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(n € N) can be uniformly approximated by C! smooth
functions with no critical points.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The main purpose of this paper is to extend, from the separable to the not necessarily
separable situation, the results given in [1,25,7,5] concerning what one can regard as
an approximate strong version of the Morse-Sard theorem for mappings between Ba-
nach spaces F and F, where E is infinite-dimensional. Namely, under some appropriate
conditions on an infinite-dimensional Banach space E, for every (non-zero) quotient F'
of E (or a certain class of quotients F' of FE), every continuous function f : E — F,
and for every continuous function £ : E — (0, 00), there exists a C* smooth function
g : E — F with no critical points (that is, ¢’(x) is surjective for all z € F) such that
[If(x) — g(x)|| < e(x) for all = € E. Here k depends on the smoothness of E.

Let us put our work in context. This kind of results is in connection with the classical
Morse-Sard theorem [36,37] stating that if f : R® — R™ is a C* smooth function with
k > max{n —m,0} and C} is the set of critical points of f, i.e. the set of points x
with non surjective derivative f’(x), then the set of critical values f(CY) is of Lebesgue
measure zero in R™. This result has been very valuable in the areas of topology and
analysis (see for instance the monographs of Hirsch [29] and Yomdi and Comte [43]).
Subsequently, different versions of the Morse-Sard theorem have been obtained by Bates
and Moreira [9,34].

There are also different versions of the Morse-Sard theorem in the infinite-dimensional
setting. Smale [38] proved for X and Y separable connected smooth manifolds modelled
on Banach spaces and f : X — Y a C* smooth Fredholm map that f(Cy) is of first
category (and thus f(Cy) has no interior points) provided k > max{index(f’(z)),0} for
all z € X. The term index stands for the index of the Fredholm operator f'(z), that is
the difference between the dimension of the kernel of f'(z) and the codimension of the
image of f/(z), which are both finite. The above assumptions impose that when X is
infinite-dimensional then Y is infinite-dimensional. In contrast, Kupka constructed C'*°
smooth functions f : £ — R such that their critical values f(CY) contain intervals [31].
Bates and Moreira proved that such kind of functions can even be taken to be polynomial
of degree three [9,34].

For many applications of the Morse-Sard theorem it is enough to approximate any
continuous function by a smooth function whose set of critical points has empty interior
[29,43], so we can refer to this as an approzimate Morse-Sard theorem. In connection with
this, Eells and McAlpin proved that any continuous function f : £ — R can be uniformly
approximated by smooth functions g whose set of critical values g(Cy) is of measure zero.
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Azagra and Cepedello [1] showed that every continuous mapping f : £ — R™ can be
uniformly approximated by C°° smooth functions with no critical points. Recall that
a bump function is a non-zero function with bounded support. Hajek and Johanis [25]
established a similar result and proved that in any separable Banach space X containing
¢p and with a CP smooth bump function (p € N U {cc}) every continuous function
f: X = R can be uniformly approximated by a C? smooth function g such that ¢’'(X)
is of first category in X* and ¢'(X)NN = () for any pre-fixed countable set N C X*. Later,
Azagra and Jiménez-Sevilla [7] proved that in every separable Banach space X with a
LUR and C? smooth norm (p € N U {oo}) every continuous function f: X — R can be
uniformly approximated by CP smooth functions with no critical points. In particular for
p = 1 the space X can be taken to be any separable Banach space with separable dual,
thus providing a characterization of Banach spaces with separable dual. Also, the results
in [7] yield the existence of approximations by CP smooth functions with no critical
points provided X is separable, has an unconditional basis and a C? smooth Lipschitz
bump function.

Recently, Azagra, Dobrowolski and Garcia-Bravo [5] proved that every continuous
function f : E — F can be uniformly approximated by C* smooth functions with no
critical points whenever E = cg, £,,, L, with p € (1,00) and F' is a (non-zero) quotient of
E, being k = oo for E = ¢y, £, with p even integer, £ = p — 1 for p odd integer and £ is
the integer part of p otherwise. Similar approximation results are also establised in [5]
under certain assumptions on a separable Banach space E and any (non-zero) quotient
F of E.

Later, Garcia-Bravo [21] established on a certain family of separable Banach spaces
E (including ¢y and ¢, with 1 < p < 00) that for every C' smooth function f : E — R™,
any continuous function € : E — (0, 00) and any open set U containing the critical points
of f there is a C!' smooth function g : E — R™ such that ||f(z) — g(z)|| < e(x) for every
x € F, g has no critical points and f = g outside U.

We refer to the introduction of the paper [5] for more background about Morse-Sard
results. Here, we want to emphasize that in the literature there are no approximate
Morse-Sard results for nonseparable spaces, even in the fundamental case where E is a
nonseparable Hilbert space and F' = R.

The results stated in this paper are also connected with the area of ranges of derivatives
of a C* smooth function f : £ — R (k € N U {oc}), and more generally for functions
f: E — F, for EF and F Banach spaces. In particular, the size and the shape of ranges
of derivatives has been extensively studied by many authors. Azagra and Deville [2]
constructed a C'! smooth bump function f such that f/(X) = X* on every Banach space
admitting a C'' smooth Lipschitz bump function, in contrast with James’ characterization
of reflexive spaces as those Banach spaces F where the subdifferential of the norm 9|| -
|| verifies 9|| - ||(Sg) = Sg-, where Sg and Sg~ are the unit spheres of E and E*,
respectively. Also, Azagra, Deville and Jiménez-Sevilla in [3] and Azagra, Fabian and
Jiménez-Sevilla in [4] established conditions on the Banach spaces X and Y for the
existence of Fréchet (Gateaux, C*) smooth functions f : X — Y with bounded support
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so that the range of the derivatives (successive derivatives for k > 1) fill the space of
continuous linear (symmetric k-linear for & > 1) mappings from X to Y. Subsequent
results have been obtained by Borwein, Fabian and Loewen in [12], Borwein, Fabian,
Kortezov and Loewen in [11] and Azagra, Fabian and Jiménez-Sevilla in [4] to establish
sufficient conditions on the Banach spaces X,Y and on an open (or closed) set A of
continuous linear (symmetric k-linear for £ > 1) mappings from X to Y to get the
existence of a Fréchet (Gateaux, C*) smooth function with bounded support such that
the range of the derivatives (successive derivatives for k > 1) is the set A. In contrast,
Hajek [24] proves that Fréchet differentiable real-valued functions on ¢y with locally
uniformly continuous derivative have locally compact derivative. Hajek proves that the
same is true for Fréchet differentiable mappings from ¢y into any Banach space F with
non trivial type. Also, the results of Hajek and Johanis in [25] mentioned above provide
CP smooth functions whose range of first derivatives is of first category. We refer the
reader to [25,30,16] and references therein for more information on this area. Also related
with this subject is the existence of smooth bump functions not satisfying Rolle’s theorem
on every infinite dimensional Banach space E with a smooth bump function (see [6] and
references therein).

In this paper, we deal with a stronger version of an approximate Morse-Sard theorem,
namely the uniform approximation of any continuous function f : E — F by C* smooth
functions with no critical points under suitable assumptions on the Banach spaces E and
F (being F' a non-zero quotient of E) and k € N U {o0}).

Our notation is standard. F, F';, X, Y will be real Banach spaces with norm denoted
by || - ||, dual norm denoted by || - ||*, closed unit ball B, unit sphere S|, etc. If a
mapping f : E — F is (Fréchet) differentiable, its derivative at a point € E will be
denoted indistinctly by D f(z) or f'(z). The critical set of f (that is, the set of all points
2 € E such that the linear mapping D f(z) : E — F is not surjective) will be denoted
by Cy. So Cy = 0 if and only if f has no critical points. For a pair of Banach spaces
E, F, we denote by C*(E, F) the class of C¥ smooth functions defined on E with values
in ', where k € NU{oo}. If F = R, we shall write C*(E,R) or C*(E). Other necessary
definitions will be provided as they are needed below. For any undefined terms in Banach
space theory we refer to the monographs [17,18,26].

This paper is structured as follows. In Section 2 we will recall some tools that will
be essential to our proofs, such as M-bases, homeomorphic embeddings into ¢o(T") with
smooth coordinate functions, smooth partitions of unity, and diffeomorphisms extracting
certain sets.

In Section 3 we will prove the following two results concerning C* smooth approxi-
mations with no critical points to continuous functions defined on the classical infinite
dimensional Banach spaces co(I") and £,(T"), with p € (1,00) for any infinite set I". Let
us recall that, if T is an infinite set, co(T") is defined as the space

co(T) = {(z)yer CRY : for every e > 0 theset {y €T : |z,| > ¢} is finite}.
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We endow this space with the supremum norm |[|(z),er |l = SUp,er |2+].
Similarly, for every 1 < p < oo we define £,(I") as the space

p(T) = {(x)rer C R" Z |zy[P < oo},

yel

/p
endowed with the norm ||(z) er||, = (nyel‘ |x7|p) .
Both (¢o(T), || - [|oo) and (€,(I'), || - ||p) are Banach spaces, and when I is uncountable
they become non-separable.

In order to simplify the notation, we will write || f — g|| < € to refer to the inequality
|f(z) —g(z)|| <e(z) for all z € E.

Theorem 1.1. Let E = ¢o(I"), where T' is any infinite set, and let F be a (non-zero)
quotient of E. Then for every continuous mapping f : E — F and every continuous
function e : E — (0,00) there exists g € C*°(E, F) such that ||f — g|| < e and g has no
critical points.

Theorem 1.2. Let E = £,(I"), where I' is any infinite set and 1 < p < oo, and let F' be
a (non-zero) quotient of E. Then for every continuous mapping f : E — F and every
continuous function € : E — (0,00) there exists g € CF(E, F) such that | f — g|| < ¢ and
g has no critical points. Here k = oo if p is even, k = p—1 if p is odd and k = [p], where
[p] is the integer part of p, if p ¢ N.

We will establish much more general results in other sections of the paper, but we
think it is important to provide a separate proof of these theorems for classical Banach
spaces, for the following two reasons. One is that some readers will only be interested in
understanding why this kind of result is true for these spaces (especially for the Hilbert
space), and the proofs can be written in a much more simple and transparent way in
these cases. The other reason is that some of the ideas and techniques that we will be
using in the proofs of the rest of our theorems are already present in these simple cases,
so once the readers are acquainted with them they will be able to focus on the specific
difficulties of the more general cases.

The proof of Theorem 1.2 requires two key tools: one is the existence of certain deleting
diffeomorphisms on £,(I") given in [5] by Azagra, Dobrowolski and Garcia-Bravo, and the
other one is the existence of certain homeomorphic embeddings from ¢,(I") into ¢o(I")
(for some infinite set T") whose coordinate functions are C* smooth, given by Torunczyk
in [40]. On the other hand, the proof of Theorem 1.1 only requires the existence of certain
C* smooth partitions of unity of ¢o(T") with functions that locally depend on a finite
number of coordinates. As said above, these essential tools will be explained in the next

section.
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Since every Hilbert space E is isometric to ¢o(T"), where I' is any set with the same
cardinal as a complete orthonormal system in E, Theorem 1.2 immediately yields the
following fundamental corollary.

Corollary 1.3. Let E be an infinite dimensional Hilbert space, and let F be a (non-zero)
quotient of E. Then for every continuous mapping f : E — F and every continuous
function e : E — (0,00) there exists g € C°(E, F) such that ||f — g|| < & and g has no
critical points.

We now proceed to describe some of our more general and technical results in this
paper.

Definition 1.4. We say that a Banach space E has a decomposition of the form F =
D,,en En for a sequence { £, }72, of subspaces of E, whenever the following holds:

(i) For every n € N, E,, is a closed subspace of E;
(ii) E, N E,, = {0} whenever n # m;
(iii) Every z € E can be written in a unique way as a sum z =~ | z,, with z,, € E,
for all n;
(iv) The canonical projections P, : F — E, given by P,(x) = x, are continuous; in
particular each FE,, is complemented in F.

In Section 4 we prove the following two main results for a target space F' (finite or
infinite dimensional).

Theorem 1.5. Let k € N U {oco} and let X, Y and F be Banach spaces such that:

(1) X has C* smooth partitions of unity.
(2) Y is infinite-dimensional and has a C* smooth and LUR norm.
(3) Y is reflexive, Y = @ Y.

neN
(4) F is a (non-zero) quotient of Yy, for every n € N.

(5) The canonical projection Q:Y — @ Y; given by Q(y) = Z yj, for every
j odd J odd

oo
Y= Zyj €Y with y; € Y, is well defined and continuous.
j=1

Then for every continuous mapping f : X @Y — F and every continuous function
£: XY — (0,00) there exists g € CF(X @Y, F) such that ||f — g|| < ¢ and g has no
critical points.

Regarding condition (5) in Theorem 1.5, it is worth mentioning that this condition
holds in the case that the decomposition Y = &,,enY, is “unconditional”, that is, there
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is a constant K > 1 such that || >, sl < K[>, yjll whenever o and 7 are finite
subsets of integers with ¢ C 7 and y; € Y; for all j € 7. Also, if all the Y, are isomorphic
to Y, then condition (4) in Theorem 1.5 (and Theorem 1.6 below) can be replaced by
“F is a non-zero quotient of Y.

Notice that, in Theorem 1.5, if k > 2 then the assumption on the existence of a C*
smooth and LUR norm on Y yields in particular the superreflexivity of the space Y (see
[19] or [17, Chapter V, Proposition 1.3]). So Theorem 1.5 for k > 2 only concerns certain
superreflexive Banach spaces Y. Let us also note that not every superreflexive Banach
space can be equivalently renormed with a C? smooth and LUR norm (for example, Ly,
for 1 < p < 2, cannot be renormed in such a way). Now, in Theorem 1.5, if we do not
assume Y to be reflexive (so this only involves case k = 1), we have to require additional
conditions on Y to get the same conclusion, as we do in the following theorem.

Theorem 1.6. Let X, Y and F be Banach spaces such that:

(1) X has C' smooth partitions of unity.

(2) Y is infinite-dimensional and has a C* smooth and LUR norm.

(3) Y =D, cn Yn, cach Y, has a shrinking M-basis and the union of all these M-bases,
which we denote by {u;,uj }icr C U,en(Yn X Y,)) ds a shrinking M-basis of Y.

(4) F is a (non-zero) quotient of Y, for every n € N.

(5) The canonical projections

Qm:Y — (@7 Y) @ (P V)
J odd
ji>m

given by

Q) =>_yi+ > u
j=1 J odd
j>m
for every y = Z;’;l y; €Y with y; € Y;, are well defined and have norm one for all
m € N. That is, ||Qm(¥)|| < |ly|| for ally € Y and all m € N.

Then for every continuous mapping f : X @Y — F and every continuous function
e: XY — (0,00) there exists g € CH(X @Y, F) such that ||f — g|| < ¢ and g has no
critical points.

Regarding condition (5) in Theorem 1.6, it is worth mentioning that this condition
holds in the case that the decomposition Y = @,nY,, is “unconditional” with associated
constant K = 1, Le. |3 ., y;ll < ||>2;c, vjll whenever o and 7 are finite subsets of
integers with 0 C 7 and y; € Y; for all j € 7.



8 D. Azagra et al. / Journal of Functional Analysis 287 (2024) 110488

As in the preceding section, a key tool in the proofs of Theorem 1.5 and Theorem 1.6 is
the existence of certain homeomorphic embeddings from X @Y into ¢y(I) (for a certain
set I") whose coordinate functions are C* smooth. Also, the proofs require the existence
of certain deleting diffeomorphisms on X @ Y except for the case Y = ¢o(I") (for any
infinite set T'). In the latter case we have that in fact, the partial derivative with respect
to the second coordinate y of the approximating function g is a surjective operator at
every point (z,y) € X @Y. Let us record this fact in the following proposition.

Proposition 1.7. Let k € N U {oo}, let T be an infinite set and let X and F be Banach
spaces such that:

(1) X has C* smooth partitions of unity.
(2) F is a (non-zero) quotient of co(T).

Then for every continuous mapping f : X @ co(I') — F and every continuous function
e: X @ c(T) = (0,00) there exists g € CF(X & co(T), F) such that ||f — g|| < ¢ and

g—g(l', y) is surjective for every (z,y) € X @ co(T). In particular, g has no critical points.

Note that all reflexive Banach spaces admit a C'! smooth LUR norm and a shrinking
M-basis (see [41, Corollary 6] or [27, Theorem 6.1]).

In Section 5, we deal with the particular case of a finite dimensional target space F'.
The fact that F' is finite dimensional allows us to dispense with some of the assumptions
made in Theorem 1.5 and Theorem 1.6. In this case, our main result reads as follows.

Theorem 1.8. Let k € N U {co} and let X be a Banach space with C* smooth partitions
of unity, let Y be a separable infinite dimensional Banach space with a C* smooth and
LUR norm and let F be a (non-zero) finite dimensional space. Then for every continuous
function f: X @Y — F and every continuous function e : X ®Y — (0,00) there exists
g € CHX @Y, F) such that ||f — g|| < & and g has no critical points.

We note that for the case of E = {0} @Y =Y, where Y is separable and k = 1,
this result yields a characterization of the approximate strong Morse-Sard property for
finite dimensional targets F: it is necessary and sufficient that E has C' partitions of
unity. This was previously known for F' = R (see [7]) but the result is new for higher
dimensions of F. In fact we have the following.

Corollary 1.9. Let E be a Banach space with C' smooth partitions of unity. Assume there
exists an infinite dimensional separable and complemented subspace Y C E. Let F be a
(non-zero) finite dimensional space. Then, for every continuous function f : E — F and
every continuous function e : X — (0, 00) there exists g € C1(E, F) such that | f—g| < e
and g has no critical points.
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Recall that a Banach space Y is Weakly Compactly Generated (WCG for short)
whenever Y is the closed linear span of a weakly compact set of Y. In particular, separable
Banach spaces are WCG. Reformulating Theorem 1.8 in a different way we get the
following corollary which we will prove in Section 5 as well.

Corollary 1.10. Let k € N U {oo}, let X be a Banach space with C* smooth partitions of
unity, let Y be an infinite dimensional Banach space with a LUR and C* smooth norm
and let F be a (non-zero) finite dimensional space. For k =1, let us assume in addition
that Y is WCG. Then for every continuous function f : X®Y — F and every continuous
function e : X ®Y — (0,00) there exists g € C*(X @Y, F) such that ||f —g|| < and g
has no critical points.

Remark 1.11. The role of the space X in our main results Theorems 1.5, 1.6, 1.8 and
Corollary 1.10, can be taken by somehow bad spaces in terms of smoothness. For instance,
Haydon gives in [28] examples of Banach spaces Cy(T), where T is a tree, that have C>°
smooth partitions of unity but no C' smooth equivalent norm (note that this never
occurs for separable spaces).

We note as well that there exist Banach spaces with C'' smooth and LUR norm, as the
Johnson-Lindenstrauss space JLg (see [44] for the definition and more properties about
this space), which do not lie under the assumptions given for the space ¥ in any of the
main results of this paper. The reason is that JLy does not have a M-basis and cannot
have a separable complemented subspace, because since it is cp-saturated this would
imply by Sobczyk’s theorem [39] that ¢y is complemented in JLg, which is not true (see
[44, page 1764]). It is indeed an open question for us if one may have approximated
Morse-Sard type results for this kind of spaces.

The proof of Theorem 1.8 relies on three key tools. We are already familiar with two
of them: the existence of certain deleting diffeomorphisms on X &Y and the existence of
certain homeomorphic embeddings from X @Y into ¢o(I”) (for a suitable infinite set I')
with C* smooth coordinate functions. When Y is not reflexive, we need a third key tool:
the construction of a residual set of C* smooth and LUR. (equivalent) norms on Y whose
dual norms are Fréchet differentiable at the points of a pre-fixed subspace of countable
Hamel dimension of Y* (except at 0). Here the residuality is considered within the Baire
space (Ny, p) of all equivalent norms on Y with the Hausdorff metric (see Section 5 for
the definitions). Let us describe it in what follows. For a given Banach space Y with norm
p, let us denote by NA, the set of elements z* € Y* such that 2* attains its p*-norm
(being p* the dual norm of p), that is, there is x € S, := {z € Y : p(z) = 1} satisfying
p*(x*) = x*(x). Also, we denote by cone(W) the cone generated by a set W of a Banach
space Y (see Section 5.1 for the definitions), and we say that a set is K, whenever it
is a countable union of compact sets. Specifically we will prove the following renorming
results.
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Proposition 1.12. Let Y be a Banach space and let W C S|~ be a K, subset. Then the
set of norms p € Ny such that its dual norm p* is Fréchet differentiable at the points of
cone(W) \ {0} is residual in (Ny,p). In particular, the set of norms p € Ny such that
cone(W) C NA,, is residual in (Ny, p).

Remark 1.13. Notice that, in Proposition 1.12 as well as in Corollary 1.14, we can take
as W the set W = H N §)-, being H a subspace of Y* of countable Hamel dimension
(and thus cone(W) = H).

Corollary 1.14. Let Y be a Banach space with a LUR norm || -|| whose dual norm ||-||* is
LUR. Let W C S« be a K, subset. Then the set of norms p € Ny such that both p and
its dual norm p* are LUR and p* is Fréchet differentiable at the points of cone(W)\ {0}
is residual in (Ny, p). In particular, the set of norms p € Ny such that both p and its
dual norm p* are LUR and cone(W) C NA,, is residual in (Ny, p).

We refer to Vanderwerff [42], Hajek [23], Dantas, Hajek and Russo [13-15] for more
information on C! smooth norms (or more generally C* smooth norms and analytic
norms) on dense subspaces of Banach spaces.

Finally, in the last section, we will show that, when stating the existence of C*
smooth approximations with no critical points to continuous functions from an (infinite-
dimensional) Banach space X to any (non-zero) quotient space F of X, it is enough to
consider F' = X as explained in the following fact.

Fact 1.15. Let k € N U {oo} and let X be a Banach space. Then the following are
equivalent:

(1) For every (non-zero) quotient F of X, every continuous mapping f : X — F and
every continuous function ¢ : X — (0,00) there erists g € C*(X,F) such that
Ilf — gl <€ and g has no critical points.

(2) For every continuous mapping f : X — X and every continuous function ¢ : X —
(0,00) there exists g € C*(X, X) such that |f — g|| < € and g has no critical points.

As in the results given in [7], the existence of C* smooth approximations with no
critical points to real-valued continuous functions defined on a Banach space X yields
two important corollaries: (1) a nonlinear C* smooth Hahn-Banach separation theorem
(Corollary 6.1) and (2) C* smooth approzimations of closed sets (Corollary 6.2), which
shall be stated in the last section.

2. Preliminaries

Let us gather several tools that we will need in our proofs.
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2.1. M-bases and embeddings into co(T) with C* smooth coordinate functions

Let us denote by span{A} (or span(A)) the span of a set A of a normed space E, by
span{A} (or spamn(A)) the closed linear span of A and by span® {A} (or span® (A)) the
weak™® closed linear span of A.

Definition 2.1. Let £ be a Banach space and I' an infinite set. A family {z., 2>}, er C
Ex E* is called a Markushevich basis for F, henceforth called an M-basis, if 2% (25) = dp
for all v, € I', E = span{z, : v € I'} and E* = spﬁw*{aQ : v € T'}. Tt is moreover
called shrinking provided that £* = span{z : v € I'}.

Observe that if {z., 23} er C £ x E* is an M-basis, the fact that E* = span®’ {2
v € I'} implies that {23} er is a total set over E, meaning that if x%(x) = 0 for all y
then z = 0.

It is nowadays well-known that reflexive spaces admit shrinking M-bases (see [27,
Theorem 6.1]). Moreover we will use that reflexive spaces E have renormings that are
locally uniformly rotund (LUR) and C*! smooth on E\ {0} (see [41, Corollary 6]). Joining
these two facts we can give a simple proof of the following result about the existence
of homeomorphic embeddings into ¢(I") with C! smooth coordinate functions. We note
that this result was first proved by Lindenstrauss [33] using strongly the results from
[32]. However he did not use the existence of shrinking M-basis for reflexive spaces.
Lemma 2.2, together with Theorem 2.8 was shown in [40] to derive the existence of C*
smooth partitions of unity for reflexive spaces.

Lemma 2.2. ([93]) Let E be a Banach space with an (equivalent) C* smooth and LUR
norm || - || in E and a shrinking M-basis {z-, 2% }yer in E with ||z}|| =1 for all v € T.
Assuming 0 ¢ T, the mapping u : E — ¢o({0} UT) defined by

u(z), = LI =0
T \ane) el

5
(u(x)~ being the y-coordinate of u(x)) is a homeomorphic embedding and x — u(zx)~ is
C' smooth for every v € {0} UT.

Proof. It is clear that the mapping L : E' — (o (") defined by L(z), = 2% (z) if y € [' is
linear and continuous (where L(z), is the y-coordinate of L(x)). In fact, since ||z}[| =1
for all v € ', we have || L(z)| = sup{|z(z)[ : v € '} < [|z]| for all z € E. Besides, since
L:E — l(T) is bounded, L(span{z, : v € T'}) C ¢o(T'), and co(I") is closed in £ (T'),
we have that L : E — ¢o(T"). Therefore u is well-defined and continuous, and the fact
that {z, xi}yep is an M-basis in F implies that L is injective, hence w is injective too.

Let us see that u™! : u(E) — E is continuous as well. If (yx)reny C u(E) converges

to some y € u(E), say yr = u(xy) LN u(z) = y. For v = 0, u(zy), = ||zx]|? LimiaN
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u(x) = ||z||*. Therefore (|| ||)x is bounded. Moreover we have that 7 () LimiN x% (),
for all v, which together with the boundedness of (||zx||) and the fact that {z., 23} er
is a shrinking M-basis in E imply that x; weakly converges to x. Finally, the weak

convergence and the convergence of norms limg_, o |2k || = ||| yield that (zx)x converges
to z in the norm topology, as the norm || - ||, being LUR, has the Kadec-Klee property
[17]. O

2.2. Smooth partitions of unity and LFC functions. Torunczyk result

Let I' be a set. For every v € I' let us introduce the linear functionals e : co(I') — R

that map any vector = (7 )er to its 7-coordinate, that is €3 (z) = z.

Definition 2.3. For k € N U {oo}, We will say that a C* smooth function f : ¢o(I') — R
locally depends on finitely many coordinates (LFC or LEC-{eZ },er) if for every € co(T')
there is an open neighbourhood U, of z, a finite set {v1,...,7,} C I and a C* smooth
function ¢ : R®"—R so that for every y € U, we have

fy) =w(es, (W),--el (¥) =Yy s Uy,

Observe that for all y € U, we have f'(y) € span{e’, : k=1,...,n} and therefore

ﬂ Kere!, C Ker f'(y).
k=1

The following result can be found in [26, Page 284] (for the separable case the original
proof is due to N. Kuiper and can be found in [10]).

Theorem 2.4. For any set T' the space co(I') admits an equivalent C* smooth
LFC-{eX},er norm.

In order to construct our smooth approximation in the proofs of the main theorems
it will be important for us to have smooth and LFC partitions of unity at our disposal.
Recall that the (open) support of a function ¢ : X — R is defined as suppy 9 = {z €

X : (a) # 0},

Definition 2.5. Let X be a Banach space and a family {14 }oca of continuous functions
Yo : X = [0,00) for all & € A. The family {ts}aca is called a partition of unity on X
if for every € X there is a neighbourhood U, in X which intersect only finitely many
of {suppg ¥a}taca and Y- A Ya(x) =1 for all z € X.

Definition 2.6. We say that a Banach space X admits C-partitions of unity for a certain
class C of continuous functions defined on X if for any open covering {Uy }oea of X there
is a partition of unity {¢g}secq on X such that {¢5}seq C C and for each 3 there is «
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such that suppy ¢s C U, (we will say that {1g}secq is subordinated to {Uy}aea). The
type of families C that we consider throughout the paper allows us to have for a Banach
space X with C-partitions of unity and for every open covering {U, }acq a partition of
unity {94 }aca C C such that supp, 1, C U, for all a (and say with this meaning that
{¥a}acq is subordinated to {U,}tacq). So we will use this last property in a Banach
space X admitting C-partitions of unity.

For the next result see [40] or also [26, p. 422].

Lemma 2.7. ([40]) For any set T' the space co(T') admits C*°-smooth and LFC-{€X} er
partitions of unity.

We need to state for future use Toruniczyk’s result [40, Theorem 1], about the existence
of certain type of partitions of unity for Banach spaces which admit homeomorphic
embeddings into co(T") with C! smooth coordinate functions.

Theorem 2.8. ([40]) Let E be a Banach space and let S be a family of real valued con-
tinuous functions defined on E satisfying

(1) For every function g : E — R, every open cover U = {U;}ien of E and every family
{; : 1€ A} C S, if ¥ilu, = glu, for alli € A, then g € S.
(2) Ifn e N, U e C®°R") and Y1,...,0, €S, then U(¢1,...,9,) € S.

Then E admits S-partitions of unity if and only if there is a set I' and a homeomorphic
embedding u : E — co(I') so that el ou € S for every vy € T'.

2.8. Diffeomorphic extraction of closed sets

Finally we need a result which guarantees that we can diffeomorphically extract cer-
tain closed sets. This is basically a restatement of [5, Theorem 1.4].!

Theorem 2.9. ([5]) Let E be a Banach space, k € N U {0}, and C C E be a closed set
with the property that, for each x € C, there exist a neighbourhood U, of x in E, Banach
spaces E(1 4y and E(3 .y, and a continuous mapping fr : Co — E(2 5, where Cy is a closed
subset of E1 5y, such that:

(1) E=FEua ®Egr;

(2) Eq ) has C* smooth partitions of unity;

3) E(s . is infinite-dimensional and has an equivalent C* smooth norm;
(2,2)

1 We note that there is an omission in the assumptions of [5, Theorem 1.4]: in item (3) it is important
that the C? smooth norm in E(3 ) is equivalent to the restriction of the original one in E.
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(4) CNU, C G(fy), where

G(fe) ={y=W1,12) €Eqp) ® Eay) ¢ y2 = fa(yr), 11 € Cu}.

Then, for every open cover G of E there exists a C* diffeomorphism d : E — E\C which
is limited by G (that is, the family of sets {{x,d(x)} : x € E} refines G, meaning that
for every x € E there is a G, € G such that both x and d(x) are in Gy ).

In some cases we will use the above theorem in the following form.

Corollary 2.10. ([5]) Let E be a Banach space, k € N U {oo}, and C C E be a closed
set with the property that, for each x € C, there exist a neighbourhood U, of x in E and
Banach spaces E1 5y and E3 .y such that:

(1) E=Eqa ® Bz

(2) Eqz) has C* smooth partitions of unity;

(3) Ep x) is infinite-dimensional and has an equivalent C* smooth norm;
(4) CﬂU C Eqz) @ {0}.

Then, for every open cover G of E there exists a C* diffeomorphism d : E — E\C which
is limited by G.

3. Proofs for the classical spaces co(I') and £,(T")
3.1. Proof of Theorem 1.1

The proof for the space co(I') is simpler than that for £,(I"), since in this case we do
not have to extract any critical set. Let us write E = ¢¢(T'). By Lemma 2.7, the space
E admits C*° smooth partitions of unity {¢, }ac4 where the functions 1, locally are of
the form

T = Yo (x) = @q (efyl (T), s €5, (:L')) , (3.1)

where the functionals e’ : £ — R are defined by eX(z) = z,, (the 7-th coordinate of x €
co(T)) for certain indexes 71, ..., 7, € I' with n € N (depending on the neighbourhood),
and certain C*° smooth function ¢, : R™ — R (also depending on the neighbourhood).

Thus, given f and ¢ as in the statement, we may find an open covering {U,}qca of
E and a partition of unity {¥s }aec4 subordinated to {U, }aca such that each 1, locally
is of the form (3.1) and

If(x) — f(y)] <e(y)/4 ande(x) < 2e(y) for all x,y € U,, and for each a € A.
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Without loss of generality we may assume that for every a € A the diameter of the
set U, is less than e(x,)/4, where z,, is a point in U, that we fix from now on.
Let us define g : E — F by

Z Ya(2) (f(2a) + T(z —24)), (3.2)

acA

where T : E — F is a continuous linear operator that we define as follows. Note that
#(I' x N) =T, so we may write

=,

neN

where I, = fI" and T, N T, = 0 for all n,m € N with n # m. Hence we have

E = E.,

neN

where E,, = ¢o(T',,) for all n € N, and now the direct sum is understood in the ¢q sense.
For every n € N, we let P, : E — E, denote the canonical projection. Since ¢o(T';,) is
isometric to ¢o(I") and F is a linear quotient of the latter, for every n € N there exists
a continuous linear surjection T), : E,, — F'; by dividing by the norm of T;,, if necessary,
we may assume that |7, || = 1. We define T': E — F by

=Y 5T,
=
A routine calculation yields
If(z) —g(z)|| <e(x) for all x € E. (3.3)
Let us end the proof by showing that g has no critical points.
Since the sum defining g is locally finite and each v, is locally of the form (3.1),
given z € E there exists an open neighbourhood V, of z, there exist aq,...,a,, € A,

Vigs s Yny,j € I for j =1,...,m, and there exist € smooth functions ¢, : R" — R
for 5 =1,...,m such that

= Z%j () (f(za,) + T(x —2qo,)) forallz eV,

where

Vo, () = @a, (e:u (), ..., efynj’]( z)) for all z € V..

A straightforward calculation shows that
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m Ny
— *
Dg(z) =T + g E uiyj(x)e,wﬁj, (3.4)
j=1i=1

where

i3 () = 850;;.7‘ (3, (@), ef/nj’j () (f(@a,) + T(z — z4,))

for all z € V, (and 85;;?

y;). We may choose n € N large enough so that

is the partial derivative of ¢,; with respect to the i-th variable

which implies that
m My
E, C m ﬂ Ker(ef‘mj). (3.5)

j=1li=1

Now, given w € F, since T), : E,, — F is surjective, we may find v € E,, with T, (v) =
2"w, hence T'(v) = w, and, according to (3.5),

ey, ,()=0

for all 1 <4 <nj;,1<j <m. Thus, by substituting in (3.4) we obtain

showing that Dg(x) : E — F is surjective for all z € V,. O
3.2. Proof of Theorem 1.2

Recall that the norm || - ||, in E = £,(T") is LUR (locally uniformly rotund) for every
p € (1,00) and the function || - ||P is C* smooth, where k = oo if p is an even integer,
k =p—11if pis an odd integer and k = [p] otherwise (for the proof of the smoothness
result, see for instance [17, Chapter V. Theorem 1.1]).

According to the result of Toruticzyk [40] the mapping u : E — ¢o({0} UT') defined
by the coordinate functions

. w“

Ty if yel
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is a homeomorphic embedding” (here we are assuming 0 ¢ I'). Define now Sy, to be the
family of functions ¢ : E — R so that 1 € C*(E) and 1 is locally of the form

b(x) = ¢ (2], e, (@), ... €}, (2)) (3.7)

where the functionals €3 : £ — R are defined by eX(z) = =, (the 7-th coordinate of
x € E), for certain indexes 71, ..., v, € I' with n € N (depending on the neighbourhood),
and certain C* smooth function ¢ : R"*! + R (also depending on the neighbourhood).
Observe that these properties imply that if ¥ € C*(R"™) and #1,...,%, € Sk, then
U(¢1,...,%n) € Sg. Therefore by Theorem 2.8 and (3.6) we get that E admits Si-
partitions of unity.

Thus, given f and ¢ as in the statement, we may find an open covering {U, }aca of
E and a partition of unity {¢s }ae4 subordinated to {U, }aca such that each 1, locally

is of the form (3.7) and

lf(z) — f(y)]l <e(y)/8 and e(x)< gs(y) for all z,y € U, and for each a € A.

(3.8)
Without loss of generality we may assume that for every o € A the diameter of the
set U, is less than e(x,)/8, where z,, is a point in U, that we fix from now on.
Our approximating function g will be of the form g = p o d, with d a diffeomorphism
close to the identity that extracts the critical set of a previous approximation p defined
by

p(x) = Y Yal@) (f(za) + T(x — za)) (3.9)

acA

where T': E — F is a continuous linear operator that we define next. Note that (I’ x
N) = T, so we may write

r=J I,

neN

where #TI', = " and T, N T, = 0 for all n,m € N with n # m. Hence we have

E= @Env

neN

where E,, = {,(T'),) for all n € N, and in this case the direct sum is understood in the
¢, sense. For every n € N, we let P, : E — E, denote the canonical projection. Since
£,(T,,) is isometric to £,(I") and F is a linear quotient of the latter, for every n € N

2 By replacing || - ||? with || - ||?, this result can be proved exactly as in Lemma 2.2 above.
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there exists a continuous linear surjection T}, : F,, — F’; by dividing by the norm of T},
if necessary, we may assume that ||7,,|| = 1. We define T': E — F' by

=1
T= Z 2_nT2n—l o Pop_1.

n=1

It is routine to check that
|f(z) —p(z)|| <e(x)/2 forallze E. (3.10)

Claim 3.1. The critical set C, := {x € E : Dp(x) is not surjective} is locally contained
in a closed subspace of infinite codimension in E.

Proof. Since the sum defining p is locally finite and the functions {¢4 }ae4 locally are
of the form (3.7), given z € E there exists an open neighbourhood V, of z, there

exist a1, ...,m € A, V14, Vn;; € T for j = 1,...,m, and C* smooth functions
Do :R%*1— R for j =1,...,m, such that

p(@) = ta, (@) (f(za,) + T(x — 2a,)) forall z € Vi,
=1

where

Yo, (2) = @a, (2], €3, (), ...,einﬂ (z)) forallz e V..

A straightforward calculation shows that

Dp(z) =T + Z ri(x)J(z) + z]:,ui,j(x)efn’j , (3.11)
j=1 i=1
where
J(x) = D - ||(2),
00y
ri(x) = p||mup*1%<nxnp,e;,j (@)l (@) (F(2a,) + T(@ = 7a,))
and
0pa,

pii (@) : (l=l1?, €3, ; (@), v €3, (@) (f(@a,) + T(@ = 2a,)) »

B 5yi+1

0pa;

Jy;

for all x € V, (where
yi)- Let us define

is the partial derivative of ¢, ; with respect to the i-th variable
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E( .y := Span ({e%j :1<i<n;,1<j<m}u {ei 1 i€ U F2k1}> ) (3.12)
keN
Suppose that z € V, and « ¢ E(1,2)- Then there exists

v €T\ ({%,j 1<i<n;1<j<mju F2k1> (3.13)
keN

such that z., # 0, implying that
J(@)(ex,) # 0 (3.14)

(checking this fact just involves a straightforward calculation of the differential of the
£,(I") norm), and also

T(er.) =0. (3.15)
We may now choose and odd number n € N large enough so that
Iyn{v;:1<i<n;,1<j<m}=0,

which implies that
m nj
E, C ﬂ m Ker(e?, ) (3.16)

j=1i=1

Then, given any w € F, since T, : E, — F is surjective, we may find v € FE, with
T, (v) = 2%w, where n = 2s — 1, hence T'(v) = w, and for

we have that
J(z)(v+tyeq,) =0,
and also, bearing in mind (3.13) and (3.16),
efﬁ,j(v +tye,,)=0 forall 1<i<n; 1<j<m.

By inserting the last two equations in (3.11), and then using (3.15), we thus obtain

Dp(z)(v +tyey,) =T(v+tyey,) =T(v) = w.
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This argument shows that
CpNVz C Eqy
completing the proof of our claim. O

In conclusion, following the notation of Corollary 2.10, the closed set C, C E satisfies
that for every z € C, there is an open neighbourhood V, of z in E and there are Banach
spaces (1 ;) (defined in (3.12)) and E, .y defined by

Epo.) = span({ei = < U F2k>}\{e%d :1<i<n;,1<j< m})

keN

satisfying the conditions given in Corollary 2.10, that is, (1) £ = Eq1 .y © E(2.z), (2)
E(,) has C* smooth partitions of unity, (3) E(3,. is infinite-dimensional and has an
equivalent C* smooth norm and (4) C, NV, C E(y .y & {0}.

Then, we may apply Corollary 2.10 for the open cover G = {suppy ¥ : o € A} of
E, to find a C* diffeomorphism d : E — E \ C, which is limited by G, that is, for every
x € E there is a € A such that {z,d(z)} C suppg¢q.

Let us define

g=pod.

Recall that according to (3.10), ||p(z) — f(z)]| < e(z)/2 for all x € E. Since d is
limited by G we have that, for any given « € F, there exists a € A such that z,d(z) €
Suppg Yo C Uy, and by (3.8) we have | f(z) — f(d(z))|| < e(z)/8. By combining this
inequality with (3.8) and (3.10), we obtain that

_ eld@) | e@)

lg(z) = f(@)]| < llp(d(2)) = fld@)]| + If(d@)) = fl@)l < = + ==
< 25(:6) + % < e(x)

for all x € E. Besides, it is clear that g does not have any critical point: since d(z) ¢ C,,
we have that Dp(d(z)) : E — F is surjective, and Dd(z) : E — E is a linear isomorphism,
so Dg(x) = Dp(d(z)) o Dd(x) : E — F is surjective. O

4. Results for a general target space

Here we prove the theorems for a general target space F' (finite or infinite dimen-
sional). The proofs of Theorem 1.5, Theorem 1.6 and Proposition 1.7 have a very similar
structure, so we present a unified proof until the moment that we must split the proofs.
The main difference between Theorems 1.5 and 1.6 is the reflexivity assumption on the
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space Y in Theorem 1.5, which does not appear in Theorem 1.6, where in contrast we
have to make stronger decomposability assumptions on the space Y, namely assumption
(5). Also, Proposition 1.7 will follow closely the proof of Theorem 1.6.

Proofs of Theorem 1.5, Theorem 1.6 and Proposition 1.7. We begin by noting that item
(3) of Theorem 1.5 implies that each subspace Y,, of Y is reflexive and therefore each
Y., has a shrinking M-basis (see [27, Theorem 6.1]). It can be checked that by joining
all these M-bases, and because of the decomposition of ¥ assumed in condition (3), we
get an M-basis of Y, that we call {u;,u]};cr and that is contained in (J,cn (Yo % Y)).
Since every M-basis in a reflexive Banach space is shrinking (see [27, Theorem 6.1]), we
have that {u;,u}};c; is also a shrinking M-basis of Y. For a subset Z C E, the term Z+
denotes the annihilator of Z in Y*, that is Z+ = {y* € Y* : y*(2) = 0 for all z € Z}.
Here and throughout the paper, we are identifying Y,* with (@ JEN\{n} YJ)J‘ for all
n € N. Also, we may assume without loss of generality that the functionals {u}};cr are
normalized.

Let us first establish the existence of adequate smooth partitions of unity on the space
X @Y. This is the content of the next lemmas, following the ideas of Toruniczyk in [40].

Lemma 4.1. Let X be a Banach space with C* smooth partitions of unity and let Y be a
Banach space with a shrinking M-basis {u;, u} }ic; C Y xY* and a C* smooth LUR norm
|-1l. Then there exists a set A and a homeomorphic embedding u : X @Y — co(AUNUI)
defined by

u(z,y) = (u(x),e(y), L(y)), forallze X andy €Y, (4.1)

where

(1) @: X — co(A) is a homeomorphic embedding with e ot € C*(X) for every a € A.
The functionals €3 : co(AUNUI) — R are defined by e (x) = x (the y-th coordinate
of z).

(2) ¢:Y = co(N) is defined by e} oo = L(pp o ||) : Y — R, where, for everyn € N,
©n € C®(R) is a nondecreasing function with o, (t) =t for allt > 1/n, ¢n(t) =0
for allt <1/2n and |, (t)| < 3 for all t.

(3) L:Y — co(I) is a continuous linear injective operator defined by ef o L = u} for
every i € 1.

In particular, €% ou € CHX @Y) for everyy € T := AUN U I. (We are assuming the
sets A,N and I are pairwise disjoint).

Proof. We follow the ideas of Toruriczyk from [40]. We include here the details for the
sake of completeness. Let us begin by checking the validity of items (1)—(3).
Firstly, the existence of @ follows from Theorem 2.8, which proves (1).
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Secondly, the existence of the C*° smooth functions ¢, : R — R is clear. Thus we
have (2). Observe in addition that ¢ : Y — ¢g(N) is a continuous function. This follows
from the equicontinuity of the family of real-valued functions {¢,}nen since they are
3-Lipschitz. Namely if for a given yo € Y we have a sequence (y,,)m C Y converging to
Yo, then limy, oo [|[Ym|| = l|yo|| and hence

m—r o0

1 1
lo(ym) — eWo)ll = sup | —en(llymll) = —enllyoll)| < 3| lyml — llyoll | —="0.
neN |1 n

And lastly, to prove (3), note that the linear operator L : Y — ¢o(I) is injective and
continuous because of the following facts: The linear operator L : Y — ¢, (I) defined by
L(y); = ul(y) for all i € I (L(y); being the i-coordinate of L(y)) is continuous (recall
that the functionals {u}};c; are normalized) and Ker(L) = {0} (because {u;, u}} is
M-basis in Y, so {u}} is a total set over Y'). Moreover, since span{u; : i € I} =Y,
L(span{u; : © € I}) C co() and co(I) is a closed subspace of ¢, (I), we have that
L(Y) C co(d).

Now we will conclude the proof verifying that (1)—(3) together with the definition of
u given in (4.1) yields a homeomorphic embedding with €% ou € CH(X @Y) for every
~ € I'. We mainly follow [10, Page 48] but we provide details for the sake of completeness.

The continuity of u follows by the continuity of u, ¢ and L given by assumptions
(1) (3).

Moreover u is injective: take two points (21,y1), (2,92) € X @Y so that u(zy,y1) =
u(ze,y2); then we have u(z1) = u(z2) and L(y1) = L(y2). Since @ and L are injective,
by (1) and (3) we get that z; = x5 and y; = yo.

We now prove that u has a continuous inverse v : u(X ®Y) — X @Y. To do so, let
us take a sequence (x,,y,) € X @Y and (z9,y0) € X @Y so that lim, o0 [|u(@n, yn) —
u(zg, yo)|| = 0 and check that lim, o0 [|(Zn, Yn) — (o, y0)|| = 0. First we have that

limy, o0 ||[U(2,) — @(20)|| = 0
limy, o0 [l9(yn) — ©(y0)]| =0
lim,, ||L(yn) - L(yO)H =0

In particular, using that @ has a continuous inverse we get that lim,,_, |2, — ol = 0.
Moreover lim,, o ||¢(yn) — ©(yo)|| = 0 implies that

Tim yn | = [0l (12)
and in particular (||y,||)» is bounded. On the other hand for every i € I we have

i {u; (yn) — u;(yo)| = 0, (4.3)

n—oo

so by using that Y* = span{u} : ¢ € I} we can join the previous two facts (4.2) and
(4.3) to conclude that yy, 2720, 4 weakly. Weak convergence together with convergence
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of norms (4.2) imply strong convergence and lim,,_,~ ¥» = yo because our norm is LUR
(and thus has the Kadec-Klee property).
Finally, the C* smoothness of each elou: X @Y — Ris clear too. O

Definition 4.2. Let X and Y be Banach spaces, let {u;, u}}ier CY x Y* be an M-basis
in Y, let || - || be a C* smooth norm on Y and let S be the family of all functions
P : X Y — R satisfying:

() vy eC*(XaY).

(i) v is locally of the form ¥ (z,y) = @(z, ok, (Y[, - - ek, (Y1), wi, (¥), - ui, (¥)
for certain indexes ki,...,k, € N, i1,...,1, € I and a certain function ¢ €
C*(X @ R™*™). Here {¢;}; denotes the family of C* smooth functions defined

in Lemma 4.1.
Notice that conditions (i) and (ii) yield
(iii) If W € C(RY) and ¢, ..., 1, € Sy, then W(iy, ..., ;) € Sp.

Lemma 4.3. Let X be a Banach space with C* smooth partitions of unity. Let Y be a
Banach space with a shrinking M-basis {u;,ul}ier CY XY™ and a C* smooth LUR
norm. Then X @Y admits Si-partitions of unity.

Proof. By Lemma 4.1 there is a homeomorphic embedding v : X @Y — ¢g(AUNUI)
for some set of indexes A. Moreover, by the definition of u given in Lemma 4.1 one can
*

easily check that for every v € AUN U I we have €] ou € S;. Now we simply apply
Theorem 2.8 and get that X @& Y admits Si-partitions of unity. O

Let us now begin the proof of Theorems 1.6 and 1.5. Let f : X &Y — F and
e: X®Y — (0,00) be continuous functions. By continuity we may find an open covering
{U;}ien of X ®Y of the form U; := éx(xi,ri) X éy(yi,ri) (where Bx(xi,ri) c Xis
the open ball in X centered at x; with radius r; > 0 and éy(yi, r;) C Y is the open ball
in Y centered at y; with radius r; > 0) with r; < w and such that

{llf(x,y) — f@ )| < e(x,y)/4 "

le(x,y) —e(@’,y) <e(x,9)/8

for all (z,y), (2/,y') € U;.

By applying Lemma 4.3 there exists a partition of unity {t¢;};ca C Sk subordinated
to {U;}iea- Recall also that Y = @, Y;, and that F' is a quotient of Y,, for every n € N.
Then we choose a surjective mapping T : Y — F of norm one satisfying T'(Y;,) = F for n
odd and T'(Y;,) = {0} for n even. For instance, if T, : Y;, — F are surjective continuous
linear operators, one may take
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oo

Ton—1(Pan-1(y))
T6) = 2 5o By Eom (45)

n=1

where P, : Y — Y, is the canonical projection onto Y,,. Now define the function

p(z,y) =Y Wil y)(f@iy) + Ty —w),  (wy) e XDY. (4.6)
icA

Observe that by the C* smoothness of the bump functions {1;};can we have that
peECHXDY,F).

It is easy to check that ||p(z,y) — f(z,y)]| < @ for all (z,y) € X ®Y. That is, for
every (z,y) € X ®Y, using (4.4)

Ip(x,y) = F@, o)l <D vl )1 (@i v) = f@ gl + 1T —w)l) (47

1EA

< > dilzy) (el y)/4+ lly — vil)

iEA

<D vila,y) (e, y) /4 + e(2i,9:)/8)

1EA

<D il y)(e(a,y) /4 +e(w,y)/4) < e(x,y)/2.

1EA

Next, to inspect the critical set of points of p let us differentiate p with respect to y.
If we prove that (9p/0y)(x,y) is surjective in particular Dp(x,y) will be surjective.

Observe that since {¢;};ea C Sk, for each (ag,by) € X @Y and for each 1; there is
a neighbourhood of (ag, by) where 1); locally depends on = € X, on ¢k (||y||) for finitely
many indexes & and on the ‘coordinates’ u}(y) of y € Y for finitely many indexes j.
Recall that {g }« is the family of C* smooth functions defined in Lemma 4.1. Together
with the local finiteness of {supp,(1;)}ica we get that for every (ao, by) € X ®Y there is
an open and bounded neighbourhood U, »,) and two finite set of indexes A(ag, bo) C A,
I(ag,bo) = {n1,--- ,nx} C I, depending on (ag, bo), such that for all (z,y) € Uqy,p)

ply) = Y il y)(f (@) + Ty —y:)

1€A(ao,bo)
where
0 0vY;
L= Y h@w)T+ Y P+ Tl - ) o (@)
y ieA((Lg,bo) €A ao,bo) y
O
=T+ > (flny) —Tw) 5 (@)
i1€A(ao,bo) Yy
k
=T+ z2(z,y)- |- H/(y)+zzj(g;,y)u;§j. (4.8)

Jj=1
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Here {z(z,y),z1(x,y),...,2k(z,y)} C F are just some vectors where z(z,0) = 0 when-
ever (2,0) € Uqy,by) (this comes from the fact that the functions ¢, (t) are zero locally
around ¢ = 0 and therefore for every ¢ € S we have %(x,O) € span{u; : i € I}).
Also note that in the second equality we are using that >, . vi(v,y) = 1 and
ZieA %ﬁl (.’L‘, y) =0.

* Assume first that (z,y) € U p,) With z(z,y) = 0. In such case (4.8) becomes

3p b
8y g

Since the shrinking M-basis {u;, u} }ier of Y is contained in U,en (Y, X Y,F), by defining
for every n I, = {i € I : u; € Y} and by letting m € N be a natural number so that
{n1,...,ng} C I U---UI,, we have

g_];(x’ y)|Y27n+l = T‘Y2m+1 )
which implies that the operator (9p/0y)(x,y) is surjective. We fix such m € N from now
on, that only depends on (aq, bo)-

* Assume now that (x,%) € Uqy,p,) With z(z,y) # 0, and let us study the surjectivity
of (Op/0y)(x,y): Y — F.

Now, Definition 1.4, together with assumption (5) in Theorem 1.5 and Theorem 1.6,
allows us to define the closed and complemented subspaces of Y

Dj= 1Y EB Y
j odd
j>m

Z= Py ’

J even
ji>m

Zy =

and we have Y = Zy @ Z;. This is where the proof forks. As we already observed, in
Theorem 1.5 we have Y reflexive, while in Theorem 1.6 we cannot rely on reflexivity of
Y but we can make use of assumption (5). We first present the proof of Theorem 1.6
because assumption (5) makes the argument easier. Thereafter we prove Theorem 1.5
using the reflexivity of Y.

Since Y = Zy @ Z; we can identify Y* = Z} @ Z; = Z{ @ Zg (ie. Z = Zi and
7y = Zg, where Z denotes the annihilator of Z; in Y*, that is Z;* = {y* € Y* :
y*(z) =0 for all z € Z,}).

Proof of Theorem 1.6 (Y is not necessarily reflexive). By assumption (5) of Theo-
rem 1.6 we know that the projection @,, : Y — Z; has norm one.

Fact 4.4. Let us consider the C* smooth LUR norm || || on Y. We have that y € Zy if
and only if |- (4) € 2.
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Proof. Note that it is enough to prove the fact for y € 5. (the unit sphere of Y). Let
us then take y € S| satisfying || - ||'(y) € Z§. Since y = 29 + 21 with 20 = Q. (y) € Zo
and z1 € Z1, |20l = |@m()Il < llyll = 1 and 1 = || ["(y)(y) = [| - [I'(y)(20) we get that
llz0]l = 1. We have ||y|| = ||z0]|- If y # 20 then by the strict convexity of the norm and
because @, has norm one,

1 1
lzoll = ||@m (20 + 5 ) || < |70 + 5[ = 1220 + 21l = Slly + 20l < 1 = 1ol

which is a contraction. Therefore y = zg and y € Zj.

For the other implication let us take y € ZoNS). and consider ||-||'(y) = 2* = 25+ 21,
where 2 € 77, i = 0, 1. In particular, 1 = || - |'(y)(y) = % (») < |z6]*llyll = 25|, Here
I - |I* denotes the dual norm on Y* and |z3]|* is the dual norm of z} as an element of
Y*. On the other hand, for every y' = 2, + 21 € ) with 2 € Z;, i = 1,2, it holds
() = % () = 28@u) = (5 + 2D (@) = | ') (@) < Q| = 1
so [lz5]" = 1. Since 1 = z5(y) = 2"(y) = llz6/" = [|z"]" = lly|l and the norm || - || is
Gateaux smooth, we get that z* =25 € Z5. O

Let us show that
dp . -
{(z,y) € Ulag,bo) : a—y(x,y) is not surjective } C Uqqy,p) N (X @ Zo). (4.9)

Indeed, if y ¢ Zy, by Fact 4.4 || - ||"(y) € Z& = Zi, so there is an even integer t > m
and an index i9 € I; such that || - ||'(y)(u;,) # 0. We fix from now on this iy € I
that depends only on y. In particular, for every w € Ya,,+1 there is A, € R such that
I I (y)(w — Awusy) = 0. This way, from (4.8) we get

9p
a_y(x, y)(w - )‘wuio) = T(w - )‘wuio) = T(w)v
because T'(u;,) = 0. It is then clear that (9p/0y)(z,y) is surjective. The inclusion (4.9)
is now proved.

As a conclusion of (4.9), the closed sets of critical points C, and CPp,

Cp:={(z,y) e X ®Y : p'(x,y) is not surjective}

dp
CCPp:={(z,y) e XY : 3y

(x,y) is not surjective}
satisfy that

Utaobo) N Cp C Ulag o) NCPp C X & ((87,Y;) & @ Y))) =X & Zo ¢ {0}.

j odd
j>m
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Observe that X @ Z, and Z; are closed subspaces of X @Y, X @ Z, has C! smooth
partitions of unity and Z; is infinite-dimensional and has a C' smooth norm. Notice
that, by the construction, the spaces X @ Zy and Z; depend on the point (ag, bg). Then
by applying Corollary 2.10, there exists a C'' diffeomorphism

d: X®Y - (XaY)\CP,

limited by the open cover {suppg ¥; };ca where suppy ¢; = {(z,y) e X &Y : ¢;(x,y) >
0}. Define

g=pod.

We now verify that g has no critical points. Observe that for all (z,y) € X @Y we have
that d’(x,y) is an isomorphism and since d(x,y) ¢ CP,, it follows that (9p/dy)(d(z,y))
is a surjective operator from Y onto F, which makes p’(d(x,y)) a surjective operator
from X @Y onto F as well. Therefore for every (z,y) e X ®Y

(pod)(x,y) =p'(d(z,y)) od(x,y)

is a surjective operator.
Finally let us verify that || f(z,y) — g(z,y)|| < e(z,y) for all (z,y) € X @Y. Indeed,
for every (z,y) € X @Y, using (4.4), (4.7) and that d is limited by the open cover

{suppg ¥i }iea,

I1f(z,y) — gz, y)|| < 1f(2,y) = fld(@, )]l + 1 f(d(z,y)) — p(d(z,y))]l
<e(z,y)/4+eld(z,y))/2
<e(w,y).

The proof of Theorem 1.6 is now complete.

Now let us briefly mention how to modify the proof of Theorem 1.6 to obtain the
proof of Proposition 1.7.

Proof of Proposition 1.7. Note that taking co(I') = Y in the above proof and using a
norm || - || in ¢o(T") that is C*° smooth and locally depends on finitely many coordinates,
we define the mapping u : X @ ¢o(I') = (A UT) by u(z,y) = (u(x),y) for every
(z,y) € X ® ("), being u : X — ¢p(A) a homeomorphic embedding of X into cy(A)
with C* smooth coordinate functions. Then u is a homeomorphic embedding with C*
smooth coordinate functions satisfying that each coordinate function locally depends on
2z € X and a finite number of ‘coordinates’ of y, so by Lemma 2.7 the space X @ ¢o(T")
admits C*¥ smooth partitions of unity satisfying the same local property. Thus following
the above proof, we define p in such a way that for any (ag,by) € X @ ¢o(T") there is a
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bounded neighbourhood U, 4, of (ao, bo) and there is a set of indexes {ni, - ,ng} C 1,
depending on (ag, by), such that for all (z,y) € Uq,,»,) the expression (4.8) of the partial
derivative of p is

k
g—§($,y) = T+jzlzj(x,y)e;j, (4.10)
for some vectors z;(z,y) € F. In this case, the use of deleting diffeomorphisms in the last
step of the above proof is not required. Indeed, by the definition of T' from (4.5), which
required a decomposition of co(T') = @,y Yn With {e, €2 }rer C U, en(Yn x Y,)), and
calling I, = {y € T : e, € Y,,} we have that taking m € N so that {ni,...,n;} C
IL1U---Ul,, then

p
a_y (:L‘, y) |Y2m+1 = T|Y2m+1 .

This yields that (9p/0y)(x,y) is surjective. Notice that, as in the proof of Theorem 1.1,
the closed subspaces Y, can be considered to be Y,, = ¢o(T'y,), where I' = U, I',, with
Il = |T'| and T',, Ny, = O for m # n. Therefore, using (4.7) and letting g = p the proof
of Proposition 1.7 is finished with no use of deleting diffeomorphisms.

Proof of Theorem 1.5 (Y is reflexive). As in the non reflexive case, let us consider the
closed sets Cp, and CP,,

Cp:={(z,y) e X®Y : p'(x,y) is not surjective }

CCPy={(z,y) eXPY: g—p(x,y) is not surjective}.
Y

Let us prove first that
Utag,bo) NCPp C Ulag,be) N {(x,y) eEXY: |- |(y) e ZS} (4.11)
~ Ui N { () € X0V |-10) € 25051}
~ Uiy N { (o) € X0V 5 21 < Ker(l- 1)

where here || - || denotes the C* smooth LUR norm on Y. The last two equalities are
clear. For the first inclusion we have that whenever | - ||'(y) ¢ Z5 = Zi-, there is an
even integer ¢ > m and an index ig € Iy with || - ||'(y)(u;,) # 0. In particular for every
w € Yo, 41 there is A, € R such that || - ||'(y)(w — Awui,) = 0, so from (4.8) we get

Ip

a_y(xvy)(w - )‘wuio) = T(w - )‘wuio) = T(w)v
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because T'(u;,) = 0. Thus (9p/dy)(z,y) is a surjective operator from Y onto F.
For the following lemma it is a key point the reflexivity of Y.

Lemma 4.5. Let us consider the C* smooth LUR norm ||-|| on the reflevive Banach space
Y. The set {y € Y : ||-|'(y) € Z} is contained in the graph of a continuous function
n: Zo — 4.

Proof. The following argument is almost identical to that of [5, Claim 3.7]; we reproduce
it for completeness and for the readers’ convenience.
Definition of n: Pick a point w € Zy. Note that the function Z; 3 v — &,(v) =

|w + v||? is convex and continuous, and satisfies lim &, (v) = oo, hence, since Z; is
vl =00

reflexive, &, attains a minimum at some point v,, € Z7; in fact this minimum point v,
is unique because the norm || - || is strictly convex. Let us denote

n(w) := vy
and let us prove that
{yeY: Zy CKer(||- ()} € G(n) = {(w,n(w)) : w € Z1}.

Take a point w+v € {y € Y : Z1 C Ker(]|-|'(y))}, with w € Z; and v € Zy. In particular
w+v # 0 and

II- I (w+v)(e) = 0 for every e € Z;.

But this means that v is a critical point for the function &, : Z; — R, therefore v = n(w)
by definition of 7.

Continuity of n: Now let us see that the function n : Zy — Z; is continuous. Suppose
7 is discontinuous at wgy and let vy := n(wp). Then there exist a sequence {w;}; with
lim; w; = wy in Zy, a sequence v; := n(w;) in Z; and a number g > 0 so that

|lv; — vol| > €o for all 4 € N. (4.12)

From the previous argument we know that the points v;,vg € Z; are characterized as
being the unique points in Z; for which we have

lw; +v;|| < Jwi +v; + e for all e € Zy, (4.13)
|lwo + vol| < |lwo + vo + €| for all e € Z;. (4.14)
By taking e = —wv; in (4.13) we learn that |lv;|| — [Jwi]| < |lwi + vi]| < |Jwi||, hence

||vs|l < 2[jw;||, and because {||w;||}; converges to ||wg| we deduce that {v;}; is bounded.
Since Z; is reflexive, this implies that {v;}; has a subsequence that weakly converges to
a point v}, € Z;. We keep denoting this subsequence by {v;};.
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Now, if we take e = —v; + €’ in (4.13), with e’ € Z;, we obtain
|lwi +v;]| < |lw; + €| for all &' € Z;.

This implies (using the facts that {v;}; weakly converges to v(, {w;}; converges in norm
to wg, and the weak lower semicontinuity of the norm) that

lwo + vp|| < liminf |jw; + v;|| < limsup ||w; + v |
11— 00 y

1— 00
< limsup ||w; + €'|| = ||wo + €'|| for all €’ € Z;. (4.15)
i—»00
That is, we have shown that
lwo + vg|| < [Jwo + €']| for all ' € Z. (4.16)

By taking ¢’ = v{ + & with £ € Z; we conclude that
llwo + vo || < JJwo + vf + £]| for all € € Z;.

According to (4.14), vg is the only point which can satisfy this inequality. Hence v, = vy.

But (4.15) tells us even more: by taking e’ = v}, we also learn that lim; ||w; 4+ v;|| =
[lwo + vg||. Since we also know that {w; + v;}; weakly converges to wg + v} and the
norm || - || is LUR (hence || - || has the Kadec-Klee property), this implies that {w; +v;};
converges to wo+v, = wo+vp in the norm topology as well. As we also have Zliglo w; = Wo
in the norm topology, we deduce that llgrolo |lvi — vo|| = 0, which contradicts (4.12) and

complete the proof of Lemma 4.5. O
As a consequence of (4.11) and Lemma 4.5 we have that
Ulag,be) NCPp C X x {y = (20,21) € Zo ® Z1: 21 = n(20)}

for some continuous function 7 (depending on (ag, bg)). In particular, the function 7 :
X ® Zy — Z; defined by 7j(z, z9) = n(z0) is continuous and we have

U(ao,bo) ne, C U(ao,bo) NncP, C {(1‘,20,21) eEXPZLyPZy: 21 = ﬁ(:c,zo)}

Observe that X @ Z, and Z; are closed subspaces of X @Y, X @ Z, has C! smooth
partitions of unity and Z; is infinite-dimensional and has a C' smooth norm. Notice
that, by the construction, the spaces X @ Zy and Z; depend on the point (ag, bp).

The last step is to compose p with a deleting diffeomorphism d defined as in the non
reflexive case (Theorem 1.6) and check that we still keep the uniform control on the
approximation. By using Theorem 2.9 we define a C* diffeomorphism d : X @ Y —
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(X ®Y)\ CP, limited by the open cover {supp,v;}ica, where suppy¢; = {(z,y) €
X @Y : ¢;(x,y) > 0}. Define

g=pod.

We now verify that g has no critical points. Observe that for all (z,y) € X®Y we have
that d’(x,y) is an isomorphism and since d(x,y) ¢ CP,, it follows that (9p/0y)(d(x,y))
is a surjective operator from Y onto F', which makes p’(d(z,y)) a surjective operator
from X @Y onto F as well. Therefore for every (z,y) e X Y

(pod)(x,y) =p'(d(z,y)) od(x,y)

is a surjective operator from X &Y onto F.
Finally let us check that ||f(z,y) — g(z,v)|| < e(z,y) for all (z,y) € X @Y. Indeed,
for every (z,y) € X @Y, using (4.4), (4.7) and the fact that d is limited by the open

cover {suppg ¥ tiea,

I f(z,y) = glz,y) | < |If(x,y) = fld(z, )|l + 1 f(d(x,y)) — p(d(x, )|
<e(z,y)/4 +e(d(z,y))/2
<e(z,y).

The proof of Theorem 1.5 is now complete. O

5. Results for a finite dimensional target space

As mentioned in the Introduction, before proving the results on approximations by
C* smooth functions with no critical points in the case of a finite dimensional target
space F' in Section 5.2, we will show the renorming results stated in Proposition 1.12
and Corollary 1.14 in Section 5.1.

5.1. Residuality of certain norms in Banach spaces

Let us denote by (Ny, p) the metric space of all norms on the Banach space Y which
are equivalent to the given norm || - || on Y, endowed with the metric defined for p,q €

(NY7p) by

p(p,q) = sup{|p(z) — q(z)| : = € By} (5.1)

The set Ay is an open subset in the space (Qy,p) of all continuous seminorms on Y
with the metric defined for p, ¢ € Qy by the same expression (5.1). It is well known that
(Qy, p) is a complete metric space and thus (Ny, p) is a Baire space (i.e. the intersection
of countably many open dense subsets of Ny is dense in Ny ). Analogously, (N, p*)
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denotes the metric space of all dual norms on Y* which are equivalent to || - [|* (the dual
norm of || - ||) with the metric p* for p*, ¢* € N defined by

P (P, q") = sup{|p"(z") — ¢" («")| : =" € By} (5.2)
Also, it is well known that the mapping
@ (Ny,p) = (NY-,p"), @(p) =07, (5.3)

where p* is the dual norm from p is an homeomorphism of (Ny, p) onto (N5, p*). So
(N3, p*) is a Baire space as well. See [20] and [17] for more details about the above
facts.

Recall that a subset A of a metric space M is called Gy if it is a countable intersection
of open sets, and it is called K, if it is a countable union of compact sets. Additionally,
A is called residual if A contains a G5 dense subset of M. A subset C' of a Banach space
Y is called a cone if Az € C for all A > 0 whenever z € C. For a set V in a Banach space
Y, cone(V) denotes the cone generated by V, that is cone(V) = {Az : x € V, A > 0}.
For a norm p € Ny, we denote by NA,, the set of elements z* € Y* such that z* attains
its p*-norm, that is, there is x € S, = {x € Y : p(z) = 1} satisfying p*(z*) = z* ().

Proof of Proposition 1.12. Step 1. Firstly, let us prove that for any compact set W C
S|+, the set of norms p € Ny such that its dual norm p* is Fréchet differentiable at the
points of W is residual in (Ny, p). Let us consider, for every n € N, the sets F,, C Ny
of dual norms p* € N such that there is § > 0 satisfying

S|

* (% * *(e* — h*) — 2% (2*
R 45 1) 7

T Rt e Y ||hH|F <6 a:*eW} <

Because of the convexity of p*, if 0 < |t| <1

P ) 4t (@t~ th) = 2p(a") _ p () (= ) — 2 ()
[t - T |

so F, is the set of dual norms p* € N5, such that there is 6 € (0, 1) satisfying

sup{p (2 + *) +p*(a* = h*) = 2p"(a")

T chTeY™ |Wr=0;2" € W} <

1
n
Clearly if p* € N, F,, then p* is Fréchet differentiable at each point z* € W and by
homogeneity of the norm at each point of cone(WW) \ {0}. It remains to check that F, is
open and dense in (P*, p*).
(i) Fr is open. Let us consider p* € F,,, § € (0,1) and m € N satisfying that

Sup{p (z* +h*) +p*(z* = h*) — 2p* (z¥)

chTeY  |WF=6; 2t e W}
[
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1 1
n m

Now, if ¢* € N5 satisfies p*(¢*,p*) < 2= then for every 2* € W and [|h*|* = §
we have that ||z* + h*||* < 2 and, by (5.2), |(¢* — p*)(a* £ h*)| < 2p*(¢*,p*) and

(" —p*)(@*)] < p*(¢*,p") so

0@+ )+ g = )~ 27 ()

HE =
pr(z* +h*) +p*(@* — h*) — 2p*(2¥)
- ||
L@ =)@t R+ (7 - p) (et = BT - 200" = pT)(et)
[[h* -
R (¢*,p*) +2p*(¢*,p*) + 2p* (¢*,p")
—n m 1)
L1 1, 6 1 1 1
n m 12mé n 2m n

We have then proved that B(p*, %), the closed ball of center p* and radius % in
(N5, p*), is contained in F,,.

(ii) F, is dense in (N5, p*). Indeed, we will directly prove that N, F, is dense. The
proof follows some ideas of [22] and [14]. Let us consider p* € N5 and € € (0,1).

Denote by By« and Sp- the closed unit ball and unit sphere respectively of Y* for the
norm p*. Let us keep using standard notation: denote by p the predual norm of p* on
Y, and let B, and S}, stand for the closed unit ball and unit sphere respectively of Y’
for the norm p. Let us denote V := cone(W). For every z* € S,- NV, we select x € S,
which we shall denote by 1 (z*), such that 2*(¢)(z*)) > 1 — §. Let us consider the slices

of Bp-,
S(Bye, tb(a7), g) = {y" € By : y"(¥(a")) > 1 — %}, for all 2 € S, N V.
Now, the union of the slices

U S(Bp*,w(x*)»%)

z* €S« NV

is a relatively open set in Bp+ and a covering of the compact set S« NV (notice that
Sp+ NV is homeomorphic to W because p* and || - ||* are equivalent), so there is a finite

family {S(B,-.1b(a}), 5)}f, such that

I

m . E
Sp- NV C | S(Bye, (), 5).
k=1
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We may assume without loss of generality that the set {¢(z})}, is symmetric (other-
wise we consider the union of slices (Uj, S(By-, 1 (x}), 5)) U (UL, S(Byp+, =9 (x3), 5)))-
Thus, the set

€
By- By~ Y*:a* (W) <1-— =
¢ \(Us By blai).5) ) = ﬂ(ﬂ{ze (i) <1-5})
is bounded, weak™* closed, symmetric and
€
(1- E)Bp* C C C Bp-

So C' is the unit ball of a dual equivalent norm on Y* (see [17, Fact 5.4]).
Now, let us consider

a(z®) = max{z*(Y(z})) : k=1,...,m} =max{|z*(W(z}))|: k=1,...,m} =
= [l (1)), - s 2" (P(27))) oo, for all 2™ € Y, (5.4)

where || - ||oo is the infinity norm in R™ (the second identity in (5.4) is due to the fact
that the set {¢(z})}7, is symmetric). Since || - ||oc may be approximated uniformly
on bounded sets of R™ by the C* norms || - ||s with s even integer for s — oo, being
wlls = O, Jwil*)Y* for w = (wy, -+ ,wy,) € R™, we may select an even integer s
large enough so that

0 <Jwlls = [Jw|loo < E, whenever w € R™ and ||w]|eo < 2. (5.5)

[\

Let us define
Ba”) = =" (1)), .. 2™ ()]s, for 2" € Y™

and

B:Bp*ﬂ{w*eY*:ﬁ(x*)gl—%}. (5.6)
The set B is bounded, weak* closed and symmetric. Moreover,

(1—-¢)By- C B C Byp-. (5.7)

Indeed, if 2* € (1 — )Bp- then |z*(¢(z}))| < (1 —¢) for all k = 1,...,m, so by (5.5),
we have f(z*) = a(z*) + (B(z*) — a(2z*)) < (1 —¢) + § = 1 — 5. Therefore, B is the

unit ball of a dual equivalent norm, which we shall denote by ¢*, defined on Y* (see [17,
Fact 5.4]). In fact, from (5.6) we have

¢*(z*) = max {p*(z*), (1 - %)_lﬁ(x*)}, for z* € Y.
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Our candidate for approximating p* in (N5, p*) is the norm ¢*. We now prove that
q¢* € NpF,. The norm ¢* is Fréchet differentiable at every point z* € Sp- NV (and
thus, by homogeneity of the norm, at every point of V' \ {0}). This is a consequence of
the fact that for every z* € S,- NV there is an open neighbourhood U, of x* where
the norm ¢* satisfies ¢*(y*) = (1 — 5)"'B(y*) > p*(y*) for all y* € U,+. Let us check
this assertion: if z* € Sp- NV there is k& € {1,...,m} such that 2* € S(B,-,(x}), 5)
and thus z*(¢(2})) > 1 — §. Therefore, f(z*) > a(z*) > 1 — 5 and (1 - 5)7'8(z*) >
1 = p*(z*). By continuity there is an open neighbourhood U,~ of z* in Y* satisfying
(1—=5)'B(y*) > p*(y*) > 0 for all y* € Uy~. So ¢*(y*) = (1 — 5)"'B(y*) > 0 for all
y* € U,~. Since f is Fréchet differentiable at the points y* € Y* such that 8(y*) > 0,
we get that ¢* is Fréchet differentiable at every point of Ux.

Since norms are positively homogeneous, the fact that ¢* is Fréchet differentiable on
Sp+ NV implies that it is so in V' \ {0} and therefore on the compact set W. Now,
by standard arguments it can be checked that the Fréchet differentiability of ¢* on the

compact set W yields

lim sup G MG ) q(x):h*EY*7 |h*||* =6; ¥ e W =0,
50 (1|

(5.8)
which is equivalent to the uniform Fréchet differentiability of ¢* on W. Now, (5.8) implies
that ¢* € N, F,. Moreover, because of (5.7) we have that

p(z*) < g*(z*) < —sp*(x*), for all z* € Y.

Thus

€ * (% € *
pr(z*) < 1—Kp, for all x* € By -,

0<q"(z") —p"(a") < —

~1l—¢

being K, = sup{p*(z*) : * € By }. Since ¢ varies over (0,1) we get that p* can be
approximated in (N., p*) by norms in N, F,. Since p* € N5 . is arbitrary we get the
denseness of N, F, in (N5, p*). If we combine (i) and (ii) we obtain the residuality in
(Ny:s, p*) of the set of dual norms which are Fréchet differentiable at the points of W
(and, by the homogeneity of the norm, at the points of V' \ {0}). Now, because of the
homeomorphism (5.3) we get that the set of norms in Ny whose dual norms are Fréchet
differentiable at the points of V' \ {0} is residual in (Ny, p).

Step 2. Now, if W is a K, subset of S|, then W = U, W, where each W, is a
compact set of S).|-. We apply Step 1 to every compact subset W,, to get the residuality
in (NVy, p) of the set of norms whose dual norms are Fréchet differentiable at the points
of cone(W,,) \ {0}. Hence, because (Ny,p) is a Baire space, we get the residuality in
(Ny, p) of the set of norms whose dual norms are Fréchet differentiable at the points of
cone(W) \ {0}.
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Finally, let us check the assertion related to the norm attaining set NA,. It is well
known that if a dual norm p* is Fréchet differentiable at a point z* € Y* \ {0}, then in
particular, z* attains its p*-norm. Let us prove it here for the sake of completeness. We
may assume that p*(z*) = 1 and let us take 2™ € Y** such that (p*)’(z*) = ** and in
particular z**(z*) = 1 = p**(2**) (by a standard notation, p** is the dual norm of p*).
Also, let us take a sequence {z,}, C Y with p(x,) = 1 for all n, being p the predual
norm of p*, and lim,, *(x,,) = 1. Since p* is Fréchet differentiable at 2*, by the Smulyan
Lemma, lim,, p** (2, —z**) = 0. Since p** and ||-||** are equivalent, lim,, ||z, —2**||** = 0
and z** € Y, so 2 attains its p*-norm at 2** €Y. 0O

The next corollary is a consequence of Proposition 1.12 and the well-known theorem
of Fabian, Zajicek and Zizler [20] (see also [17, Page 53|) stating that the set of LUR
norms (LUR dual norms) in a Banach space Y (Y*) is empty or residual in (Ny, p)
(N5, p*), respectively).

Corollary 1.14. Let Y be a Banach space with a LUR norm || - || whose dual norm || -||* is
LUR. Let W C S« be a K, subset. Then the set of norms p € Ny such that both p and
its dual norm p* are LUR and p* is Fréchet differentiable at the points of cone(W)\ {0}
is residual in (Ny,p). In particular, the set of norms p € Ny such that both p and its
dual norm p* are LUR and cone(W) C NA,, is residual in (Ny, p).

In Section 5.2, we will need the following property of the duality mapping || - ||’ :
S| = S).ji+» whenever we work with a Banach space Y with C*' norm | - ||. Note that
|| - [|* being LUR implies the C* smoothness of || - || ([18, Page 344]).

Claim 5.1. Let Y be a Banach space with a LUR norm | - || whose dual norm || - ||* is
LUR. Then the duality mapping || - ||" - S = Sy.j= "NA || is a homeomorphism, where
NA| . is the set of norm attaining functionals of Y*.

Proof. Firstly, the function || -[|" : Sy.| — S).+ is one-to-one because of the rotundity of
the norm || - || and || - ||" is continuous because of the C'' smoothness of the norm || - ||.

If Y is reflexive then NA); = Y™* and | - || is surjective. The continuity of the inverse
function is a consequence of the C! smoothness property of the dual norm || - ||*.

If Y is not reflexive, then NA|.; # Y™*. So || - | : S = S is not surjective. Thus,
we should consider the bijection || - ||" : S} = 5.+ "NA|. In this case the dual norm
|| - I* is Fréchet differentiable at every point of the set NA . \{0}. Indeed, recall that a
dual norm | - ||* is Fréchet differentiable at a point z* € S|~ if and only if 2* strongly
exposes By (at some point x € S.) [18, Corollary 7.21]. Now, if 2* attains its norm
(at some point = € Sj.|), it is straightforward to verify that the LUR condition of the
norm || - || (at the point z) yields lim. o diam(S(By.,z*,¢)) = 0, that is 2* strongly
exposes B (at x). So || - ||* is Fréchet differentiable at x* (with (|| - [|*)'(z*) = x) and
thus the subdifferential 9| - ||* = S« — 2511 is || - || — || - [|** upper semicontinuous at
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x* and, in particular, the restriction 9| - H*|SH e ONA e 2 S|s ONA = = Sy, which is
univaluated, is || - [|* — || - || continuous at z* (see [35, Corollary 2.6 and Proposition 2.8]).
Notice that this restriction is the inverse of || - ||” : S — S)» "NA| -, so the claim is

I

proved. O

Remark 5.2. Notice that the conclusion of Claim 5.1 also holds under the weaker condi-
tions that the norm || -|| on Y is LUR and C! smooth since the proof given above is also
valid for this case.

5.2. Approximation for the case of a finite dimensional target space

Firstly, we note that our proof below will show that, for the case k¥ = 1, we can
take the space Y to just be Asplund and WCG because then Y has automatically a C*
smooth and LUR norm [17].

First of all, let us see how Theorem 1.8 yields Corollary 1.9 and Corollary 1.10.

Proof of Corollary 1.9. Since F = X @Y for some closed subspace X and the property
of having C!-partitions of unity is hereditary, X and Y have C'-partitions of unity as
well. In particular Y is a separable infinite dimensional Asplund space (see [17, Page 58]).
Thus Y has a C! smooth and LUR norm and Theorem 1.8 appliesto X @Y. O

Proof of Corollary 1.10. The assumptions given in the statement of Corollary 1.10 for
k = 1 state that Y is a WCG Banach space. This yields that Y has the 1-Separable
Complementation Property (1-SCP, for short), that is every closed separable subspace
of Y is contained in a closed separable and 1-complemented subspace of Y (see [27,
Theorem 3.42 and Proposition 3.43, pages. 105-106]; here we are using that a WCG
Banach space is WLD, that is, Weakly Lindelof Determined). In particular, there is
a separable infinite dimensional closed and complemented subspace Z; of Y. Thus Y
can be decomposed into a direct sum of the form Y = Zy & Z; for a suitable closed
subspace Zy of Y. Now, since Y has a C'! smooth norm, it is Asplund. Recall that being
Asplund WCG is an hereditary property (see [17, Corollary VI.4.4], where we are using
that a WCG Banach space is WCD, that is, Weakly Countably Determined, which is
an hereditary property too). In particular, Zj is Asplund and WCG as well. Since Zj is
WCG and has a C'*! smooth norm, by [17 Theorem VIII.3.2] Zy has C'! smooth partitions
of unity. Therefore, the Banach space X=Xa Zo has C' smooth partitions of unity.
So we can apply Theorem 1.8 to the direct sum X & Y where Y = Z; is a separable
space with a C'! smooth and LUR norm.

Now, the assumptions given in the statement of Corollary 1.10 for £ > 1 imply that
Y is a suppereflexive space as it was mentioned in the introduction (see [19] or [17,
Chapter V, Proposition 1.3]). So in particular Y is an Asplund WCG Banach space.
Following the reasoning of case k = 1 we can decompose Y into Y = Zy ® Z;, where Z
is a superreflexive Banach space and has a C* smooth norm (thus Zy has C* smooth
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partitions of unity) and Z; is a separable and superreflexive Banach space with a C*
smooth and LUR norm. Again, we can apply Theorem 1.8 to the direct sum X & SN/',
where X = X & Zp has C* smooth partition of unity and Y = Z1 is a separable Banach
space with a C* smooth and LUR norm. O

Proof of Theorem 1.8. Since we are assuming that Y is a separable Banach space with a
C* smooth norm, in particular Y is a separable Asplund space so Y admits a shrinking
M-basis {u;,uf}ien CY x Y™ (see, for example, [27, Theorem 6.3]). We may assume
without loss of generality that ||u}|| = 1 for all 4 € N. In addition, let us choose any

*

sequence of normalized vectors {v} : i € N} C Y* such that {v}, u]

4 € N} are linearly
independent.

Next, we will renorm Y for the case £k = 1 and Y non reflexive: since Y is a separable
Asplund space, Y has an equivalent LUR norm whose dual norm is LUR (see, for exam-
ple, [17]). Thus, we may assume, by applying Corollary 1.14 and renorming Y, that the
initial norm || - || on Y is LUR, its dual norm || - ||* is LUR (thus || - || is C! smooth) and
the norm || - ||* is Fréchet differentiable at the non zero points of the space

V =span({v; : i € N}U{u] : i € N}),

and thus V' C NA|.| (where NA|.; is the set of norm attaining functionals of Y* for the
norm || - [|). Notice that we apply Corollary 1.14 to W =V N S}« because W can be
written as the union W = Up,enW,,, where W), = span({v;, uf : ¢ = 1,...,n}) NS~
is a compact set for every n, thus W C S| is a K, subset and cone(W) = V. For the
remaining cases it is not necessary to renorm Y.

Now, we can apply Lemma 4.1 and Lemma 4.3 to obtain Si-partitions of unity on
X @Y, where the family Sy, is given in Definition 4.2, that is, Sy is the family of functions

P X dY — R satisfying:

(i) ¥ € C*(X @ Y,R).
(i) ¢ is locally of the form (z,y) = @(z, or, ([yll),- - -\ or,. (1Y) wi, (¥), - - uf (v)

for certain indexes i1,...,in € I, k1,...,kn € N and certain C* smooth function
p € C*(X @ R™™). Here {¢,}, denotes the family of C°° functions defined in
Lemma 4.1.

(iii) If ¥ € C*°(R™) and ¥4, ...,¢, € Sk, then ¥(¢q,...,¢,) € Sk.

In order to clarify the ideas, let us split the proof into two steps: the real-valued case
and the general finite dimensional case.

Step 1. The real-valued case. Let us consider a continuous function f: X &Y — R
and a continuous function € : X @Y — (0, 00). Let us consider in X ®Y an open covering
of the form {U; := éx(xi,ri) X éy(yi, ;) }iea (with éx(xi,ri) C X the open ball in X
centered at x; and radius r; > 0 and éy(yi,ri) C Y the open ball in Y centered at y;
and radius r; > 0 for all ¢ € A) such that
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f(z,y) — Fa' 9] < 5(91’ Y forall (z,y), ('y) €Uy and i € A, (5.9)
le(z,y) —e(2’,y)| < 6(x8’ y) for all (z,y), (2'y") € U; and i € A,
and r; < % for every i € A.

Then, there exists a partition of unity {;};ea C Sk satisfying supp, ¢; C U; for all
i € A. Let us define the function

p(z,y) = Z(f(l’i, yi) + iy —vi)) vi(w,y), forall (z,y) e X Y. (5.10)
i€A

A simple calculation shows that

p(@,y) = f@ ) <D (1 f(@ny) = fl@ )]+ iy — o)) dil,y)  (5.11)
i€A
i€A
<Y (e, y) A+ e(wiy:)/8) ()
i€A
i€A
Since the sum over all i € A in (5.10) is locally finite and each ;(x, y) locally depends
on z, on wi(|ly|]) for finitely many indexes k and on the ‘coordinates’ uj(y) of y € Y
for finitely many indexes j, for every (ag,by) € X @Y there is an open and bounded

neighbourhood U(q, 5,) and two finite number of indexes A(ag,bo) C A, I(ag,bo) C N,
depending on (ag, bg), such that

pay) = 3 (Fny) +vily — ) vila,y),  for (@,9) € Uinn)

1€A(ao,bo)
and
dp o,
8_($7y) = Z Yi(w,y) vy + Z f(@i, vi) + 01 (y — vi) a—(mvy)
Yy i€A(ag,bo) i€A(ao,bo) Y

v S (Flesw) + il =) G for (5,0) € Uiy

zEA(ao,bo)

Let us call for every (z,y) € Uag,bo)

Moa) = Y (o) + ol - ) G o) =

1€A(ao,bo)
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=z -+ Y. wilmy) ] € span({]l - '(y), ] : j € I(ao, bo)}),
j€I(ao,bo)

where z(z,y), wj(z,y) € R for all (z,y) € Uy and all j € I(ag,by) and we may
assume that z(x,0) = 0 for (z,0) € Uyy,,p,)- The latter fact is explained because the
functions ¢, (t) are zero locally around ¢ = 0. In particular, for every ¢ € S we have
%(x, 0) € span{u} : i € N}. Now we consider the following cases:

* If (z,y) € Ulag,by) and z(z,y) = 0, then

0 " " *
8—§(x,y)=vl+k(x,y)=v1+ > wimy)ul £0

j€I(ao,bo)

because {vf, u} : j € N} are linearly independent.

0
* If (z,9) € Ulag,by), 2(x,y) # 0 and oL

dy (z,y) =0, then

SO
I - 1I'(y) € span({v}, uj : j € I(ao,bo)}) N Sy« == K.

Notice that K is compact and K C ). - NN A).| because of the properties of the norm
considered in Y. Recall that, by Claim 5.1 and Remark 5.2, || - ||" : Sy — S N NA,
is a homeomorphism. So the set (|| - ||') (K is compact, where we denote by (|| - ||")~*
the inverse function of || - || : S} = ).+ N NA).. Also,

=l (17 (-t ) ) el (-1 )

z:y) J€I(a0,bo)
(5.12)

Call A:= (|| -|I')~" (k) and

A= U MA.

A>0

Next we will show that A’ C Y is the graph of a continuous function 7 : Yy — Y7 where
Yy, Y1 are closed subspaces of Y, Y, has finite dimension, Y7 has infinite dimension and
Yo ® Y7 =Y. Therefore by (5.12) we would get that

0
{yeY:(a,y) € Ulao,bo) and a_];(xay) =0}
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C{yGY (7,y) € Uag,by) and Ty ” }
C{yeY :(2,y) € Upqyp, and y € A’}
is contained in the graph of 7.
Define Y7 = span({v{,u} : j € I(ao,bo)})1, that is the annihilator of span({v],u} :
j € I(ag,bo)}) in Y. Since the dimension of span({vy,u} : j € I(ao,bo)}) is finite, we
have that the codimension of Y7 is finite so there is a subspace Yy C Y of finite dimension

such that Y = Y, @ Y;. Then, we can identify Y* = Y§ @ Y* = Y- @ Y5+ with Yy = Y+
and

Yo =Y = ((span({vf,uj : j € I(ao,b0)})) 1 )" = span({vf,u} : j € I(ag, bo)})-
Define the canonical projections
Y =Yy®YT =Y, asm(y=yo+y1) =y; wherey €Y, y; €Y; for i =0, 1.
Let us consider the restriction
(-1 Nk : K = NN NY;: - AcC S|l
and the composition
moo (- 1Nk : K = Yo
Lemma 5.3. Under the previous assumptions:
(i) moo (|- )Yk is one-to-one;

)
(ii) thus mola : A = Yy is one-to-one;
(iii) mo(A) C Yy is closed;
)
)
) A

=}

(iv) (mola)~t:mo(A) — A is continuous;

(v

(vi

thus w1 o (mola) ™t : mo(A) C Yo — Y7 is continuous;
is the graph of a continuous function, that is

A = {(yo,m 0 (m0|a) " (50)) : wo € mo(A)}.

Proof. (i) Let us take y*,z* € K andy = (|- |")"*(y*) € 4, 2 = (|| - |") "1 (¢*) € A, such
that mo o (|| - |) " (y*) = 7o o (|| - ||)~(2*) and thus 7o (y) = mo(2). Now, if y = yo + y1
and z = zg + 21 with yo, 20 € Yo and y1, 21 € Y7, we have that mo(y) = yo = 20 = mo(2).
Since y* = || - ||'(y), 2* = || - |I'(z) and z* € Y-, we have

1=y"(y) and 1 =2"(2) = 2"(20) = 2" (y0) = 2" (o + 1) = 2" ().



42 D. Azagra et al. / Journal of Functional Analysis 287 (2024) 110488

Since the norm || - || is Gateaux differentiable at y, we get that y* = z* and thus
moo (|| - I') 7Yk is one-to-one.

ii) Assertion (i) yields mg|4 : A — Yj is one-to-one.

(
(iii) Since mp : Y — Y} is continuous and A is compact we have that mo(A) is compact
(thus closed) in Yp.

(iv) Since mo|a : A — mo(A) is a continuous bijection between the compact (Hausdorff)
sets A and mp(A), we have that mo|4 is a homeomorphism between A and mo(A), so

(mola)™t : mo(A) — A is continuous.

(v) Now, it is enough to compose (mg|4)~! with the (continuous) canonical projection
71 from Y onto Y7 to get the continuity of 71 o (m|a) ™! : mo(A) C Yo — V7.

(vi) Finally, we can write A as the graph of the continuous function 1 o (mg|4) ™! defined
in the closed subset m(A) of Yy with values in Y7:

A= {(yo,m 0 (m0l4) " (%0)) : yo € mo(A)}. O

In fact, the previous function 7y 0(mp|a) ™! : mo(A) — Y7 can be extended continuously
to Yy by defining

n:Yy =Yy, n(Ayo):= Ao (mola) H(yo) for every A >0 and yo € mo(A).
* The function n is well defined:

* First, suppose that Ayg = Ny € Y with A\, A’ > 0 and yo, y{, € mo(A4). Notice that
0 ¢ mo(A) because for every yo € mo(A) there is y* € K such that y*(yo) = 1. Thus,
if A =0 then A =0 and n(Ayo) = n(Nyj) = 0. If X # 0, then yo = )‘T,y{) Since there
are y* € K C Y- and ¢/ =y} + v € A (with ¢} € Y}) satisfying

. % X, N
L=y"(yo) = Sy “(yo) = <Y () < T

we get that A < A. Replacing yo by y( in the preceding argument we get A < A and
thus yo = v so n(Ayo) = n(Nyp).

* The function n is defined in the entire space Yy. In order to prove this, let us check
that for every zo € Yy \ {0} there is Ay > 0 such that /Z\—‘; € mo(A). Indeed, since the
set K is symmetric and compact, sup{z*(zg) : z* € K} is attained at some point
y* € K and satisfies sup{z*(z9) : z* € K} = y*(20) > 0 so sup{z*(yf&o)) HFANS

K} = y*( *(20)) = 1. On the one hand, there is y = yo +y1 € A (With Yy €Y,
i = 0,1) such that (|| - ||')”1(y*) = y. Thus, the points yo and e
as functionals (i.e. as elements of Y**) and restricted to Y- verify that Yoly,+ and
y*z(—goﬂyf are supporting functionals of B~ N Yt at the point y* with

) considered
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2"(yo) < 1=y"(yo) and z"(— ) < 1=y"(— ) forall 2* € K.
y*(20) y*(20)
Since the norm |- [|*|y+ is Gateaux differentiable at y* we have necessarily yoly+ =

%hfﬁ- Since yo and ﬁ are points in Yy we have that yoly. = yf(—UZO)\YOL =0
and thus yo = ;7% because Y* = Yt @ Yit and 2% (yo) = z*(y*z(go)) for all z* € Y™*.
So for Ag = y*(z0) > 0, we have 52 = yo € mo(A).

* The function ) is continuous: Assume that A,y I Ayo with A, \,, > 0 for all
n and Yo, Yo, € To(A). Notice that for every zy € mo(A) there is z* € K such that
2*(20) = 1 so ||z0|| > 1. Also, mo(A) and 71(A) are bounded sets because A is bounded
and mo and m; are linear and continuous operators. Now, if A = 0 then {A\,yo.n}n 20
and |[A,| < ”/\nyO,nH — 0 so n(/\nyO,n> = )‘nn(yO,n> 0= An(yo) (because {ﬁ(yO,n)}n
is bounded) and 7 is continuous at 0. Next, if A > 0, we may assume without loss of
generality that A\, > 0 for all n. Since )\T"yOm 25 90, in order to prove the continuity
of  at Ay it is enough to prove that )‘7" 25 1 and thus Yo,n % 4. This together
with the continuity of 7 o (mg|la)™! at yo € mo(A) and the definition of 7 will provide
N(Ano.n) = Aan(Yon) — M(yo) = n(Ayo) and the continuity of 7 at Ayo. Let us denote
)‘T” = t,, for all n. Let us take y, y € K such that y*(yo) = 1, ¥} (yo,n) = 1 for all n.
Also, let us take y1, y1,, € Y1 such that yo +y1 € A and yo.1 + y1,n € A. On the one
hand,

tn =tnyn (Yo.n) — Yn(¥o) + yn(yo)
=y (tnYo.n — Y0) + yn(Wo + 1) < tnYo,n — voll + 1

so lim sup,, t, < 1. On the other hand,
tn 2ty (Yo + Y1,n) = tay" (Yo,n) = ¥ (o) + ¥ (tnbo,n — ¥0) = 1 — [[tnto.n — voll

and thus liminf, ¢, > 1. So lim,, t,, = 1 and the proof of the continuity of 7 is finished.
Now, consider the set

Al = U A = {(Myo, An(yo)) : yo € mo(A), A >0} ={(z,n(2)) : 2 € Yp}.
A>0

We trivially have that A’ is the graph of 1. Moreover, recall that (5.12) yields

9p

{y €Y : (z,9) € Utag,p) and 9y (z,y) =0}
C {y cyY: (x,y) S U(ao,bo) and ﬁ S A}

Cl{yeY :(x,y) € Uqyup, and y € A'}. (5.13)



44 D. Azagra et al. / Journal of Functional Analysis 287 (2024) 110488

Thus {y € Y : (z,y) € U(aq,by) and g—z(:my) = 0} is contained in the graph of 7, as we
wanted. Recall that there is an alternate proof for the construction of the function n by
using some of the ideas of Lemma 4.5.

As a conclusion of (5.13), if we denote by C, the closed set of X &Y of critical points
of p and consider the closed set of X &Y

0
CPy = {(w) € X &Y+ () =0},

we have that

U(ao,bo) ﬂCp - U(ao,bo) ﬂcpp C X x {(z,n(z)) 1z € YO} =
={(z,z,Z) e XpYoaY:: 2 =n(z) =7z, 2)},

where 17 : X @Yy — Y is a continuous function with X @ Yy a Banach space with
C* smooth partitions of unity and Y; an infinite dimensional Banach space with a C¥
smooth norm. Notice that, by the construction, the spaces X & Yj, Y7 and the function
7] depend on the point (ag, bo).

Therefore, we may apply Theorem 2.9 and define a diffeomorphism

d:XaY - (X@Y)\CP,

limited by the open cover {supp, ¥; }iea, where suppy ¢; = {(z,y) € X ®Y : ¢;(z,y) >
0}.

Let us define the composition g = p o d, which is clearly C* smooth. Let us check
that ¢ has no critical points. On the one hand, for all (z,y) € X ® Y we have that
d(z,y) ¢ CP, and thus g—’y’(d(x,y)) # 0 which makes p/(d(x,y)) # 0 as well. On the
other hand, d’(z,y) is an isomorphism on X @Y for all (z,y) € X &Y. So we have that
(pod)(z,y) =p'(d(z,y)) od (z,y) #0 forall (z,y) € XDY.

In addition, it can be checked that |f(z,y) — g(z,y)| < e(z,y) for all (z,y) e X Y.
Indeed, since for all (x,y) there is ig € A (depending on (z,y)) with {(z,y),d(z,y)} C
suppg ¥i, C Us,, by using the upper bounds given in (5.9) and (5.11) we have

IA

lf(2,y) — g(z,9)| < [f(z,y) — f(d(z,9)] + [f(d(z,y)) — p(d(z,y))| < (5.14)

e(@,y) | e(d(x,y))
4 + 2

IN

< e(z,y).

Step 2. The general case of a finite dimensional target space F'. If the space F has
dimension n, we consider the n linearly independent vectors {v; }7_; C S). given at
the beginning of the proof such that {v}, : m = 1,--- ;n} U{u} : i € N} are linearly
independent. Without loss of generality we may assume that F' = R™ with the euclidean
norm. Let us consider a continuous a function f : X & Y — R™ and a continuous
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function € : X &Y — (0,00). Let us consider a covering of X @ Y given by {U; :=
Bx (x5,7:1) X By (yi,75) Yiea (with Bx (x;,7;) € X and By (y;,7;) C Y) such that

If(z,y) — f(=' )] < 55@? for all (z,y),(2'y') € Uy and i € A, (5.15)
le(z,y) —e(2’,y)| < 5(33_8,y) for all (x,y), (z',y') € U; and i € A,
and ;< M for every i € A.
8v/n

Then, there exists a partition of unity {¢;}iea C S satisfying supp,¢; C U; for
all i € A. We proceed in a similar way to Step 1 for each component f,, of f and get
functions p,, € C*(X @ Y,R) for m = 1,...,n defined by

i€A
forall (z,y) e X®Y andm=1,...,n. (5.16)

Similarly to (5.11) we can check that

[fm(z,y) — D (2, )| < Eé%) forall (z,y) e XY, andm=1,...,n.

If we define

p: X@Y =R", px,y)=(pi(2,9),...,pu(x,y)), forall (z,y) e X DY,
then p € C*(X @ Y,R") and

15~ pe)l < Z2D orall (ry) e X @ Y. (5.17)

Also, reasoning as in the preceding step, for every (ag,bp) € X ® Y there is an open
and bounded neighbourhood Uy, 4, of (ao,bo), a finite number of indexes I(ag,by) C N
(depending on (ag, b)) such that

Opm * *
L(:an) = U + Zm(xay)H ! H,(y) + Z wm,j(x,y) uj? for all (.’E,y) € U(ao,ho)a

0
Y €I (ao.bo)

where 2, (z,y) € R, wp, j(z,y) € R for all (2,y) € Urypo)s all m = 1,...,n and all
j € I(ao,bo), where zp,(x,0) = 0 for all (x,0) € Ugy,p,) and all m = 1,...,n. Now, we
consider the following cases:
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* If (z,9) € Uag,by) and zpm(z,y) = 0 for all m = 1,...,n, then

Ipm * *
6—y(m,y):vm+ Z W j(z,y)uj, forallm=1,...,n,

Jj€I(ao,bo)

8 n
SO {%(m, y)} are linearly independent and thus g—z(% y) is surjective.
Y

m=1
*x If (z,y) € Ulappy) and zm(x,y) # 0 for at least one m € {1,...,n} and
Opm, n
{L(x, y)}m:1 are linearly dependent, then there is a non trivial linear combination

0y

= apm - * -
m=1 m=1

m=1

+iAm< > wm,j<x,y>u;),

j€l(ao,bo)

with {A\,}%_; C R and at least one \,, # 0. Denote A\(z,y) := —> o _ Anzm (2, y).
Notice that, in this case, A\(x,y) # 0. Otherwise,

2": Am U, = = Xn: Am( > wm,j(xay)U§),

m=1 m=1 J€I(ao,bo)

which is impossible because the first sum is in span({v¥, : m = 1,...,n}) \ {0} and
the second sum is in span({u} : j € I(ag,bo)}) and the intersection span({v;, : m =
1,...,n}) Nspan({u} : j € I(aog,bo)}) = {0}. Then,

: S AL N~ A .
11 =3 o s (X o)

m=1 Jj€I(ao,bo)

where

3

vy €span({v)y, : m=1,...,n})\ {0}

and

ba(z,y) := Z )\/\m Z Wi 5 (2, ) uj) € span({uj : j € I(ao,bo)}).

m=1 j€I(ao,bo)

Thus we have

Il -1 (y) € span({vy,, uj: j € I(ag,bo) and m € {1,...,n}}) NSy - = K
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with K C NA).| compact and thus

y € llyll - 1171 K).
Next, we follow Step 1 and define the infinite dimensional closed subspace of Y
Y1 = span({vy,, uj : j € I(ag,bo) and m € {1,...,n}})L

and a finite dimensional subspace Yy such that Y =Y, @ Y; (both Yj and Y7 depending
on (ag,bg)) to get subsets A and A’ satisfying

{y €Y : (z,y) € Ugg,py) and {Bgﬁ(x,y)} are linearly dependent } C
) m=1

C {y €Y :(z,y) € Ugqgy,p,) and ﬁ € A} C
ClyeY :(z,y) € Uy and y € A'},

being A’ the graph of a continuous function 7 : Yy — Y7. Therefore, if we denote by C,
the closed set of X @Y of critical points of p and consider the closed set of X @Y

CP,={(z,y) e XY : ?(m,y) is not surjective },
Y

then
Utao,b) NCp C Utagby) NCPp C{(z,2,2) e X ®Yo @Y1 : 2/ =n(2) :=7(z,2)},

with 77 : X @Yy — Y7 a continuous function. Notice that Yy, Y7, and 7 depend on (ag, bo).

As in Step 1, we apply Theorem 2.9 and compose p with a C* diffeomorphism d :
XY - (X®Y)\CP, limited by the open cover {suppg¥;}ica. The composition
g := pod, which is C*¥ smooth, does not have critical points: We have that d(z,y) € CP,

0
for all (z,y) € X ®Y and thus 8—p(d(x,y)) is a surjective operator from Y onto R",
Y

which also makes p’(d(z,y)) a surjective operator from X &Y onto R"™ for all (z,y) €
X &Y. Since d'(z,y) is an isomorphism on X ¢ Y for all (z,y) € X &Y, we have that
(pod)(z,y) = p'(d(z,y)) o d'(z,y) is a surjective operator from X &Y onto R™ for all
(r,y) e X Y.

In addition, it can be checked that || f(x,y) — g(z,y)| < e(z,y) for all (z,y) € X &Y.
Indeed, since for all (z,y) there is ig € A with {(z,y),d(z,y)} C suppy i, C Ui, by
using the upper bounds in (5.15) and (5.17) we have e(d(z,y)) < 2¢(x,y) and

||f<x7y) - g<x’y)H < ||f(:v,y) - f(d(x7y))” + ||f(d($,y)) —p(d(x,y))”

e(z,y) | ed(z,y))
N

IN

<e(z,y). O
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6. Final comments and conclusions

As we mention in the introduction, when proving the existence of C* smooth approx-
imations without critical points of continuous functions from a Banach space X to any
quotient F' of X it is enough to consider F' = X as we stated in Fact 1.15, which we
shall now prove.

Proof of Fact 1.15. It is enough to prove (2) = (1). Consider a quotient F' of X, a
continuous mapping f : X — F and a continuous function £ : X — (0, 00). Let us denote
by m : X — F the canonical quotient mapping taking every point x to its equivalence
class in F. Let us consider a Bartle-Graves continuous selection mapping S : F' — X,
i.e. a continuous mapping S : F — X such that m oS = Id, being Id : F — F
the identity mapping (see [8] or [17, Chapter VII, Lemma 3.2]). Let us consider the
continuous composition S o f : X — X. By assumption, there exists g € C*(X, X)
such that ||S o f(z) — g(z)]] < e(z) for all x € X and g has no critical points. Then,
[[(moSof)(x)—mog(x)| < e(x) and thus || f(x) —mog(x)| < e(z) for all z € X. Clearly
mog € CF(X,F) and D(m o g)(z) = 7o Dg(x) is the composition of surjective linear
mappings, thus surjective for all z € X. 0O

Finally, let us mention, that, as in the separable case given in [7], the existence of
C* smooth approximations without critical points to real-valued continuous functions
defined on a Banach space X provides the following corollaries.

Corollary 6.1. (A non linear C* smooth Hahn-Banach separation result). Let X and Y
be any pair of Banach spaces considered in Theorem 1.8, Corollary 1.9 or Corollary 1.10.
Then for every two disjoint closed subsets C; and Cy of X &Y there is a C* smooth
function o : X ®Y — R with no critical points, such that the level set A = ©~*(0) is a 1-
codimensional C* smooth submanifold of X ®Y that separates Cy from Ca, that is to say,
the open and disjoint sets Uy = {z € X®Y : p(2) > 0} and Uz = {z € XBY : ¢(z) < 0}
have a common boundary A = Uy = OUs and C; C U; fori=1,2.

Corollary 6.2. (Ck smooth approximations of closed sets). Let X and Y be any pair of
Banach spaces considered in Theorem 1.8, Corollary 1.9 or Corollary 1.10. Then, every
closed subset of X @Y can be approzimated by C* smooth open subsets, that is to say,
for every closed subset C C X @Y and every open subset W C X ®Y such that C C W
there is a C* smooth open set U C X @Y (i.e. U is a 1-codimensional C* smooth
submanifold of X ®Y ) such that C CU C W.
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