0. Then conditions (3.2),(3.8), and (3.10) are equivalent,

Proof. By the previous corollary, it is sufficient to show that (3.2)

= (3.8). Indeed, by Lemma 2.1 (see (2.5) with dy =1/v),
we get

(n/2]- 1] [n/2]-1 ﬁu+[ 2] [n/2)-1 Iy -
Clenllnn < Cley| 3 —<C( Z o + X %)sc(llnm({c},l)ﬂn({c),1)+1,,_,({c},1)).

v=1 v=1
Finally, we yse known fact [4] (see also Section 5) that (3.2) always implies In({c}, 1) =o(1) or (0(1)). o
Remark 3.1. If ¢ — {endi2; e Gm(p), where
Zf’_‘:’l’ < CTy((n) (31)
k=0
for some regular linear summability method Ty, then conditions (3.2), (3.8), and (3.10) are equivalent,

We now present one more result for the serjes with g

-general monotone coefficients, when condition (3.2) implies
condition (3.8).

Theorem 3.3, [ef ¢ — {en}p2, € GM(B), where

[en)
1
Z Be<C Z & (3.12)
k=[n/2] k=[n/c]

Jorsome ¢ > 1. Let also condition (3.2) hold true. Then lenlInn = 0(1) or (0 (1)), i.e., (3.8) holds.

Proof. Indeed, by Lemma 2.1 (see (2.4)), we obtain that {cn} is a weak-monotone sequence, that is

2 (3.13)
nleal SC 7 e, 1> 1.
e i . The proof is com-
Further, we apply [28, Ch. 7, (8.11)] (see also [4, (36)]): if {cn} is a weak-monotone, then (3.2) = (3.8) p
plete. O

12) and
Comparing this result with Corollary 3.1.2 and taking into account that the GM(sp)-sequences satisfy (3.12)

om

GM(58) C GM(sB), we have the following

Corollary 3.3.1. Let ¢ — {Cn}oo1 € GM(58). Then (3.2) & (3.8).

However, a more general result is also true.



422 :
S. Tikhonoy /J. Math. Ana, Appl. 347 (2008) 416-427

Corollary 3.3, [t ¢ — {en)22) € GM(gp). Then (32) s (3.8).

Pl'oof. By COIO] aly 3 8 . p p ) . w yS gWeS 4
l 3.1.2, ( B ) lmpheS (3 2). 10 rove the leVEISe m hcatlon we nOthE that (3 2) a] a [ ]

I &
TZ’“UJ=0(I) (or 0(1))

V=n

and therefore

(66) Inn =o(1) (or 0(1)).
Using Lemma 21, we write

lenllnn < Clnnggp,) 4 Inn o2
< 6Pn) + T Z [Cj],
J=n+1

Wwhich gives the required resy]t, ]

We finally remark that for any ¢ = {c,}%°

4. L,

ion of the &eneral monotope type sequences [21].

Definition, Lot B={B)> be i
o fon-negative sequence = {k;
ky <... The sequence {a’;}°° il L

i j=1 be a positive se =
n=1" 9 € C is said to be i the GM(8, k) = GM({H SNTES Bk gt U b =

B}, {kj))-class if either

kH.]—T

Z las —as411 < CBy for ne(kj,kjyq)

S=n (4'] )
or

n
Z las ~as411 <Ay for n € (kj kjyq).

4.2
S=kj+1 e

In this way if the behavior of {{;‘1,1},,6(,9.',(”H 1} is regular in some sense, then the CM(B, k)~class consists of sequences that

have a similar structure in each interval (k j»kjt1]. Note that {ﬂkj} j does not depend on {as} and so can be any appropriate
Sequence for a given situation. We also have

GM(B) c GM(p, {27}).

A definition of this type for an important case when B, = |a,| was first studied in [4],

Let us now investigate the Ly-convergence problem for trigonometric series with the Fourier coefficients from the
GM(B, k)-class.

Theorem 4.1. Let g = {Bnlps, bea non-negative sequence and k — {kj}?i_‘,, k; € N satisfy

m
> ki< Chkm, meN. e
=

Letalsoa = {an}32; € GM({fn}, {k;}), where a sequence B =1{Pnl;2, satisfies

T
) L’a”]=o(l) (or 0(1)). (4.4)
jey =1l +

Then the sequence {an}y2, satisfies (3.2).

ite union
Remark 4.1. Condition (4.3) characterizes the class of sequences k = {k j}?i], kj € N that can be represented as a finite u
of lacunary sequences in the Hadamard sense, that is
(4.5)
3l € N such that % 2A>1 foranyseN.
S
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Corollary 4.1.1. [t B = {Bu) 1 be a non-negative sequence and k — {kj}2,, kj e N satisfy (4.3). Let also q = {an}p2, e
GM({B,}, {ki}), where q sequence f = {Bn}22, satisfies

2n-1 ,Bj 2n—-1 lajl
i=§/2] e SCH;/ZJ Tt (4.6)
Then (3.2) is equivalent
2n-1 Jaj|
_ g1 =om (or o(1y). (4.7)
J=ln/2]

In the case of Bn = |ay| this result is known (see [4, Theorem 1]). Corollary 4,1,1 also implies [25, Theorem 1] and results
of the paper [18].

max
kj+1 <---<s<---<kj+1

m:kj+1
and

s
Z amelmx

m=k,'+1

kjs1 kijiq
- <C Z ,am"f‘ﬂm 3 Z ,am,"‘ﬁm 3
kit S S5y mek g Ki+1 =M +1 mek1 M= k;
=k; =
To prove Corollary 4.11, we remark that (3.2) always implies (4.7) (see the next section),

We now give Some conditions on the GM({B,}, {kj})-sequences. under which criterion (1.5) is also true. Let us now
assume that g, = lan| and (4.5) holds with I =1, je. the sequence {k;} is lacunary.

Theorem 4.2, [¢f 5 — {a,,},‘,";l € GM({#,), {kj}) such thar

(1) i
kjp1—1
D 1=l < Chu for me (kj,kji1), (438)
S=m

then |ay 41| < Clapgk;)| for some rq ¢ (1,1);

2) i

m
9

D los—agyy) < By forme (kj, ki), (49)

S=kj+1

then Ak, -11 < Clag;, /101 for some A € (1, 2).

Then criterion (1.5) holds true.

i ki1 its si the case of a; — as,1 =0 for
Remark 4.2. This theorem was proved in [25] for the case when {am}mj:kj“ keeps its sign. In the s — Qg4
S € (kj, kjs1) this result was proved in [17],

To prove Theorem 4.2, we use Corollary 4.1.1 and have only to show that

2n—1

lajl o). (4.10)
lan|lnn =0(1) (or 0(1)) < .[Z/Z]—__——Ij—n!+1_o(]) (or 0(1))
Jj=In

ing inequalities: in
Th ntrivial part (<) can be proved using similar arguments to [25, Theorems 2 and 4] and the following

€ no

the case (1)

lanes < Clanl, mn+s€(kjkjp1) and Janl < Claggyl, 1€ (kj, ko)),
nts| < R

and in the case (2) : ki
0] < Clanssl, mn+sekj ki) and ol < Clagy, agll. 1€ (Tkjs1/Aol, k).
nl ’ 1
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5. Some consequences of If - S, = o(1)
This section js devoted to implications of condition

[Vaex) - Su@®; =o(1) (o o(1)).

Here for simplicity

We consider s, (x) = Dok Cpelvx
the structyre of the St

Spectrum of these p we follow Belov’s argument [2],
Theorem 5.1, [¢; 9211

=1-lang
] f1<qg<2:
bfef ViKg<2
{bel {oo, f2<q < 0.
Let also § > g gng {m}eN satisfy
Ngeyq

—1 > + 8|by 9.
Mg

Then

i
n__]ngéz"l! Vi@ =~ s, > c( > lbsl"lcnsj") "

1<s<i

wheren:m M se

sm<on, Particularly, ifne =k we have

2n—

1 1
Iy |9
n_lrg?c)éZn”Vk(X)_Sk(X)”] >C(Z 1-32—1)4'

I=n

Proof. First, We note that the identity

m+1 e
Sm ~ Sn_1 =T n = Vi) + (V. =Sa)+ Yy 2k Ve

k=n
implies (n < m < 2n)

222 5600 = 50109 SCmax Ve - sy .

Thus, by (5.4),

n+1 I
ikx ||
E Ckn—1€ .\" =

2n
Z Ck eikx

k=n

<C max ‘,\‘Ivk(x)-sk(x)f.‘:]-
n-1<k<2n’

Finally, inequality (5.2) simply follows from the Hardy-type inequality [15, Theorem 4] (see also 17}
If ne =k, then we set b = s~1 apg

T i
(ZM SCmax Vi) - s,
k n-1<k<2n
k=1
which implies (5.3). The proof is now complete. [

In a general situation

n

: 1

Sn9= ) e and Vo = —— ;}sv(w
kj<n =

one can use the identity

2i i hoye™ =i (S ()~ 8, ®) +i(S, 0 -3 (x)).

k=n

and V,(x) = 1/(n + 1) 2 %1 Sk(). The followin

(5.1)

& result is sensjhle to

(5.2)

(5.3)

(5.4)

(5:9)
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Then by the Bernstein-Szegé inequality [28, Ch.10, (3.25)], (5.5) implies
o :
2] > kel ISm = Sp_i |+ 52, - She1] < 2mlisy — Sn-1ll.
k=n
Further,
m ) m ] m : “ I m ] m l,
m che’k" S chke"‘" + Z(m - k)cke"""! & m” che""‘l) 4—/ Z(m -~ k)cke"k"'.
k=n k=n k=n k=n | | k=n I

To estimate the second term, we write

- — i | m
/Z(m — k)CkeikX — / Z ka..kE-ikx < (m-— n)// chei“k“m)";)‘ <(m- n)i/zckeikxfp/-
= k=0 k=n .; ) k=n f
Therefore,
2n ]
/ > ae™l <255~ 5, 1
k=n

Similarly, we get

e

k=n

+

m
cheikx

k=n

< ~ Sk
€omax, Vet - s,

lejl + e
Jon+1 SC max v - k@)
sty U=l + [n/21-1<ke2n

y inequality [15].
Remark 5.1. One can also obtain som
following inequality by Bochkarey [5]

(182N 72\ 2
(Z(::#::S)) IFE<SCOIfl, 2<pgos,
2

k=1

€ necessary conditions for If =Syl = o(1) or (0(1)) and therefore for (5.1), using the

where & =5 (f, x) = Z,Z,,szh_]ﬂ (@m cOSMX + by sinmx), f € L;, and F~Y b,

6. Final remarks

1. Note that B-general monotone coefficients suit for the uniform ang Ly

-tonvergence criteria as well (see the history
and results in [6,22]).

Theorem 6.1.

(A) Suppose {ag}° 1 € GM(B), where n|a,|, NPy =0(1); then series (1.1) converges uniformly on [0, 27 ] iff Y 0 n converges.
(B) Suppose {a,,}g‘z1 € GM(B), where n|ay|, ng, = 0(1); then series (1.2) converges uniformly on [0, 277 ].

Theorem 6.2. Let (1.1) be the Fourier series of a function f e Ly. Let also 1 < p < no.

: PP <0o= fel,
A) Suppose {an}>° . € GM(8); then Yol s P .
EB% Sugpose a ;ottg-rzegative {an}i2, € GM(s8) or, more generally, {a,} satisfies

S 3 ] somec > 1
Ylagisc Y = for ;
k=n k=[n/c]

then 37, nP~2all < 0o & fe Ly,

inx
The same results hold for series (1.2) and }:n"i_w ape'™,
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2. Let us now construct an ex = 5}3
ample of sequence a an¢ such ha ae G, ﬂ bu a
J/ ; ]_ and ¢5(k) —_ E)KD(H .]8 l)’ I r' ltl ’ t{ n} t t M(G ) t ¢ GM( ). We deﬁne ¢(k)

Ngyq =Ng + [WB(NS)]» §>1,
Then we define a={ax} as follows

=klInY g,

(=1)
sty Ne<k< 2Ng;

q;, = 1
k P> 2Ne <k <2n; 4 V1 (Ng);

0, Ne + ¢ (Ne) <k < Neyy.

Let us verify that q & GM(58). For any k we write s ¢ N such that N
S

- <k < Nsi1. Then for k=N we have
X ldaisc kN
I @(Ng) @(Ns)
but
[ck
<« . ¢ &,
S —— TN —
I=[k/c] ! P(Ns) I=[k/c] L e
which contradicts
2k-1 [ck]
D laai<c Y lal
I=k I= !
=lk/c]
Now we show that g € GM( i i
6B). It is sufficien i
- i t to consider k €(N; -1, 2Ng). Then
D1aal< 3 jagyx Mo
Ik =Nee1 P(Ns)

On the other hand,

mzlk/c] m = NNg \ &5 v

2m
i Inm C 2Ne+1(Ng)
6Ac=In""k( max “Zlaul ZTT max Z M); c M>C Ns
v=(@Ne () 2 In Ny @(Ns) " TNy

and therefore, g ¢ GM(gB). We also remark that for this sequence one has

laxl Ink < N@Ns + 1 (Ng)) { o), ify=1,
@ (Ng) o), ify 1.

| 3. Several open qu?sFions fxre of !'nterest: to extend the L1-convergence criteria, which we obtain in this paper (Corol-
ary 3.3.2) to the multidimensional situation and the Walsh series (see also [13] and [14]).
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