EXACT FILLING OF FIGURES WITH THE DERIVATIVES OF
SMOOTH MAPPINGS BETWEEN BANACH SPACES

D. AZAGRA(™, M. FABIAN® AND M. JIMENEZ-SEVILLA™

ABSTRACT. We establish sufficient conditions on the shape of a set A included in
the space L7 (X,Y) of the n-linear symmetric mappings between Banach spaces
X and Y, to ensure the existence of a C"-smooth mapping f : X — Y, with
bounded support, and such that f(")(X) = A, provided that X admits a C"-
smooth bump with bounded n-th derivative and dens X = dens £"(X,Y’). For
instance, when X is infinite-dimensional, every bounded connected and open set
U containing the origin is the range of the n-th derivative of such a mapping.
The same holds true for the closure of U, provided that every point in the bound-
ary of U is the end point of a path within U. In the finite-dimensional case,
more restrictive conditions are required. We also study the Fréchet smooth case
for mappings from R™ to a separable infinite-dimensional Banach space and the
Gateaux smooth case for mappings defined on a separable infinite-dimensional
Banach space and with values in a separable Banach space.

1. INTRODUCTION

Several properties related to the set of derivatives of smooth bumps have been
recently studied. In particular, the questions as to how small is, how large is, and
what shape has the set of derivatives of a smooth bump defined on a Banach space
have been considered.

Ekeland’s Variational principle [8] easily implies that if b is a continuous Géateaux
smooth bump on a Banach space X, then the norm closure of ¥ (X) contains the
origin as an interior point. If, in addition, X has the Radon-Nikodym property,
it follows from Stegall’s variational principle that the cone generated by the set
of derivatives C(b) := {A\V/(z) : = € X,\ > 0} is a residual set in X*. It was
proved in [1] that if X has a C'-smooth and Lipschitzian bump, then there exists
another C''-smooth bump whose derivatives fill the whole dual space X*. This result
was generalized in [2] for higher orders of differentiability and for mappings, with
bounded support, from X to another Banach space Y, under certain conditions on
X and Y. Also, it was proved in [2] that, if X is a separable Banach space, then
there always exists a continuous Gateaux smooth bump whose derivatives fill all
of the dual space. On the other hand, in [4] there is an example of a C''-smooth
Lipschitzian bump on ¢y such that the cone generated by the set of its derivatives
has empty interior. Also, as a consequence of a result of Hajek’s [11], we know
that, if f is a C''-smooth function defined on cg, with locally uniformly continuous
derivative, then f’(cp) is contained in a countable union of compact sets, and thus
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the cone generated by the set of its derivatives is of the first Baire category. We
refer to [3] and [9], for more information on the size of the set of derivatives of a
smooth bump.

The paper [6] studies the shape of the set of gradients of a C'-smooth bump
defined on R”™. It was proved there that such a set cannot be locally contained in a
hyperplane. It was also proved there that this set may fail to be simply connected,
and there was constructed a C'-smooth bump on R whose set of gradients fill in any
pre-fixed “reasonably looking” compact set containing the origin as an interior point.
For instance, this holds true for every compact convex set containing the origin in
its interior. In [7], the same problem was considered for C'-smooth and Lipschitz
bumps defined on infinite-dimensional Banach spaces. They proved the following:
Let X be an infinite dimensional Banach space with a C'-smooth and Lipschitz
bump. Let Q C X* be an open connected set containing the origin and satisfying
that there exists a summable sequence ag,ai,as,... of positive numbers such that
every n € Q can be expressed as lim; .o & for some sequence 0 = &y, &1, o, ... in Q
such that ||&i+1 — &l < a;, and that the linear segment [&;, &1 lies in Q for every
i =0,1,2,.... Then there erists and C'-smooth and Lipschitz bump b: X — [0,1]
so that V'(X) = Q. (From this result it follows that every open connected set in
X, containing the origin, is the range of the first derivative of a C'-smooth bump
defined on X.

In this paper we provide, under weaker assumptions on €, a C'-smooth bump
so that b (X) = Q. We study the analogous problem for higher order derivatives
and establish some results that generalize the above mentioned theorems in both
infinite-dimensional and finite-dimensional cases. If X and Y are Banach spaces
and n € {0,1,2,...}, then £7(X,Y) stands for the (Banach) space of n-linear sym-
metric mappings from X to Y. We define £2(X,Y) = Y. We prove that, for
p € {0,1,...,00}, if an infinite-dimensional Banach space X has a CP-smooth bump
with bounded derivatives, and dens X = dens L} (X,Y) for some 0 < n < p, then
there exists a CP-smooth mapping f : X — Y, with bounded support, such that
) (X) = U, where U C L?(X,Y) is a pre-set open bounded and connected set,
containing the origin. If, in addition, every point of the closure U of U is the end
point of a path within U, then there exists a C™-smooth mapping g : X — Y, with
bounded support, such that g(") (X) = U. This result is close to be a characteriza-
tion of the set of derivatives of a smooth bump since, if the set U is the range of
the n-th derivative of a C"-smooth mapping, then it is necessarily path-connected.
However, when X is finite-dimensional, the above result does not hold true and
more restrictive conditions must be assumed, see an example below. We prove the
following result: Let n,m,p € N and consider an open, bounded, and connected
subset U C LE(R™,R™) containing the origin. If for every e > 0 there is a finite
family of open connected subsets of U, covering U, each one with diameter less than
€, then there exists a CP-smooth mapping f : R — R™, with bounded support,
so that b (R") = U.

In the last section, we first consider mappings from R" to an infinite-dimensional
separable Banach space Y. We prove that, if a nonempty open subset U C L(R™,Y)
satisfies the conditions required in the infinite-dimensional case (above), then there
are Fréchet smooth mappings b, g : R® — Y, with bounded support, so that
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V(R") = U and ¢'(R") = U. Finally, we prove that, when X and Y are separable
Banach spaces and X is infinite-dimensional, then there exists a uniformly Gateaux
smooth mapping with bounded support f : X — Y so that f(X) = By and
f'(X) = Bricx,y)- This sharpens results from [2] where smooth mappings b and
g were constructed so that Brigny) C b'(R") in the first case, and By C g(X),
Brix,yy C ¢'(X) in the second case.

2. THE CASE OF C™-SMOOTH AND LIPSCHITZ MAPPINGS WITH BOUNDED
SUPPORT

We begin with a lemma which tells us that, for a polygonal curve P in the space
of symmetric n-linear mappings £7(X,Y’) one can always find a bump whose n-th
derivative’s range contains a suitable neighborhood of P and is contained in another
(larger but not much larger) neighborhood of P. This lemma is our main tool to
construct bumps with a prescribed range of derivatives. By a polygonal curve in
a Banach space Z we understand any set (zo,21,...,2%) = U?:_ol [2i, zit+1], where
[2i, zix1] is the linear segment joining the points z; and z+; in Z, and k is any
positive integer. We say that this polygonal curve goes from zp to zj.

Lemma 2.1. Letp € {0,1,...,00} and let n be an integer with 0 < n < p. Let X be
an infinite-dimensional Banach spaces admitting a CP-smooth bump b with bounded
derivatives, and let Y be another Banach space such that dens L7(X,Y) = dens X.
Consider a polygonal curve P in L(X,Y) from 0 to a point Q. Then, there is a
constant M > 1 (which only depends on the spaces and not on the polygonal curve)
so that for any € > 0 there exists a CP-smooth mapping g : X — Y, with support
i Bx and with bounded derivatives, such that

16® 1o = sup{lg®@)ll : w € X} <, for k=01,....n—1,
P+ %Bﬁg(X,Y) C g(n)(X) C P+2€B£2(X7y), and
g™ lspxy=Q for some 6 > 0.

Moreover, if n < i < p, the i-th derivative ¢\9 is bounded by a constant which only
depends on i, €, M and the length of the polygonal curve.

Proof. First step: If X has a CP-smooth bump b with bounded n-th derivative,
by composing it with a suitable C*°-smooth bump on R, we obtain a CP-smooth
bump, let us denote it b as well, with bounded image, bounded derivatives and with
b(6Bx) = 1 for some 6 > 0. We may assume that the support of b is included in
%BX. By the results obtained in [2], there is a CP-smooth mapping r : X — Y,
with bounded derivatives, so that (" (X) contains Brn(xy)- We may assume, up
to suitable dilations (replacing r by z +— Ar(§), for A > 0 small enough) and a

translation, that the support of r is included in Bx and is disjoint from the support
of b.

Second step: Notice that the derivatives b, ¥, ..., b0 r ¢/ ... r(™ are all bounded.
Denote by Bpn(x,y) the unit ball of the Banach space P"(X,Y’) of n-linear homoge-
neous and continuous polynomials from X to Y. Then for any element S € Bn(x,y),
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take R € Bpn(x.y), so that S is the n-th derivative of R and define then the mapping
h: X — Y, by

h(z) = b(x)R(z) +r(x), =€ X.
Clearly, the mapping h has support in By, is CP-smooth with bounded derivatives
and h |,py= R |,y for some r > 0; then B(m) lrBxy=S. Let us fix M > 1 so that
M > max{||h)||s : i =0,1,...,n—1}. Equally, R is bounded by a constant M;, if
n < i < p. The constants M and M; do not depend on the considered S € Brn(x,y),
since the derivatives of the corresponding k-homogeneous polynomial R are bounded
by 1.
Third step: Let P = (Ry = 0, R1,...,Rs = Q) be a given polygonal. Then there
is a family of points {Qo = 0,Q1, ..., Qr = @} satisfying that ||Q; — Q;—1] < % ,
the polygonal curve P is included in |J,(Q; + % Brn(x,yy) and k/‘% < l+1, where
l denotes the length of the polygonal curve P. By the second step, there are CP-
smooth mappings h; : X — Y, j =1,2,..., k, with support in By, with bounded
derivatives, and with ||h§2)||OO < 2 for i = 0,1,...,n, ||h§2)||OO < = for =
n+1,...,p, and with

2e n
2 Berxn) © h§- '(X) € 2 Beagxy),

h§n) lspy=Qj — Qj—1, for j=1,...,n and some § > 0.
Then we define the mapping g : X — Y by

g(x) = ha(@) + (3)"ha (32) + -+ (§)" " Vhi((2)"'2), zeX.

Notice that the support of ¢ is included in Bx and if we take v = g—z then ¢(™ lvBx=
Q. Clearly, g is CP-smooth,

i i G O\k—1 ., (i .
lgPloe < 1A oo + G105 Moo 4+ (5)" 11 lloe < e, i=0.1...n—1.
and
k % k
U(Qj + i Brrix,yy) C Q(n)(X) C U(Qj + 2 Ben(x,y))-
j=1 j=1

This implies that P + 57 Bzn(x,y) C g™ (X)C P+ 2 Brnx,y)-
Finally, for n < 7 < p we have

k N . (2)(@—n)k _
10 < 30 2N (2)0-biiom _ 223 (B
j=1

1

2¢e
M (%)(i*n) -1

0

de M; 2)(i—n)((l+1)Ma*1)

< G

0

Remarks. When checking the proof of the above Lemma we observe that:
(i) When dimX < oo and dimY = oo, Lemma 2.1 holds if we replace CP-smoothness
with Fréchet smoothness and the inequalities and inclusions there hold for n = 1.
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(i) When X and Y are separable Banach spaces and dimX = oo, Lemma 2.1 holds if
we replace CP smoothness with uniformly Gateaux smoothness and the inequalities
and inclusions there hold for n = 0, 1.

Now, we can easily deduce, when X is infinite-dimensional and under the above
hypotheses on X and Y, that every open connected subset of L7 (X,Y") that contains
the origin can be regarded as the range of a higher order derivative of some mapping
with bounded support. Thus we see that there are no restrictions on the shape of
an open connected set in order to be the range of a higher derivative of a smooth
mapping with bounded support.

Theorem 2.2. Let p € {0,1,...,00}, and let X,Y be Banach spaces, with dim X =

00. Assume that X admits a CP-smooth bump with bounded derivatives and dens L7 (X,Y) =
dens X for some 0 <n <p. If UC L?X,Y) is a pre-fired open, bounded and con-

nected set with 0 € U, then there is a CP-smooth mapping h : X — Y with bounded
support such that ™ (X) =U.

Proof. Let U be as above. Let D be a dense subset in U whose cardinality is equal
to the density of X. Add 0 to D. Let P denote the set of all polygonal curves
lying in U, beginning at 0 and with vertices in D. Clearly, the cardinality of P
is equal to dens X. For every rational number 0 < € < 1 and for every P € P
such that P + 2¢ Ba(xy)y C U we find a mapping gpe: X — Y satisfying the
properties from Lemma 2.1. Let us relabel the family of these bumps as {gq }acr,
where card I' = dens X.
Consider a bounded family of 3-separated points {zq }aer. Define

h(z) = Zga(x —z,), T€X.
ael’
Let us check that the bump A fulfills the required conditions. Notice that for every
x € X there is at most one non-zero summand in the above definition, which remains
the same in a neighborhood of x. Thus, h is a CP-smooth mapping with bounded
support and h(™(X) C U. Let us check that U  h")(X). Since U is connected
and open, for any @) € U, there is a polygonal curve P = (Qp = 0,Q1,...,Qm = Q)
and 0 < e < 1/2 so that P+ 4eBrn(x,y) C U. We may assume, by the density of D
in U, that Qo, Q1,...Qm-1 € D. Also, take @, € D so that ||Q;, — Q|| < i7. The
polygonal curve P’ = {Qo = 0,Q1, ... Qm—1,Q;,} € P and, since P'+2¢ Brn(x,y) C
P+4eBrn(x,yy C U, the associated mapping gpr . belongs to the family {g,}. From

Lemma 2.1 we obtain that Q € P’ + 7 Brn(xy) C ggf,) (X) ¢ A™(X) and the

,€

proof is finished. O

Remark. Notice that the above result is a generalization for the case 0 < n < p
of the results given in [7] for n = p = 1. We cannot deduce that 2("*1) is bounded.
Actually, if the n + 1-th derivative of h were bounded, then U should satisfy the
following property: there exists M > 0 so that for every point x € U, the points 0
and x can be connected by a path within U of length bounded by M. However, for
every Banach space of dimension bigger than one there are open sets which do not
have this property. Our next theorem further extends the family of sets which can
be written as A" (X).
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Theorem 2.3. Let X,Y be Banach space with dim X = oo. Assume that X
has a C™-smooth bump with bounded n-th derivative and assume that dens X =
dens L2(X,Y). Let U C L2(X,Y) be an open, bounded, connected set with 0 € U,
so that for every Q in the boundary OU of U there exists a (continuous) path from 0
to Q through points of U. Then there exists a C™-smooth mapping h: X — Y such

that hW(X) =T.

Proof. Since we have already constructed a mapping with the required smoothness
conditions so that the image of the n-th derivative is U, we just need to construct
a mapping (with the same kind of smoothness) whose n-th derivative is included in
the closure of U and covers QU. If the reader prefers a direct proof (which does not
rely on Theorem 2.2), consider the argument below for every point of U.

Let D be a dense subset of U, with cardinality equal to the density of X. Take
any @ € OU. By hypotheses, we select a path from 0 to @ through points of
U. Therefore we may choose a sequence Qg,= 0,Q1,Q2,..., of elements of D,
with limit @ (in norm), and polygonal curves P;, included in U, from Q;—1 to
Q;, so that, for every ¢ > 2, the polygonal curves P;, P11, P;yo,... are included
in Q + ﬁBﬁg( x,y)- Let us denote by P the family of these obtained “infinite
polygonal curves”. Then, every P € P can be identified with the infinite sequence
of the points Q;, P = {Qo = 0,Q1,Q2,...}. Finally, for every k € N, we define

Pr = {R ={Qo=0,Q1,...,Q}: thereis P € P whose first
k + 1 points are Q():O,Ql,...,Qk}.

For every R € |Jpo, Pr we construct a C™-smooth mapping gg: X — Y, with
bounded n-th derivative, and e > 0 in the following way:

1. For every R = {0,Q1} € P; there is a polygonal curve Pg and 0 < ep < 1/23
so that Pr + 2eg Bry(xy) C U. By Lemma 2.1, there is a C"-smooth mapping

gr : X — Y, with support in By, such that Hgg)Hoo <depfork=0,1,...,n—1,
and there is 0 < dgp < 1 such that

gg{n) lsp Bx= @1 — Qo = Q1, and
gg)(X) C PR+2€RB£EL(X’Y)_

2. We select for every pair (Q1,Q2) , where R = {0,Q1,Q2} € P5 is a polygonal
curve Py, g, from Q1 to Q2 so that Py, g, is included in a ball of radius 2%. Take
0<er< 2% so that Pg, g, + 26RB£?(X7Y) cU.

By Lemma 2.1, there is a C™-smooth mapping fr : X — Y, with support in By,
such that || f||o < 4eg, for k=0,1,...,n— 1, and there is 0 < v < 1 such that

£ g Bx= Q2 — Q1, and
Q1+ fj(%n)(X) C Pg,,Q, T2¢r BC?(va)'
Then, if R' = {0,Q1}, we define

gr(x) = (5§)n fR((SR%), € X
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The mapping gr : X — Y is C"-smooth, the support is included in 6%’ Bx and
Hgg)ﬂoo < %46}3 <d4epg,for k=0,1,...,n— 1. Also, there is 0 < 0 < % with

9 155 By= Q2 — Q1, and
Q1 +91($)(X) C Pg,,@, T2¢r Bﬁ?(va)'

3. In general, for k > 2 and for every R = {0,Q1,...,Qk—1, Rk} € Pk, we select a
polygonal curve Py, | o, from Qr_1 to Qi so that Py, | o, is included in a ball
of radius Q,C% Take 0 < egr < 2,6% so that Pg, | @, +2erBrn(xy) CU.

By induction on k£ € N we define, for every R = {0,Q1,...,Qk—1,Qr} € Pk, a
C™-smooth mapping gr : X — Y, whose support is included in %BX, where

R ={0,Q1,...,Qr_1} and

1990 < 4eg, fork=0,1,...,n—1
S
8
and Qg1 +g§{n)(X) C P, 0. +2¢€r Bg;}(){’y).

gg) ‘5RBXE Qr — Qr_1, forsome 0<dip<

If j>iand R={0,Q1,...,Q;} € P;, R ={0,Q1,...,Q;} € P;, we shall write
R' < R whenever Q1 = @, ...,Q; = Q). Let us select within 4 By a family of
points {xr: R € Py, k € N} with the properties:

||xR—x5||>2, if R,S€P; and R # S,
Opr
||xR—:L‘S||2?R, if R <R,S, ReP, and R,S € Py
Op/
|z — zp|| < % if R <R,
rr+0r Bx C 4Bx.

From the above properties we deduce that (xgr + Bx) N (zs + Bx) =0, for R, S €
Py and R # S; also, if R, S € Py11, R € P, R <R,S and R # S, then

/ 5 /
(rr+ =g Bx) N (ws + = Bx) =0,
Srr
(arR + ?Bx) C (HJR/ + Opr BX).

Now, we define the mapping h : X — Y as the sum > ;2 hy, where

hi(z) = Z gr(z —zRr), ze€X, keN
RePy,

Let us check that h fulfills the required conditions. For every x € X there is a
neighborhood U, of x and Ry € Py, where hix(y) = gr,(y — zR,), for y € U,.

Thus, ||h”]lse < sup{|lgW|lse : R € Pt} < sup{dep : R € Py} < 1/2¢, for
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i =0,1,...n — 1. Therefore, the series ), hg) uniformly converges in X for every
i=0,1,...n—1and h(® =3, A"

Now, recall that hg") (X) € U and U is bounded, thus hgn) is bounded. Also, for
k>2and R ={0,Q1,...,Qr-1,Qx} € P, the polygonal curve Py, , g, is included
in a ball of radius 2,6%, and then, —Qr—1 + Py, @, is included in 2,6% Brnx,yy-

Since gg)(X) C —Qr-1 + Pou1.qn + 2erBrrxy) C Q%BLQ(XJ/), it follows

that Hh](gn)Hoo < 2% . Thus, >, h,(cn) is uniformly convergent on X and so the n-th

derivative h(") = >k h,(cn) is a continuous and bounded mapping.

It remains to prove that k(" (X) = U, the closure of U. Clearly, from the con-
struction of the mappings gr, we know that h("(X) c U. If Q € dU, there is
P ={0,Q1,Q2,...} € P sothat @; converges to Q. Consider Ry = {0,Q1,...,Qx},
k = 1,2,..., and the associated sequence of points in X, (zp,)r. Since Ry <
Ry < ... < Ry < Rpy1 < ... we know that there exists the limxg, = x. Finally,
W (@r,) = Y g5 (n, —wr,) = Y (Qi= Qi) = Qi and then h("(z) = Q
which finishes the proof. O

Remarks. When n = 1 and Y = R, the condition we require for U C X* in
Theorem 2.3 is less restrictive than the condition required in [7]. In every Banach
space of dimension bigger than 1 there are examples of open bounded and connected
sets containing the origin with the properties required in Theorem 2.3 so that even
uncountably many points of the boundary of U cannot be end points of paths of
finite length within U. Theorem 2.3 allows us to enlarge the class of subsets of X*
which are known to be the range of the derivative of a C''-smooth bump.

Theorem 2.3 does not hold true when X is finite-dimensional. Next, we give an
example of an open bounded subset U C R? containing the origin and satisfying
the condition given in Theorem 2.3, so that the closure of U cannot be the range of
the first derivative of any C'-smooth bump on R2.

Example. Consider the open sets of the plane

1

Un:{(x7y) 1—%<’$|<1—m7 |y’<2}7 ’I’LEN

and

oo
U=JUnu{(z,y): 1 <max(|z,ly) <2} U{(z,y): |2| <], |yl <2}
n=1
Obviously, the closure of U satisfies the conditions required in Theorem 2.3.
Assume the closure of U were the image of a C'-smooth bump b : R? — R. Let
us take points (a,,0) € U, converging to (1,0) € OU. By the assumption, there
is a bounded sequence of points (z,,y,) € R? so that ¥(z,,y,) = (an,0). By
compactness, we may assume that the points (z,,y,) converge to some (x,y) € R2.
By continuity, '(z,y) = (1,0) and there is some 6 > 0 so that A := V' ((x,y)+dB) C
(1,0) + %BRQ. Since ' is continuous, the set A should be connected. But this is a
contradiction, since {(2y,yn)}n>n C A CUN((1,0) 4+ 3B) for some N € N.



EXACT FILLING OF FIGURES WITH THE DERIVATIVES OF SMOOTH MAPPINGS 9

Nevertheless, we next show that, if for every € > 0 there is a finite collection of
open and connected subsets of U which cover U and have diameter less than e, then
U is the image of a C''-smooth bump. The above example clearly shows that if we
drop this condition the conclusion does not necessarily hold.

Theorem 2.4. Let us consider n,m,p € N and an open bounded and connected
subset U C LE(R™, R™) containing the origin. Assume that, for every e > 0, there is
a finite family F. of open (non-empty) subsets of U which cover U and are such that
every V € F. is connected and has diameter less than . Then, there is a CP-smooth
mapping b : R" — R™, with bounded support, so that b® (R™") =T.

Proof. We will use the following fact.

Lemma 2.5. Let n,m,p € N, and consider a polygonal curve P in L5(R"™ R™)
from 0 to a point Q. Then, there is a constant M > 1 (which does not depend
on the polygonal curve) so that for any ¢ > 0 there exists a CP-smooth mapping
g:R" — R™  with support in Bx and with bounded derivatives, such that

0¥l = sup{lg® )| : 2 € X} <4, for k=0.1....p—1,
g(p)(X) C P+2EB£€(R7L7RY)’L), a’nd
g lsgxy=Q for some 6 > 0.

We omit the proof of this Lemma, since it is almost identical to that of Lemma
2.1. The only difference is that in this case we do not have the mapping r at our
disposal (nor do we need it), so the definition of A in the second step must be
changed for h(x) = b(x)R(z); consequently we only obtain the inclusion ¢ (X)
P + 2¢e Bﬁ@(R",Rm)-

Let (ex)r be a summable sequence of positive numbers. We denote by Fy, the
finite open covering of U given in the hypothesis for € = ;. For every open subset
V € Fi, we select a point T' € V, and denote the set consisting of all the points
obtained in this way by Fj. In order to avoid problems of notation we may consider
that the selected points are all different and that Fi,NF; = () whenever k # j. Notice
that, for every k, the finite set F}, is an € -net of U.

By induction on k € N, we are going to construct a sequence (hy)x of mappings
from X = R" to R™, such that:

for each T € Fy, h,gp ) is constant equal to 7" on a nonempty open ball ,

for each k > 2, ||(hy — hi—1)P||oo < ex_1 and hP(X) C U.

Construction of hy. Since U is connected, for every T' € F}, according to Lemma
2.5 there is a CP-smooth mapping g7 : R — R™, with support in Brn, so that

there is 0 < 07 < 1 with gé,?) |5, Ben= T and grf,?)(R”) C U. Now we fix points
{zr: T € F1} in R™ with the property that

HxR*:L‘SH>2a ifRaSEFlyR#Sa
We then define

hi(z) = Z gr(z —xr), x€R",
TeF1
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If 6 = inf{op; T € F1}, for each T € Fy, hgp) is constant equal to 1" on the ball
Bgn(x7,01). Since the mappings in the summand defining h; have disjoint supports,

hgp ) (R™) is the union of the sets gé? ) (R™) for T € F1, and hence it is included in U.

Construction of hy,. Let us fix k> 2, V € Fr_1 and Sy the associated point in
Fj._1. Let us denote F,y = F;,NV and consider T' € F,y Since V is connected, by

Lemma 2.5, there is a C? -smooth mapping gry : R® — R™ , with support in Br»,

satisfying that ggf) %/ is constant equal to T'— .Sy on some nonempty open ball Wry

and Sy + grf,gf %/(R”) C V. Now, since FY is finite, by replacing the mappings g7,
with =z — (ozT,V)pgT,v((x —xTy)/aT’V) , for suitable ary € (0,1) and z7y € R”,
we can assume that the supports of the mappings {gry : T € Fly, Ve Fr1}
are pairwise disjoint and that, for every V € Fj_1, the supports of the mappings

{9rv: T €F, ,:/ } are included in a ball where the mapping hj_; is constant equal
to Sy. Define

gr(z) = Z Z grv(z) and  h(z) = he_q(z) + ge(a)

VEeFr-1TeFY

It 2 € Wyy then b (z) = B, (z) + ¢! () = Sy + (T — Sy’) = T. Clealy,

e =0 @y (U (U sv+efl®)))cou( |J v)=v
VeFr—1 TeFY VeFr_1

As the supports of the mappings g(Tp%/, T e F,y, V € Fi_1 are pairwise disjoint,

(hy — hjp_1) P (R™) = g,gp) (R™) is the union of the sets gé?’%/(]R”), so it is included

in V — Sy, which is contained in 21 Bzpgn gm). Therefore ||(hy — h—1) P00 <
25k—1-

Since the series of p-th derivatives 3, ||(hr —hx_1)®||oo converges and the map-
ping h : R" — R™ defined as the sum > ;2 (hy — hg—1) (with ho = 0) has support
within the union of the balls Bgrn (27, 1) for T € Fy, it is clear that h is CP-smooth
on R™. On the other hand, h(®) (R") is a closed subset of U containing Uy Fr, and
Ui F}, is dense in U, hence we have that h®) (R?) = U. O

Remarks. The sufficient condition given in [6] to ensure the existence of a C'-
smooth and Lipschitzian bump b : R® — R with ¥'(R") = U implies that every
point in the boundary of U is the end point of a path of finite length within U.
However, as we have already pointed out after Theorem 2.3, for every n > 1 there
are examples of open sets in R™ satisfying the conditions required in Theorem 2.4
so that even uncountably many points of the boundary of U cannot be end points
of paths of finite length within U. Thus, Theorem 2.4 enlarges the class from [6]
of subsets of R” which are known to be the range of the derivative of a C''-smooth
bump.
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3. THE CASE OF FRECHET OR GATEAUX SMOOTH LIPSCHITZIAN MAPPINGS
WITH BOUNDED SUPPORT

Let us consider now mappings from R™ to a separable infinite-dimensional Ba-
nach space Y. In [2], the authors constructed a Fréchet smooth and Lipschitzian
mapping f : R™ — Y with bounded support so that f'(R™) contains Bzigm y).
Notice that since the support is compact we cannot expect f to be C'-smooth. We
present here an improvement of the quoted result based on the techniques developed
in the preceding section.

Theorem 3.1. Let Y be an infinite-dimensional separable Banach space and let
m € N. Let us consider an open bounded and connected subset U C LL(R™,Y)
containing the origin so that every point in the boundary of U is the end point
of a path within U . Then, there are Fréchet smooth and Lipschitzian mappings
b,g:R™ — Y with bounded support so that V'(R™) =U and ¢'(R™)=U .

Proof. In order to prove the first assertion, notice that LL(R™Y) is separable.
Let us fix a sequence (e,), of positive numbers decreasing to 0. We deduce from
Remark(i) after Lemma 2.1, following arguments similar to those given in the proof
of Theorem 2.2, that there is a countable family {U,, } of subsets of U and a sequence
of Fréchet smooth mappings h,, : R™ — Y so that

[hnlloo €1, B (R™) =Un, | JUn =10,
n=1

and supp h, C Brm.

-
sequences of points (ay), in R™ and of positive numbers (r,),, we may assume

that

Now, replacing the mappings h,, by b,(z) = r, gn(m_:”), xr € X, with suitable

[16n]loo < 5%-5—17 b%(Rm) = Uy, U U,=U,
n=1

and suppb,, C &, Brm \ €41 Brm.

Now, we define b : R™ — Y, as b(x) = >, by(x). Clearly b is continuous and
Fréchet smooth in R™ \ {0}. An easy calculation shows that b is Fréchet smooth
at 0. Indeed, if €,41 < |t| < e, and v is a norm one vector in R™, we have

[b(tv) = b(0)] _ [bn(tv)|

I

and this implies that b is Fréchet smooth at 0 and '(0) = 0.

Let us now prove the second assertion. Take M > 0 so that U C M B LI(R™,Y) -
Take a dense sequence (T3), in MBrigmyy with Ty =0 and T, # 0 for n > 2.
Fix a summable sequence of positive numbers (e,),. We define P as the family of
sequences R = {Q1,Q2,...} satisfying

(a) Qi € {0,T;} and >, Q; € U for every n € N.
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(b) There exists T € U so that ||T — > i<m,, Qill < ek, for some sequence 1 <
mp < mg <mz<--- and Q; =0 whenever i ¢ {mj, mg, ms,...}. Moreover, we
may assume that there is a path from >, Qi to > Q; within UnN (T +

1<mpy1
€k Brrm y))-

Define

Pn={R={Q1,...,Qn}: there exists P € P whose first
n points are Q1,...,Qn}.

Notice that each set P, is finite.

We obtain from Remark (i) after Lemma 2.1, as in the proof of Theorem 2.3, a
family of Fréchet smooth mappings hg : R™ — Y, R € P,, n > 2, and a bounded
family {zg, R € Py, n € N} of points in R™ satisfying the following conditions:

(c) If R € P,, then supphr C g + spBrm and ||hg|lcc < ¢,. If R, S € P, and
R # S, the supports of hr and hg are disjoint. The sequences (sy,), and (cp)y of
positive numbers decrease to 0 and satisfy the additional conditions which will be
deduced later from inequalities (3.2) and (3.3).

(d) If R = {Q1,...,Q,} and there are k non-zero elements with @, # 0, then
sup{[[Pz()[| : = € R™} < epy (when k >2), >, Qi +hR(R™) C U and
hr(z) = Qun(x — xr) whenever = € xr + 0,Bgrm. If @, =0 then we assume that
gr = 0.

() If R € Puy1, S € P, and S < R, then supphr C zg + d,Brm . (Here,
and below, S < R means that R is a "right” extension of S.) The sequence (6, )n
satisfies that J, < % and the additional conditions which will be deduced below
from inequalities (3.2) and (3.3).

(f) If R,S € Pny1 and R # S, then the balls B(zg, sp+1) and B(zg, Spy1) are

separated by the distance %" .

Then we define for every n € N,

by, = j{: hrp and b::j{:bn.

RePy n

Clearly b is continuous and Fréchet smooth at z € R™ whenever z is not a point
of accumulation of the set {xr : R € Py, n € N}. Let us check that b is Fréchet
smooth at any point z € R™ and that &' (R™) = U.

If x = lim,zp,, where R, = {Q1,...,Qn} € P, and Ry < Ry < Rg < ---, take
v € R™ of norm one, N € N and x +tv € (xry + sNyBrm) \ (Try,, + SN+1Brm).
Then

Z (hr: (z + ti;) — hg,(x)) B Z Qn(v)
n>N n>N

)

me+mo_b@)_2;QMm

t

for suitable Ry < Riy,; <---, R; € P; and Ry = R}y . Thus,
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<

hRN(x + tU) — hRN(.%')
t

(3.1) Hb(fc+tv) —b(z) ZQn(U)
~Qn)| 45 3 b (a4 )+ I, @)]),

t
‘ n>N+1
If hgr, is not identically zero, this implies that Qn # 0. Assume that Qn is the
k-th non-zero element of Rpy. Since Hh}zN lloo < €k—1, where g = M, we have that

hRN(SU + tl;) - hRN(x) _ QN(U)

If Qn = 0 the above summand is zero. Now, let us find a suitable upper bound
for the second summand of (3.1). Since x € xp, + §,Brm, we have hp, (z) =
Qn(x —xp,) for every n € N, and then

1 1 M
2 @Iy Y Il —zrll< 5 S e,

n>N+1 n>N+1 n>N+1

< 2ep_1.

Since we are assuming that = 4+ tv ¢ rry , + sy+1Brm, we deduce from (e) that
t] > sn41 — Ong1 = Snp1 — 5 = 255 and thus

2M 2M
(3.2) > e —ar,ll < o S G =q(N+1).

s s
N+l SNt1 N+L SN+1

Now it is possible to assume that we have selected the sequences (s, ), and (d,,), so
that they satisfy lim, y(n) = 0.

Finally, if the summand 1 > onsn41 PR (x4 tv)|| is not zero, then z + tv €
TRy, T SN+1Brm. Since Ryy1 # R§V+1, we deduce from (f) that [t| > ‘%N and
then

(3.3)

S

S )l < o Y )l < o S e =p(N).

n>N41 N >N+ N >N+t

Again, it is possible to assume that we have selected the sequences (dy,), and (c,)n
so that they satisfy lim,, y(n) = 0. This proves that b is Fréchet differentiable at x

and b'(z) =Y, Q.
Clearly, from the construction of b we have that b'(R™) C U. Now, if T € U
there exists R = {Q1,Q2,...} € P so that >, Q; = T'. Thus, the above implies that

there exists x € R™ so that &'(z) = T and then V/(R™) = U.
O

Finally, let us consider Gateaux smooth mappings between two separable Banach
spaces X and Y. It was proved in [2] that, when X is infinite-dimensional, there
exists a uniformly Gateaux smooth Lipschitzian mapping f : X — Y with bounded
support so that f(X) contains By and f'(X) contains Bi(x,y). Next we construct
f so that the images of f and f’ are exactly these two sets, that is to say, f(X) = By

and f'(X) = Brixy)-
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Consider on £1(X,Y) the topology 7 of the pointwise convergence on X. It is
well known that if X and Y are separable, then the topological space (B L1(X,Y) T) is
separable and every element of (B L1(X,Y) 7) has a countable basis of neighborhoods.
We shall use the following lemma which is a slight modification of a result from [2].
We omit the proof of this lemma since it is straightforward.

Lemma. [2] Let X andY be separable Banach spaces and (V) be a decreasing fam-
ily of T-closed, conver and symmetric subsets of 2Bpi(x y) which is a base of neigh-
borhoods of 0 in (2Bri(x,y),T). Then, there is a sequence (Trm)m C 2Bri(x,y), and
an increasing sequence of positive numbers (e,)y converging to 1 with the property
that for any T € Bri(x,y),

(3.4) T = 7-sum Z Ty, for some subsequence (Th, -
k

Moreover, the partial sums satisfy the stronger condition

(3.5) T-> T €Vi and ||> Twll<er, keN,
i<k i<k

Proposition 3.2. Let X and Y be separable Banach spaces, where X is infinite-
dimensional. Then, there is a uniformly Gateaux smooth and Lipschitzian mapping
f: X — Y with bounded support so that f(X) = By, f'(X) = Bzi(x,y) and ' is
||.||-T continuous.

Proof. We first construct uniformly Géteaux smooth mappings g and h from X to
Y with bounded supports so that g(X) C By, ¢'(X) = Bi(x,y) and h(X) = By,
h(X)C B £1(x,y)- Then, the required mapping f is defined as the sum of suitable
translations with disjoint supports of g and h, that is to say, f(z) = g(z—a)+h(z—0)
where (a + supp g) N (b + supp h) = 0.

Since X is separable, there exists an equivalent uniformly Gateaux smooth norm
|| - || on X [8, page 68] and thus, by composing it with a suitable C*°-smooth bump
~v on R, we get a uniformly Gateaux smooth bump 6: X — R, 6(x) = v(||z||), with
the properties 6(z) = 1 for ||z|] < 1/2, (z) = 0 for ||z|| > 1 and 0(X) = [0,1].
Notice that sup,cx ||z[|[|¢/(z)|| = M < oo since supp#’ C Bx \ 3Bx.

Let us denote by P the family of subsequences P = {Q1,Q2,....} of (T},), sat-
isfying conditions (3.4) and (3.5) and P, = {R = {Q1,...,Qn} : there exists P €
P whose first n points are @1, ... ,Qn}. By induction on n, we shall construct a
sequence (gn)n of mappings from X to Y so that g =) g, as follows.

First step: Definition of gn and g. Let us consider for every R = {Q1,...,Qn} € Py
the straight line L from S, := >, Qk to Sy := >, ., Qn (from 0 to Q if
n = 1). By assumption, there is 0 < s, < 1 (for instance s, = 1 — ¢, ) so that
L+ s, Brxy) C Beix,y)- Take my, € N with max {272, % (I+ M)} <my. Let
us define
™~ Qnl) 021 1) reX
gR(w) ; M, ’ :
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Then, ||gr|ls < 3. Also, if we put by gr,(z) = Q#(:) 0(212), z € X, i =
1,...,my, then

sl < 1220y el imagyy >||srjn(1+M)<sn

1
(3.6) and  gr(X) C UM Qn - — + s Br(xy)-
Therefore,
Mn l
(3.7) Sp—1+ g;%(X) C U (Sn_l + Qnmi + Sn BL(X,Y)) C Bﬁg(X,Y) .

i=1
Notice that g% is constant equal » ;. Qn in 27" By), if R = {Q1,Q2,...,Qn}.

Let us consider a bounded family of points {xr : R € P1} with ||zp — xg|| > 2
whenever R # S and replace gr by © — gr(z — xg). Define

= Z gr(x), r e X.

ReP;

Let us define r1 = 1 and 61 = 2%1 Then, suppg; is included in the union of the
disjoint balls {B(xpg,r1): R € P;1} and ¢ is constant equal to Q; in B(zg,d1),
if RZ{Ql}Epl.

In general, for n > 2, we consider 0 < §, < rp, < 1 and points {zg : R € P,}
so that replacing the mappings gr by = — r, gr(=72), for every R € P, we
can assume that the support of the mapping gr is 1ncluded in xg + 0,1 Bx, if
S <R and S € P,_1, that is to say xr + r, Bx C x5 + d,—1 Bx, and also g}, is
constant equal @, in B(xpg,dy,) if R = {Q1,...,Qn} € P,. We also assume that
B(xg,mn) N B(zg,my), if R# R and R, R’ € P,. Let us define for n > 2

= ZgR(m) and g(z Zgn x e X.

RePy

Obviously, ¢ is continuous since the series Y >~ ; g, converges uniformly in X.

Second step: The mapping g is uniformly Gateaux smooth. Let us check first that g
is Gateaux smooth. Fix x € X, v € Bx and consider
L2 [_171] —>Y7 QO(t) :g(a;—i—tv),
Pn [_17 1] —Y, (Pn(t) = gn(x + t?)).
Then p(t) = >, @n(t), for |t| < 1. Let us prove that the series of gradients >, ¢/, (t)
is uniformly convergent for |t| < 1. If y = = + tv = lim, xg, for some sequence

Ry < Ry < -+ ,< Ry, € Py, then g}, is constant equal @, in a neighborhood of y
and we have

(3.8) et => Qnlv)

n>1 n>1
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Otherwise, there is k € Nand R} < --- < R, = {Q/,...,Q,,}, where R, € P; so
that

k—1
(3.9) @t =D QL) + gh(z +tv)(v)
n=1

n>1

Therefore for N € N we deduce from inclusion (3.6) that,

(3.10) H Z SO;L(t)H = H Z Qn(v)H, in the case (3.8),

n>N n>N

H Z et H < H Z Qi (v H + |Q%(v)|| + sk, in the case (3.9)

n>N

(3.11)
(assummg that £ > N, and 0 otherwise.)

Inequalities (3.10) and (3.11) imply that > - ¢),(t) tends to 0 as N — oo, uni-
formly on [~1,1]. Thus ¢ is differentiable and ¢'(t) = >, ¢, (t). In particular,
¢'(0) =3, g, (x)(v). Since this can be done for every v in By, we deduce that g is
Gateaux smooth at z and ¢'(z) = >, +, g),(x), where this sum is considered in the
T topology. It is easy to check that the derivative ¢’ is || - || — 7 continuous as well.

The uniform Géteaux smoothness of g can be proved as in [2]. Let us give here
the proof for completeness. Fix v € Bx. Consider for every n € N the mapping
Gp: X — Y defined as
Gn(r) = gp(z)(v), = €X.

On the one hand, it is straightforward to verify that the mapping G, is uniformly
continuous (this is a consequence of the uniform Gateaux smoothness of the norm
|| - || since then x — || - ||'(z)(v) is uniformly continuous outside a ball containing
the origin [8, page 61]). On the other hand, it can be deduced from inequalities
(3.10), (3.11) and the strong property (3.5) related to the “directional uniform”
convergence of the series ) @, that the series ), G, is uniformly convergent on
X. In particular, this implies that the limit mapping of the series G : X — Y,
G(z) = Y, Gn(z) = ¢'(x)(v) is uniformly continuous on X. If v ranges over all
elements of Bx, we obtain that g is uniformly Gateaux smooth.

From the inclusion (3.7) and the expression of g’ we have that ¢'(X) C Bi(x y)-
Since for any T' € B x y) there is a sequence (Rp)n, Rn = {Q1,...,Qn} € P, with
> n>1 @n =T, we obtain that ¢'(X) fills in By y). Moreover, since the image of
g is bounded, we may assume, replacing g by x — rg(z/r) that g(X) C By.

Third step: Construction of the mapping h. Consider a dense sequence (yy ), in the
unit sphere of Y and for every n € N the family
(3.12)

k
Pn={0=(c(1),...,0(n)) e N*: HZ g2(=1) Yol <1, fork=1,...,n}.
i=1

Fix 0 < ¢ < & and select a bounded family 7 = {2, : ¢ € P,, n € N} in X
satisfying the following conditions

(1) if o # 0, 0,0’ € N?, then ||z, — x,/|| > 3",
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Enfl

(2) if 0 eN", ¢’ e N"*land 0 < ¢/, then ||z, — 2o/|| = ——

(Here o < o/ means that o’ is a right extension of o.)
Then, for every n and z € X, we define h, : X — Y

e T — T,
hn(x) = Z 62( 2 ya(n)e( on—1 )

O'epn

and h : X — Y, h(xz) = Y, hy(x). It is easy to check that the mapping h is
continuous, has bounded support, is uniformly Gateaux smooth and has bounded
derivative. Moreover, h(X) = By . Indeed, for every y € By there is a sequence
(0n)n where 0, € P, and 0, < 0p41 so that y = > 52(”_1)%(”). Then, if
x = lim,, x,, , we have h(x) = 3. Also from condition (3.12) we have that h,(X) C
By . Finally, if we replace h by = +— h(rz) we may assume that h(X) = By and
h,(X) C BL%(X,Y)' ]

Remark. It is worth observing that, by a slight modification of the proofs of
Propositions 3.1 and 3.2, we obtain the following result:

Let X and Y be separable Banach spaces and X infinite-dimensional. Let us con-
sider a bounded open subset U C LLX,Y), M > 0 so that U C MBri(xyy»
and let (V,)n be a decreasing family of T—closed, conver and symmetric subsets
of 2M By (x,y) which form a basis of neighborhoods of 0 in (M Bpi(xy),T). As-
sume that there exists a sequence (Qn)n in U so that for every T € U, there is a
subsequence (Qn;)i with

(1) T- Zle Qn, € Vi, for every k € N,
(2) the linear segment between Sy, = Zle Qn, and Ski1 1= foll Qn,; (between
0 and Qn, if k =0) is included in U, for every k =0,1,2,....
Then, there is a continuous and Gateaur smooth mapping f : X — Y with bounded
support so that f'(X)=1U.
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