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Abstract

We prove a general form of a fixed point theorem for mappings from a Riemannian manifold into itself
which are obtained as perturbations of a given mapping by means of general operations which in particular
include the cases of sum (when a Lie group structure is given on the manifold) and composition. In order
to prove our main result we develop a theory of proximal calculus in the setting of Riemannian manifolds.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction and tools

The proximal subdifferential of lower semicontinuous real-valued functions is a very powerful
tool that has been extensively studied and used in problems of optimization, control theory,
differential inclusions, Lyapunov Theory, stabilization, and Hamilton—Jacobi equations; see [5]
and the references therein.

In this paper we introduce a notion of proximal subdifferential for functions defined on a
Riemannian manifold M (either finite or infinite dimensional) and we develop the rudiments of
a calculus for nonsmooth functions defined on M. We then establish a Decrease Principle from
which we deduce Solvability and Implicit Function Theorems for nonsmooth functions on M.
Our main results are applications of this Solvability Theorem: we provide several fixed point
theorems for expansive and nonexpansive mappings and certain perturbations of such mappings
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defined on M. Observe that, in general, very small perturbations of mappings having fixed points
may lose them: consider for instance f : R — R, f(x) = x + &. Note also that most of
the known fixed point theorems (such as Brouwer’s, Lefschetz’s, Schauder’s and the Banach
contraction mapping principle) rely either on compactness or on contractiveness, see [4,6] for
instance. However, our results hold for (possibly expansive) mappings on (possibly noncompact)
complete Riemannian manifolds.

Let us give a brief sample of the corollaries on fixed points that we will be deducing from our
main theorems in the last section of this paper.

Corollary 1. Let M be a complete Riemannian manifold with a positive injectivity radius
p = i(M). Let xo be a fixed point of a C' smooth mapping G : M — M such that G is
C-Lipschitz on a ball B(xo, R). Let H : M — M be a differentiable mapping. Assume that
0 < 2Rmax{l1, C} < p, that

(LxHG (0 LeoHGadGXx) () Fpy < K < 1

Sforall x € B(xo, R) and h € TM with ||hllx = 1, and that |dH (y) — Lyu |l < &/C for every
y € G(B(xg, R)), wheree < 1 — K, and d(xg, H(G(x0))) < R(1 — K —¢). Then F = Ho G
has a fixed point in B(xg, R).

This is a consequence of Theorem 36 below. Here L, stands for the parallel transport along
the (unique in this setting) minimizing geodesic joining the points x and y. The hypotheses on H
mean that H is relatively close to the identity, so the perturbation brought on G by its composition
with H is relatively small.

Corollary 2. Let (M,+) be a complete Riemannian manifold with an abelian Lie group
structure. Let x( be a fixed point of a C! function G : M — M satisfying the following condition:

(h,dG(x0)(M)xy = K <1 forevery ||hlx, = 1.

Then there exists a positive § such that for every Lipschitz mapping H : M — M with Lipschitz
constant smaller than §, the mapping G + H : M — M has a fixed point provided that
d(x0, x0 + H (x0)) < 4.

See Corollary 39 below.

The condition on the differential of G is satisfied, for instance, if G locally behaves like a
multiple of a rotation round the point xg, but notice that G may well be expansive. Consider for
instance G : R? — R2, G(x, y) = 23(y, —x); in this case we can take K = 0, but G is clearly
expansive.

It should be stressed that these fixed point results are new even in the case when M = R" or
any Hilbert space. In particular we have the following.

Corollary 3. Let X be a Hilbert space, and let xq be a fixed point of a differentiable mapping
G : X — X satisfying the following condition:

(h, DG(x)(h)) < K <1 forevery x € B(xo,R) and |h| =1.
Then we have that:

(1) If H is a differentiable L-Lipschitz mapping, with L < 1 — K, then G + H has a fixed point
in B(xo, R), provided that ||H (x0)|| < R(1 — K — L).
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Q) If H: X — X is a differentiable mapping such that |DH (G (x)) — I|| < ¢ for every
x € B(xo, R), then F = H o G has a fixed point in B(xg, R), provided that K + ¢ < 1 and
1 H (x0) — xoll < R(1 — K —¢).

All of these results and many other things will be proved in Section 2.

This paper should be compared with [3], where a theory of viscosity subdifferentials for
functions defined on Riemannian manifolds is established and applied to show existence and
uniqueness of viscosity solutions to Hamilton—Jacobi equations on such manifolds. See also [1]
for proximal calculus on Riemannian manifolds applications, in particular, a Moreau—Yosida
regularization for functions defined on Riemannian manifolds is presented.

On the other hand, proximal analysis is also a useful tool in the context of PDE’s, see for
instance [9,10,12], and we believe that the tools that we use here could also be employed in the
study of PDE’s on Riemannian manifolds.

Let us recall the definition of the proximal subdifferential for functions defined on a Hilbert
space X. A vector { € X is called a proximal subgradient of a lower semicontinuous function f
atx edomf :={y € X : f(y) < +oo} provided there exist positive numbers o and 7 such that

fO) = f@) 4+, y—x)—oly—x|* forally e B(x,n).

The set of all such ¢ is denoted dp f(x), and is referred to as the proximal subdifferential, or
P-subdifferential. A comprehensive study of this subdifferential and its numerous applications
can be found in [5].

Before giving the definition of the proximal subdifferential for a function defined on a
Riemannian manifold, we must establish a few preliminary results.

The following result is proved in [2, Corollary 2.4].

Proposition 4. Let X be a real Hilbert space, and f : X —> (—00, 00] be a proper, lower
semicontinuous function. Then,

IpfX)={p'x):¢pc CZ(X, R), f — ¢ attains a local minimum at x}.

In particular this implies that dp f(x) < D~ f(x), where D~ f(x) is the viscosity
subdifferential of f at x.

Lemma 5. Let X| and X» be two real Hilbert spaces, ¢ : Xo — X1 a C? diffeomorphism,
f X1 — (=00, 4] a lower semicontinuous function. Then v € dp f(x1) if and only if
D ®(x2)*(v) € 0p(f o P)(x2), where D(x3) = x1.

Proof. This is a trivial consequence of Proposition 4, bearing in mind that compositions with
diffeomorphisms preserve local minima. O

Corollary 6. Let M be a Riemannian manifold, p € M, (¢;, U;) i = 1,2, two charts with
p € Ui NUs, and gi(p) = xi. Then dp(f o ¢ )(x1) # @ if and only if dp(f 0 ¢; ') (x2) # 0.
Moreover, D(¢1 0 95 ) (x2)*(p (f 0 ¢y ) (x1)) = dp(f 0 93 ) (x2).

Now we can extend the notion of P-subdifferential to functions defined on a Riemannian
manifold.

Notation 7. In the sequel, M will stand for a Riemannian manifold defined on a real Hilbert
space X (either finite dimensional or infinite dimensional). As usual, for a point p € M, TM,,
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will denote the tangent space of M at p, and exp, : TM;, — M will stand for the exponential
function at p.

We will also make extensive use of the parallel transport of vectors along geodesics. Recall
that, for a given curve y : I — M, numbers #, #; € I, and a vector Vo € TM,, (4, there exists
a unique parallel vector field V (¢) along y (¢) such that V(¢#9) = Vj. Moreover, the mapping
defined by Vy + V(#1) is a linear isometry between the tangent spaces TM,, () and TM,,(;),
for each #; € I. In the case when y is a minimizing geodesic and y(fp) = x, y (1) = y, we
will denote this mapping by Ly, and we call it the parallel transport from TM, to TM, along
the curve y. Note that the parallel transport Ly, is well defined when x and y are contained in a
geodesic neighborhood, see Theorem 1.6.12 of [11].

The parallel transport allows us to measure the length of the “difference” between vectors (or
forms) which are in different tangent spaces (or in duals of tangent spaces, that is, fibers of the
cotangent bundle), and do so in a natural way. Indeed, let y be a minimizing geodesic connecting
two points x, y € M, say y(t9) = x, y (t1) = y. Take vectors v € TM,;,, w € TM,. Then we can
define the distance between v and w as the number

lv — Lyx(w)”x =lw— ny(v)”y

(this equality holds because L, is a linear isometry between the two tangent spaces, with inverse
Lyy). Since the spaces T*M, and TM, are isometrically identified by the formula v = (v, -),
we can obviously use the same method to measure distances between forms ¢ € T*M, and
n € T*M, lying on different fibers of the cotangent bundle.

For the sake of simplicity in the formulas, we will omit the norm and scalar product indices
which indicate the tangent space where they are defined, whenever ambiguity does not appear.

Although most of the results that we will prove are valid for any Riemannian manifold, we
will assume in the sequel that M is connected.

Definition 8. Let M be a Riemannian manifold, p € M, f : M — (—o0,400] a lower
semicontinuous function. We define the proximal subdifferential of f at p, denoted by dp f(p) C
TMp, as dp(f o exp,)(0) (it being understood that dp f (p) = ¥ for all p ¢ dom f).

The following result is an immediate consequence of Lemma 5.

Proposition 9. Let M be a Riemannian manifold, p € M, (¢, U) a chart, with p € U, and
f M — (—o00, +00] a lower semicontinuous function. Then

3p f(p) = De(p)*[9p(f 9~ N (p(p))]-
As a consequence of the definition of dp (f o exp,)(0) we get the following.

Corollary 10. Let M be a Riemannian manifold, p € M, f : M — (—o0, +00] a lower
semicontinuous function. Then ¢ € dp f (p) if and only if there is a o > 0 such that

f(@) = f(p)+ (&, exp, ' (@) — 0d(p, q)°
for every q in a neighborhood of p.

We can also define the proximal superdifferential of a function f from a Hilbert space X
into [—o00, 00) as follows. A vector { € X is called a proximal supergradient of an upper
semicontinuous function f at x € domf if there are positive numbers o and 7 such that

fO) = f@+ &y —x)+olly—x|* forally € B, n).
and we denote the set of all such ¢ by 3% f(x), which we call the P-subdifferential of f at x.
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Now, if M is a Riemannian manifold, p € M, f : M — [—o00, +00) an upper semicontinuous
function. We define the proximal superdifferential of f at p, denoted by 8% f(p) C T™M,, as
8P(f o expp)(O). As before, we have that ¢ € 8Pf(p) if and only if there is a o > 0 such that

f(@) < F(p) + (&, exp, ' (@) + 0d(p, 9)°

for every ¢ in a neighborhood of p. It is also clear that BPf(p) = —dp(—f)(p).

Most of the following properties are easily translated from the corresponding ones for M = X
a Hilbert space (see [5]) through charts. Recall that a real-valued function f defined on a
Riemannian manifold is said to be convex provided its composition f o o with any geodesic
arc : I — M is convex as a function from I C R into R.

Proposition 11. Let M be a Riemannian manifold, p € M, f,g : M — (—o00, +00] lower
semicontinuous functions. We have

(i) If f is C% then dp f (p) = {df (p)).
(i) If f is convex, then ¢ € dp f(p) if and only if f(q) = f(p) + (¢, v) foreveryq €¢ M
andv € exp;] (q)-
(ii) If f has a local minimum at p, then 0 € dp f(p).
(iv) 3p f(p) +3pg(p) S dp(f + &)(p), with equality if [ or g is C2.
(V) dp(cf)(p) = cdp f(p), forc > 0. _
(vi) If f is K-Lipschitz, then op f(p) C B(0, K).
(vii) dp f(p) is a convex subset of TM,,.
(viii) If ¢ € dp f(p) and f is differentiable at p then { = df (p). Moreover, if M is connected
and the exponential map exp, : TMy — M is surjective for every x € M, we also have
(ix) Every local minimum of a convex function f is global.
(x) If f is convex and 0 € dp f(p), then p is a global minimum of f.

Proof. All the properties but perhaps (ii), (vi) and (viii) are easily shown to be true. Property (vi)
follows from the fact that exp;1 (.) is almost 1-Lipschitz when restricted to balls of center 0, and
small radius.

Let us prove (ii). Let ¢ € M. Let y (1) = exp,(tv), ¢ € [0, 1], which is a minimal geodesic
joining p and ¢g. The function f o y is convex and satisfies

Fr@) = fO) + (¢, 1) — ad(y ), (v (0))*
= fyO) + (&, 1/ (0)) — ot
for some o > 0 and r > 0 small. Hence {(¢, y'(0))) € dp(f o ¥)(0), and consequently (bearing
in mind that f o y is convex on a Hilbert space) f(y(#)) > f(y(0)) + ((¢, ty’(0))), which

implies f(g) > f(p) + (¢, v).
To see (viii), note that Proposition 4 implies that { € D™ f(p), that is, { is a viscosity
subdifferential of f at p in the sense of [3]. Then, since f is differentiable, we have that

. eD f(p)=D"f(p) ={df(p)}, so we conclude that ¢ = df(p). O

The following important result is also local, it follows from [5, Theorem 1.3.1].

Theorem 12 (Density Theorem). Let M be a Riemannian manifold, p € M, f : M —
(—00, +00] a lower semicontinuous function, ¢ > 0. Then there exists a point q such that
d(p.q) <& f(p)—¢ = flg) = f(p). and dp f(q) # .

The following result can be deduced from [5, Theorem 1.8.3].



D. Azagra, J. Ferrera/ Nonlinear Analysis 67 (2007) 154—174 159

Theorem 13 (Fuzzy Rule for the Sum). Let fi1,f» : M — (—00,00] be two lower
semicontinuous functions such that at least one of them is Lipschitz near xo. If { € dp(f1 +
f2)(x0) then, for every ¢ > 0, there exist x1, xo and {1 € dp f1(x1), &2 € dp f2(x2) such that

(a) d(xi, x0) < eand |fi(xi) — fixo)| < efori=1,2.
() 118 — (Layx(©)1 + Layxg (62D lxg < .

The following theorem is also local, and is a consequence of the fuzzy chain rule known for
functions defined on Hilbert spaces [5, Theorem 1.9.1, p. 59].

Theorem 14 (Fuzzy Chain Rule). Let g : N — R be lower semicontinuous, F : M — N be
locally Lipschitz, and assume that g is Lipschitz near F (xo). Then, for every ¢ € dp(g o F)(xo)
and ¢ > 0, there are X, y and n € 9pg(y) such that d(X,x9) < &, d(y, F(xg)) < ¢,
d(F(x), F(x)) < &, and

LyzC € 3p (L3 () (). €XPpyy) oF ()@ + & Bry,

The following result, which is local as well, relates the proximal subdifferential dp f (x) to the
viscosity subdifferential D™ f (x) of a function f defined on a Riemannian manifold M; see [3]
for the definition of D~ f(x) in the manifold setting.

Proposition 15. Let &y € D™ f(x0), € > 0. Then there exist x € B(xg,€) and ¢ € dp f(x)
such that | f (x) — f(x0)| < € and ||§o — Lyxxy (&) llxy-

Proof. This follows from [5, Proposition 3.4.5, p. 138]. O

The following result is the cornerstone in the proof of the Solvability Theorem stated below,
which in turn will be the basis of the proofs of the applications we will present later on about
fixed point theorems. This theorem is a version for manifolds of the classical Decrease Principle
(see [5, Theorem 3.2.8, p. 122]). The proof given by Clarke et al. is based on the Mean Value
Inequality, as far as we know this result is not known to be true for manifolds with the required
generality. We present an alternative proof based on Ekeland’s variational principle.

Theorem 16 (Decrease Principle). Let M be a complete Riemannian manifold. Let f : M —
(—00, +00] be a lower semicontinuous function, and xo € dom f. Assume that there exist 5 > 0
and p > 0 such that ||¢||x = 8 for any x with d(x,x0) < p and any { € 0p f(x). Then
inf{ f(x) : d(x, x0) < p} < f(x0) — p4.

Proof. We will use the following restatement of Ekeland’s variational principle (Theorem 1
in [8]).

Theorem 17 (Ekeland’s Variational Principle). Let V be a complete metric spaceand F : V. —
R U {400} a lower semicontinuous function such that F # 400 and F is bounded from below.
Let ¢ > 0 be given, and a point u € V such that

Fu) < iI‘}fF—‘rS.
Then for any A > 0 there exists some point v € V such that
F(v) < F(u), d(u,v) <2,

and the function
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£
w > F(w) + xd(v, w)
has a strict minimum at v, that is,
£
F(w) + xd(v, w) > F(v) YweV,w#o.

In order to prove Theorem 16 we can obviously assume that f(xp) = 0. Define V to be the
closed ball {x : d(x, x0) < p}, so (V,d) is a complete metric space. Define ¢ := — infy f; since
f(xp) =0, then ¢ > 0. We immediately see that ¢ > 0, otherwise xo would be a minimum of f,
and then 0 € dp f(xp), so that the hypothesis would be contradicted. To prove the theorem, we
want to see that infy f < —pd, thatis ¢ > p$.

Suppose by contradiction that ¢ < p§: then €/8 < p so it is possible to choose A such that

£ A
- <A<p.
s o

We know that 0 = f(xg) < infy f + ¢ = 0. We can then apply Ekeland’s principle with the
above choice of ¢, A, to obtain a point v such that d(xp, v) < A, and the function

w > f(w) + %d(v, w)
attains a strict minimum at v. Since A < p, then v is in the interior of V, so
£
0€dp (FO+2dw.)) .

Now fix ¢/ > 0 such that &’ < p — A, and B(v, &) is a geodesic ball (so that parallel transport
is well defined). By applying the fuzzy sum rule Theorem 13, we can find points x1, x2 such that
d(x;, xo) < & fori = 1,2 and we can find

qedpfix), L edp (%d(”’ 9) (x2)

such that || Ly,v¢1 — Lawally < €.
Note that

d(x0, x1) < d(x0,v) +d(v,x1) <A +¢ <p.

Since d(v, -) is 1-Lipschitz, [|{2]lx, < &/A. By parallel transport and the triangular inequality we
get

e
IS1lley = ILxyu8illy < & + [ Layuballe < &'+ T <94
achieving contradiction. [

Under the same conditions we have the following corollary.

Corollary 18. Let ¢ > 0 and xo satisfy f(xg) < inf f + e. For every . > 0, there exist
7 € B(xp, M) and ¢ € dp f(z) such that f(z) < inf f + ¢ and || ¢ < /A

Proof. Otherwise, there is 1 > 0 so that for every z € B(xg, A) and every ¢ € dp f(z) we have
el = % (we may assume that f(z) < inf f +¢ by lower semicontinuity). Then, by the Decrease
Principle, we have

&
i f < _)‘«_ i f )
B(l)g’x)f(x)_f(xo) S <in f

a contradiction. O
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Now, from the Decrease Principle, we are going to obtain important information about
solvability of equations on any complete Riemannian manifold M.

Let U C M, A be an arbitrary set of parameters «. Let F : M x A — [0, +0oc] be a function
satisfying that for every o € A the function Fy, : M — [0, +o00] defined by Fy (x) = F(x, ®) is
lower semicontinuous and proper (not everywhere oo). We denote the set {x € U : F(x, o) = 0}
by ¢ (). Then we have the following version of the Solvability Theorem (see [5, Theorem 3.3.1,
p. 126]).

Theorem 19 (Solvability Theorem). Let V and U be open subsets of M, and § > 0. Assume that
a €A, xevV, F(x,a) >0, L edpFy(x)=|IC| = 6.
Then for every x € M and o € A, we have
8

Proof. Otherwise there exist xg, &g and p > 0 such that

min{d (x, V), d(x, U, d(x, ¢p(a))} <

F(x0, ap)

s

and in particular B(xg, p) C U NV and d(xg, ¢(xp)) > p, which implies that F(x, «g) > 0
for every x € B(xo, p). Hence we have ||¢|| > & for every { € dp Fy,(x) with x € B(xo, p).
Therefore, by the Decrease Principle, 0 < infyep(xy,p) Foy < F(x0,20) — p8 < 0, which is a
contradiction. O

min{d (xo, V), d(xo, U°), d(x0, ¢(a0))} > p >

Of course, the most interesting fact about the above inequality is that, in many situations (such
of that of the following corollary) we can deduce d(x, ¢ (v)) < F(x,«)/8, which implies that
¢ () is nonempty. The situation in which the above theorem is most often applied is when we
have identified a point (xg, &g) at which F = 0, with V and {2 being neighborhoods of x. This
is especially interesting in the cases when the functions involved are not known to be smooth or
the derivatives do not satisfy the conditions of the Implicit Function Theorem. For instance, we
can deduce the following result.

Corollary 20. Let xo € M, ¢ > 0, and § > 0. Assume that
a € A, d(x, xo) < 2e, F(x,a) >0, edpFu(x) = |ICll = 4.

Then we have that the equation F (z, ) = 0 has a solution for z in B(xq, 2¢) provided that there
isan X € B(xo, €) satisfying F (X, o) < &4.

Proof. It is enough to apply the Solvability Theorem with U = V = B(xp, 2¢). We have
that min{d (x, V°),d(x, U),d(x, $(«))} < &, and consequently d(x, ¢ (o)) < &, because both
d(x,U¢ and d(x, V) are greater than ¢. Hence ¢ (@) # . O

2. Main results: Applications to fixed point theory

Now we are going to show how the Solvability Theorem allows us to deduce some interesting
fixed point theorems for possibly expansive mappings and certain perturbations of such mappings
defined on Riemannian manifolds M.

We first need to establish a couple of auxiliary results.



162 D. Azagra, J. Ferrera / Nonlinear Analysis 67 (2007) 154—174

Lemma 21. Let X, Y be Hilbert spaces, F : X — Y Lipschitz, and g : Y — R of class C* near
F(xg). Define f =go F : X — R. Then

dp f (x0) € dp ({dg(F (x0)), F () (x0).
Proof. Take ¢ € dp f(xp), that is,
F) = (&, x) +allx —xoll> > f(xo0) — (¢, x0)

for x near xo, with o > 0. Let S be the graph of the mapping F, a subset of X x Y. Another way
of writing the previous inequality is the following:

g(y) — (¢, x) +ollx —xol* + Is(x, y) = g(F(x0)) — (¢, x0)

for x near xg, where Is is the indicator function of S, that is, Is(x,y) = 01if (x,y) € S, and
Is(x, y) = 400 otherwise. This means that the function

H(x,y) = g(y) — (¢.x) + ollx —xoll* + Is(x, y) = h(x, y) + Is(x, y)
attains a local minimum at (xg, F (xg)). Therefore
(0,0) € dpH (x0, F(x0)) = dh(xo, F(x0)) + 9pIs(xo, F(x0))
= (=, dg(F(x0))) + dpIs(x0, F(x0)) = (—¢,dg(F(x0))) + N§ (xo, F(x0)),

where N SP (x0, F'(x0)) denotes the proximal normal cone of S at (xg, F'(xp)), see [3, p. 22-30].
This means that (¢, —dg(F (xg))) € N;D (x0, F(x0)), that is (according to [5, Proposition 1.1.5]),
for some o > 0 we have

(¢, —dg(F (x0))). (x, F(x)) — (x0. F(x0))) < o[|(x, F(x)) — (x0. F(x0)?
=l = x> + IF () = Fxo)I> < o (1 + K)lx = xol%,
where K is the Lipschitz constant of F. Therefore,
(¢.x —x0) — o (1 4+ K)|lx — xolI* < (dg(F(x0)). F(x)) — (dg(F (x0)). F(x0)),
which means that ¢ € 3p ((dg(F(x0)), F()))(xp). O
Lemma 22. Let M be a Riemannian manifold, F : M — M Lipschitz, xo € M satisfying that
xo # F(xo) and that d(x, y) is C? near (xo, F(xq)), f(x)=d(x, F(x)). Then

9p f(x0) C v+ 3p(—LayF(xg)V: (€XPp(yy) ©F) () (x0)

where v = 78‘1()605?(’60)).
Proof. By using the preceding lemma, we deduce that

dd (xo, F(x0))
dy

= 9p((v, expy, () (x0) + (= LugF(x0) Vs (€XPr(y) ©F)()) (x0)
= D((v, expy) (D) (x0) + 3P (— Ly (xg) Vs (XD () ©F) (D) (x0)
= v+ 9p{(—LxyF(xy)V> (exp;<1x0> oF)())(x0). O

0p f(x0) C dp ((v, expy, (1)) (x0) +< . (eXPyly) oF><.>>) (x0)
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Now we consider a family of Lipschitz mappings F,, « € A. Let P, denote the set of
fixed points of F,. We are going to apply the Solvability Theorem to the function f(x, o) =
d(x, Fy(x)), with U = M. Under the hypotheses of Lemma 22 we have the following.

Theorem 23. Let M be a complete Riemannian manifold, and Fy, : M — M, a € A, be a family
of Lipschitz mappings satisfying the hypotheses of Lemma 22 at every point x € V. C M with
Fy(x) # x. Assume that there is a positive § such that ||vy + || > 8 for every

¢ € 9p(—Va» (L () © EXPF () ©Fa) () (X),

&) Then we have that

wherex € V, x € Py, and vy, = ad(x’aii"‘

) d(x, F,
min{d(x, V), d(x, Py} = T
foreveryx € V and o € A.

Proof. This follows immediately from Lemma 22 and Theorem 19. O

Remark 24. The condition that d(x, y) is C? near (x, F(x)) whenever F(x) # x is satisfied,
for instance, if M = X is a Hilbert space, or if M is finite dimensional and F(x) ¢ cut(x), where
cut(x) denotes the cut locus of the point x.

The statement of Theorem 23 might seem rather artificial at first glance but, as the rest of the
section will show, it has lots of interesting consequences.

Corollary 25. Let M be a complete finite dimensional manifold or M = X (a Hilbert space).
Assume that F : M — M is Lipschitz and F(x) & cut(x) for every x € M. Assume also that
there is a constant 0 < K < 1 such that the functions

<8d(x, F(x))
Yy \l—
0x

are K -Lipschitz near x. Then F has a fixed point.

(LFGx o exp;§x>><F<y>>>

Proof. We have that 9p (— 2250 (L o eXPr(y) oF)())(x) C B(O, K), hence 8 = 1 — K
does the work (with V.= M). O

The following corollary is of course well known, but still it is very interesting that it can
be proved just by using the above results on proximal subgradients (and without requiring any
smoothness of the distance function in M).

Corollary 26. Let M be a complete Riemannian manifold, and suppose that F : M — M is
K -Lipschitz, with K < 1. Then F has a unique fixed point.

Proof. Uniqueness follows from the fact that d(F(x), F(y)) < d(x,y) whenever x # y. In
order to get existence, let us observe that, in the situation of Lemma 22, if smoothness of the
distance function fails, we may use the following fact:

dp f(x0) CaLf(x0) C | [+ 9{=v, (LFg)xy © XDy ©F) () (x0)],
llvll=1

where 97 f (xp), the limiting subdifferential, is defined locally in the natural way, see [5, p. 61]
for the definition of 97, f (xg) in the Hilbert space. Next we observe that the function

X = (=0, (LF(xg)xy © €XPp(y,) ©F) ()
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is (K + ¢e)-Lipschitz near xg, with (K + ¢ < 1), hence
(=0, (LF(xp)x9 © EXPp(y) ©F)())(x0) C B(O, K +¢).

Therefore UIIvII:l [v+ 3L (—v, (LF(xp)x © exp;(lx()) oF)(.))(xp)] does not meet the ball B(0, 1 —
K — ¢), and consequently neither does dp f (xo), so we can apply the Solvability Theorem as
well. O

The following results, which are also consequences of Theorem 23, allow us to explore the
behavior of small Lipschitz perturbations of certain mappings with fixed points. Let us first
observe that very small Lipschitz perturbations of mappings having fixed points may lose them:
consider for instance f : R — R, f(x) = x +¢&. The proofs of these results in their most general
(and powerful) form are rather technical. In order that the main ideas of the proofs become
apparent to the reader, we will first establish the main theorem and its corollaries in the case of
€' smooth mappings of a Hilbert space, and then we will proceed to study more general versions
for nonsmooth perturbations on Riemannian manifolds.

Theorem 27. Let X be a Hilbert space, G : X — X a C' smooth mapping, and J : X x X — X
satisfying that
(i) G is C-Lipschitz on B(xo, R);
(i) (h, DG(x)(h)) < K < 1 for every x € B(xg, R) and ||h| = 1;
(iii) the mapping Jy : X — X, Jy(x) = J(x, y) is L-Lipschitz forall y € X;
(iv) the mapping J, : X — X, Jx(y) = J(x,y) is differentiable, and ||g—;(x, y)—1| <¢/C
for every x € B(xg, R) and y € G(B(xg, R));
V) L+K+e<1,and
(vi) [[J (x0, G(x0)) — xoll < R(1 — (L + K + ¢)).
Then the mapping F : M — M, defined by F(x) = J(x, G(x)), has a fixed point in the ball
B(xo, R).

Proof. This theorem, as it is stated (that is, without assuming J is differentiable), is a
consequence of Theorem 35 below. We will give an easy proof of this statement for the case when
J is differentiable and we are in a Hilbert space setting. Let us take a { € ap({(—v, F(-)))(x) =
(—v, dF(x)(-)), that is,

aJ aJ
¢ =(-v,dFx)()) = <—v, a(x, Gx)() + E(x, G(X))(DG(X)(-))>

aJ aJ
= <—v, 8_(x’ G(x))(')> + <—v, —(x, G(x))(DG(x)('))>.
X dy

Then, bearing in mind that x — Jy(x) is L-Lipschitz and 9J /9y is €/ C-close to the identity, we
have

97 97
(¢, —v) = <—U, E(X, G(x))(—v)> + <—U, 5()@ G(x))(DG(x)(—v))>
< L+ (—v. DG(x)(—v)) + %HDG(x)ll <L+K+4e<l.

Therefore, |[v +¢|| = (v,v+¢) =W, v) + W, ) =1—-({,—v)>1—(L+K+¢e):=5§>0
and, according to Theorem 23 (here we take A to be a singleton), we get that



D. Azagra, J. Ferrera/ Nonlinear Analysis 67 (2007) 154—174 165

I1F(xo0) = xoll _ [I/(x0. G(x0)) — xoll _
8 3
and consequently P # J (that is, F has a fixed pointin V = U := B(xg, R)). O

min{R, d(xo, P)} < R,

Remark 28. The above proof shows that Theorem 27 remains true if we only require G to be
differentiable (not necessarily C 1) but in turn we demand that J is differentiable as well.

It is also worth noting that condition (ii) can be replaced with the (formally weaker) following
one:

(i) (x — F(x), DG(x)(x — F(x))) < K |lx — F(x)|? for every x € B(xo, R).

When xy is a fixed point of G condition (vi) means that J (xo, xo) is close to xo. The mapping
J can be viewed as a general means of perturbation of the mapping G. When we take a function
J of the form J (x, y) = y+ H (x) we obtain the following corollary, which ensures the existence
of fixed points of the mapping G + H when H is L-Lipschitz and relatively small near x¢ (a fixed
point of G).

Corollary 29. Let X be a Hilbert space, and let xo be a fixed point of a differentiable mapping
G : X — X satisfying the following condition:

(h, DG(x)(h)) < K <1 foreveryx € B(xo, R) and ||h| = 1.

Let H be a differentiable L-Lipschitz mapping, with L < 1 — K. Then G + H has a fixed point,
provided that | H (xg)|| < R(1 — K — L).

Proof. Define J(x,y) = y + H(x). Note that the above proof of Theorem 27 works for any
differentiable mappings G and J (not necessarily C!). In order to deduce the corollary it is
enough to observe that d H/dy = I, so condition (iv) of Theorem 27 is satisfied fore = 0. O

Let us observe that, when R = 400, we do not need to require that xo be a fixed point of
G, and no restriction on the size of H (xg) is necessary either. As a consequence we have the
following.

Corollary 30. Every mapping F : X — X of the form F = T + H, where T is linear and
satisfies (h, T(h)) < K < 1 for every |h|| = 1, and H is L-Lipschitz, with L < 1 — K, has a
fixed point.

Remark 31. If X is finite dimensional, the conditions on T are satisfied but requiring that
Rei < 1 for every eigenvalue A. On the other hand, let us observe that the function F may
be expansive, that is | F(x) — F(y)|| > |lx — y|| for some, or even all, x # y. Consider for
instance the mapping T : €, — £; defined by

T()C], X2, X3, X4, .. ') = 5('x27 —X1, X4, —X3, .. ');

in this case T is clearly expansive but we can take K = 0. This result should be compared
with [7, Corollary 1.6, p. 24].

As a consequence of Corollary 29 we can also deduce the following local version of the result.

Corollary 32. Let xo be a fixed point of a differentiable function G : X — X satisfying the
following condition:

(h, DG(x0)(h)) < K <1 forevery |h| =1.
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Let H be a differentiable L-Lipschitz function. Then there exists a positive constant o such that
the function G + a H has a fixed point, for every a € (0, ap).

Another way to perturb a mapping G with a fixed point x¢ is to compose it with a function H
which is close to the identity. When we take J of the form J(x, y) = H(y) in Theorem 27 we
obtain the following.

Corollary 33. Let X be a Hilbert space, and xo be a fixed point of a differentiable mapping
G : X — X such that

(h, DGx)(h)) <K <1

for every x € B(xo, R) and h € X with |h|| = 1. Let H : X — X be a differentiable mapping
such that |DH (G (x)) — I|| < & for every x € B(xo, R). Then F = H o G has a fixed point in
B(xo, R), provided that K + & < 1 and | H (x9) — xo|| < R(1 — K —¢).

Proof. For J(x,y) = H(y) we have that x — J,(x) is constant, hence 0-Lipschitz for every y,
and we can apply Theorem 27 with L = 0 (and bearing in mind Remark 28). O

Note that the third corollary stated in the introduction is the sum of Theorem 35, Corollary 39.

Finally we will consider an extension of Theorem 27 and the above corollaries to the setting
of nonsmooth mappings on Riemannian manifolds. We will make use of the following fact about
partial proximal subdifferentials.

Lemma 34. Let M be a Riemannian manifold, and f : M x M — R. For each x € M let us
define the partial function fy : M — R by f,(y) = f(x,y), and define also fy : M — R
by fy(x) = f(x,y). Assume that { = (51,82) € 0p f(xo, yo). Then &1 € 0p fyy(x0), and
£2 € 0p fry (V0)-

Proof. Since ¢ € dp f(xo, yo) there exists a C2 function ¢ : M x M — R such that f — ¢
attains a local minimum at (xo, yo), and

I I
<_8 (x0, ¥0), — (xo0, yo)) =do(xo, yo) = ¢ = ({1, 82).
X dy

Then it is obvious that x — fy,(x) — ¢(x, yo) attains a local minimum at x¢ as well, so

_ 99 5
&= a(Xo, y0) € 9p fy,(x0).

In the same way we see that £, = 3—f(xo, Y0) € dp fxy(yo). O

Now we can prove our main result about perturbation of mappings with fixed points. As said
before, the mapping J should be regarded as a general form of perturbation of G. We use the
following notation:

sing(x) ={ye M :d(, x)2 is not differentiable at y}.

When M is finite dimensional it is well known that sing(x) < cut(x), and both sing(x) and
cut(x) are sets of measure zero.

Theorem 35. Let M be a complete Riemannian manifold, G : M — M, J : M x M — M and
F : M — M defined by F(x) = J(x, G(x)) be mappings such that:
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(i) F(x) ¢ sing(x) U sing(G(x)) for every x € B(xo, R), and moreover there are (unique)
minimizing geodesics joining F(x) to x and F(x) to G(x);

(i) G is C! smooth and (Lxryhs Laxyr)dG(x)(h))r(xy < K < 1 for all x € B(xop, R)
and h € TM, with ||h|x = 1,

(iii) G is C-Lipschitz on B(xg, R);

@iv) J is locally Lipschitz;

(v) the mapping x +— Jy(x) := J(x, y) is L-Lipschitz for every y € M;

(vi) the mapping y — Jx(y) := J(x, y) is differentiable for every x € B(xq, R), there is a
unique minimizing geodesic joining J(x,y) to 'y, J(x,y) € sing(y) and

aJ
5()(, y) — Lyj(x,y)

&
< —
C
for every x € B(xg, R) and y € G(B(xg, R));
(vi) L+ K +¢e < 1;and
(viii) d(xo, J(x0, G(x0))) < R(1 — (L + K +¢)).
Then the mapping F : M — M has a fixed point in the ball B(xg, R).
Moreover, when M is finite dimensional, conditions (i) and (vi) on the singular sets can be
replaced by:
(1)) F(x) ¢ cut(x) U cut(G(x)) for every x € B(xo, R), and
(Vi)' the mapping y +— Jy(y) = J(x,y) is differentiable for every x € B(xg, R), and
J(x,y) & cut(y) and

aJ
E(x» y) — LyJ(x,y) =< E

for every x € B(xg, R) and y € G(B(xg, R)).

At first glance this statement may seem to be overburdened with assumptions, but it turns

out that all of them are either useful or necessary, as we will see from its corollaries and in
the next remarks. Before giving the proof of the theorem, let us make some comments on these
assumptions.
1. The condition in (i)’ that F(x) ¢ cut(x) for all x € B(xg, R) is necessary. Indeed, in the
simplest case when there is no perturbation at all, that is, J(x, y) = y, if we take G to be a
continuous mapping from the sphere $? into itself and G (x) € sing(x) = cut(x) = {—x} for all
x € 52, then G is the antipodal map and has no fixed point. Therefore, in order that G : §*> — §°
has a fixed point, there must exist some xg with G(xo) ¢ cut(xp) and, therefore, by continuity,
G (x) ¢ cut(x) for every x in a neighborhood of x.

On the other hand, not only is this a necessary condition, but also very natural in these kinds

of problems. For instance, one can deduce from the Hairy Ball Theorem that if G : $> — S$?isa
continuous mapping such that G(x) ¢ cut(x) for every x € S? then G has a fixed point. Indeed,
forevery x € § 2 the condition G (x) ¢ cut(x) implies the existence of a unique vy € TS% with
lvx |l < 7 such that exp, (vx) = G(x). The mapping $? 5 x > v, € TS? defines a continuous
field of tangent vectors to S2. If G did not have any fixed point then we would have v, # 0 for
all x, which contradicts the Hairy Ball Theorem.
2. The other condition in (i)’ that F(x) ¢ cutG(x) is also natural in this setting and very easily
satisfied if we mean F to be a relatively small perturbation of G. For instance, if M has a
positive injectivity radius p = i(M) > 0 and F is p-close to G, that is, d(F(x), G(x)) < p
for x € B(xg, R), then F(x) ¢ cut(G(x)) for x € B(xg, R).
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3. Since the main aim of the present theorem is to establish corollaries in which we have a
mapping G : M — M with a fixed point xo and we perturb G by composing with or summing
a mapping H with certain properties, thus obtaining a mapping F which is relatively close to G,
and then we want to be able to guarantee that this perturbation of G still has a fixed point, it turns
out that condition (i)’ of the theorem is not really restrictive. Indeed, since G (xo) = xo, J (x0, X0)
is relatively close to xq (see property (viii)), the mappings G and F = J o G are continuous and
there always exists a convex neighborhood of xp in M, it is clear that there must be some R > 0
such that F(x) ¢ cut(x) for every x € B(xgp, R).

4. The second part of condition (vi) means that, in its second variable, J is relatively close to
the identity, a natural condition to apply if we mean the function F(x) = J(x, G(x)) to be a
relatively small perturbation of G.

5. The requirement that G is Lipschitz on B(xg, R) is not a strong one. On the one hand, since G
is C! it is locally Lipschitz, condition (iii) is met provided R is small enough. On the other hand,
when M is finite dimensional, by local compactness of M and continuity of d G, condition (iii)
is always true for any R.

6. Condition (ii) is met in many interesting situations: for example, when the behavior of G
in a neighborhood of xq is similar to a multiple of a rotation. Consider for instance M, the
surface z = x> 4+ y? in R3, and G(x, y, z) = (5y, —5x, 25z). Then d G(0) is the linear mapping
T(x,y) =5(y, —x), and it is clear that for every K € (0, 1) there is some R > 0 such that (ii) is
satisfied. Of course the origin is a fixed point of G. Theorem 35 tells us that any relatively small
perturbation of G still has a fixed point (relatively close to the origin).

7. Notice also that Theorem 35 gives, in the case of M = X a Hilbert space, the statement of
Theorem 27, which is stronger than the version already proved, because here the mapping J is
not necessarily differentiable, only % needs to exist. This is one of the reasons why the proof
of Theorem 35 is much more complicated than the one already given for the Hilbert space. This
seemingly small difference is worth the effort of the proof, because, for instance, in Theorem 38,
we only have to ask that the perturbing function H is Lipschitz, not necessarily everywhere
differentiable with a bounded derivative.

Proof of Theorem 35. Let us define G(x) = (x, G(x)). Let us fix a point x € B(xg, R) with a
subgradient

¢ € 0p ((=v, Ligow 0 exPR(y, oF ())) ()

= p (=0, Lrgow 0 expp(,, 0/ () 0 GO) (1),

where v = dd(x, F(x))/dx. We want to see that ||[v + || = A > 0 for some A > 0 independent
of x, ¢, and such that d(J (xg, G(xp)), x90) < RA. Then, by using Theorem 23, we will get that

min{R, d(xg, P)} <

d(F(x0), x0) _ d(J(xo0, G(x0)), X0) <R
)\' b

A

hence P # (4, that is, F has a fixed pointin V = U = B(xg, R). So let us prove that there exists
such a number A.

Since J is locally Lipschitz we can find positive numbers C !, 80 such that J is C’-Lipschitz
on the ball B(G(x), o).
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By continuity of G and dG and the properties of exp, for any given ¢’ > 0 we can find §; > 0
such that

/

ld(expz' )G(E) — L ¢

~dall < ———=——, and  [dG@E)| < 1+ [[dGX)]|
6w COEOT T 14+ 1dG )]

whenever x € B(x, 1), and therefore, by the chain rule,
I
—1 AN 5 5 o £ ~o /
ld(expG,, 0OV = Lgarod GO < Tz = MG < ¢ (1)
for every x € B(xg, §1). On the other hand, since exp1;<1 ) is an almost isometry near F(x) and

the mapping J is continuous, we can find §, > O such thatif y, 7 € B(G(x), §2) then

lexpy () (J (3)) — expryy (SN < (1 +&)d(J (5). J (3)).

In particular, bearing in mind the fact that the mapping J, is L-Lipschitz for all y, we deduce
that

lexpriy)(J @ ¥) — expp(yy (J & DI < (1 + ) Ld(z.2) @)

forall (z, y), (z', y) € B(G(x), 62).
In a similar manner, because d exp;éx)(Z) is arbitrarily close to Lz (y) provided Z is close

enough to F'(x), and J(¥) is close to F(x) = J(é(x)) when y is close to G(x), we can find a
number §3 > 0 such that

ld expri, (S ) = Liyrenll < & 3)

provided that § € B(G(x), 83).

Because of the continuity properties of the parallel transport and the geodesics (a consequence
of their being solutions of differential equations which exhibit continuous dependence with
respect to the initial data), we may find numbers 84, 85, §¢ > 0 such that:

IL )Py Lyy ) — Ly, Feoll < € provided that d (3, G(x)) < 843 “4)
IdG(X)Lyz — LorycmdGx) < &’ provided that d(x, X) < 85, and (®)]
1Ly, Feoy Loy, — Lo Fwll < € provided that d (y2, G (x)) < Je. (6)

Let us take any § < min{dy, 61, 62, 83, 04, 05, 6¢}. By the fuzzy chain rule Theorem 14, we
have that there are points y = (y1, y2) € M x M, X € M, and a subgradient

1€ 3p (=0, Lrayx 0 exp7ty) 0/ () () @)
such that d (3, G(x)) < 8, d(%, x) < 8, d(G(X), G(x)) < 8, and
Lust €0 ((Lygeo . expgl 06 ) (F) + 8B,

Since the mapping G is differentiable this means, according to property (x) of Proposition 11,
that

Lest € (Lygo . d (expgl 0G) (D)) + 8B,

G(x)
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But, by Eq. (1) above, and taking into account that || < C’ (because J is C’-Lipschitz on
B(G(x), 8) > y), we have that

(Lsgo s d (expgl 0G()) (B)()) + 8By
C L5600 L@ © 4GEO) + 6 + €' lInl) Brv,
C (L5600 M L@ © dGE) + (8 +¢'C) Brw,
so we get that, defining n = (1, n2),
Lzt € (LigooyM: Lam g © 4GE) + (8 +¢'C)Brwmy
= (11, m)s L5 L 660 © 4GE ) + (8 + ¢'C) Brwmy
= (1, Ly§, Lix (D) + (2, L5, Le»Gx) ©dGE) () + (8 + &'CHBrm;.  (8)

Now, from inequality (2) above and taking into account that L r(y), is an isometry, we get that
the functions

2> (=0, Lr(ox 0 €Xprfy, 07 (2, )

are L(1 + &’)-Lipschitz on B(x, &) for every y € B(G(x), 82). Then, since

(1, m2) = 1 € 0p ((=v, Lo 0 €xpp{y, 0T () (), ©)
and by using Lemma 34, we deduce that
Il < (1+&HL. (10)

On the other hand, since the mapping y — J(x, y) is differentiable, by looking at Eq. (9)
above, and again using Proposition 11(x) and Lemma 34, we have that

0 (=, Lrcow o expiy) 0/ (1, 72)))

n = 3 62)
2
8 ((—Lurcov, oexpityy 0/ (1, 32))) _
= 3 62)
Y2
=<—LxF<x>(v>,dexp‘l JG)) (ﬂ@)) (->>. (11)
F) 0y2

Besides, bearing in mind Egs. (3) and (4) and the assumption (vi) of the statement, we have

T
d expp(, (J (§)) o oy D~ Lk

=<

+¢é

_ . aJ .
d expp(J () o E()’) —Lysre Ly
P2V
= |dexpp,(J (V) o E(y) — L,G)

+é

+ (d eXPr /(D) = LJ(&)F(x)) © L5203

_ - aJ
< lld expy{,,(J )| H 50 = L)
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+d expr iy (J () = Lyyrewll 1 L5061l + &
<(+e) St 1+ =0+6)s 426
f— C C 9

which, combined with (11), yields

0y2
/ & i
< {=Lxrx)(v), Ly royh) + ((1 +e )E +2¢ ) 7]l

aJ
(2. h) = <—Lxm)<v>, d expp{,,(J (7)) <—(i)> <h>>

for all h € TMy,. By taking h = Lg(x)5,LG(%)G(x)dG(¥)(—Lyzv) in this expression we get

(2, L5, Lc3)6x0)dG(X)(—Lyzv))
< (~Lxr@)V Ly, Fio) L6 (05, L6356 ()d G (X)) (—Lyzv))

14 &)= +2¢') |dG (&
+ (a+eH5+2¢) 146

~ &
< (~Lxrw: Lyprn Lo LomomdGE (~Lav) + ((1+¢) % +2¢) €

= (=Lyr)V: Ly ro) Lo Le®cmdG @) (—Lyzv)) + (1 4+ &')e +26'C.

Now, by combining Egs. (8), (10), (12), (5), (6) and assumption (ii), we obtain

(¢, —v) = (Lyz¢, —Lyzv)
< (8+¢€'C) 4+ (1, Lyj, Lix (—Lyzv))
+ (2, LG5, L6(5)G ) © dG(X)(—Lyzv))
<@E+CH+A+&)L
H{=Lyrv, Ly, rooLemi Le@ar) 0 dG(X) (—Lyzv))
+(1+&he+26'C
= (=LxrnV, Ly, Fo L5 L6E)Gx) © dG(X)(—Lyzv))
+84+C+A+L+ A +)e+26C
<84+C+U+HL+U+&Ne+26C

+ (=Lyr)V, Ly, roy Lo La® 6 Lewca 0 dG(x)(—v)) + ¢’

=8+&C+(U+e)L+(1+e)e+2C+ ¢
+{(—Lxr)V, Ly roo Loy, 0 dG(x)(—v))
S+eC+(+e)L+U+e)e+2e'C+¢

+ (—Lxrx)Vs LF(x)G(x) ©dG(x)(—v)) + €'C
K+8§+eC'+0+eHL+0+e)e+2d/C+e +6C,

IA

A

that is,

Z,—v) <u@,e)=K+8+1+CH+U+e)L+(14+&)e+3¢C.

Since § and ¢’ can be chosen to be arbitrarily small and

lim @, &)=K+L+e¢,
(8,¢")—(0,0)
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this argument shows that
(¢,—v) <K+ L+e. (14)
Finally, this implies that

lv+ ¢l = (v,v+¢) =(v,v) + (v, )
=1-(¢,-v)>21—-(K+L+e¢e):=1r>0,

and X is clearly independent of x, ¢. Moreover, according to assumption (vi), we have that
d(xq, J (x0, G(x0))) < R(1 — (L 4+ K + ¢€)) = RA, so we got all we needed. [

Finally let us see what Theorem 35 means when we consider some special cases of the
perturbing mapping J. In the general case of a complete Riemannian manifold, if we have a
mapping G : M — M having an almost fixed point x¢ and satisfying certain conditions, and we
compose G with a mapping H which is relatively close to the identity, we getthat F = H o G
has a fixed point. More precisely, we have the following.

Theorem 36. Let M be a complete Riemannian manifold, and G : M — M a C U smooth
function such that G is C-Lipschitz on a ball B(xg, R). Let H : M — M be a differentiable
mapping. Assume that H (G (x)) ¢ sing(x) U sing(G (x)) for every x € B(xg, R), that

(LxHG (00 LeoHGadGx)()Fpy < K < 1

Sforallx € B(xo, R) and h € TM; with ||h|x = 1, and that |dH (y) — Lygy)ll < &/C for every
y € G(B(xg, R)), wheree <1 — K, and d(x9, H(G(x9))) < Rl — K —¢). Then F = Ho G
has a fixed point in B(xo, R).

If M is finite dimensional one can replace sing(z) with cut(z) everywhere.

Proof. It is enough to consider the mapping J(x, y) = H(y). Since x + Jy(x) is constant for
every y, we can apply Theorem 35 with L =0. O

Notice that when we take 0 < R < p = i(M), the global injectivity radius of M, we obtain
the first corollary mentioned in the general introduction.

As another consequence we also have a local version of the result, whose statement becomes
simpler.

Theorem 37. Let M be a complete Riemannian manifold. Let x( be a fixed point of a C' function
G : M — M satisfying the following condition:

(h,dG(x0)(h)) < K <1 forevery|h| =1.

Then there exists a positive & such that for every differentiable mapping H : M — M such that
\dH (y) — Lya )|l < & for every y near xo, the composition H o G : M — M has a fixed point
provided that d(xo, H (xg)) < 6.

If M is endowed with a Lie group structure a natural extension of Corollary 29 holds: we can
perturb the function G by summing a small function H with a small Lipschitz constant, and we
get that G + H has a fixed point.

Theorem 38. Let (M,+) be a complete Riemannian manifold with an abelian Lie group
structure. Let G : M — M be a C' smooth function which is C-Lipschitz on a ball B(xo, R).
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Let H : M — M be an L-Lipschitz function. Assume that G(x) + H (x) ¢ sing(x) Using(G(x))
for every x € B(xg, R), and that

(Lx(Hx)+G6 )M L) ((H@)+6)ndGX) (M) Fxy < K < 1

forall x € B(xo, R) and h € TM, with ||h|x = 1. Then G 4+ H has a fixed point, provided that
L <1—K andd(xg,xo+ H(xg)) < R(1 — K — L).
Again, if M is finite dimensional one can replace sing(z) with cut(z) everywhere.

Proof. Define J(x, y) = y + H (x). We have that

aJ
5()(, y) = LyJ(x,y)»

so we can apply Theorem 35 withe = 0. O

Let us conclude with an analogue of Corollary 32, which can be immediately deduced from
Theorem 38.

Corollary 39. Let (M, +) be a complete Riemannian manifold with an abelian Lie group
structure. Let x( be a fixed point of a C' function G : M — M satisfying the following condition:

(h,dG(xp)(h)) < K <1 forevery ||h| = 1.

Then there exists a positive § such that for every Lipschitz mapping H : M — M with Lipschitz
constant smaller than §, the mapping G + H : M — M has a fixed point provided that
d(x0, x0 + H (x0)) < 4.

This is the second corollary mentioned in the introduction.

Let us show an easy example of a situation in which the above results are applicable. Let M
be the cylinder defined by x> + y?> = 1 in R3, and let G : M — M be the mapping defined by
G(x,y,z7) = (x,—y, —z). Take pg to be either (1, 0, 0) or (—1, 0, 0) (the only two fixed points
of G). We have that G is 1-Lipschitz and (L pgh, LG(p)qdG(p)(h)) = —1 = K whenever
q ¢ cut(p) U cut(G(p)). Then we can apply Theorem 36 with R = /2 to obtain that, if
we take any differentiable mapping H : M — M such that H(G(p)) & cut(p) U cut(G(p))
for every p € B(po,m/2) and |[dH(p) — Lpgp)ll < € for every p € G(B(po, R)) and
d(po, H(G(pp))) < R(1 — K — ¢), where 0 < ¢ < 2, then the composition F = H o G
has a fixed point in B(pg, 7 /2).

In a similar way one can also apply Theorem 38 to obtain that, when M is endowed with the
natural Lie group structure of S! x R, the mapping G + H has a fixed point near pgo provided
H : M — M is arelatively small Lipschitz function.
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