THE MORSE-SARD THEOREM REVISITED

D. AZAGRA, J. FERRERA, AND J. GOMEZ-GIL

ABSTRACT. Let n,m,k be positive integers with k = n —m + 1. We
establish an abstract Morse-Sard-type theorem which allows us to de-
duce, on the one hand, a previous result of De Pascale’s for Sobolev
W{Z’f (R™,R™) functions with p > n and, on the other hand, also some
new results such as the following: if f € C*~1(R™,R™) satisfies

k—1 _ k-1
fmsup 12 S @ h) = D ()
h—0 |h‘

< 00

for every x € R™ (that is, D*~1f is a Stepanov function), then the set
of critical values of f is Lebesgue-null in R™. In the case that m = 1
we also show that this limiting condition holding for every z € R™ \ NV,
where AV is a set of zero (n — 2 4+ «)-dimensional Hausdorff measure for
some 0 < a < 1, is sufficient to guarantee the same conclusion.

1. INTRODUCTION AND MAIN RESULTS

The Morse-Sard theorem [24} [31] states that if f : R® — R™ is of class C*,
where k = n —m+ 1, then the set of critical values of f has measure zero in
R™. A famous example of Whitney’s [33] shows that this classical result is
sharp within the classes of functions C7. However, several generalizations of
the Morse-Sard theorem for other classes of functions (notably Holder and
Sobolev spaces) have appeared in the literature; see [2, [4] [5] [7, 8, [9] 10} 13|
18, [15], 25, 27, 191 28], 29, 30, [34] and the references therein.

In this paper we will give a new, elementary proof of the Morse-Sard the-
orem which only requires f to be k — 1 times continuously differentiable, to

have a Taylor expansion of order k£ at almost every point x € R", and to

h)—f(z)-D R)—...— A DF—1 RF—1
satisty limsupy,_,q |f(z+h)—f(z)-Df(z)( )|h|k =11t f(@)(h" )] < o0 for ev-

ery x € R™. We will also see that this new version of the Morse-Sard theorem
is neither weaker nor stronger than the recent results of Bourgain, Korobkov
and Kristensen [§] for VVIZ’C1 and BV, 1o functions in the case m = 1, and
it can be useful in the analysis of functions f of class C*~1(R™ R™) whose
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derivatives D*~1 f behave somewhat badly near some points or regions, but
nonetheless f has Taylor expansions almost everywhere. We will deduce our
result of a new, abstract Morse-Sard-type theorem which will also allow us to
easily recover De Pascale’s theorem [9] for W*P(R™ R™) Sobolev functions
with p > n. In any case, it should be observed that the results of this paper,
as those of [4, [0, 15] (and leaving aside the special case n = m), concern
everywhere differentiable functions, while the results of [7, [8, [I8] are valid
for Sobolev functions that need not be everywhere differentiable. Thus one
can see that in this kind of problems there are mainly two issues, namely
the Luzin property and the Morse-Sard property, and that while [7] [8 [I§]
deal with both issues simultaneously, in this paper we will only be concerned
with the second.

We will say that a function f : R™ — R™ has a Taylor expansion of order
k at a point x provided there is a polynomial P, : R™ — R™ of degree less
than or equal to k, such that

(1‘1) lim f($+h)_Px(h)

70 BE =0

Whenever such a P, exists, it is unique, and we will denote {P,} = J* f(x)
(read the k-th order jet of f at x). Abusing notation, we will write indis-
tinctly J*f(x) = (PL, ..., P¥) and also

(P}, ..., PY) e JF f(a),

where P,(h) = f(x) + PL(h) + ... + P¥(h), and P} is the j-homogeneous
polynomial component of P,, for each j = 1,2, ..., k. If there exists no such
P, then we will write J*f(z) = 0.

If f happens to be k times differentiable at = then it is known that f
has a Taylor expansion P, of order k at z, and in fact we have Pi(h) =
%Djf(a?)(hj) for every 7 = 1,...,k. However, a function f may have a
Taylor expansion of order k at x without being k times differentiable at x
(or even two times differentiable at =, no matter how large k is).

The set of all functions f : R™ — R™ of class CV such that f has a Taylor
expansion of order k at each point x € R" is obviously a vector space, which
we will denote by C/P*(R™, R™) in this paper.

It should be noted that our definition of function admitting Taylor expan-
sions on a set is much less demanding than other definitions appearing in
the literature (compare e.g. with [35, Chapter 3.5]). Specifically, we do not
require that the mappings « — P, be locally bounded, nor that the limits
in be locally uniform in z. Consequently, functions admitting Taylor
expansions of order k at all points of a compact set are not, in general,
restrictions of C* functions.

From one of our main results we will deduce the following.

Theorem 1.1. Let n > m be positive integers, k := n — m + 1 and let
f R = R™ be such that
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(1) fe (R R™);

z+h)—f(z)—Df(z)(h)—...— 2 D=1 f(z)(RF~1
(2) Tim supy, . |f(z+h)—f(z)—Df(z)( )|h|k T F(@)( I < o0 for ev-

ery x € R™.
Then L™ (f(Cf)) =0, where Cy := {x € R" : rank (D f(z)) < m}.
The same statement holds true if R™ is replaced with an open subset of R™.

Here, as in the rest of the paper, L™ denotes the Lebesgue outer measure in
R™. Notice that for n > m the critical set Cy = {x € R" : rank (D f(x)) <
m —1} is defined as usual, as f must be at least of class C1. In the case n =
m, we note that condition (2) reads lim sup,_,q w < oo for every
x € R™, which by itself already implies, by Stepanov’s differentiability theo-
rem, that f is differentiable almost everywhere, and therefore we may define
the critical set of f by Cy = {x € R" : Df(x) exists and rank (D f(x)) <
n — 1}. In this case the above Theorem tells us that L™(f(Cy)) = 0.

After the first version of this paper was released, by using more advanced
methods we have been able to improve Theorem especially in the case
m = 1; see[3, Theorem 1.6] and the Appendix therein.

A straightforward consequence of Theorem is the following.

Theorem 1.2. Assume that f € C* "1 (R",R™), withk =n —m+1 > 1,
and that D*~1f satisfies
I f (2 + h) — D*' f ()|

lim sup < 00
h—0 |h|

for every x € R™. Then L™ (f(Cy)) = 0.
The same statement holds true if R™ is replaced with an open subset of R™.

It is clear that the above Theorem generalizes the main result of [4]. On
the other hand, observe that if J* f(z) = (P}, ..., P¥) and f € C*¥~1(R",R™)
then

i [f(@+h) = f(@) = Df(@)(h) = ... — g2 D"~ f (@) (h*)]
e o

Thus, another consequence of Theorem is the following.

k
= [|P ] < o0

Corollary 1.3. Let n,m be positive integers with n > m, and set k =
n—m+ 1. If f € CE=1P¥R™ R™) then the set of critical values of f is of
Lebesgue measure zero in R™.

The same statement holds true if R™ is replaced with an open subset of R™.

Obviously, this Corollary also implies the classical version of the Morse-
Sard theorem for functions f : R® — R™ of class C*. Tt is natural to
ask whether condition (2) of Theorem could be replaced with the same
limit condition holding for a.e. x instead of all x. The answer is negative,
as can be ascertained by examining Whitney’s classical example [33]. See
nonetheless Theorems and 5.4 below for some refinements of Theorem
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[ in the case m = 1, regarding this question and Norton’s results from
[25]. In particular we obtain the following.

Corollary 1.4. If a function f € C" 1(R" R) satisfies
Dn—l h _Dn—l
limsup‘ f(z+h) f@l_
h—0 |h|

for every x € R\ N, where N is a set such that H" 2T(N) = 0 for some
0<a<1,then L(f(Cy)) = 0.

We will deduce Theorem from the following abstract, more powerful
Morse-Sard-type result.

Theorem 1.5. For all positive integersn > m > 1,2 < j < n, and open sets

U and V in R™ and R™ respectively, let C%,m(U, V) be classes of mappings

f:U —V such that:

(MS1) CH(U,V) C Cm(U, V) C CI-YU,V);

(MS2) if n > m+1, f € CP," "YU, V), A is a subset of {x : D'f(x) =
0 fori=1,...,n—m} ‘and L"'(A) =0, then L™(f(A)) =0;

(MS3) if n > m + 1 then every f € Cﬁ;nmﬂ(U, V) has a Taylor expansion
of order k =n —m+ 1 at almost every x € R";

(MS4) if f € C%,n(U, V) and f maps U diffeomorphically onto V then f~1 €
Chn(V,U);

(MS5) if f € Chm(U,V), g € Chn(W,U), and either f is of class CI or g
s a diffeomorphism, then fog € C%,m(W, V);

(MS6) if g € Chm(U,V), 1 <i < m—1, then g, € C_,  (U,,R™) for
Li-ae y € R with Uy := {z € R : (y,2) € U} # 0, where
gy : Uy = R™ is defined by gy(2) = g(y, 2);

(MST7) if f € Cii(U, V) and g € Clo(U, V') with i +s = m, then ¢ €
C?L,m(U, V x V'), where ¢ is defined by p(z) = (f(z),g(x)).

Assume that n > m+1. Then L™(f(Cy)) = 0 for every f € C,m (U, V).

Moreover, in the special case m = 1, the classes Cg 1(U, V) may be defined
only for j = n, and the conditions (MS1) with j =n, (MS2) and (MS3)
alone are sufficient to ensure that L'(f(Cy)) =0 for every f € Chi(U V).

Another consequence of the above result is the following theorem of De
Pascale [9] for Sobolev spaces (see also [13] for a simpler proof).

Theorem 1.6 (De Pascale, 2001). Let n,m,k be positive integers with n >
m, k =n—m+1, and let p be a real number withp > n. Then L™(f(Cy)) =0

for every f in the Sobolev space Wlﬁf(R”,Rm).

We will also establish the following Dubovitskii-Sard-type versions of The-
orems [L.5 and [L.1]
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Theorem 1.7. For all positive integersn > m > 1,2 < j < n, and open sets
U and V in R™ and R™ respectively, let C%,m(U, V') be classes of mappings
f:U —V such that:

(DS1) Ci(U, V) C Clm(U, V) C CIYU,V);

(DS2) ifn>m+1,2<k<n-m+1,{=n-m—-k+1, feCk (UV),
A is a subset of {x : DV f(x) =0 for j =1,....,k—1} and L"(A) =0,
then HY (AN f~1(y)) = 0 for a.e. y € R™;

(DS3) ifn>m+1and 2 <k <n-—m+1 then every f € C’Tim(U, V) has
a Taylor expansion of order k at almost every x € R";

(DS4) if f € C%,n(U, V) and f maps U diffeomorphically onto V then f~1 €
Chn(V,U);

(DS5) if f € C%ym(U, V), g€ C%,n(l/V7 U), and either f is of class C7 or g
is a diffeomorphism, then fog € Cﬁm(W, V);

(DS6) if g € Cfl,m(U, V), 1 <i<m-—1, then gy € Ci_iym(Uy,Rm) for
Li-ae y € R withUy, :={z € R"" : (y,2) € U} # 0, where
gy : Uy = R™ is defined by gy(2) = g(y,2);

(DS7) if f € C,jm-(U, V) and g € C%,S(U, V') with i + s = m, then ¢ €
C%,m(U, V x V'), where ¢ is defined by p(z) = (f(z),g(x)).

Assume thatn >m+1,2<k<n-—-m+1, andl =n—m—k+ 1. Then,

for every f € Cﬁ,m(U, V) we have

HY(CrN 7 (y) =0 for a.e. y € R™.

Moreover, in the special case m = 1, the conditions (DS1)-(DS3) alone are
sufficient to ensure that, if 2<k<n—-m+4+1andfl=n—m—k+1, then
for every f € Cp, 1 (U, V) one has HYC; N fH(y)) =0 for a.e. y €R.

Here, as in the rest of the paper, #¢ denotes the ¢-dimensional outer Haus-
dorff measure in R".

Theorem 1.8. Let n > m be positive integers, 1 < k <n—m+ 1, and let
f R = R™ be such that
(1) feCFIR,R™);

z+h)—f(z)—Df(z)(h)—...— 2 DE=1 f(z)(RF~1
(2) limsup,_,g o)) DIt )|h|k (=)t A1 ) < oo for ev-

ery x € R™.
Then, for £ = n—m — k + 1, we have that HZ(Cf N f~Yy)) = 0 for a.e.
y e R™.

It is clear that Theorems and include Theorems [LE and L] as
particular cases for K =n —m + 1, or equivalently ¢ = 0. We chose to state
them separately for expository reasons.

Another consequence of Theorem [I.7] is the following Theorem of P. Ha-
jlasz and S. Zimmerman [15]
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Theorem 1.9 (Hajlasz-Zimmerman). Fiz n,m,k € N. Suppose Q C R" is
open and [ € W;Zf(Q,]Rm) for somen < p < co. If ¢ = max{n—m—k+1,0}
then HY(Cy N f~H(y)) = 0 for a.e. y € R™.

Both Theorems [I.8] and [I.9] are generalizations of the so-called Dubovit-
skii-Sard theorem [10], which guarantees the same conclusion under the more
stringent assumption that f € C*(R™ R™).

Of course the assumptions of Theorems [L.5] and [I.7, as well as the intro-
duction of the classes Cj, , may look rather artificial (and, as the reader may
suspect, they are tailored to the proof we give). Nonetheless we believe they
are quite useful, as they allow us to provide simple and elementary proofs of
known results (cf. [4] and Theorems and see also Remark [3.5)), and
to simultaneously obtain new results such as Theorem [I.2]and Corollary [T.4]

The rest of this paper is organized as follows. In Section 2 we will collect
several known or easy results that will facilitate the proof of Theorem
which we will provide in Section 3. In section 4 we will explain how Theorem
is deduced from Theorem In Section 5 we will explain how Theorem
can be deduced from Theorem [1.5] with little effort, we will study some
examples that will clarify the relations of the above results to other authors’
work, and we will state and prove some variants of Theorem for m = 1.
Finally, in Section 6 we will explain what ingredients have to be added to
the proofs of Theorems and in order to obtain Theorems and
1.8| (again, we choose to separate proofs for expository reasons and because
the Dubovitskii-Sard-type results require using more advanced tools, such
as the upper integral and Hausdorff measures).

2. SOME TOOLS

In the proof of our main results it will be very convenient to use the
Kneser-Glaeser Rough Composition Theorem, which we next restate (see [I},
Theorem 14.1] for its proof, based on an application of Whitney’s Extension
Theorem [32]). Let us recall that, given a positive integer s, a map f is said
to be s-flat on a set A if D7 f(x) =0 for every z € Aand j = 1,..., 5.

Theorem 2.1 (Kneser-Glaeser). Let W C R™ and V C R" be open sets;
A* CW and A CV, with A closed relative to V', f : V — RP of class C" on
V and s-flat on A, g : W — V of class C"% with g(A*) C A. Then there is
amap H: W — RP of class C" satisfying:

(1) H(z) = f(9(a)) for o € A%;

(2) H is s-flat on A*.

We next state and prove eight lemmas that we will also need in the next
two sections.

Lemma 2.2. Letn>m, k=n—m+1, and f: R" — R™ be a function.
Assume that N is a subset of {x : limsup;_, w < oo}, and that
L'(N)=0. Then L™ (f(N)) =0 as well.
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Proof. For each j € N we define

A; ={z € R" : limsup PGk, h)k_ /@) <Jj}
h—0 |h|

It is clear that N C [J72; Aj, hence it is enough to see that L™(f(NNA;)) =
0 for each j.
Let us fix j € N, € > 0. Since L"(N) = 0, for each ¢ € N there exists a
sequence {Cjq }q of cubes with diam(Cj) < 1/i, N C |, Cia, and
ZVO](CZ'Q) <

3
n"2a(m)(j +1)™

where a(m) denotes the volume of the unit ball of R™. Define now
1
D;={x € Ajn N :|f(x+h)— f(z)] < (j + 1)|h|* whenever || < ;}

It is easily checked that D; C D,y for every 4, and A; "N = ;2 D;.
If 2,y € D; N Ci we have |f(x) — f(y)| < (j + 1)|z — y|* and therefore,
using that km = (k—1)(m — 1) + n > n, we get

[f(x) = F)I™ < (j + D)™ diam(Cia)™™ < (j + 1) diam(Cia)",
which implies that
diam(f(D; N Ci))™ < (j + 1)"diam(Cia )",
and consequently
L™(f(DiN Cia)) < (j + 1)"n"*a(m)vol (Cia)
as well. By [I1, Theorem 1.1.2, p.5] we obtain
L"(f(A; A N)) = lim L7(£(D;)) < limsup Y L™ (f(Di N Cia)) <

i—00 i—00
lim sup Z(] +1)™n™2a(m)vol(Cyy) < e,
17— 00 o
and by letting € go to 0 we conclude that L™(f(N N A;)) =0. O

Lemma 2.3. Let f : R® — R™ be a function, n > m, k=n—m+1. Then
L (f ({x eR": (0,...,0) € ka(g;)}>) = 0.

Proof. Let us denote A = {x € R" : (0,...,0) € J*f(x)}. We want to see
that £™(f(A)) = 0. By using obvious truncation arguments we may assume,
without loss of generality, that A C B := [-R, R|" for some fixed R € N.
Let € > 0. For every i € N we define

D;={x e B:|f(x+h)— f(z)| <elh|* whenever |h| < \/f}
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Note that {D;} is an increasing sequence of sets such that A C {J; D; (in-
deed, for every x € A we have

S CERORIC)
h—0 ‘h‘k

=0,

and consequently |f(x + h) — f(z)| < e|h|F if |n| < @ for i big enough).
For each i, we may decompose B as the union of a family of cubes {C’ia}gz(zl)
of diameter y/n/i (hence of volume 1/i") with pairwise disjoint interiors. In
particular Y, vol(Cia) = Y, & = vol(B).

If x,y € D; N Cjq then |z —y| < @, hence

€nk/2
(21) 7(w) = S@)] < el < T,
and (recalling that km > n)
. Emnkm/Q 5mnk’m/Q o b
(2.2) @) = f@)I" < —pm— < ——=¢ nF"2y0l(Cia.).

It follows that
L™ (f(D; N Cia)) < e™a(m)n* ?vol(Cia),
and therefore

L™(f(Di)) <D L™f(DiN Cia))

< eMa(m)nkm/? Z vol(Cia) = ™ a(m)n*™/?vol(B).

Using [I1, Theorem 1.1.2, p.5] we obtain
L7(F(A)) < lim £7(F(Dy)) < ™ a(m)n™"2vol(B),
1—00
and by letting ¢ go to 0 we conclude that L™(f(A)) = 0. O

Lemma 2.4. Let C' be a bounded subset of R with the following property:
there exists a € (0, %) such that, for every x,y € C, the interval

Tty
Iwy:( 2

does not intersect C. Then L}(C) = 0.

r+y
—aly—w\,TJra\y—w\)

Proof. Take r so that 2a < r < 1. By the hypothesis, for every interval
I, LY(CNI) < (1—r)LYI). As a consequence, if (I1,); is a sequence of
intervals such that C' C U1, then

L)<y chenn) <1-r)d LI
k k

which implies that £!(C) < (1 —7r)£(C) and therefore that £1(C) =0. O
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Lemma 2.5. Let k > 2 be a positive integer and ¢ : U — V be a CF!
diffeomorphism between two open subsets of R™. Assume that ¢ has a Taylor
expansion of order k at x. Then the inverse diffeomorphism ¢~ has a Taylor
expansion of order k at y = ¢(x).

In particular, if ¢ has a Taylor expansion of order k almost everywhere

then so does ¢~ ".

Proof. Without loss of generality we may assume that © = 0 and y = ¢(0) =
0. Write p(h) = P(h) + R(h), where R(h) = o(|h|*) and P is a polynomial
of degree less than or equal to k. We have

h= (e (1) = P(p™"(h) + R(¢~'(h)).
Since DP(0) = De(0) is invertible, there is an open neighborhood of 0,

which we may assume to be U, on which P is a C*~! diffeomorphism, with
an inverse denoted by P~1. It follows that

¢~ (h) =P 1 (P(¢~!(h)) = P! (h = R(¢ ™' (h))),
hence
¢~ (h) = P71 (h) = P (h — R(¢~"(h))) = P ' (h) = o(|h]"),

because ¢! and P! are locally bi-Lipschitz, and R(v) = o(|v|*). Now,
P~! need not be a polynomial, but if we define @ as the Taylor polynomial
of order k of P~! we then have

P~Y(h) = Q(h) = o(|h[*),
and by summing the last two equations we obtain that

v~ 1(h) = Q(h) = o(|n"),
thus proving the first assertion of the Lemma. The second assertion is a
consequence of the first one and of the fact that a C'* diffeomorphism between
open subsets of R™ maps £™-null sets onto £™-null sets. ([

Lemma 2.6. Let k > 2 be a positive integer and ¢ : U — V be a C!
diffeomorphism between two open subsets of R™. Assume that ¢ satisfies

h)— P(h
s 12210 = P(1)
h—0 ‘h|
for a point x € U and a polynomial P of degree up to k—1. Then the inverse
o~ ! satisfies

lim sup ey +h) QM _

h—0 |h|k
for y = @(x) and some polynomial Q of order up to k — 1.

Proof. Replace o(|h|¥) with O(|h|¥), and P with the Taylor polynomial of
order k — 1 of ¢ at x, in the proof of Lemma [2.5 ([

Lemma 2.7. Assume that f : R* — R™ has a Taylor expansion of order k
at z, and that g : R™ — R™ has a Taylor expansion of order k at y = f(z).
Then go f has a Taylor expansion of order k at x.
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Proof. We may assume that z = y = 0, and write f = Q + 5, g =P + R,
where P, Q are polynomials of degree less than or equal to k, S(h) = o(|h|*),
and R(h) = o(|h|¥). Then, using that P and @ are locally Lipschitz, it is
easy to check that

g(f(h)) = P(f(h))+ R(f(h))
_|_

= P(Q(h) +5(h)) + R(Q(h) + S(h))
= P(Q(h)) + (P(Q(h) + 5(h)) = P(Q(h))) + R(Q(h) + S(h))
= P(Q(h)) + o|h[*) + o(|A[*),

that is

g(f(R)) = P(Q(h)) = o([h[*).
Although the polynomial P o () is, in general, of order greater than k, we
may define T' as the Taylor polynomial of order k£ of P o @) at 0, so that

P(Q(R)) = T(h) = o([["),
and by summing the last two equalities we get g(f(h)) —T(h) = o(|h|¥). O
Lemma 2.8. Assume that f : R — R” satisfies

. +h)—Q(h
s L4112 Q)

< 00

for some x € R? and a polynomial Q of degree up to k — 1, and that g :
R™ — R™ satisfies
l9(y +h) — P(h)]

lim sup < 00
h—0 | h | k

fory = f(x) and a polynomial P of degree up to k — 1. Then

(9o P+ h) ~T(h)]
lima sup Ik

where T is the Taylor polynomial of order k — 1 of P o Q).

< 00,

Proof. Replace o(|h|¥) with O(|h|¥), and P, Q, T with polinomials of order
k — 1 in the proof of the preceding Lemma. O

Lemma 2.9. Let m,n,k,i be positive integers, with i < n —1. Assume that
f:R" = R™ has a Taylor expansion of order k at L™-a.e. x € R™. Then,
for Li-a.e. y € R?, the function Gy : R"% — R™ has a Taylor expansion of
order k at L" " -a.e. z € R"™', where gy, is defined by g,(z) = g(y, 2).

Proof. Using the hypothesis and Fubini’s theorem, for Li-a.e. y € R? we
have that, for £ %-a.e. z € R" ™, the function g has a Taylor expansion
of order k at z = (y, 2). This obviously implies that the function g, has a
Taylor expansion of order k at z, for such y € R?, z € R* . O
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3. PROOF OF THEOREM

Throughout this section we will assume that f € C,’im(U, R™), where
U C R" is open and n > m > 1 are positive integers, and k will be defined
by k := n — m + 1; note in particular that k£ > 2. We will also use Cfl,m as
an abbreviation for CﬂLm(I/V, V') when the sets W,V are understood.

Let C = {z € U : rank(Df(z)) < m} be the set of critical points of f,
and set

Aj={reC : D'f(x)=0for 1 <i<j}, 1<j<n-—m,
and
K={zxeC:1<rank(Df(x)) <m—1}.
Then we have
(31) C=KU(A1\ A2)U(A2\ A3)U ..U (Ap—m-1 \Apn—m) UA,_p.

The proof of Theorem can be carried out in three steps following the
general plan of [I Lemma 15.2] and [I3, Theorem 5]. In the first step, by
using conditions (MS4)-(MS7) and a standard argument going back to [31]
we show that it suffices to prove the theorem in the case K = (), that is, C' =
{z : Df(z) = 0}. In the second step we prove that L™(f(An—m)) = 0. This
is where our proof really differs from others; the key point is showing that for
a function ¢ : R — R the set {t € R: (0, ...,0,a;) € J*p(t) for some a; # 0}
is always of measure zero in R. Finally, in the third step we see how, thanks
to the Implicit Function Theorem and the Kneser-Glaeser Theorem, one
can reduce the dimension from n to n — 1, which by an induction argument
finishes the proof. This third step is almost identical to Step 3 in the proof of
[13, Theorem 5] or [I, Lemma 15.2], but since the argument is short we will
include its proof here for completeness (and for the benefit of those readers
who might not yet be familiar with this scheme).

Claim 3.1. First Step. We may assume K = ().

Proof. Observe that f is at least of class C!, because n > m and Cﬁ,m =
crom+l ¢ cn=™, by (MS1). Define

K;={z € R": rank(D(f(z)) =i}, 1<i<m—1.
Take z € K;. We may assume that

Then, in some relatively compact neighborhood V of Z, we can take as
coordinates (yi1,...,yn) = Y(z) = (fi(z),..., fi(x),zit1,...,xy). Therefore,
defining X = Y1, f is of the form

f(X(y)) = (y17 (X3 yi)g(yh ey y’n))
By using properties (MS1), (MS4), (MS6) and (MS7) of the classes C;e, it
is easy to see that X € Cﬁm. Then, by using property (MS5) we get fo X €
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C,’i}m, and by using again (MS5) and (MS1) it is immediately clear that

g€ Cﬁmﬂ-(v, R™ %), where V = Y (V). Moreover, in these new coordinates
we have

D(foX)(y):Cf D(g(o >)>’

Y1oeees Yi

R 2 (Y1, ooy Yiy 215 ovy Zni) € 17}
Now, by using property (MS6) and observing that rank(D(f o X)) =
rank(Df) =i on K;, we have that, for L*-a.e. (y1,...,¥i),

and

,,,,,

Therefore, if we prove that f(A;\ A2), ..., f(An—m-1\An—m), f(An_m) are
of measure zero (which we will indeed do in the second and third steps), by
applying that part of the proof to the function Dltyymyr WE will get

,,,,,,

)(Y(Kl) N ‘N/(y1,...,yi))) =0 for Li_a“e' (yl) ~~,?/i)7

and by Fubini’s theorem we will conclude that 0 = £™(f o X(V N Y (K;)))
=L™(f(VNK;)), for every i € {1,...,m — 1}, hence that L™(f(K)) =0 as
well. O

Let us now proceed with the Second Step of the proof of Theorem
and show that L™ (f(An—nm)) = 0. We can distinguish two subsets of A, _,,
namely,

Cp-m={x€ Ap_pm : (0,..,0) € ka(:z:)},
and
By m = Anfm \ Cnfm-
By Lemma we already know that L£™(f(Cp—)) = 0. Therefore it is
enough to see that L™ (f(Bp—m)) = 0. In turn, because By,_, C Ap—m, and
thanks to property (MS2) of the class Cﬁ,m, this will be established once we
prove the following.

Lemma 3.2. L"(B,_,) = 0.
Proof. Property (MS3) tells us that
L ({:13 eR": JEf(z) = @}) =0.
Therefore we may assume that
Bpom C{x € Ap_p : JFf(2) # 0.
Since Cj,_,, is disjoint with B, _,, we then have that, for every x € B,,_,,

JEf(x) = (0,...,0, P¥) for some PF # 0.
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Let {v;}72, and {w;}32; be dense sequences in the unit spheres S"=! and
S™=1 of R™ and R™, respectively. Define, for every (o, 3) € N x N,

E;,B ={z € Bnm: <Pf(va),w5) > 0},
and

E;={z€Bnm: (P¥(va),wg) < 0}.
If 2 € By, then P¥(v) # 0 for some v € S, and by continuity of P¥ and
density of {Uj}Jo-il, {wj};?‘;l there exist a, € N such that (P} (va), wg) # 0,
and therefore x € E;FB U E;ﬂ. This shows that

_ + -
Bum= U (B UEs).-
a,BeN

Thus it is sufficient to see that [,"(E;rﬁ) = 0 and L"(E_ ;) = 0 for each
(o, B) € N x N. Let us fix o, 8 € N and see that L’"(Eiﬁ) = 0 (the proof
that L£"(E,3) = 0 is completely analogous).

Let [v]* stand for the orthogonal complement of the line spanned by the
direction v,. For each y € [v,]* let us define

R, ={y+tv, : t € R},
Gy :RyﬂE;rﬁ, and
Gy={teR:y+tv, €G,}.

We will show that £1(G,) = 0. Once we have checked this, by applying
Fubini’s theorem we will immediately deduce that £" (E;rﬁ) = 0 (note that

we may indeed apply Fubini’s theorem because the sets Eoifﬁ are measurable;
indeed, A,,_., is closed, and we can write

Com=NU () &€ Anm: 17l +h) — f)] < A,

i=1j=1h|<1/]

so that C,,_,, is a countable intersection of F,; sets, hence B,,_,, is measur-
able, and

[e. oo o]
1
B =Bum |UU N {o: @+ tva),ws) = (F@),wg) = 217 )|
i=1j=10<t<1/j
so that E;rﬁ, being the intersection of B,,_,, with an F set, is measurable
as well. Similarly, £ ; is measurable).

So let us fix y € [va]*, and consider the auxiliary function ¢ : R — R
defined by

o(t) = (f(y + tva), w).
For each t € G, recalling that (0, ...,0, Pyis,) € J¥f(y + tva), we have

TEp(t) = (o, 0, (PE (va),w5>> .
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In particular, for every t € @; we have
JEp(t) = (0, ...,0,a;) for some a; > 0.

Let us now distinguish two cases.
Case 1. Assume first that k is even. In this case we will be able to
show that in fact G, is (at most) countable. In order to do so, let us define,
for every i, j, ¢ € N, the sets

Dy={teG,: J(t)=(0,..,0,a), a; > = }.

|

and

~ 1 1 1
Gijg={te Gy : p(t+h)—o(t) - zhk > —;hk whenever |h| < ;}

We obviously have a; = Up2 D¢, hence we only have to check that Dy is
countable for each ¢ € N. Notice that

_ _ k
(indeed, for every t € D, and for every j € N, since limy,_ plt+h) ,ﬁ(t) ath® _

0 there exists i € N so that |¢(t + h) — o(t) — a;h*| < BE/j if |h| < 1/d.
Hence, using that a; > 1/¢ because t € Dy, we have

1 1
zhk < ah® < p(t+h) —o(t) + Ehk for |h| < 1/i,

and in particular t € Gjjp).
Now, if t,s € Gjj¢ and |s —t| < 1/i then we have

1 1
plt 5= 1) = olt) = glt —sl" > St —slt
and
1 k 1 k
pla-tt =) = pls) = gt = sl 2 [t~ sl
By summing the last two inequalities we get
2 2
—Zit—s|F > =)t — s,
t J

and for j > £ this is possible only if ¢ = s. Therefore, if j > £, the set G;j,
contains only isolated points (as the distance between two of its points must
be greater than 1/i), and in particular is countable. Then, if we set j = 2¢
for instance, it follows that

Dy C | Giaye

=1

is countable.
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Case 2. Assume now that k is odd. Let {ry}scn be an enumeration of
the positive rational numbers, and for each i, j,¢ € N define functions

2
gej(h) = reh® — 5|h|k7
and sets
N ) 1
Dije={t € Gy : p(t +h) = o(t) 2 ge,j(h) if |h] < ~}.

For each t € CTy we can find ¢, j € N such that
1 1 1
ai € [rg— —,r¢+ =], and = < e
J J g4
p(t+h)—p(t)—ath*
BE

For these j, ¢, because limy_,q = 0, there exists ¢ € N such
that if |h| < 1/i then
P+ 1) = (0) = aih =~

For 0 < h < 1/i we then have

plt+ 1) = 0(0) 2 = [bl* = (e = I = LI = (0,
and for —1/i < h <0 we get

PUE+R) = (0) 2 = Jhl* = (e + B = S = (),
In either case we obtain ¢t € D;j;,. This shows that

G, C U Dijo.
i, LEN,A<jry

Hence it is enough to see that £(D;;¢) = 0 for every i, j,¢ € N with 4 < jiry.
To this end we can further assume without loss of generality that D, is
bounded, and then it will sufficient to show the following.

Claim 3.3. Let I be a bounded interval in R, let k € N be odd, c,e be
positive numbers with 2e < ¢, ¢ : I — R be a function, and D be a subset of
1. Suppose that

p(y) > p(x) +cly — 2)* —ely —|*
for every x,y € D. Then L(D) = 0.

In order to prove the Claim we use Lemma [2.4L To check that D has the
property in the statement of Lemma take x,y € D and assume without
loss of generality that 0 = z < y and p(x) = 0. We have

¢k 3¢ k)

y,35Y

o) € ((c =" (c+e)t) € (53" 5
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If z € (x,y) N D, we also have

€k, 30 m,

o(z) € ((c—e)zk,(c—i—s)zk) C (2 =

On the other hand,

o(z) > o(y) +e(z—y)f —ely —2)* >

which implies

hence also

which in turn implies

2 2 2
E < g((2kak 4 (2Vky kY — (2 )kyk
P <3G + G)F) = 654",
and consequently
2k
1 <6(=
—_ (3)7

which is impossible for £ > 5; on the other hand, for k = 3 one easily
checks that z & (4, %y) by a straightforward calculation. So we may apply
Lemma [2.4) to conclude the proof of the Claim. The proof of Lemma [3.2] is

complete. 0

Let us now finally make the Third Step of the proof of Theorem
Note that the above argument already proves the Theorem for n = m + 1
(or equivalently £ = 2). This allows us to start an induction argument on
the dimension n. Assuming that the result is true for functions f in the
class CZ:Tm with K = (), we have to check that it is also true for functions
f in the class Cﬁ;{”“ with K = (. By the second step we know that
L™(f(Ap—m)) = 0. Therefore, bearing in mind equation (3.1]), we only have

to show the following.
Claim 3.4. L™(f(As—1\ As)) =0 for2 <s<k-—1.

Proof. Fix a point x € As_1 \ As. It is sufficient to see that there exists an
open neighborhood V' of x such that £™(f((As—1\ 4As) NV)) = 0. By the
standing hypotheses, f is of class C*~1, and f is (s — 1)-flat at x, but some
partial derivative of order s of f is not zero. We may assume for instance

that
ow

Dy

(z) # 0,
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where

w(z) =0%f(x) =0
and « is a multi-index with |a| = s — 1. Since w is of class C*¥~*, by the
Implicit Function Theorem there exists an open neighborhood V' of x such
that VN{w = 0} is an (n— 1)-dimensional graph of class C*~*. In particular
there exist an open subset W in R"~! and a function g : W — R of class
C™% such that VN As_1 C g(W).

Now let us consider A* := {z € W : g(z) € A,_1}. By Theorem[2.1] there
exists F': W — R™ of class C*~! such that F = fog on A*, and DF(z) = 0
on A*. In particular we have f(As_1NV) C F(CrNW), where Cr stands for
the critical set of F. But, since F is defined on an open subset of R~ and
is of class C*~1, and by property (MS1) we have C*¥~! Cﬁ:im =Cp 1
we may use the induction hypothesis to conclude that L™(F(CpNW)) =0,
and therefore L™ (f(As—1NV)) =0 as well. The proof is complete.

Finally, notice that conditions (MS4)-(MS7) are used only in the First
Step of the above proof. Since in the special case m = 1 we always have
K = (), the First Step of the proof may be omitted. Therefore it is not
necessary to define the classes C, | (U, V') for j # n, and the conditions (MS1)

for j = n, (MS2) and (MS3) alone are sufficient to ensure that £'(f(Cf)) =0
for every f € Cp 1 (U, V). O

Remark 3.5. It is worth noting that if we replace condition (M S3) with
(MS3") if n > m + 1 then every f € Cp," T (U,V) is n —m + 1 times
differentiable at almost every x € R",

then there is no need to consider Case 2 of the proof of Lemma [3.2] and
we obtain a simpler proof of an easier variant of Theorem which still is
powerful enough to imply Theorems and The changes one has to
make in order to obtain this simpler proof are as follows: observe that if f
is k times differentiable at a point = then D¥~2f is twice differentiable at
x and in particular has a Taylor expansion of order 2 at x; then apply the
proof of Case 1 of Lemma to the function

p(t) = (DF2 f(y + tva) (vg ), wp) = D" 2(f, wg)(y + tva) (vg 2
(where now k is not necessarily even). We have
J?p(t) = (0,a;) for some a; > 0 for every ¢ € CTy,

hence a particular case of that proof allows us to deduce that CTy is countable.

4. PROOF OF THEOREM [L.1]

The very particular case n = m in Theorem is well known, see [17,
Proposition 3.6] for instance. Now, in order to prove Theorem in the
case n > m, we define, for each U open in R’ and V open in R? with i > j,
the class C;;(U, V) as the set of all functions f : U — V such that:
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(1) feCcHU,V);

z+h)—f(x)—Df(z)(h)—...— = D51 ps—1
(2) limsupy, o ez e BreX )‘hls =y i < oo for ev-

ery x € R™;
(3) f has a Taylor expansion of order s at almost every x € U.

Note that, by results of Liu and Tai [20], every function f satisfying (2) also
satisfies (3). By using Lemmas n -, -, -, E and |2 E and bearing
in mind that diffeomorphisms map (Lebesgue) null sets onto null sets, it
is easy to verify that the classes C;; satisfy the properties (MS1)- (MS?) of
Theorem Then Theorem [I.1] for n > m follows at once.

5. EXAMPLES AND RELATIONS TO OTHER WORK

Let us begin by briefly explaining how De Pascale’s Theorem also
follows, with little effort, from Theorem In the case n > m, we may
define, for each U open in R? and V open in R, with i > j, s > 1, the
classes C; (U, V) = WyP(U,V). By using standard results and techniques
of Sobolev space theory (Change of Variables, Slicing Theorem, etc) it is not
difficult to check that these classes satisfy properties (MS4)-(MS7). Property
(MS1) is part of Morrey’s inequality, and property (MS2) is the easy part
of Step 2 in the proof of [I13, Theorem 5] (to check this, one may combine
Taylor’s theorem, Morrey’s inequality, and Young’s inequality to see that

Fy) — @)™ < C /B L IR

forz € Aand |y—z| <r <1, and then conclude by a covering argument, see
[13] for details). Finally, property (MS3) can be easily checked as follows:
consider the map R" > x + g(z) = D¥"1f(x) € RM, where M is the dimen-
sion of the space £F~1(R™, R™) of (k — 1)-linear symmetric maps from R" to

™ and we identify £F~1(R?, R™) with RM. Using that f € W,"P(R", R™),
an easy calculation shows that the coordinate functions g; of g = (g1, ..., gm)
have first order weak derivatives which are in LP. That is, g; € T/Vlif (R™) for
every j = 1,...,M. By [I1, Theorem 6.2.1], g; is then differentiable almost
everywhere in R”, for each j = 1,..., M. It follows that g is differentiable
almost everywhere in R™, which means that f is k times differentiable at
a.e. r € R™, and in particular f has a Taylor expansion at a. e r € R™.
Thus we may apply Theorem (1.5 to deduce that every f € W kb (R™ R™)
has the Morse-Sard property if k =n—m+1>2andp>n.

As for the case n = m, this is an easy consequence of the coarea formula
for Sobolev mappings [22] (or an immediate consequence of the case n = m
of Theorem above and the mentioned fact that functions of VVI})’f(R", R™)
are differentiable almost everywhere when p > n).

Let us now see why Theorems [I.1] and [I.2] and Corollary [I.3] are not
weaker than the recent Bourgain- Korobkov Kristensen generalizations [8] of
the Morse-Sard theorem in the case of real-valued functions for the spaces
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W LR R) and BV, j0c(R"). Since W (R™) € BVio.(R"), the results
of [§] are stronger than all the previous generalizations of the Morse-Sard
theorem for Sobolev spaces in the case m = 1, and are also stronger than
[28] and [30, Theorem 8] (even in the case n = 2, because the results of
[8] do not require that the function be Lipschitz, and because every locally
semiconcave function on R? belongs to BVa10c(R?)). Thus, in order to make
our point, it will be enough to exhibit examples of functions f € C!P?(R?,R)
such that f ¢ BVQJOC(RQ).
For a simple, explicitly defined example, let us consider f : R> — R,

x?sin (x%) if x #£0,

f(x’y):{o if 2= 0.

We have % = 0 everywhere, and

Of () = {;1333 sin (&) — 2z cos () ii i 8,

so that f € C1(R?). On the other hand, it is clear that f is C° on {(z,y) :
x # 0}, and for every (zg,yo) with 29 = 0 we have that (0,0) € J2£(0, o),
because A .
I 2 (1,22) =0
(zy)—=0m0) T°+Y
Hence f € C1P?(R% R). However, g := 0f/0x ¢ BV (R?). Indeed, defining

gy(z) = g—i(x, y), it is easy to see that
Vo gy = o0
for each y € R (here we use the notation from [11}, 5.11]), and because g, is
continuous this implies
essVy Gy = OO

for every y, hence

1
[ bt -
-1

and by [11, Theorem 5.11.2] this implies that g ¢ BVi,c(R?), hence f ¢
BV 10¢(R?) either.

If the reader wishes to look at more complex examples with sets of critical
points of positive measure where the functions are not locally BV; (which
prevents the application of all of the previously known results in order to
obtain the Morse-Sard property), he or she might want to consider the fol-
lowing.

Example 5.1. Let C C [0,1] be a Cantor-like set of positive measure.
Construct a continuous function g : [0,1] — R as follows. Set g(x) = 0
for every 2 € C and, for each of the 2"~ ! intervals I}, of length I,, that are
removed from an interval I¥_; at step n in the construction of C, consider
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a subinterval Ji of length %’L centered at the same point as IJ. Define g on
I7 as a differentiable function which is not of bounded variation and such

3 . .
that 0 < g(z) < 12 and g(z) = 0 for every x € Ij \ Jj,. The function
F :(0,1)> — R defined by F(z,y) = f(z) + f(y) with f(z) = [ g(t)dt
satisfies C' x C' C CF and is twice differentiable at every point, but it does
not have a BV derivative. However, F' satisfies the hypotheses of Theorem
[1.2] and consequently has the Morse Sard property.

On the other hand, it is clear that the results of [8] and, in the case
n = 2, [28] and [30, Theorem 8| are not weaker than Theorem either.
For instance, it is easy to produce examples of delta-convex, and of locally
semiconcave, functions f : R — R which are not of class C.

However, if f : R?> — R is locally semiconcave, the parts of the proofs
of Theorems and that are relevant to this situation can easily be
adapted to show that £! (f({z € R? : Df(z) exists and is zero })) = 0, thus
recovering [30, Theorem 8] and the main result of [19], see also [28]. In or-
der to do so one only has to note that: 1) all d.c. convex functions are
locally semiconcave; 2) all locally semiconcave functions have second or-
der Taylor expansions at almost every point (thanks to Alexandroff’s the-
orem); and 3) if f is locally semiconcave then the proof of Lemma
can be easily adapted to show that L£!(f(N)) = 0 for every subset N of
{x € R? : Df(x) exists and is zero} with £2(N) = 0. As a matter of fact,
one can also adapt the proofs of Theorems [I.5] and [I.1] to show that if
f:R™ — Ris of class C"~2 and the directional derivatives of order n—2 of f
are locally semiconcave functions, with constants of local semiconcavity that
are independent of the directions, then f has the Morse-Sard property. We
will not spell out the details because in view of [1I, Theorem 6.3.3] this re-
sult is also an immediate consequence of the Bourgain-Korobkov-Kristensen
theorem for BV, functions in [§].

Let us finish this section with some remarks about the statement of The-
orem A natural question is whether condition (2) of Theorem could
be replaced with a weaker condition in which the limit would hold for a.e.
x instead of all z. The answer is negative. Indeed, consider Whitney’s
example from [33], where an arc C' in R? and a function f : R? — R are
constructed in such a way that f is critical on C' (meaning that C' C C) and
f is not constant on C} in particular f(C) contains an open interval, and f
does not have the Morse-Sard property. See also [20] [14] and the references
therein for more information about Whitney-type examples. Although not
explicitly stated in Whitney’s paper, these f and C satisfy two important
additional properties:

(a) f is of class C*° on R?\ C, and

(b) £L2(C) =0.
Property (b) follows easily from the definition of C, while (a) is a conse-
quence of the facts that f is constructed by applying the Whitney Extension
Theorem to a function defined on C'; and that Whitney’s theorem provides
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us with extensions which are always of class C'*° outside the closed set on
which the functions to be extended are initially defined. Then, since f has
derivatives of all orders which are locally Lipschitz on the open set R?\ C, it

is clear that lim sup;,_,q lf($+h)_f|(,fl)2_Df(x)(h)‘ < oo for all z € R?\ C, and in

particular for a.e. z € R%. On the other hand f clearly satisfies conditions
(1) and (3) of Theorem However, L1(f(Cy)) > 0.

Thus, refining the question about condition (2) of Theorem one could
ask: how small must a set N C R™ be in order that Theorem still holds
true if we replace condition (2) with a new condition in which the limit
holds for every z € R™ \ N7 This question is of course much more difficult
to answer. By combining Theorem for m = 1 with [25, Theorem 2] and
the results of [20], we can nevertheless obtain a partial answer as follows.

Theorem 5.2. Letn>2,0<a <1, and let f: R™ — R be such that

(1) f € C" LR R);

z+h)—f(x)—Df(z)(h)—...— —=< D" L f(x) (k"1
(2) limsupy,_,q |f(z+h)—f(z)=Df(z)( )Ih\” R=T)! f(@)( ) < 00 for ev-

ery x € R*\ N, for some N with H* **(N) = 0.
Then L (f(Cy)) = 0.
Here C™ 1% denotes the subset of C™~! defined by all functions whose

derivatives of order n — 1 satisfy Holder-continuity conditions of order «
on compact sets.

Proof. Let us define, for each U open in R™ the class Cﬁ,l(U ,R) as the set of
all functions f : U — R such that:
(1) f e b(U,R);

z4+h)—f(z)—Df(z)(h)—...— —= D" f(z) ("1
(2) limsupy,_q |f(z4+h)—f(z)-Df(z)( )lh\" r=T)! fla)( )] < o0 for ev-

ery x € U\ N, for some N C R” with H"~1+*(N) = 0;
(3) f has a Taylor expansion of order n at almost every =z € U.

By the results of [20] we have that every function f satisfying (2) also satisfies
(3). It is clear that the classes C}}; satisfy properties (MS1) and (MS3) of
Theorem for m = 1,5 = n. As for property (MS2), we know by [25],
Theorem 2(ii)] that every f € C7T*(R" R) maps H’T%-null critical sets onto
L'-null sets. Therefore, by Lemma (MS2) will be satisfied as long as we
ask that | (z-+h) — £ (&) — D (@)(h) — v — gty D" f () (0 1)| = O(|AI")

for every x outside an H"'*%null set. O

Remark 5.3. The reason why we cannot similarly apply Theorem in
the case m > 2 is that we cannot check condition (MS6) due to the lack of
a Fubini theorem for Hausdorff measures.

By using the same argument, and taking into account that C™~! C
C™ 2% one may also prove the following.

Theorem 5.4. Letn>2, 0 < a <1, and let f:R™ — R be such that
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(1) feC" (R, R);
x+h)—f(z)=Df(z)(h)—...— =y D* 1 f(z)(R" 1
() Timsupy o LERIEO DI gD
ery x € R*\ N, for some N with H" " 2**(N) = 0.

Then L' (f(Cy)) = 0.

The reader is invited to consider other classes of functions (e.g. C*+#+ in
[25]) and use Theorem [1.5] to formulate other variants of Theorem

6. PrROOFs OF THEOREMS [I.7], [I.§], AND [I.9]

The proof of Theorem [1.7] follows the same plan as that of Theorem
Given a function f € C,,, we define C = {z € U : rank(Df(z)) < m},
and set

Aj={re€C : Dif(x)=0for 1 <i<j}, 1<j<k—1,
and
K={xeC:1<rank(Df(z)) <m—1},
so that
(61) C=KU (A1 \AQ) @] (A2 \Ag) U...uJ (Ak_g \Ak—l) UAg_1.

Steps 1 and 3 of the proof of Theorem [1.5| can be rewritten, with obvious
changes and no difficulty, to see that one can always assume K = () and
that, once one has checked that H!(Ax_1 N f~!(y)) = 0 for a.e. y, one can
also use the Implicit Function Theorem and the Kneser-Glaeser Theorem
in order to reduce the dimension from n to n — 1 and apply the induction
hypothesis.

So, the only really different point of the proof is Step 2. Let us see that
H(Ax_1 N f~H(y)) = 0 for a.e. y € R™. We can distinguish two subsets of
Aj_1, namely,

Cr—1={x € A1 : (0,...,0) € ka(l‘)},

and
By = Ap_1\ Cp—1.

Claim 6.1. H(Cy_1 N f~Y(y)) = 0 for almost every y € R™.

Proof. 1t suffices to prove the Claim in the case £ > 1, as the case £ = 0 is
just Theorem |1.5] We may assume that Cy_; C B := [-R, R|" for some
fixed R € N. Let € > 0. For every ¢ € N we define D; as in the proof
of Lemma so we have C_1 C Uj Dj and D; C D;yq1. For each i, we

decompose B as the union of a family of cubes {Q;; }jvz(;) of diameter \/n/i
with pairwise disjoint interiors. If x,y € D; NQ;; equation in the proof
of Lemma [2.3] shows that

(6.2)

H™(f(D; N Qi;)) < C(m,n)diam(f(D; N Qi;))™ < e™C(m, n)diam(Q;;) ™,
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where C(m,n) denotes a constant only depending on m,n. For all s >
i, the sets {Ds N Qs; N f~(y)}; form a covering of D; N f~1(y) by sets
of diameter less than or equal to \/n/s, and diam(Ds; N Qs; N f71(y)) <
diam(Qs;)X f(D.nq.;)(y). So we have, for all o > s > i,

M (Din [ () < C(0) Y diam(Da N Quj N f 1 (y))"

J
< C0) " diam(Qa) X f(Danuy) ¥);
hence ]
Hss(Di 0 () < liminf C(0) Y diam(Qaj) X f(Daray) (),
and by letting s — co we get ]

HYD: N fH(y)) < lim inf C(¢) > diam(Quy) X £(Darn@uy) (1)
J
and consequently

H (Cra N fH(y) <supHADin 7 (y))

< liminf C'(¥) Z diam(Qaj)KXf(DanQaj)(y).

a—r00
j
We now use a variation of an idea in [I5, Claim 3.1]: by taking the upper
integral with respect to dH™(y) on both sides of the above inequality (see

[11] for the definition of the upper integral), using Fatou’s Lemma, plugging
(6.2)), and observing that £ + km =n + (m — 1)(k — 1) > n, we obtain

[ (G0 )R )

< C(m,n)liminf Z diam (Qy) H™ (f(Di N Qi5))
J

1—00

< C(¢,m,n)liminf Z diam(Q;;) ™ diam(Q; ;)™
J

1—00

11— 00

< C(¢,m,n)lim iansmdiam(Q@j)” < C(l,m)(2R)"e™.
J

By sending € to 0 we thus have

Rjn HY(Cr_1 N fFL(y))dH™ (y) = 0.

This means that there exists a sequence {¢;} of simple H"-measurable
functions such that ¢;(y) > H(Cr—1 N f71(y)) and [ @5 (y)dH™(y) — 0.
So p; — 0 in LY(R™, H™) = L*(R™), hence there is a subsequence ¢;, such
that lim; . ¢, (y) = 0 for L™-a.e. y, which implies H*(Cx_1 N f~1(y)) =0
for LM-a.e. y € R™. O
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Now, notice that the proof of Lemma also shows (just by replacing
n —m with k — 1) that £"(Bk_1) = 0 in the current setting. Therefore, by
using condition (DS2) we also get H!(By_1 N f~'(y)) = 0 for a.e. y € R™,
which, together with Claimyields HY(Ap_1Nf~ (y)) = 0fora.e. y € R™.
The proof of Theorem [I.7] is complete.

Next, in order to deduce Theorem from Theorem we define, for
each U open in R* and V open in R7 with ¢ > 7, and 1 < s < n, the class
C;;(U,V) as the set of all functions f: U — V such that:

(1) feC (R, R);

z4+h)—f(z)—Df(z)(h)—...— —~ DL f(z)(h5~!
(2) limsupy_q |f(@z+h)—f(z)=Df(z)( )\h|5 o) F@)( ) < o0 for ev-

ery x € R";
(3) f has a Taylor expansion of order s at almost every r € R™

Again, by the results of [20] every function that satisfies (2) also satisfies
(3). By adding the following Lemma to Lemmas [2 . . . . . .
and using the fact that diffeomorphisms map null sets onto null sets it is
easy to check that the classes C; ; satisfy properties (DS1)—~(DS7) of Theorem
' 1.7} thus Theorem [1.8] - 8| follows from Theorem (note that the case n =m
corresponds to K = 1 and £ = 0, a situation Which is already covered by
Theorem |[1.1]).

Lemma 6.2. Let f : R® — R™ be a function, 1 <k <n—m+1, and define

[f@+h)—f(@)]
[h[*

oo} such that L*(N) = 0, we have that HY (NN f~1(y)) = 0 for almost every

y € R™.

¢ =n—m—k+1. Then, for every subset N of {z : limsup,,_,,

Proof. In the case £ = 0, which corresponds to k = n — m + 1, this Lemma
tells us the same thing as Lemma Therefore we may assume ¢ > 1.
For each j € N let us define A; as in the proof of Lemma It is enough
to see that H(A; N N N f~1(y)) = 0 for every j € N. So fix j € N and
e > 0, and for each a € N choose a sequence of cubes {Q.s}s such that
diam(Qap) < 1/a, N C UzL; Qag, and 3 57, diam(Qap)" < €. Define now
D; as in the proof of Lemma so that D; C D;11 and AjNN = ;2 D;.
If x,y € D; N Q;p we have, as in the proof of Lemma that

[f(x) = F)| < (G + Dz —yl*,
which implies that
H™(f(DiN Qip)) < C(m)(j + 1) diam(Qys)"™.
Now, as in the proof of Lemma for every o > i the sets {Dq N Qup N
f71(y)} s form a covering of A;ANND;Nf~1(y) by sets of diameter less than
or equal to /n/a, and diam(DaﬁQa,gﬂffl(y)) < diam(Qag)Xf(DamQaﬁ)(y)
so, by the same argument as in the proof of Lemma we have

HA(A; NN N fH(y) < liminf O0) ) diam(Qas) X (Dar@as) (¥)-
B
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Then, similarly to the proof of Lemma [6.1] we deduce that

[t nN s w)an )

< C(m,n)liminf Y~ diam(Qas) H™(f (Do N Qugs))
B

a—0o0

a—0o0

< C(f,m,n)liminf > diam(Qap)’(j + 1) diam(Qug)™
B

< C(l,m,n) lingian(j + 1)"diam(Qqp)" < C(¢,m,n)(j + 1)™e™.

J
By letting ¢ go to 0 we thus have [, H*(A; NN N f~1(y))dH™(y) = 0, and
consequently that H:(A; NN N f~1(y)) =0 for a.e. y € R™. O

Finally, let us say a few words about how one can deduce Theorem
from Theorem One can define, for each U open in R? and V open in R/,
with i > j, s > 1, the classes C{;(U, V) := W2P(U, V). By using standard
results and techniques of Sobolev space theory it is not difficult to check that
these classes satisfy properties (DS4)-(DS7). Property (DS1) follows from
Morrey’s inequality, and property (DS3) has already been checked above (in
the proof of Theorem that we included at the beginning of Section 5).
The only delicate point is thus checking property (DS2). This is implicitly
shown, by combining Morrey’s and Hélder’s inequalities with a clever use of
the upper integral, in [15, Claim 3.1, Step 1], to where we refer the reader
for details.
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