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Abstract

We characterize the class of separable Banach spaces X such that for every continuous function
f:X — R and for every continuous function ¢ : X — (0, +00) there exists a C 1 smooth function g:X—>R
for which | £ (x) — g(x)| < &(x) and g’ (x) # O for all x € X (thatis, g has no critical points), as those infinite-
dimensional Banach spaces X with separable dual X*. We also state sufficient conditions on a separable
Banach space so that the function g can be taken to be of class C?, for p =1,2, ..., +o00. In particular,
we obtain the optimal order of smoothness of the approximating functions with no critical points on the
classical spaces £, (N) and L, (R"). Some important consequences of the above results are (1) the exis-
tence of a non-linear Hahn—Banach theorem and the smooth approximation of closed sets, on the classes
of spaces considered above; and (2) versions of all these results for a wide class of infinite-dimensional
Banach manifolds.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Morse—Sard theorem; Smooth bump functions; Critical points; Approximation by smooth functions; Sard
functions

* Corresponding author.
E-mail addresses: azagra@mat.ucm.es (D. Azagra), mm_jimenez@mat.ucm.es (M. Jiménez-Sevilla).
1 Supported by a Marie Curie Intra-European Fellowship of the European Community, Human Resources and Mobility
Programme under contract number MEIF CT2003-500927.
2 Supported by a Fellowship of the Secretaria de Estado de Universidades e Investigacién (Ministerio de Educacion y
Ciencia).

0022-1236/$ — see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2006.08.009



2 D. Azagra, M. Jiménez-Sevilla / Journal of Functional Analysis 242 (2007) 1-36

1. Introduction and main results

The Morse—Sard theorem [25,26] states that if f:R" — R"™ is a C" smooth function, with
r > max{n —m, 0}, and C is the set of critical points of f, then the set of critical values f(Cy) is
of Lebesgue measure zero in R™. This result has proven to be very valuable in a large number of
areas, especially in differential topology and analysis (see for instance [19,30] and the references
therein). Additional geometric and analytical properties of the set of critical values in different
versions of the Morse—Sard theorem, together with a study on the sharpness of the hypothesis of
the Morse—Sard theorem, have been obtained in [5-9,22].

For many important applications of the Morse—Sard theorem, it is enough to know that any
given continuous function can be uniformly approximated by a smooth map whose set of critical
values has empty interior [19,30]. We refer to this as an approximate Morse—Sard theorem. The
same type of approximation could prove key to the study of related problems in the infinite-
dimensional domain.

In this paper, we will prove the strongest version of an approximate Morse—Sard theorem that
one can expect to be true for a general infinite-dimensional separable Banach space, namely that
every continuous function f: X — R, where X is an infinite-dimensional Banach space X with
separable dual X*, can be uniformly approximated by a C!' smooth function g: X — R which
does not have any critical point. In some cases where more information about the structure of
the Banach space X is known, we will extend our result to higher order of differentiability, C”
(p>1).

Our result will also allow us to demonstrate one important corollary: the existence of a non-
linear Hahn—Banach theorem which shows that two disjoint closed subsets in X can be separated
by a 1-codimensional C” smooth manifold of X (which is the set of zeros of a C? smooth func-
tion with no critical points on X). This implies that every closed subset of X can be approximated
by C? smooth open subsets of X.

To put our work in context, let us briefly review some of the work established for the infinite-
dimensional version of the Morse—Sard theorem. Smale [29] proved that if X and Y are separable
connected smooth manifolds modeled on Banach spaces and f: X — Y is a C” Fredholm map
then f(Cy) is of first Baire category and, in particular, f(C y) has no interior points provided that
r > max{index(df (x)), 0} for all x € X. Here, index(df (x)) stands for the index of the Fredholm
operator df (x), that is, the difference between the dimension of the kernel of df(x) and the
codimension of the image of df(x), which are both finite. These assumptions are very strong
as they impose that when X is infinite-dimensional then Y is necessarily infinite-dimensional
too (in other words, there is no Fredholm map f:X — R). In fact, as Kupka proved in [20],
there are C° smooth functions f:¢, — R (where £; is the separable Hilbert space) such that
their sets of critical values f(Cy) contain intervals and hence have non-empty interiors and
positive Lebesgue measure. Bates and Moreira [9,22] showed that this function f can even be
taken to be a polynomial of degree three. Azagra and Cepedello Boiso [2] have shown that every
continuous mapping from the separable Hilbert space into R” can be uniformly approximated by
C*° smooth mappings with no critical points. Unfortunately, since part of their proof requires the
use of the properties of the Hilbertian norm, this cannot be extended to non-Hilbertian Banach
spaces. P. Hijek and M. Johanis [18] established the same kind of result in the case when X is a
separable Banach space which contains c¢o and admits a C”-smooth bump function. In this case,
the approximating functions are of class C?, p =1, 2, ..., co. This method is based on the result
that the set of real-valued, C* smooth functions defined on ¢ that locally depend on finitely
many coordinates, is dense in the space of real-valued, continuous functions defined on cq [11].
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However, as the authors noted, their method is not applicable when the space X has the Radon—
Nikodym property (e.g., when X is reflexive), which leaves out all the classical Banach spaces
£,(N) and L,(R") for 1 < p < o0.

As stated above, we prove that for any infinite-dimensional Banach space X with a separable
dual X*, the set of C! smooth, real-valued functions with no critical points is uniformly dense in
the space of all continuous, real-valued functions on X. This solves completely the problem of
the approximation on separable Banach spaces by smooth, real-valued functions with no critical
points when the order of smoothness of the approximating functions is one. Hence, we obtain the
following characterization. For a separable infinite-dimensional Banach space X, the following
are equivalent: (i) X* is separable, and (ii) the set of C! smooth, real-valued functions on X with
no critical points is uniformly dense in the space of all continuous, real-valued functions on X.

This result can be included in our main theorem which also applies to higher order of differ-

entiability. Before stating our main theorem, recall that a norm || - || in a Banach space X is LUR
(locally uniformly rotund [11]) if lim,, ||x, — x|| = 0 whenever the sequence {x,}, and the point
x are included in the unit sphere of the norm || - || and lim,, ||x, + x| =2. Anorm || - || in X is

C? smooth (Gateaux smooth) if it is C? smooth (Gateaux smooth, respectively) in X \ {0}.

Theorem 1.1. Let X be an infinite-dimensional separable Banach space X with a LUR and CP
smooth norm || - ||, where p € NU {co}. Then, for every continuous mapping f : X — R and for
every continuous function € : X — (0, 00), there exists a CP smooth mapping g: X — R such
that | f(x) — g(x)| < e(x) for all x € X and g has no critical points.

Our proof involves: (i) the use of renormings in ¥ = X & R with good properties of smooth-
ness and convexity; (ii) a special construction of carefully perturbed partitions of unity in an open
subset denoted by ST of the unit sphere of the Banach space Y by means of a sequence of linear
functionals in Y*; (iii) the study and use of the properties of the range of the derivative of the
norm in Y, Y* and their finite-dimensional subspaces (Lemmas 2.1 and 2.2 below); and (iv) the
use of the stereographic projection from X to St and C? deleting diffeomorphisms from X onto
X\ O, where O is a bounded, closed, convex and C” smooth subset of X.

Recall that the stereographic projections on LUR spheres were used in approximation results
in [21] and later in [17,31].

The following example gives the optimal order of smoothness of the approximation functions
with no critical points for £,(N) and L ,(R").

Example 1.2. It follows immediately from Theorem 1.1 that one can approximate every con-
tinuous, real-valued function on £,(N) and L,(R") (1 < p < oo) with CP smooth, real-valued
functions with no critical points, where p = [p] if p is not an integer, p = p — 1 if p is an odd
integer, and p = oo if p is an even integer. Indeed, the standard norms of the classical separable
Banach spaces £, (N) and L,(R") are LUR and C? smooth [11].

Since every Banach space with separable dual admits an equivalent LUR and C' smooth
norm [11], we immediately deduce from Theorem 1.1 the announced characterization of the
property of approximation by C! smooth functions with no critical points.

Corollary 1.3. Let X be an infinite-dimensional separable Banach space. The following are
equivalent:
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(1) the dual space X* is separable;

(2) for every continuous mapping f: X — R and for every continuous function ¢ : X — (0, 00),
there exists a C' smooth mapping g: X — R such that | f (x) — g(x)| < e(x) and g has no
critical points.

Next, we establish a similar statement for higher order smoothness on separable Banach
spaces with a C” smooth bump function (p > 2) and unconditional basis. We combine Theo-
rem 1.1 and the results on C'-fine approximation given in [4], to obtain the optimal order of
smoothness of the approximating functions with no critical points on a large class within the
Banach spaces with separable dual. In particular the following corollary applies even when the
space X lacks a norm which is simultaneously LUR and C? smooth.

Corollary 1.4. Let X be an infinite-dimensional separable Banach space with unconditional
basis. Assume that X has a CP smooth Lipschitz bump function, where p € N U {oo}. Then, for
every continuous mapping f:X — R and for every continuous function ¢ : X — (0, 00), there
exists a CP smooth mapping g: X — R such that | f(x) — g(x)| < &(x) and g has no critical
points.

Proof. Since X is separable and admits a C” smooth bump function, the dual space X™ is sepa-
rable. Thus we obtain, from Corollary 1.3,a C I smooth function % : X — R such that 4’(x) #0
and | f(x) — h(x)| < s(zx) for every x € X. Let us denote by || - || the dual norm on X*. Define
the continuous function £: X — (0, 00), £(x) = %min{e(x), |7 (x)||}, for x € X. Now, by the
main result of [4], there is a C” smooth function g: X — R such that |A(x) — g(x)| < &(x) and
|7 (x) — g’ (x)|| <&(x), for every x € X. The latter implies that |2’ (x)| — ||’ (x)|| < %||h’(x)||,
and therefore 0 < %||h/(x)|| < |lg’(x)|| for every x € X. Hence, g is a C? smooth function with
no critical points and | f (x) —g(x)| < | f(x) —h(x)|+|h(x) —g(x)| < e(x) foreveryx € X. O

Let us mention that the first one to study the problem of C?”-fine approximations (p € N) in
infinite-dimensional Banach spaces was N. Moulis in her seminal paper [24]. In particular, she
establishes results on C'-fine approximations by C* smooth functions of Sard type on £;(IN)
(that is, the set of the critical values has empty interior).

The proof of the above corollary yields to the following remark.

Remark 1.5. Assume that an infinite-dimensional separable Banach space X satisfies the C'-
fine approximation property by C” smooth, real-valued functions, i.e., for every C! smooth
function f: X — R and every continuous function ¢ : X — (0, co) there is a C? smooth function
h:X — R such that | f(x) — h(x)| < e(x) and | f'(x) — I’ (x)| < e(x), for every x € X. Then,
the conclusion of Corollary 1.4 holds.

Furthermore, our results allow us to make the following conclusions.
Remark 1.6.
(1) All of the results presented above hold in the case when one replaces X with an open subset

U of X. Actually, the same proof given in the section to follow (with obvious modifications)
can be used.
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(2) Whenever X has the property that every continuous, real-valued function on X can be ap-
proximated by C? smooth, real-valued functions with no critical points, one can deduce the
following corollaries.

Recall that an open subset U of X is said to be C” smooth provided its boundary dU is a C?
smooth one-codimensional submanifold of X.

Corollary 1.7.

(i) (A nonlinear Hahn—Banach theorem.) Let X be any of the Banach spaces considered in the
above results. Then, for every two disjoint closed subsets C1, Cy of X, there exists a CP
smooth function ¢ : X — R with no critical points, such that the level set M = ¢~ 1(0) is a
1-codimensional C? smooth submanifold of X that separates C| and C3, in the following
sense: define Uy = {x € X: ¢(x) <0} and Uy = {x € X: ¢(x) > 0}, then Uy and U, are
disjoint CP smooth open subsets of X with common boundary 0U| = 0Uy = M, and such
that C; C U; fori =1, 2.

(i) (Smooth approximation of closed sets.) Every closed subset of any of the Banach spaces X
considered above can be approximated by CP smooth open subsets of X in the following
sense: for every closed set C C X and every open set W C X such that C C W there is a CP
smooth open set U C X sothat C CU C W.

The following corollary should be compared with the main result of [3].

Corollary 1.8 (Failure of Rolle’s theorem). For every open subset U of any of the above Banach
spaces X there is a real-valued, Fréchet differentiable function f defined on X whose support is
the closure of U, and such that f is CP smooth on U and yet f has no critical points in U.

We refer to [3,10,16,23,27,28] for previous results on the study of the set of critical points of
a function and related topics.

Corollary 1.9. The conclusion of Theorem 1.1 and Corollaries 1.7 and 1.8 remain true, in the
case p = 0o, if we replace X with a parallelizable connected and metrizable Banach manifold
M modeled on a separable infinite-dimensional Banach space E satisfying one of the following
propetrties:

(1) E has a Schauder basis and a C*° smooth and LUR norm; or
(2) E has an unconditional basis and a C*° smooth Lipschitz bump function.

Proof. If E satisfies (1) or (2) then all the above results are applicable to any open subset U of E.
On the other hand, according to [14, Theorem 1A], any parallelizable connected and metrizable
manifold M modelled on E is C*°-diffeomorphic to an open subset U of E. Since the property
of approximation by smooth functions with no critical points is preserved by diffeomorphisms,
the result follows. O

2. Proof of Theorem 1.1

Recall that a norm N (-), in a Banach space E, is (1) strictly convex if the unit sphere of the
norm N (-) does not include any line segment. Equivalently, N (#) < 1 for every x, y in the unit
sphere with x # y; (2) WUR (weakly uniformly rotund) if lim,, (x,, — y,) = 0 in the weak topology
whenever the sequences {x, },, and {y, }, are included in the unit sphere and lim,, N (x,, +y,) = 2.
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We let [uy, ..., u,] stand for the linear span of the vectors uj, ..., u,. Let us denote by S,
and Sj.+ the unit sphere of a Banach space (Z, || - ||) and its dual (Z*, || - ||*), respectively.
The following two geometrical lemmas will be essential to the proof of Theorem 1.1.

Lemma 2.1. Let Z = [u;, ..., u,] be a n-dimensional space (n > 1) with a differentiable norm
I - || (Gateaux or Fréchet differentiable, since both notions coincide for convex functions defined
on finite-dimensional spaces). Let us consider real numbers «;, fori =1,...,n — 1. Then, the
cardinal of the set

{TeS = Tu)=a, i=1,....,n—1} 2.1)
is at most two.

Before we give the proof, let us observe that the condition of differentiability of the norm in
Lemma 2.1 as well as in Lemma 2.2 below is only required in the case that there is «; # 0 such
that

Ui
—l=1. ()
o

Moreover, in this case we only need the differentiability of || - || at the points u; satisfying (x).

The case (x) does not appear in the proof of Theorem 1.1. Nevertheless, to simplify the lemmas
we use the condition of differentiability of the norm.

Proof. Consider the n — 1 affine hyperplanes of Z*, H; = {T € Z*: T(u;) = a;}, i =

1,...,n—1.Since {uy, ..., u,—1} are linearly independent, the intersection H = HyN---NH,,_1
is an affine 1-dimensional subspace of Z*. The dual norm || - ||* is strictly convex (because the
norm || - || is differentiable and Z is finite-dimensional, see [11]), and therefore there are at most

two points in the intersection H N S+ and the proof concludes. O
From the proof of Lemma 2.1 we obtain the following.

Lemma 2.2. Let Z = [uy,...,u,] be a n-dimensional space (n > 1) with a differentiable
norm || - ||. Consider real numbers «a;, for i = 1,...,n — 1 and define the set S of real num-
bers a such that

{T eSp: Twi)=a;, i=1,...,n—1, T(u,) =a} =0. 2.2)
Then, the cardinal of R\ S is at most two.

Proof. From Lemma 2.1, we know that the cardinal of the set {T € S).+: T(4;) = o4, i =
1,...,n— 1} is at most two. Assume that there are two elements 7;, i = 1, 2 in this set (the other
cases are similar). Then, we have that R\ & = {T(uy,), T2 (u,)}. O

The general strategy of the proof of Theorem 1.1 is as follows. We consider the space ¥ =
X @ R and define the following norm on Y:

(@ If p>1,forevery y=(x,r)eY,put N(y)=N(x,r) = (IxN? + r»1/2, where || - || is a
LUR and C? smooth norm on X. Then, clearly the norm N is LUR and C! smooth on Y.
Moreover, N is C? smooth on the open set ¥ \ {(0, 1): A € R}. Define v=(0,1) € Y and
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take B € Y* \ {0} such that X = ker 8. Select 8; € Y* \ [B] such that B1(v) #0 and w €
ker B \ ker B1. Consider the closed hyperplane of Y, X1 = ker 81. Then, the restriction of the
norm N to X is a CP smooth and LUR norm on X . Now, the (equivalent) norm considered
inY = X @ [w], defined as |z + Aw| = (N (2)® + 12)/?, where z € X| and A € R, is LUR
and C! smooth on Y and C? smooth on Y \ [w]. In particular, the norm | - | is C” smooth on
the opensettd =Y \kerB ={(x,r): x € X, r #0}.
It could also be proved that the Banach space Y admits an equivalent LUR and C? smooth
norm on Y with bounded derivatives up to the order p. Nevertheless, a LUR and C! smooth
norm on Y and C? smooth on U, is sufficient to prove our result. Recall that if X has a LUR
and C? smooth norm and p > 1, then X is superreflexive [11].

(b) If p =1, since the dual space Y* is separable, there is a norm | - | on ¥ which is LUR,
C! smooth and WUR whose dual is strictly convex [11]. Recall that if the norm | - | is WUR,
then the dual norm | - |* is uniformly Géteaux smooth, and thus, Giteaux smooth.

Therefore, in any of the cases (a) or (b) the norm | - | is LUR and C! smooth. If in addition,
X is reflexive, then it can be proved [15, p. 272] that | - |* is LUR and C! smooth as well. If X is
not reflexive, we know from the conditions given in (b) that the dual norm | - |* is strictly convex
and Gateaux smooth.

Let us denote S := S).|, the unit sphere of (Y, | -|) and §* := S}, the unit sphere of (Y*, |- [*).
Let us consider, the duality mapping of the norm | - | defined as

D:S—>§*
D(x)=1-I'(x),

which is | - | — | - |* continuous because the norm | - | is of class C!.

We establish a C? diffeomorphism @ between X and half unit sphere in ¥, St :={y =
(x,r) €Y:r>0},as follows: @ : X — ST is the composition @ = IT oi, where i is the inclusion
i:X—>Y,i(x)=(x,1)and IT isdefined by I[T:Y \ {0} = S, [1(y) = ﬁ

In order to simplify the notation, we will make the proof for the case of a constant & > 0.
By taking some standard technical precautions the same proof will work in the case of a positive
continuous function ¢ : X — (0, +00) (at the end of the proof we will explain what small changes
should be made).

Now, given a continuous function f:X — R, we consider the composition F := f o
@~ !:5t — R, which is continuous as well. For any given & > 0 we will 3¢-approximate F
by a C? smooth function H : ST — R with the properties that:

o the set of critical points of H is the countable union of a family of disjoint sets { K}, },;

o there are countable families of open slices {0, }, and {B,}, in ST, such that U, B, is rel-
atively closed in S, dist(B,, X x {0}) > 0, K,, C O, C B, dist(O,, ST\ B,) > 0 and
dist(B,,, Um# B) > 0, for every n € N;

e the oscillation of F in every B, is less than ¢.

(We will consider slices of ST of the form {x € S: f(x) > r}, where f is a continuous linear
functional of norm one and 0 < r < 1. Recall also that the distance between two sets A and
A’ in a Banach space (M, | - |y) is defined as the real number dist(A, A”) := inf{ja — a'|:
acA,adeA})
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Then we will prove that the function & := H o @ is a C? smooth function on X, which 3¢-
approximates f, and the set of critical points of &, C = {x € X: h’(x) = 0}, can be written as
C= Us‘;l IC, where, for every n € N, the set I, := @~ (K,,) is contained in the open, convex,
bounded and C? smooth body ©,, :== ®~1(0,), which in turn is contained in the open, convex,
bounded and C? smooth body B, := ®~(B,), in such a way that dist(O,, X \ B,) > 0, the
oscillation of f in B, is less than ¢, |, B, is closed and dist(53,,, Umsﬁn B,,) > 0. Once we
have done this, we will compose the function 4 with a sequence of deleting diffeomorphisms
which will eliminate the critical points of 4. More precisely, for each set O, we will find a C?
diffeomorphism ¥, from X onto X \ O, so that ¥, is the identity off 3,. Then, by defining
g:=ho(Q;2 W, we will get a C? smooth function which 4¢-approximates f and which has
no critical points.

The most difficult part in this scheme is the construction of the function H. We will inductively
define linearly independent functionals gx € Y*, open subsets Uy of S, points x; € Uy, real
numbers a; # 0 satisfying |ax — F(xx)| < ¢, real numbers y; and y; ; in the interval (0, 1)
(with i + j = k), functions hj of the form hy = @i (gk)Pr—1,1(8k—1) - P1.k—1(81), Where the
ks Pk—1.1, - - -» P1 k—1 are suitably chosen C* functions on the real line, and functions r; of the
form ry = spgr + (1 — sk gi (xx)) (with very small s; # 0), and put

Zf:l airih;
k
Zi:l hi

where Hg : Uy U - - - U Uy — R. The interior of the support of & will be the set

Hy =

3

Ur={xeS": g1(x) <y1k-1,-... 8k—1(x) < yx—1.1 and g (x) > w},

where the oscillation of the function F will be less than €. Denote by T the (vectorial) tangent
hyperplane to S at the point x, that is Ty := ker D(x). The derivative of Hy at every point
x € Uy U---UUi will be shown to be the restriction to Ty of a nontrivial linear combination of the
linear functionals g, ..., gk. Then, by making use of Lemmas 2.1 and 2.2 and choosing the y; ;
close enough to y;, we will prove that the set of critical points of Hy is a finite union of pairwise
disjoint sets which are contained in a finite union of pairwise disjoint slices, with positive distance
between any two slices (see Fig. 1). These slices will be determined by functionals in finite sets
Ny C Y* defined by a repeated application of Lemmas 2.1 and 2.2. The function H will be then
defined as

b _ ket KTk
Z/fil hi

Let us begin with the formal construction of the functions Hx. We will use the notation Hy
ko e
and H, when the function M and its derivative are thought to be defined on the open
i=1"

subset of Y where Zle h; # 0 (we consider the functions r; and &; defined on Y) and reserve
the symbols Hy and H; (x) for the restriction of H and H; (x) to a subset of S and to the tangent
space T, of S at x, respectively.

Since the norm | - | is LUR we can find, for every x € S, open slices R, ={y € S: f,(y) >

Sy Stand Pr={yeS: fi(y) >8* C ST, where 0 <8, < 1and |fi| =1= fi(x), so that
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the oscillation of F in every P; is less than ¢. We also assume, for technical reasons, and with
no loss of generality, that dist(Py, X x {0}) > 0.

Since Y is separable we can select a countable subfamily of {R,},cs+, which covers ST. Let
us denote this countable subfamily by {S,},, where S, :={y € S: f,(y) > §,}. Recall that the
oscillation of F inevery P, :={y € S: f,(y) > 82} is less than ¢ and dist(P,, X x {0}) > 0.

e for k =1, define

hi:ST—R
h1 = @1(f1),

where ¢ is a C* function on R satisfying

pi1(1) =0 ifr <4y,
p1r(H) =1,
@1(t) >0 ifr>4.
Notice that the interior of the support of 4] is the open set Sj. Denote by x| the point of S
satisfying f1(x1) = 1. Now select a; € R* := R \ {0} with |a; — F(x])| < ¢ and define the
auxiliary function
ST —R

ri=s1f1+ (1 —s1f1(x1)),

where we have selected s1 so that ajs; > 0 and |s1| small enough so that the oscillation of 7| on
S is less than . Notice that 1 (x;) = 1. Define

lar]*

H]ZS] — R
h
Hy = S0
h

The function Hy is C? smooth in S| and the set of critical points of Hy,
Zy={xeSi: H{(x)=0o0nT,}

consists of the unique point x;. Indeed, H’1 x) = H{ X)) |7, = ais1 filr, =0 iff D(x) = fi. This
implies that Z; = {x{}. Now select real numbers yl/ 1» 11 and /1 such that §; < yl/ <t<h<l1
and define the open slices

0f1={x€S: f1(x)>ll} and Bfl={x€S: f1(x)>t1}.

Clearly the above sets satisfy that Z; C Oy C By, C Sy, dist(O,, S\ By) > 0 and dist(By,,
xes: A<y, >0

In order to simplify the notation in the rest of the proof, let us denote by y; = §1, U; =
R1=S51,81= fi1,z1=x1 and I'1 = Ny = {g1}. Let us define 01,1 = ays; and write H’1 =01,181
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on Uj where g; is the restriction of g1 to T, whenever we evaluate H/1 (x). In addition, if A C S,
we denote by A =S\ A.

e For k =2. Let us denote by y; € ST the point satisfying f>(y2) = 1. If either {g;, D(y2) = f>}
are linearly dependent (this only occurs when g1 = f) or g1(y2) = y1, we use the density of the
norm attaining functionals (Bishop—Phelps theorem) and the continuity of D to modify y, and
find z; € ST so that {g1, D(z2) := g»} are linearly independent, g;(z2) # y1 and

[xesS: p)>8 cxes: p@)>nlc{res: hkx) >},
for some vy € (0, 1). If g1(y2) # y1 and {g1, f>} are linearly independent, define g» = f> and
22 = y2. Then, apply Lemma 2.2 to the 2-dimensional space [g1, g2] with the norm | - |* (the

restriction to [g1, g2] of the dual norm | - |* considered in Y*) and the real number y; € (0, 1) to
obtain y, € (0, 1) close enough to v, so that

Ss={xeS: hx)>&}c{res: ) >n)clxes: Lx)>8] =P
and

{T elgr. gl ITI=1, T(g1) =y and T(g2) =2} = . (2.3)

Recall that the norm |- |* is Giteaux differentiable on Y* and therefore the restriction of this norm
to [g1, g2], which we shall denote by | - |* as well, is a differentiable norm on the space [g1, g2]
(Géateaux and Fréchet notions of differentiability are equivalent in the case of convex functions
defined on finite-dimensional spaces). Therefore, we can apply Lemma 2.2 to the norm | - |* in the
space [g1, g2]. In fact, the same argument works for any finite-dimensional subspace of Y* and
we will apply Lemma 2.2 in the next steps to larger finite-dimensional subspaces of Y*. Define
the sets
Ry={x€S: g2(x) >y}, and

Up={xeS8: gi(x) <y} &200)>nr}.
Assume that Uy N Ry # @ and consider the set
My =D""([g1,81) NU;NU;.

In the case that My = ¢, we select as yj,; any point in (yq, yl’ 1)+ In the case that M) # ¢ and
y1 < inf{g1(x): x € M}, we select y 1 so that

yi <11 <inf{g1(x): x € Ma}.

In the case that y; =inf{g(x): x € M>} and in order to obtain an appropriate 1,1 we need to
study the limits of the sequences {x,} C M> such that lim, g1(x,) = y;. Define

Fy={T elg1, 81" IT|=1and T(g1) =1}
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From Lemma 2.1, we deduce that the cardinal of the set Fz/ is at most two. Furthermore, since
| - |* is strictly convex, the cardinal of the set

Ny = {g €S8* N g1, g]: T(g)=1forsome T € Fz’}

is at most two.

Let us take any sequence {x,} C M> with lim, g1 (x,) = y;. Consider every x,, as an element
of X** and denote by xy, its restriction to [g1, g2]. Recall that if x,, € M, then D(x,) € S* N
[g1, g2], for every n € N. Moreover, the sequence of restrictions {x,} C [g1, g2]* satisfies that

1= |xa| = [Xn| = max{xn(h): h € S* N[g1, 21} = Xn(D(xn)) = D) (xa) = 1,

for every n € N. Thus, there is a subsequence {xnj} converging to an element 7' € [g1, g2]* with
|T| = 1. Since lim; gl(xnj) = lim; Xn; (g1) = y1, then T(g1) = y; and this implies that T € Fz/
Furthermore, if g € Nﬁ and T'(g) =1, then lim; Xp; (g) =1. In addition, T (g2) = lim; Xn; (g2) =
lim; g2 (x, j) > y2. Then, from condition (2.3), we deduce that T (g2) > y». Let us define

F= {T € Fz/: there is a sequence {x,} C M, with limx, =T and limxy(g1) = y1 }
n n
Ny={geNj: T(g)=1forsome T € F,}.

Select a real number 7/2/ satisfying y» < Vz/ <min{T (g3): T € F;,} (recall that F, is finite). Let
us prove the following fact.

Fact 2.3.
(1) There are numbers O < t» <l < 1 such that for every g € N», the slices
Og:={x€eS8: gx)>h} and By:={xeS: gx)>n)}

satisfy that

O, C By C{xeS: gix) <y, &20x)>y,} and (2.4)
dist(Bg, Bg') >0, whenever g, 8’ € N>, g #¢'. (2.5)

(2) Thereisyi1 € (y1, yl’ 1), such thatif x € My and g1(x) < y1,1, then x € Og for some g € N».

Proof. (1) First, if X is reflexive, we know that for every g € N, there is x, € § such that
D(xg) = g. Since Xg(g) = 1 and |- |* is Gateaux smooth, then Xg € F>. This implies that Xg(g1) =
y1 <1, and Xg(g2) > 5. Hence, xg € {x € St g1(x) <y |, g2(x) > y,}. Now, since the norm
| - | is LUR and D(xg) = g, the functional g strongly exposes S at the point x,. Taking into
account that N> is finite we can hence obtain real numbers 0 < 1, <[> < 1 and slices O and B,
satisfying conditions (2.4) and (2.5) for every g € N,.

Now consider a non-reflexive Banach space X. Let us first prove (2.4). Assume, on the con-
trary, that there is a point g € N, and there is a sequence {y,} C S satisfying g(y,) > 1 — % with
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either g1 (y,) = y{ ; or g2(yx) < y,. forevery n € N. Since g € N; there is a sequence {x,} C M>
with lim,, g1(x,) = y1, lim, g2(x,) > y; and lim, g(x,) = 1. In particular,

Xn + Yn
2

gl?

g(xn)+l—% “g Xn + Yn <
2 2

and thus lim,, |x”+}” | = 1. Recall that, in this case the norm |- | is WUR, and hence x,, — y, -0

(weakly converges to zero). This last assertion gives a contradiction since either limsup,, g1 (x, —
Vo) <Y1 — 7’1/,1 < 0 or liminf, g2 (x, — y,) = lim, g2(x,) — )/2/ > (. Therefore we can find real
numbers 0 < #; </ < 1 and slices O, and B, for every g € N, satisfying condition (2.4). In
order to obtain (2.5) we just need to modify #, and /> and select them close enough to 1. Indeed,
assume on the contrary, that there are sequences {y,} C S and {z,} C S and g, ¢’ € Na, g # &/,
such that lim,, g(y,) = 1, lim,, g’(z,,) = 1 and lim,, | y,, — z,| = 0. Then,

g(yn) + &' (zn) _ 8+ &) n) + 8 @n—yn) (& +8&)n) + 120 — yul
2 2
g +8'I" | lzn — yul 1z — ynl

< <1
2 + 2 + 2

Since the limit of the first and last terms in the above chain of inequalities is 1, we deduce that
|g + &'|* = 2. Since the norm | - |* is strictly convex, we deduce that g = g/, a contradiction.

(2) Assume, on the contrary, that for every n € N, there is x, € M, with g1(x;) < y1 + %
and {x,: n e N} N (UgeN2 O¢) = 0. Since lim, g1(x,) = y1 and {x,} C M>, from the com-
ments preceding Fact 2.3, we know that there is a subsequence {x,,;} and g € N, satisfying
that lim g(x,;) = 1, which is a contradiction. This finishes the proof of Fact2.3. O

If Uy N Ry =, we can select as yp,; any number in (yy, V1/,1)~ Now, we define,
hy:ST—R
ha = @2(82)91,1(81),
where ¢, and ¢; 1 are C* functions on R satisfying:
) =0 ifr <y,

el =1,

Py (t) >0 ift> 1y,
and

P11 =1 ift <

d110)=0 ifr =y,
) 1(1) <0 1ft€<yl+yll )
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Notice that the interior of the support of % is the open set

Uy={x€S: gi(x) <y1.1.82(x) > »2}.

Select one point x; € Us, a real number a; € R* with |a; — F(x2)| < € and define the auxiliary
function

rm:ST—R
rr=s5g8 4+ (1 —sgx2)),

where we have selected s, so that spa; > 0 and |s»| is small enough so that the oscillation of r
on U is less than ﬁ Notice that rp(xp) = 1.

Let us study the critical points Z, of the function

H,.U;UU, — R
_airthy +aarahy

H,; = 2.6
2 hy+hy (26)

Let us prove that Z, = {x € Uy U Us: Hé(x) = 0on T,} can be included in a finite number of
pairwise disjoint slices within U; U U; by splitting it conveniently into up to four sets.

First, if x € U; \ Uz, from (2.6), we obtain that Hy(x) = a1r;(x) and the derivative
H,(x) = H)(x)|1, = a1s181]1, = 0 iff D(x) = g1. Thus, Z, N (U; \ Uz) C {z1}. Similarly, if
x € Uz \ Uy, from (2.6), we obtain that Ha(x) = azr2(x) and the derivative Hj (x) = H,(x)|7, =
ars282|r, = 0 iff D(x) = g». Then, if z € U \ Uy, Hy has one critical point in U, \ Uy,
namely z7; in this case, since g1(z2) # y1, the point z; actually belongs to U; \ U;.

Now, let us study the critical points of Hj in U1 N Us. In order to simplify the notation, let us
put Ay = hlhT]hz’ and denote by g1 and g the restrictions g1|7, and g2|r, , respectively, whenever

we consider Hj (x) and A/ (x). Then, Hy =ajri Ay + azra(1 — Ay) and

H) = ais1A181 + azso(1 — A))ga + (a1r1 — axr2) A}
= 01,1 4181 + ax52(1 — A1)g2 + (Hy —aarp) Al

By computing A, we obtain A/1 =&1,181+&1 282, where the coefficients &1 1 £ 2 are continuous
functions on U; U U, and have the following form,

_ 9i(gha —higa(82)dy 1 (g1)
b (1 + h2)?

e _ —hip(g2)¢1,1(81)
DTy  )?

)

Thus H’2 = 07,181 + 02,282, where 071 and 02> are continuous functions on Uy U U, and have
the following form:

02,1 =01,141+ (H) —axr)é1 1, (2.7)
022 =axs2(1 — Ay) + (Hy — axr2)é1 2.
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Notice that if x € U1 N Uy, then 01,1 > 0, a2520 >0, A1 >0,1 —A; >0,&1>0and &7 <O0.
Therefore, on U; N Uy, the coefficient o7  is strictly positive whenever H; — azrz > 0, and the
coefficient o2 7 is strictly positive whenever H; — axrp < 0. Since the vectors g1 and g are
linearly independent, if x € Uy N U and Hj(x) : T, — R is identically zero, there is necessarily

0 # 0 with D(x) = 0(02,1(x)g1 + 02,2(x)g2). Thus, D(x) € [g1, g2].
The set Z, can be split into the disjoint sets Z, = Z| U Z 1 U Z 5, where

Zo = {{Zz} if 2 Gyz\Ul,
] otherwise

and Zj is a subset (possibly empty) within U N U N D_l([gl,gz]). Now, let us check
that Z»» C UgeN2 O,. Indeed, if x € Z; 5, then x € Uy N U, C Uy NU;, D(x) € [g1, g2] and
g1(x) < y1,1. This implies, according to Fact 2.3, that x € UgeN2 O,.

In the case that Z | = {z2} and z» ¢ Uge,\,2
so that z5 ¢ | 2N, B ¢- Since the norm | - | is LUR and D(z2) = g2, the functional g, strongly
exposes S at the point z> and we may select numbers 0 < #, < I} < 1 and open slices, which are
neighborhoods of z;, defined by

0 ¢» we select, if necessary, a larger 1, with 1, < [,

Og,:={x€S: g2(x) > 15} and B, :={x€S: g2(x) > 15},

satisfying Og, C Bg, C {x € St g1(x) < yl’,l, g2(x) > y;} and dist(By,, Bg) > 0 for every
g € N». In this case, we define 1> = Np U {g2}.

Now, if Z 1 ={z2} € UgeN2 5g, we select, if necessary, a smaller constant I, with 0 < £, <
I <1,sothat Zy 1 = {22} € UgeN2 Oy In this case, and also when Z; | =¥, we define I = N>.

Notice that, in any of the cases mentioned above, Fact 2.3 clearly holds for the (possibly)
newly selected real numbers , and /5.

Notice that the distance between any two sets By, By, g,8" € I't U I>, g # g’, is positive.
Moreover, Z1 C Oy, C By CUy =Ry, and Zy 1 U Z3 5 C UgeFZOg C Uge]"z B, C Uz/ C Ry.
Therefore, Zy = Z1 U Zy1 U Zy» C UgepIUF20g C UgeF|UF2 B, CUIUU; =R URy. In
addition, we have dist(UgenUF2 B, (U1 UUL)°) > 0.

It is worth remarking that H/2 = 07,181+ 02,282 in U1 UU,, where 02,1 and 07 2 are continuous
functions and at least one of the coefficients 02 1(x), 02,2(x) is strictly positive, for every x €
Uy U U,. Moreover, since H, = 02,181 + 02,282, H)(x) = axs2¢> whenever x € U \ Uy and
Hz’(x) =ays1g1 whenever x € U; \ Ua, then 07,1 (x) =0 whenever x € Uz \ Uy, and 02 2(x) =0
whenever x € Uy \ U>.

In order to clarify the construction in the general case, let us also explain in detail the con-
struction of the function /3 and locate the critical points of the function Hj.

e For k = 3, let us denote by y3 € S the point satisfying f3(y3) = 1. If either {g1, g2, f3} are
linearly dependent or g1(y3) = y1 or g2(y3) = y», we can use the density of the norm attaining
functionals (Bishop—Phelps theorem) and the continuity of D to modify y3 and find z3 € S so
that: g1(z3) # 1, £2(23) # 2, {€1, &2, &3 := D(z3)} are linearly independent, and

[xes: filr) > 83} c{xes: g3(x)>n)c{xes: frx)>83)

for some v3 € (0, 1). If {g1, g2, f3} are linearly independent, g1(y3) # y1, and g2(y3) # y2, we
define g3 = f3 and z3 = y3. Then, we apply Lemma 2.2 to the linearly independent vectors,
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{g1, g2, g3} and the real numbers y; € (0, 1), > € (0, 1) and obtain y3 € (0, 1) close enough to
v3 so that

Ss={xeS: (x)>8&}C{xeS: g(x) >y} clxes: fr(x)>87)=Ps,

{Telgi.g.81" T(g) =y, T(g2) =12, T(g3) =y3and |T| =1} =0, (2.8)
{Telgi.gal*: T(g) =91, T(g3)=y3and |T| =1} =0, (2.9)
{T el 831" T(g2)=v2, T(g3)=y3and |T| =1} =0. (2.10)

Select y; | € (y2, y5) and define

R3={xeS: g3(x)>y3} and
Uy={seS: gi(x) <y{,. g(x) <y, and g3(x) > y3},

where y| , is a number in (yi, %).

Notice that dist(By, Ug) > 0 for every g € I'1 U I>. Assume that R3 N (U U Up) # @, and
consider the sets

M3 ={x e (UiNU;) \ Us: D(x) €[g1. 831}
Mso={x e (UyNU;) \ Ur: D(x) €[g2. 831}
M3 12={x e UiNU>,NU;: D(x) € [g1. g2. 831}

and M3 = M3 1 UM32UM; 5.
In the case that M3 = {4, we select as y2 1 any pointin (y2, ¥, ;) and y1,2 any pointin (y1, y; »).
In the case that M3 # @ and dist(M3, (U U Uz)) > 0 we can easily find y» 1 € (2, yz”]) and
Y1,2 € (y1, 7o) with M3 C{x € St g1(x) > y1 2} U{x € St g2(x) > 2.1}

In the case that dist(M3, (U1 U U,)¢) = 0 and in order to obtain suitable constants > 1 and
y1,2, we need to study the limits of the sequences {x,} C M3 such that
limdist(x,, (U; U U»)¢) =0.
n
Define the sets
Fy,={Telgi.gal*: T(gi)=y;and |T| =1} fori=1,2,

Fi1,=1{T €lg1.8.831% T(g)=v1. T(g2) =y, and |T| =1},
and

Ny, ={geS" Nlgi.g3]: T(g) =1forsome T € Fy;} fori=1,2,

N3 1,={g€S* Nlg1 8. 8] T(g)=1forsomeT € Fj,}.

Since the norm | - |* is Gateaux smooth, we apply Lemma 2.1 to the finite-dimensional space
[g1, g2, 3] and the restriction of the norm | - |* to [g1, g2, 3] (which is a differentiable norm
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on the space [g1, g2, g3]), and deduce that the cardinal of any of the sets Fé,i, F3/,1,2 is at most
two. Furthermore, from the strict convexity of the norm | - |* we obtain that the cardinal of any
of the sets Né,i and N§’1)2, is at most two. Let us consider, for i = 1, 2, the norm-one extensions
to [g1, g2, g3] of the functionals of F3’J., that is,

Fy; ={T €l81.82. 831" Tlig; g5 € F5; and |T|=1}.

Since the norm | - |* is Gateaux smooth, for every G € F3/J. there is exactly one norm-one ex-
tension T to [g1, g2, g3]. Therefore the cardinal of the set F3” ; 1s at most two. Hence the sets
Fy = Fg”1 U Fé/,z U Fé,l,z and Nj := Né’l U Né,z U Né,l,z are finite. In addition, as a consequence
of the equalities (2.8), (2.9) and (2.10), we deduce that T (g3) # y3 forevery T € F3’ Indeed, if
T € Fy , the assertion follows immediately from (2.8). If T € F3; for some i € {1,2}, then
T (g e31 € F”i, thatis, |T|[g; ¢l =1 and T (g;) = y;. From (2.9) for i =1, and (2.10) for i =2,
we obtain that 7' (g3) # y3. We can restrict our study to one of the following kind of sequences:

(1) Fix i € {1, 2}. Consider any sequence {x,} C M3 ; such that lim, dist(x,, (U; U U2)¢) =0

Then, it easily follows that lim,, g; (x,,) = y;. Indeed,

e if {x,} C M3 1, then in particular {x,} C U; = R;. Therefore, dist(x,, (U1 U U2)¢) >
dist(x,, RY). Thus, lim, dist(x,, R{) = 0 and this implies that lim, g1 (x,) = y1;

e if {x,} C M3, then in particular {x,} C U C R>. Recall that U; U U = R; U R;. There-
fore, dist(x,, (U UU)¢) > dist(x,, Rg). Thus, lim,, dist(x,,, RE) = 0 and this implies that
limy, g2(x,) = 2.

Now, let us take any sequence {x,} C M3 ; such that lim, g;(x,) = y;. Consider every x,

as an element of X** and denote by xj its restriction to [g1, g2, g3]. Recall that D(x,) €

S*N[gi, g3] for every n € N. Then, the sequence of restrictions {x,} C [g1, g2, g3]* satisfies

that

1= 1|x,| > |Xn| = [Xnl[g;.g:1] = max{xn(h): h € S*N[g;, g3}
= Xn(D(xn)) = D(xp)(xn) =1

for every n € N. Thus, there is a subsequence {xp;} converging to an element 7' €

g1, g2, g3]* with |T| = |T|(g;,g511 = 1. Since lim; g,(x,, ) = lim; xnj(gl) = y;, we have

that 7'(g;) = y; and this implies that T'|¢, ¢ € F;; and T € Fy;. Furthermore, if g € N},

and T'(g) = 1, then lim; xp;(g) = 1. In addition, T(g3) = lim; xn (g3) =1lim; g3(x,;) = y3

because {xn } CUs. ’. Then, from condition (2.10) if i = 1 and condltlon 2.9)if i =2, we de-

duce that T(g3) > y3. Finally, let us check that 7 (gs) = lim; Xp;(gs) < ¥s, where s € {1, 2}

and s #i:

e if i =1, the sequence {x,,;} C M3 and thus {x,;} C (U1 N Ug) \ Uz. In particular {x,,} C
U; and 81(xn;) < 7/1’,2 < 71,1 for every j € N. Therefore, if x,,; ¢ U, for all j, we must
have xn;(g2) = g2(xp;) < y2 forevery j € N;

e if i =2, the sequence {x,,j} C M3 and thus {x,,j} Cc (UynN U3’) \ U1. In particular Xn; ¢
U1 = Ry, for every j € N and this implies X (g1) = g1 (x,,j) <y forevery j e N.

(2) Consider a sequence {x,} C M3 2, such that lim, dist(x,, (U; U U2)€) = 0. Then, it easily
follows that lim,, g; (x,) = y; fori =1, 2. Indeed, U; U U, = R{ U R; and then dist(x,, (R U
R>)€) = dist(x,, RY) forevery n € Nand i = 1, 2. Hence lim,, dist(x,, R{) = 0. Since {x,} C
R; fori = 1,2, we obtain that lim,, g; (x,) = y; fori =1, 2.
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Now, let us take any sequence {x,} C M3 1 such that lim, g;(x,) = y;, forevery i =1, 2.
Consider every x, as an element of X** and denote by x,, its restriction to [g1, g2, £3]. Then,
the sequence of restrictions {xp} C [g1, &2, g3]* satisfies that
1= |xa| > [Xnl = max{xn(h): h € $* N[g1. 82. 831} = Xn(D(n)) = D(xn) () = 1

for every n € N. Thus, there is a subsequence {xnj} converging to an element T €
[g1, g2, g3]" with |T| = 1. Since lim; g; (xn/.) = lim; xnj(gi) =y; fori=1,2,then T(g;) =
y;i fori = 1,2, and this implies that T € F} | ,. Furthermore, if g € N} | , and T'(g) = 1, then
limj xp; (¢) = 1. In addition, T (g3) = lim; Xpn;(g3) = lim; g3(xp;) > y3 because {x,;} C Ué.
Then, from condition (2.8), we deduce that 7 (g3) > y3.

Let us define, fori =1, 2,
F3;= {T € Fy;: there is {x,} C M3; with li’{nxn(gi) =1y;, and lir{nxn = T},
Fii0= {T € F} 1 5¢ there is {x,} C M 12 with limXa(g1) =1, limxa(g2) = 7>
and lirrlnxn = T},
and
Fy=F;1UF32UFs10. @.11)

Select a real number yj satisfying y3 < y; <min{7(g3): T € F3} (recall that F3 is finite), and
define,

N3;i={ge N3 ;: thereis T € F3; with T'(g) = 1} fori=1,2,
N3 12={g €Ny, thereis T € F3 1 with T (g) = 1},
and N3 = N3 1 U N3 2 U N3 1 2. Let us prove the following fact.
Fact 2.4.
(1) There are numbers O < t3 < I3 < 1 such that for every g € N3, the slices
Og = {x eS: gx)> l3} and Bg:= {x eSS gix) > t3}

satisfy that

Oy C B, C {x €S g1(x) < yl’,z, 2(x) < yz’,l, g3(x) > y3’} and (2.12)
dist(Bg, Bg') >0, whenever g, 8’ € N3, g #¢'. (2.13)

(2) There are numbers y; ; € (yl,yl/’z) and 2.1 € (2, Vz/,l) such that if x € M3, g1(x) < y12
and g2(x) < y2,1, then x € Oy for some g € N3.
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Proof. (1) First, if X is reflexive, we know that for every g € N3 there is x; € S such that
D(xg) = g. Let us study the three possible cases:

o If ¢ € F31, denote by X, the restriction of x, to [g1, g2, 83]. Since Xg(g) = 1 and
| - |* is Gateaux smooth, then Xg = T for some T € F3 ;. This implies that Xg(g1) =
Y1 < Vi Xg(g3) > y; and Xg(g2) < y2 < ¥, ;. Hence, xg € {x € S: g1(x) < ¥y,,
82(x) >y, 1 and g3(x) > y3}.

o If g € F3,, denote by xg the restriction of x, to [g1, g2, 83]. Since Xg(g) = 1 and
| - [* is Gateaux smooth, then Xy = T for some T € F3. This implies that Xg(g2) =
Y2 < V21> Xg(g3) > v; and Xg(g1) < y1 < y{,. Hence, xg € {x € S: g1(x) < ¥/,,
82(x) >y, ; and g3(x) > y3}.

o If g € F312, denote by Xy the restriction of xg to [g1, g2, g3]. Since Xg(g) =1 and
| - |* is Gateaux smooth, then xg = T for some 7 € F3 1. This implies that Xg(g1) =
Y < 71/,2’ Xg(g2) =y < y2/,1 and Xg(g3) > y3. Hence, x; € {x € §: g1(x) < yl/’Z,
22(x) > y5  and g3(x) > y4).

Now, since the norm | - | is LUR and D(x,) = g, the functional g strongly exposes S at the
point x, for every g € N3. Since N3 is finite, we can hence obtain real numbers 0 < #3 </3 < 1
and slices O, and By, for every g € N3, satisfying conditions (2.12) and (2.13).

Now consider a non-reflexive Banach space X. Let us first prove (2.12). Assume, on the con-
trary, that there is a point g € N3 and there is a sequence {y,} C § satisfying g(y,) > 1 — % and
such that for every n € N either g1(yn) = ¥{ 5 or g2(yn) = v, | 0r g3(yn) < y3. If g € N3 there is
a sequence {x,} C M3 with lim, g; (x,) <y, for i = 1,2, lim, g3(x,) > y4 and lim, g(x,) = 1.
In particular,

Xn+ Yn
2

\19

1
g(xn)+1_ﬁ<g Xn + Yn <
2 2

and thus lim,, I@| = 1. Recall that in the non-reflexive case, the norm | - | is WUR, and then

Xn — Yn 50 (weakly converges to zero). This last assertion gives a contradiction since we
have either limsup, g1(x, — yx) < y1 — ¥{, <0 or limsup, g2(xy — yu) < y2 —y5; <0 or
liminf, g3(x, — y,) = lim, g3(x,) — y3’ > (. Therefore we can find real numbers 0 <1, <l <1
and slices O, and B, for every g € N3, satisfying condition (2.12). The proof of (2.13) is the
same as the one given in Fact 2.3, where the only property we need is the strict convexity of | - |*.

(2) Assume, on the contrary, that for every n € N, there is x, € M3 with g;(x,) < y; + %,
fori =1,2 and {x,: n e N} N (UgeN3 Og) = 0. Then, there is a subsequence of {x,}, which we
keep denoting by {x,}, such that either {x,} C M3 1 or {x,} C M3 or {x,} C M3 1. In the first
case, lim,, g1(x,) = y1. In the second case, lim, g>(x;) = 2. In the third case, lim, g; (x,) = i,
for every i = 1, 2. From the definition of F3 and N3 and the comments preceding Fact 2.4, we
know that there is a subsequence {x,;} and g € N3 satisfying that lim; g(x,;) = 1, which is
a contradiction. This finishes the proof of Fact2.4. O

If R3 N (U1 UU,) =9 we may select as y1.2 any number in (y1, yl’ ») and y; 1 any number in

(72, 72.1)-
Now we define &3 as follows:
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hs: St—R
h3 = 3(83)$2,1(82)P1,2(81),

where @3, ¢2.1 and ¢ 2 are C* functions on R satisfying that

p3(1) =0 ifzr <ys,

p3(1) =1,

P3t) >0 ifr> ys,
and

$r2)=1 ift< % b (=1 ifr< J/2+27/2,1

d12) =0 ift >y, ¢21(t)=0 ift>yq,

. Y1+v1.2 . 2+ 21
¢i’2(l‘)<0 1ft€(T,y1,2), ¢é,1(t)<0 ifte T,)QJ).

)

Clearly the interior of the support of /43 is the set
Us={xeS": g1(x) <yi12, g2(x) <21 and g3(x) > y3}.

Select one point x3 € U3, a real number a3z € R* with |a3 — F(x3)| < ¢ and define the auxiliary
function

r3: ST —R
r3=s383+ (1 — 5383(x3)),

where we have selected s3 so that s3a3 > 0 and |s3]| is small enough so that the oscillation of r3
on Uj is less than |;T| Notice that 73(x3) = 1.
Let us study the critical points Z3 of the C? smooth function
H;:U;UuU,UU3; — R
_airithy +aarahy +asrshs

H; = . 2.14
3 hi+hy+h3 @14

Let us prove that Z3 :={x e U UU U Us: H3’ (x) =0 on T} can be included in a finite number
of disjoint slices within U; U U, U Uz by splitting it conveniently into the (already defined) Z;,
Z» and up to four more disjoint sets within U3, as Fig. 1 suggests.

The function H/3 can be written as Hg = 03,181 + 03,282 + 03 383, where 03 ; are continuous
and real functions on Uy U U, U U3 and g; denotes the restriction g;|r,, i =1, 2, 3, whenever we
evaluate H;(x) on T;.

Clearly, from (2.14), H3 and Hg restricted to (U1 U Uy) \ U3 coincide with Hp and H’Z, respec-
tively. Then, Z3 \ Uz = Z3 \ Us=Z,. Letus study the set Z3 N Us. First, if x € Uz \ (U1 U U»),
from (2.14), we obtain that H3(x) = a3r3(x) and Hj(x) = a3r}(x) = a3s3g3. Therefore Hy(x) =
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Fig. 1. Case n = 3: the decomposition of Z3.

azs3gslt, =0 iff D(x) = g3. If the point z3 € Uz \ (U U Us) then, H3 has exactly one critical
point in U3z \ (U U U»); in this case, since g1(z3) # y1 and g2(z3) # y», the point z3 actually
belongs to Uz \ (ULUTy).

Secondly, let us study the critical points of H3 in U3z N (U1 UU3). If we define Ay = %,
then we can rewrite H3 in U3 N (U1 U Uy) as

_ airihy 4+ axrahy . hi+hy azrihs
3= hi+ho hi+hy+hs hy+hy+h;

=HzAs +azr3(l — Az),

and
H3' =Hy A + azs3(1 — A2)gs + (Hy — azr3) A,

By computing A/, we obtain A} = &> 181 + &2,282 + £2,383, where the coefficients £ 1, £2,2 and
&> 3 are continuous functions of the following form:

_ —93(83)62.1(82)) 5 (1) (h1 + ha) + h3¢ (1) + h392(g2)1 1 (81)

2= (hy +hy + h3)? ’
_ —93(83)8; 1 (82)012(81) (h1 + ha) + h39;(2)b1,1(81)
22T (hy + ha + h3)? ’
—@% hi+h
£y = ©3(g3)$2,1(82)91,2(g1) (1 + h2) 2.15)

(hi + hy + h3)?

Since g1(x) < y12 < % for every x € U3z, we have that ¢i’1(g1(x)) = 0 for every x € U3,
and we can drop the term h3g02(g2)¢i‘1(g1) in the above expression of & 1. Thus, if x € U3 N
(U1 U Uy), the coefficients 03 1, 03,2, 03,3 for Hg have the following form,

03,1 =02,142 + (Hz — asr3)é2.1,
032 =022A7 + (Hy —azr3)é2 2,
03,3 =a3s3(1 — Az) + (Hp — azr3)é 3,

where a3s3 >0, Ay > 0,1 —A2>0,8120,6220,814+%&2>0and &3 <0on Us N
(U1 U Uy). Therefore, if Hy — asr; < 0, the coefficient 033 > 0. When Hy — aszr; > 0 and
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02,2 > 0, we have that 035 > 0. Finally, when H, — aszr3 > 0 and 02,1 > 0, we have 03,1 > 0
(recall that for every x € Uy U Uy, there is j € {1, 2} such that o ;(x) > 0). Since the vectors
{g1, g2, g3} are linearly independent we get that, if Hg (x) =0 for some x € U3 N (U1 UU,), then
there necessarily exists 0 # 0 such that D(x) = 0(03,1(x)g1 + 03,2(x)g2 + 03,3(x)g3), that is
D(x) € (g1, g2, 831

In fact we can be more accurate and obtain that if x € (U3 N U,) \ U; and H’3 (x) =0 then
D(x) €[g2, g3]- Indeed, in step 2 we proved that o2 | =0 in U, \ U;. Moreover, the functions
01(g81), ¢1.1(g1) and ¢ 2(g1) are constant outside Uy, thus their derivatives vanish outside Uj.
This implies &1 = 0 and consequently 03,1 = 0 in (Usz N Uy) \ U;. Similarly, if x € (Us N
Up) \ Uy and Hg(x) =0, then D(x) € [g1, g3]. Indeed, from step 2 we know that 02 2 = 0 on
U \ U,. Moreover, the function gaé(gz)m,l(gl) vanishes outside U,. In addition, if x € (U3z N
U1) \ Uz then g1(x) < y1,2 < y1.1 and hence g2(x) < y»2. Thus ¢é’1(g2(x)) = 0, which implies
&2(x) =0. Consequently 03 2(x) =0if x € (U3 NUy) \ U>.

Define the sets

Z31:{{Z3} ifz3€ U3 \ (U UU»),
' @ otherwise,
Z3,=23NUsN (UL UU,).

Now, let us check that Z3 » C Ug€N3 Og. Indeed, if x € Z3 2, then x € (U U Uz) N Us. Now,

e if x € (U NU3)\ Uy, then D(x) € [g1, g3]. Since (U NU3)\ Uy C (U1 N Ué) \ U, we can
deduce that x € M3 1 C M3;

e if x € (U NU3)\ Uy, then D(x) € [g2, g3]. Since (U, NU3)\ U; C (U N Ué) \ U; we can
deduce that x € M3 > C M3;

e if x e U NU; NUs, then D(x) € [g1, 82,83]. Since Uy NU,NU3;C U NU N U3’ we can
deduce that x € M312 C M3.

Finally, since x € U3z, we have that g1(x) < y12 and g2(x) < y2,1. We apply Fact 2.4(2) to
conclude that there is g € N3 such that x € Oy.
In the case that Z3 | = {z3} ¢ UgeN3 5g, we select if necessary, a larger 13, with f3 < I3, so that

3¢ Ug€N3 Eg. Since the norm is LUR and D(z3) = g3 we may select numbers 0 < té < lé <1
and open slices, which are neighborhoods of z3 defined by

O, :={x€S: g3(x) > 13} and B, :={xeS: g3(x) > 1},

satisfying Oy, C By, C {x € 81 g1(x) <y{,, g2(x) < ;/2’,1, g3(x) > y3} and dist(Bg,, By) > 0
for every g € N3. In this case, we define I3 = N3 U {g3}.

Now, if Z31 ={z3} e U eeN; 6g, we select, if necessary, a smaller constant /3, with 0 < £3 <
I3 <1,sothat Z3 1 ={z3} € Ug€N3 O, . In this case, and also when Z3 | =, we define I3 = N3.

Notice that, in any of the cases mentioned above, Fact 2.4 clearly holds for the (possibly)
newly selected real numbers 3 and /3.

Then, the distance between any two sets Bg, By, 8,8 € I U > U I3, g # g’ is strictly
positive. Moreover Z3 1 UZ3 5, C Ug€r3 Oy C Ug€r3 By C Uj C R3. Therefore, Z3 = Z1UZp U
Z31UZ3p C UgerlurzuF30g C UgeFluFZUF3 B, CU1 UU; UUs = Ry U Ry U R;3. Finally,
recall that dist(Bg, RS) > 0, for every g € I'3 and dist(Bg, (U U U U U3)“) > O for every g €
nuirnurs;.
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It is worth mentioning that, by combining all the results obtained in the step k£ = 3, we can
deduce that H/3 = 03,181 + 03,282 + 03,383, where 03 ; are continuous functions on Uy UU,; U Us,
H3’ = 03,181 + 03,282 + 03,383, where 03 ; are continuous functions in the corresponding open
subset of Y, 03 ; (x) = 0 whenever x € (U1 UU, U U3) \ U;, and for every x € Uy UU, U Us there
is at least one coefficient 03 ; (x) > 0.

e Assume that, in the steps j = 2,...,k, with k > 2, we have selected points z; € St and

constants y; € (0, 1), with g1(z;) # y1, ..., gj—1(zj) # ¥j—1, {81, ..., & = D(zx)} linearly
independent functionals such that

Si={xeS$: fi)>5;}c{xeS: gjx) >y} c{xes: fix)>8]}=P; (216
forall j =2,...,k,and

{Telgi..... 8,81 g, () =Viys ... 8i,(X) =V, gj(x) =yjand |T| =1} =0
forevery I <ij<---<ig<j—1,and 1 <s<j—1,2<j<k. Assume we have defined

the functions hj = @;(g;)P;j—1,1(gj—1) - P1,j—1(g1), where @j, ¢j_11, ..., ¢1,j—1 are C
functions on R satisfying

pj@®)=0 ifr<y;,
p;(l)=1,

go}(l) >0 ifr>y;,

and

. Y1+ V-1 . Vi—1+Vi-1,1
¢1,j-1(1) =1 lftéﬁj, ey Gjim11(M) =1 lft<%,
61,j-1®)=0 ift >y -1, ey Gjm11@® =0 it >y,

. Y1+ Y1,j-1
¢>{,j_1(t)<0 1fte(#],yl,j1>,

. Vi-1+Vji-11
¢ 11()<0 lfte(%,yj—m),

where y1 <y1,j-1,...,¥j—1 <¥j-1,1,and 2 < j <k.
The interior of the support of /; is the set

Uj={xeS: gi(x) <yij1,....8j—1(x) <yj_1,1 and g;(x) > y;}.
Assume we have also defined the C? smooth functions r j and Hj:
I’J'ZS+—>R Hj:U1UU2U--~UUj—>R
Y airih;

jhi

i=1

rj=sjgj+(1-s;gj(xp)).  Hj=
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for 2 < j <k, where x; € U; the numbers aj, s; € R* satisfy that |a; — F(x;)| <e¢, sja; >0,

and the oscillation of r; on Uj is less than 7.
J

Assume that for 2 < j < k the set of critical points Z; of Hj is a union of the form Z; =
Z; 1UZj1UZ;,, where Z;_ is the set of critical points of Hj_1, the sets Z; 1, Z; 1, Z; > are
pairwise disjoint, Z; C D~ '([g1, ..., &;1), Zj—1 C (U1U---UU;_)\Ujand Z; 1 UZ; > C U;.
Furthermore, assume that (i) there is an open subset U ]’ such that

UjCU;CRj:={xeS: gj(x)>y,}

and dist(By, U;.) > 0, forevery g € I'1 U---UTIj_y, (ii) there is a finite subset I'; C $* and open
slices of S,

By:={xe€S: g(x)>1;} and Og:={xeS:gx)>1;}, 0<tj<lj<l,

satisfying B, C U} for every g € I'j, dist(By, By) > 0 whenever g, g’ € I'j, g # g and there is
¥; € (vj. 1) such that

Zjiuzjac | JOogc | BocUjn{xes: gjx)>yj} cU;.
ger; ger;

Assume also that for 2 < j <k, HJf =o0j1g1+---+o0j g on U U---UUj, where o ;
are continuous functions on Uy U --- U U}, and H]f =0;181 + -+ 0} ;gj, where o;; are
continuous functions on the corresponding open subset of Y. Finally, assume that for 2 < j <k,
and for every x € Uy U --- U U; there is at least one index m € {1, ..., j} such that 5} ,,, (x) > 0,
and thatif x e (Ui U---UU;)\ Uy, withm € {1, ..., j}, then o ;,(x) = 0.

e Now, let us denote by yx41 € S the point satisfying fi+1(yik+1) = 1. If either {g1, ..., gk, fk+1}

are linearly dependent or g;(yk+1) = y; for some i € {1, ..., k}, we can use the density of the
norm attaining functionals (Bishop—Phelps theorem) and the continuity of D to modify y;4; and
find zx41 € S so that g;(zk4+1) # vi, forevery i =1,...,k, {g1,..., 8, &k+1 := D(zx+1)} are

linearly independent and

[xeS: fir1(x) > 88,1} Clx €8t gry1(x) > 1} C{x €8t fiy1 () > 634, )

for some viy1 € (0, 1). If g; (yik+1) # y; forevery i € {1,...,k} and {g1, ..., gk, fr+1} are lin-
early independent, we define zy4+1 = yx+1 and gx+1 = fr+1. Then we apply Lemma 2.2 to
the linearly independent vectors, {g1, ..., gk+1} and the real numbers y1, ..., ¥, and obtain
Yk+1 € (0, 1) close enough to v so that

Sir1={x €S8t fiy1(x) > 81} C{x €8t gry1(x) > yas1)

c{xes: fixitx)> 52+1} = Pry1

and

{T elgi..- iy 811" T (i) = Vi - T(&i,) = Vi
T(gi41) = a1 and [T| = 1} =1 (2.17)

forevery 1 <ij <---<ig<kand1<s <k.
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Define

Ris1={x €S gr1(x) > yit1}-

Recall that (J,cpy
select numbers

B, CU; N{x €S: gi(x) >y} and select Vk/,l € (. y;)- In addition, we

Vi—1 + Vk-1,1 Y1+ Yik-1
sy, BEEEHEL) e (o, PN )
2 2
and define the open set
Ui =1{xeS: g1(x) <y{ 4. 8(x) <y and gey1(x) > vir1} (2.19)

Notice that dist(By, Ulé+1) >0foreveryge IMU---UITljk.

Assume that Rgy; N (Uy U --- U Ug) # @ and define, for every 1 <ij <--- < iy < k and
1 <5 <k, the set

Mit1iy.. i, = {x €Uy N---NU;,NU; - x ¢ Uj forevery je{l,....k}\{i1,..., i},

and D(x) € [giy, .- ., 8, 8k+1]}

and

Mjq1 = U{MH],,»]M,-S: 1<ij <+ <ig<kand1<s <k}
In the case when My = we select as y; x any point in (yi, yl/ &)+ --» and yg 1 any point in
Ve Vi 1)-

Notice that U U--- U U = Ry U--- U Rg. In the case when My # @ and dist(Mj1, (U1 U
< U UR)S) =dist(Myy1, (R U -+ U Rp)€) > 0, we can immediately find y; x € (Vl,)/f,k), .
Vi1 € (Vi vi ) With My C{x € 8t g1(x) > y1}U---U{x € St ge(x) > v}

In the case when dist(My41, (U; U --- U Ur)) = 0 and in order to find suitable positive
numbers Y1k, ..., Vk,1, we need to study the limits of the sequences {x,} C My such that
lim,, dist(x,, (Uj U --- U U)) = 0. Define, for every 1 <ij <--- <iy <k and 1 <s <k, the
sets

Flovipi, =T €l8iy--» 8, 811" T(gi) =i forevery i € {i1, ..., is} and |T| =1},
Nivripi,=1e€8 Nlgiy, ... 8, gkl T(g)=1forsome T € Fl ;).

Since the norm | - |* is Gateaux smooth, we can apply Lemma 2.1 to the finite-dimensional space
[8iy»---» &> 8k+1] with the norm | - |* restricted to this finite-dimensional space, and deduce that
the cardinal of any of the sets F} iy is at most two. Moreover, since the norm is strictly con-
vex, the cardinal of each set N +1.iy....i, 18 at most two. Let us consider the norm-one extensions

to [g1, ..., &k, gk+1] of the elements of Fk/+1,i1,..<,i:’ that is,

" _ *, / _
Flovi o= {Te€lgr, - &1l™ Tlig, i eei] € Figr,., and [T| =1}
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Since the norm | - |* is Gateaux smooth, for every G € F; iy there is a unique norm-one
extension T defined on [gy, ..., gk+1]. Thus, the cardinal of the every set F,’ ~is at most

k+1,i1,....i
two. Therefore the sets

Fiq ZU{FIQ/—Q—L[],...JJ: 1<ij <+ <ig<kand 1 <s <k},

Nigr =Wy 1<in < <is <kand 1 <s <k}

are finite. As a consequence of equality (2.17), we deduce that T (gi+1) # yk+1 for every
T eF 41+ We can restrict our study to the following kind of sequences. Fix 1 <s <k and
1 <iy <--- <ig <k and consider a sequence {x,} C My11,,,...;, such that lim, dist(x,, (U U
<+ U Up)) = 0. Let us prove that for every i € {iy,..., i}, lim, g;(x,) = y;. Indeed, if
{x,} C My11,,,....i;» then in particular {x,} C U; C R; for every i € {i1,...,is}. Recall that
UyU---UUg =Ry U--- U Ry. Therefore, dist(x,, (U U--- U Uy)°) > dist(x,, RY) for every
i €f{i,...,Iig}. Thus, lim, dist(x,, Ric) =0 for every i € {iy,...,is}. Since {x,} C R;, this im-
plies that lim,, g; (x,) = y;, forevery i € {iy, ..., is}.

Now, let us take any sequence {x,} C M41,i,...,i; such that lim, g;(x,) = y;, for i €
{i1,...,is}. Consider every x, as an element of X** and denote by x; its restriction to
[g1,---,8k+1]. Recall that D(x,,) € S*N g, ..., &, &k+1] for every n € N. Then, the sequence
of restrictions {xp} C [g1, ..., gk+1]" satisfies that

l= |xn| = |Xn| > |Xn|[g,-1 ..... gis,gk+1]| = max{xn(h): hesS* N [gil s oo 8igs gk+l]}

P Xn(D(xn)) =D(xp)(xn) =1

for every n € N. Thus, there is a subsequence {xnj} converging to an element T € [g1, ..., gk+1]*
with |T| =1 and |T|[g,-1 gip il = 1. Since lim; gi(x,,_/.) =y; for every i € {if,..., i}, we
have that T'(g;) = y; for every i € {iy, ..., is}. This implies that T|[8i1»~w8im8k+1] € F,é
and T € Fl:/-i-l,i|,.<.,is' Furthermore, if g € N/i+1,i1,...,ix and T'(g) = 1, then lim; xp;(g) = 1. In ad-
dition, T (gk+1) = lim; Xn; (8k+1) = limj gk+1(xn;) > yk+1 because {x;} C U12+1' Then, from
condition (2.17), we deduce that T (gg+1) > ykx+1. Finally, let us check that g;(x,) < y; for
everyi €{l,...,k}\ {i1,...,is} and n € N. Indeed, since {x,} C U12+1’ we have g1(x) < Vf,k <
V0iels---»8i—1(X) < yl.’fl k2—i < Vi-11. Now, from the definition of U; and the fact that
{xy: n e N} N U; =¥, we deduce that g;(x,) < y;, for every n € N. Finally, if T = lim; X
in [g1,..., gk+1], then T (g;) = lim; an(gi) Ly, foreveryi e {l,....k}\ {i1,..., i}
Let us define, forevery 1 <s <kand 1 <iy <--- <iy <k, the sets

.....

+1,it,.., is

Fetliy..iy = {T € Flég-l,il,...,is: there is {x,} C My+1.,.. with lirfnxn(gi) =y,

.A,isa
fori e {iy,...,is}and 1imxn=T},
n

Nictti.ois = {8 € Njyy 4,0 thereis T € Fipy iy i, with T(g) =1},

.....

and
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Fipr = J(Ferriy.i 1<s <kand 1 <iy < -+ <ig <k},

Nyt =Nty it 1<s <kand 1 <iy < -+ <ig <k},

which are all finite. Select a real number y, | satisfying yi+1 <y, < min{T (gk+1): T €
Fiy1}).

Fact 2.5.
(1) There are numbers 0 < ty41 < k41 < 1 such that for every g € Ni41, the slices
Og = {x eS: gx)> lk+1} and Bg:= {x es: glx)> tk+1}

satisfy that

Oy C By C{xes: gi(x) < Viko -+ 8 < Vi1 gky1(x) > Yie1} and (2.20)
dist(Bg, By') >0, whenever g,8' € Niy1, §# 8. (2.21)

(2) There are numbers yi i € (1, Vl/,k)’ e Vil € Wk, Vlé,l) such that if x € Mg+, g1(x) <
vikl, ..., gk(x) < Yk,1, then x € Oy, for some g € Ny 1.

Proof. (1) First, if X is reflexive, we know that for every g € Ny there is x, € S such that
D(xg) =g. Thereis 1 <s <kand 1 <ij <--- <iy <k such that g € Fyy1;,,...i,- Denote by
Xg the restriction of x, to [g1, ..., gk+1]. Since Xg(g) =1 and | - |* is Gateaux smooth, we have
that xg = T for some T € Fiq1,i,....;;- This implies that Xg(g;) = yi < Vi/,k-',-l—i whenever i €
{in, ... is}, Xg(gr+1) > vy 4y and Xg(gi) < ¥i < ¥y, Wheneveri € {1,....k}\ {i1,..., i}
Hence, x; € {x € S: g1(x) < yl”k, oo grx) < y,é’l and gr11(x) > yk’+1}.

Now, since the norm | - | is LUR and D(x;) = g, the functional g strongly exposes S at the
point x for every g € Ni41. Since Ny is finite, we can obtain real numbers 0 < #11 < k41 <
1 and slices O, and By, for every g € N1, satisfying conditions (2.20) and (2.21).

Now consider a non-reflexive Banach space X. Let us first prove (2.20). Assume, on the
contrary, that there is a point g € Nx41 and there is a sequence {y,} C § satisfying g(y,) >
1— ,11 with either g1(y,) > Vl/,k’ ey or gkl = y,é,l, or gr+1(yn) < Vl£+1’ for every n € N.
If g € Niy1 there is a sequence {x,} C M4+ with lim, g; (x,) < y;, for every i € {1,...,k},
lim, gr4+1(x,) > y,é 41 and lim,, g(x,) = 1. In particular,

gl +1-1 Xn -+ Xp
%gg ”zyn < nz)’n\l’
and thus lim, I@I = 1. Since in this case the norm | - | is WUR, we have that x, —

Vn 0 (weakly converges to zero). This last assertion gives a contradiction since either
limsup, gi(xy — yu) < ¥i — Vi/,k-s-l—i < 0 for some i € {1,...,k} or liminfy, g1 (x, — yn) =
limy, gk+1(xn) — y,é > 0. Therefore, we can find real numbers 0 < x41 < lx+1 < 1 and slices
O, and B, for every g € Ni41, satisfying condition (2.20). The proof of (2.21) is the same as the
one given in Fact 2.3, where the only property we need is the strict convexity of | - |*.
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(2) Assume, on the contrary, that for every n € N, there is x, € M1 with g;(x,) <y +
% for every i € {1,...,k} and {x,: n € N} N (UgeNk+. Og) = 0. Then there is a subsequence
of {x,}, which we denote by {x,} as well, and there are numbers 1 <s<kand 1 <ij <--- <
ig < k such that {x,} C My41,,,...i,. In particular, {x,} C U; C R; and then g;(x,) > y; for

every i € {if, ..., iy} and n € N. Hence, lim,, g; (x,,) = y; forevery i € {iy, ..., is}. Since {x,} C
Mii1,iy,....i,» from the comments preceding Fact 2.5, we know that there is a subsequence {x,,,.}
and g € Ny1,iy,....i, satisfying that lim; g (x, j) =1, which is a contradiction. This finishes the

proof of Fact 2.5. O

If Rgt1 N (Up U---UUg) =9 we may select as y; x any number in (yy, Vl/,k)’ .o, and pk 1
any number in (y, ¥{ ;)
Now we define Ay 1,

hgs1: St—»R
hi+1 = Or+1(8k+1) Pk, 1(8k) - - - P1.4(81),
with @41, @x.1, - .-, @1,k C* functions on R satisfying
1 () =0 if 1 <yt

Pr1(1) =1,

Prer1 (D >0 if 1> yis,

and
=1 ifr< LENL =1 i L
Pre®) =0 ifr>yix, vy 1M =0 ifr >y,
i Mt vk - Yk + Vi1
b1 (1) <0 1fte< 5 ,7/1,k>, s B <0 lffe(T,Vk,l).

Clearly the interior of the support of A4 is the set

Uks1 ={x €S: g1(X) <Y1 ks -, 8(x) < yx,1 and g1 (x) > Yiy1}.

Select one point xi41 € Ug+1, a real number ag4 € R* with |ag1 — F(xg+1)| < € and define
the auxiliary function

Tk+1 ST SR
et = Sk418k+1 + (1 — Sk1 8541 (X)),

where we have selected sg so that sg41ax+1 > 0 and |sx1] is small enough so that the oscilla-
tion of rg41 on Uiy is less than Iaksﬁ Notice that rr41 (xx4+1) = 1.

Let us study the set of critical points Z,; of the C? smooth function
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Hx1: U U---UUpy — R
k+1
St airih;
k+1
Zi:l hi

Let us prove that Zy 11 :={x e U1 U--- U Ug41: H1£+1 (x) =0 on T} can be included in a finite
union of disjoint slices within Uy U - - - U Ui by splitting Z41 conveniently into the (already
defined) set Z; and a finite number of disjoint sets within Uy 1.

It is straightforward to verify that H;(+1 =0k11.181 + - + Ok 1.4+ 18k+1, Where oy 41; are
continuous functions on Uy U --- U U4 and g; denotes the restriction g;|7,, i =1,...,k+ 1,
whenever we evaluate Hj_ ;(x).

From (2.22), the restriction of Hg41 and H{(+1 to (U U---UUg) \ Uk coincide with Hy
and H{(, respectively. Then, Zy1 \ Uky+1 = Zik = Zi41 \ l_]k+1. Let us study the set Zy41 N Ug41.
First, if x € Ugy1 \ (U3 U --- U Uy), from (2.22), we obtain that Hg,1(x) = ap417k+1(x)
and the derivative H,gﬂ(x) = ak+1r,’c+l(x). Therefore H;(H(x) = Qg+15k+18k+1lT, = 0 iff
D(x) = gk+1. If the point zx4+1 € Ug+1 \ (U1 U --- U Uy), then Hy4q has exactly one critical
point in U4+ \ (U1 U---U Uy); in this case, since g; (zx+1) # ¥; foreveryi =1, ..., k, the point
Zx+1 actually belongs to Uy 1 \ (U1 U---U Uy).

Secor}(dly, let us study the critical points of Hky1 in Ugyy N (U U --- U Uyg). If we define
A=

Hi:1 = (2.22)

, then we can rewrite Hxy1 on Ug1 N (U1 U--- U Uy) as

k k
i1 dirihi i1 hi | Gkireei i

Hyi1 = 2 kl —. Z,iJrll -+ o =Hy Ak + ar17r41(1 — Ag),
Zi:l hi Z[:] hi Zi:l h;

and

Hy =H Ap +arpises1 (1 — A gkt + Hy — agy 1741 Ag.

Notice that, on the open set Uy11, we have that ¢; ;(g;) = 1, whenever i + j < k. Indeed, on the
one hand, if x € U4y, and i € {1,...,k}, then g;(x) < Vi k+1—i < yiJFZV”-’, whenever i + j < k.

On the other hand, ¢; j(1) =1if r < % Therefore h;|y,., = ¢i(gi), forevery i =1, ...k,
and

Zf:] vi (gi)
Zle ©i (8i) + hi41

Ap =

By computing A;( in Ug+1, we obtain A;( =&.181 + - - + &k k+18k+1, where the coefficients
&k.1, ..., &k k+1 are continuous functions of the following form:

~ k1 @By @D T Biker1-i (@)= i) + iy 19(25)
(Zf:ll hi)?

& j=

’

j=1,... .k

_ Gk @ )Ty Gk 80)) iy i)

&k k1
i hi)?
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Thus, if x € Ug+1 N (U U --- U Uy), the coefficients ox41.1, ..., Ok+1,k+1 for H;<+1 have the
following form,

Ok+1,j =0k, j Ak + (Hx — ak+1me+1)8k,; for j=1,...,k,

Ok 1,k+1 = Ak18k+1(1 — Ap) + Hyg — ar 175418k k+1-

Notice that in Ug+1 N (U1 U --- U Up), ak+18k+1 > 0, A >0, 1 — Ap >0, & ; > 0, for every
j=1,...,k, ZI;-ZI &c,j > 0 and & ry1 < 0. Therefore, if Hy — agq17x+1 < 0, the coefficient
Ok+1,k+1 > 0. When Hy —ag117x+1 > 0and oy ; > 0, the coefficient ox 11, ; > O (recall that, from
the step k we know that, for every x € Uy U - - - U Uy, there exists at least one j € {1, ..., k} with
ok,j > 0). Hence, if Hi(_H(x) =0 for some x € Ug4+1 N (U U --- U Uy), there necessarily exists
0 # 0 such that D(x) = 0(ok+1,1(x)g1 + - - - + Okg1,k+1(X)gk+1), thatis D(x) € [g1, ..., gkt1].

In fact we can be more accurate and obtain that if H{(H(x) =0, xeU1 NWUU---UUy)
and x ¢ Uje,,- U; for some proper subset F' C {1,...,k}, then D(x) € span{g;: j e {l,...,
k + 1} \ F}. Indeed, from step k we know that, if x € (U; U---UUp) \ U;, where j € {1, ..., k},
then oy j(x) = 0. Now, if j € F and j = 1, it is clear that the functions ¢{(g1) and ¢>i,k(g1)
vanish outside Uj. This implies & 1(x) = 0 and consequently ox1,1(x) =0.1If j € F and 2 <
Jj <k, since x € U4 we know that

81(X) <Y1k <Vij—1, --» &j—=1(X) <Vj—lk+2—j <Vj-1,1,

and then necessarily g;(x) < y;. Since the functions <p} (gj) and qb’/.’ kel j(g ;) vanish whenever
gj <yj, wededuce & ;(x) =0 and thus ox11,j(x) =0. '
Let us now define the sets

7 _{{Zk+1} if 21 € U1 \ (U1 U--- U Up),

k+1,1 = .
0 otherwise,

Ziv12=Zks1 NUpp1 N UL U ---U Up).

Now, let us check that Z; 12 C UgeNk+] O, . Indeed, if x € Zy 1,2, there are constants 1 <
s<kand 1 <ij <---<ip <k,suchthatx e Uy 1 NU; N---NU;, and x ¢Uj€FUj,where
F={1,...,k}\{i1, ..., is}. From the preceding assertion, D(x) € [g;,, - - -, &i,, 8+1]. From the
definition of My ;,,....i, and the fact that Ug4| C U1£+1’ we obtain that x € My41,;,,....i, C My41.
Since x € U1, we have that g1(x) < Y1k, .., 8(X) < yk,1. We apply Fact 2.5(2) to conclude
that there is g € Ni41 such that x € Oy.

In the case when Zyi1,1 = {zx+1} ¢ UgeNH.]
with fx41 < lk41, so that zx41 ¢ UgeNk+1 Eg for every g € Ni41. Since the norm is LUR and
D(zk+1) = gk+1 we may select numbers 0 < t,i 4 < l,’( 4 < 1 and open slices, which are neigh-
borhoods of z;4 defined by

5g, we select, if necessary, a larger #;1,

Ogiry =1{x€8: grr1(x) >} and By, ={xeS: gi(x)>n}

satisfying O, C By, C{x € S: g1(x) < ¥4+, 8() < ¥ s 8+1(x) > y{,} and
dist(Bg,,,, Og) > 0, for every g € Niy1. In this case, we define Iy 1 = Nir1 U {gk41}).
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Now, if Zyi1,1 = {zk+1} € UgeNk+1 (_)g, we select, if necessary a smaller constant 41,
with 0 < fg41 <41 < 1, so that Zgy11 = {zxg+1} € U Oy. In this case, and also when
Zi+1,1 =9, we define I = Niy1.

Notice that, in any of the cases mentioned above, Fact 2.5 clearly holds for the (possibly)
newly selected real numbers #;41 and [j1.

Then, the distance between any two sets By, B,/, where g, ¢" € I U--- U Ii11, and g # g/,
is strictly positive. Moreover Zyy1,1 U Zgt12 C Ugel‘;m O, C Ugerkﬂ By C Uy, C Ry
Therefore, Zy 1 =Z1U---UZyUZpi11UZky12 C UgeﬂUmUFkH O, C UgeFIU---UFkH B, C
UrU---UUgy1 = Ry U---URypy1. Also, recall that dist(By, RI€+1) > 0, for every g € I'y4+1 and
dist(Bg, (U1 U---UU41)°) >0, forevery ge I U--- U Ii.

Finally, let us notice that, by combining the results obtained in step k + 1, we deduce that
Hi | = at15k+18k41 in Ugn \ (U1 U--- U Uy) and Hy | =H on (U U--- U Up) \ Ug+1,
and in general Hi<+1 = 0k+1,181 + -+ + Ok+1.k+18k+1 on Uy U --- U Up41 where o4, are
continuous functions on Uy U --- U U4 and Hl£+1 = 0k+1,181 + -+ + Ok+1.k+18k+1 Where
ok+1,; are continuous functions on the corresponding open subset of Y. Moreover, for every x €
UiU---UUyg4 thereis atleastoneindex i € {1, ..., k+1} such that o311 ,; (x) > 0. Furthermore,
ok+1,j(x) =0 whenever x € (U1 U---U U )\Uj, je{l,....k+1}.

Once we have defined, by induction, the functions Ay, r¢ and the constants ay, for all k € N,
we define

8E€Nk+1

H:StT—R
o0
h h
- Zk_;oakrk k
Zk:l hy

It is straightforward to verify that the family {Uy}ien of open sets of ST is a locally finite open
covering of S*. Thus, for every x € ST there is k, € N and a (relatively open in S*) neighbor-
hood Vy C ST of x, such that V, N (Uk=r, Ux) =9 and therefore H |y, = Hg,|v,. Thus H is C?
smooth whenever the functions {/}ren are C? smooth.

Fact 2.6. The function H 3g-approximates F in ST.

Proof. Recall that the oscillation of F in Uy is less that ¢, the oscillation of r; in Uy is less than
£ lar — F(xx)| < ¢ and r(xg) = 1, for every k € N. Now, if iz (x) # 0, then x € Uy and

lak]”

|agri(x) — F(x)| < |agri(x) — agri (o) |+ |arre (o) — F (x)|

= lag||ri(x) — re ()| + |ax — F ()|

Slanlo o= F@ol +[Faw — Fo| <36 @23)
Hence,
H) = Foo)| = | 22 (@) = Fephe@)l 320 lawn () = Folhe@) 3

Doy h(x) S i (x)

Let us denote by C the critical points of H in ST. Since for every x € ST, there is k, € Nand a
(relatively open in S*) neighborhood V, C S* of x such that V, N (U, Ux) = @, we have that



D. Azagra, M. Jiménez-Sevilla / Journal of Functional Analysis 242 (2007) 1-36 31

H|y, =Hy,|y, and C C |J; Z. Recall that |, Z; C U{Og: g € U Ik} CUI(Bg: g € U I%),
the oscillation of F on By is less than ¢ and dist(Bg, B,/) > 0, for every g, g e Uk I} with
g # &' Furthermore, from the inductive construction of the sets {Bg: g € (J; Ik}, it is straight-
forward to verify that (i) for every k > 1, if ¢ € I'; and g’ € (J,,- I'm» then dist(Bg, By) >
Yi— V/é,l >0and (ii))ifge N and g’ e Y [y, then dist(Bg, Bg) > 11 — Vl/,l > 0. Therefore,
for every g € |y Ik,

m>1

dist(Bg,U{Bg/: g/eUFk,g/;ég}> > 0. (2.24)
k

We relabel the countable families of open slices {08}86Uk r, and {Bg}gGUk r, as {On}, {Bu},

respectively. Notice that the set _J,, B, is a (relatively) closed set in S*. Indeed, if {x itcU, B,

and lim; x; = x € ST, since |, U,, is also a locally finite open covering of S7, there is ny

and a (relatively open in S*) neighborhood W, C ST of x, such that W, N (U u)) =40.

In addition, from the construction of the family {B,}, there is N € N such that Un> N B, C

Un>nx U,, and thus there is jo € N with {x;};-j, C U,]l\’:1 B,.Hence x € Uiv:l B, C U, B,.
Let us denote B, = ®~1(B,) and O, = ®~1(0,) for every n € N.

n>ny

Fact 2.7. O, and B, are open, convex and bounded subsets of X, for every n € N.

Proof. Since @ is continuous, it is clear that O, and B, are open sets. The sets O, and B,
are slices of the form R = {x € §: b(x) > 8} for some b € S$* and § > 0 such that dist(R, X x
{0}) > 0. Let us prove that R := @ ! (R) is convex and bounded in X . First, let us check that the
cone in Y generated by R and defined by

cone(R) = {Ax: x € R, A > 0} = {x cv: b<|i—|) > a}

is a convex set: consider 0 < o < 1 and x, x’ € cone(R). Then,

b(ax + (1 —a)x") =ab(x) + (1 —a)b(x") > ad|x| + (1 — a)d|x|
= 8Joex| + 8| (1 — a)x’| = 8lax + (1 — a)x’

’

and this implies that ax + (1 —&)x” € cone(R). Therefore, the intersection of the two convex sets
cone(R) N (X x {1}) = IT~'(R) is convex. Now, it is clear that R = @~ (R) =i~ '(IT~1(R)) is
convex as well.

Let us prove that [T~ (R) is bounded in Y. Consider the linear bounded operator 75 :Y =
X®R— R, ma(x,r) =r forevery (x,r) € X ®R. Then, [T~ (y) = my(v) forevery y € ST. On
the one hand, d := dist(R, X x {0}) > 0 and then ’

|(x,l’)—(x,0)| d
To(x,r)=r = > :=s5>0 forevery (x,r) € R.
O] 0. 1] g

On the other hand,

[yl 1 1
= < — foreveryy € R,

o'yl = = <
| )l m(y) m(y) s
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and thus 7~ (R) is bounded. Since the norm | - || considered on X x {0} (defined as ||(x, 0)| =
lx]]) and the restriction of the norm | - | to X x {0} are equivalent norms on X x {0}, there exist
constants m, M > 0 such that m|lx — x'|| < |li(x) —i(x)| = |(x, 1) — &/, D|=|(x — x",0)| <
M||x — x'| forevery x, x’ € X. Hence,

1
et | =i (T ) —i~'©, D < E}H”(y) — (0, )]

< 1+ 50, 1)|’

-1
(177" 0] +]0. D) < ——

1
m
for every y € R, what shows that R is bounded in X. O

Fact 2.8. O, and B, are (closed convex and bounded) CP smooth bodies for everyn e N.

Proof. We already know that these sets are closed, convex and bounded bodies, hence it is
enough to prove that their boundaries 00, and 98, are C” smooth one-codimensional sub-
manifolds of X. Since 3B, = ®~1(3B,), 30, = ®~1(30,), and @ is a C” diffeomorphism,
this is the same as showing that 3 0, and 9 B, are C” smooth one-codimensional submanifolds
of S. But, if Oy, is defined by O,, = {y € S: g,(y) > B,}, we have that 30, is the intersection
of S with the hyperplane X, ={y € Y: g,(y) = B,} of ¥, and X,, is transversal to S at every
point of d O, (otherwise the hyperplane X, would be tangent to S at some point of d O, and, by
strict convexity of S, this implies that d O,, = X, N S is a singleton, which contradicts the fact that
0, is a nonempty open slice of §), hence the intersection 00, = S N X,, is a one-codimensional
submanifold of S. The same argument applies to dB,,. O

Fact 2.9. dist(O,,, X \ B,,) > 0 and dist(5,,, Um;én B) >0, for every n € N.

Proof. This is a consequence of the fact that dist(O,,, ST\ B,) > 0, dist(B,, Um# B,,) > 0, and
@ is Lipschitz. Indeed, on the one hand, recall that |i (x) —i(x")| = |(x — x/, 0)| < M||x — x|,
for every x, x’ € X. On the other hand,

T = Y YT =D+ G =yl _ 2y =y _2

<=ly—vy
Iyly'] Iyly'] Syl e

/
|

)

|[T(y) -1 =

for every v,y € X x {1}, where ¢ = dist(0, X x {1}) > 0. Therefore, |®(x) — ®(x')| <
%Hx — x'||, for every x,x’ € X. Now, if two sets A, A’ C ST satisfy that dist(4, A") > 0,
then dist(A, A’) < |a — d’] < %ncp—l(a) — @~ 1(a")||, for every a € A, a’ € A'. Therefore,
0 < dist(A4, A) < % dist(@~1(A), @~ 1(A)). O

Fact 2.10. For every n € N, there exists a CP diffeomorphism W, from X onto X \ O, such that
W, is the identity off B,.

Proof. Assume that 0 € O,. Since dist(O,, X \ By) > 0, there is §, > 0 such that dist((1 +
8n)On, By) > 0. We can easily construct a C? smooth radial diffeomorphism ¥, » from X \ {0}
onto X \ O, satisfying ¥, 2(x) = x if x ¢ (1 + 38,)O0,. Indeed, take a C°° smooth function
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n:[0,00) — [1, 00) satisfying that A, (t) =7 for ¢t > 1+ 8,, A,(0) =1 and A}, (¢) > 0 for ¢ > 0,
and define

X
Wy 2(x) = An (Hn(x)) Lo (X)

for x € X \ {0}, where u,, is the Minkowski functional of ©,,, which is C? smooth on X \ {0}.

Now, since 0 € Oy, there is o, > 0 such that «, B|.| C O,. According to [13, Proposition 3.1]
and [12, Lemma 2] (see also [1]), there exists a C? diffeomorphism ¥, from X onto X \ {0}
such that ¥, ; is the identity off «;, By (this set may be regarded as the unit ball of a equivalent
C? smooth norm on X).

Then, the composition ¥, := ¥, 2 o ¥, 1 is a C? diffeomorphism from X onto X \ O, such
that ¥, is the identity off B,. If 0 ¢ O,, select w, € O,, and repeat the above construction of the
diffeomorphism with the sets O, — w, and B, — w,. Then, ¥, 1= 14, o ¥, 2 0 ¥, 1 0 T_,, is the
required C? diffeomorphism, where 7, (x) =x +w. O

Now, the infinite composition ¥ = O;2 ¥, is a well-defined C? diffeomorphism from X
onto X \ U, Oy, which is the identity outside | J, B, and ¥ (B,) C B,. This follows from
the fact that, for every x € X, there is an open neighborhood V, and ny € N such that
VN (Un?gn B,) =@, and therefore ¥ |y, = ¥, |v,.

Finally, let us check that the C? smooth function

g:X—R
g=Ho®doVW

4¢-approximates f on X and g does not have critical points. Indeed, for every x € X, if ¥ (x) # x
then there is 3, such that x € B3, . Since the oscillation of f in B, is less than ¢ and ¥ (x) €
B, , we can deduce that | f(¥(x)) — f(x)| < &, for every x € X. Recall that F o @ = f and
|H (x) — F(x)| < 3e, for every x € S*. Then,

|g() — f(X)|=|Ho®(¥(x)) — F o ®(x)|
|H(@(¥(x))) — F(® (¥ ()| + |Fo®(¥(x)) — Fod(x)]

<
<3¢+ e=4¢ (2.25)
for every x € X. Since @ and ¥ are C” diffeomorphisms, we have that g’(x)_: 0 if and only if
H'(® (¥ (x))) =0.Forevery x € X, ¥ (x) ¢ |, O, and thus @ (¥ (x)) ¢ | J,, On. It follows that
H'(® (¥ (x))) # 0 and g does not have any critical point.

Before finishing the proof, let us say what additional precautions are required in the case when
¢ is a strictly positive continuous function:

e theslices Sy ={x € §: fr(x) > &} (k e N) are selected with the additional property that the

oscillations of the two functions F and & = ¢ 0 @ ! in Sy are less than £ 7(y K

, where yy is the
point of ST satisfying fi(yx) = 1; this implies, in particular, that 58()’1() <E&(x) < %é(yk)
for every x € Sg;

o the real numbers a; € R* satisfy that |ay — F(x)| < %;
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Ew)

o the oscillation of ry in Sk is less than Tk

From the above conditions and inequality (2.23), it can be deduced that if x € Uy, then
lagri(x) — F(x)] <2&(yr) < 4&(x). From this, it can be obtained that |H (x) — F(x)| < 4&(x),
for every x € ST. Equivalently, |H o ®(x) — Fo @ (x)| = |H o @ (x) — f(x)| < 4e(x), for every
x € X. Now, if x # W (x), then there is B, such that x, ¥ (x) € B, Thus, | f (¥ (x)) — f(x)]| <

—1/y,
M < &(x). Now, from inequality (2.25), we obtain: (a) if x € B, for some n,, then

lg(x) — f(xX)| < 4e(¥(x)) +£(x) <66(P ! (yu,)) +£(x) < 13e(x), and (b) if x ¢ |, By, then
lg(x) — f(x)] <4e(W¥(x)) =4e(x). This finishes the proof of Theorem 1.1. O

Remark 2.11. The construction of the function g with no critical points that approximates f with
a constant ¢ > 0, is considerably shorter in the case that either (i) X = ¢>(N) (and we use West’s
theorem [32]) or (ii) X is non-reflexive and the norm | - | considered on Y can be constructed
with the additional property that the set {f € Y*: f does not attain its norm} contains a dense
subspace (except the zero functional) of Y*.

Indeed, in the first case, we can define as | - | the standard norm on £¢,(N). In both cases,
the use of the auxiliary functions r, is not required, we can consider the slice R, := S, (that
is, the additional construction of the sequence of slices {R),} is not required) and we can select
for every n € N, any strictly decreasing sequence {y, ;}ieN such that lim; ¥, ; = 8,,. Then, let us
choose a non-zero functional w € Y* \ [ f,;: n € N] (where [ f,: n € N] denotes the space of all

finite linear combinations of the set {f,: n € N}) with |w|* < ¢, and define H = % +w
and H, = iz aihi + w, for every n € N. We obtain in the case (i), that Z, (the critical points

T Xiahi
of Hy), is included in the compact set D! (Lf1s---s fu, w]N S*). Then, it can be proved that the
set C of critical points of H and thus the set C of critical points of the composition H o @, are
closed and locally compact sets of ST and ¢, (N), respectively. Now, g is obtained, by applying
West theorem [32], considering a C* deleting diffeomorphism ¥ from £, (N) onto ¢, (N) \ C,
with the additional property that the family {(x, ¥ (x)): x € £2(N)} refines the open covering
{®~1(S,); neN)). Finally, we can define g ;== Ho @ o V.

In the case (ii), we can select the family G = { f,,: n € N}U{w} with the additional requirement
that [G] \ {0} is included in the set of non-norm attaining functionals. Thus, it can be proved
that the sets of critical points of both H;, and H are empty. Therefore, the set of critical points
of g := H o @ is empty and g approximates f. Notice that this case is particularly interesting
because the use of a deleting diffeomorphism is not required.

Open Problems 2.12.

(1) The analytical case for the Hilbert space £>. Can every continuous function f:€> — R be
uniformly approximated by real-analytic smooth functions with no critical points?

(2) Remark 2.11(i1) suggests the following problem: if X is a non-reflexive separable Banach
space, can we construct an equivalent norm | - | on X with good properties of smoothness
and convexity and the additional property that the set N A° U {0} contains a dense subspace
of X*, where NA€ :={f € X*: f does not attain its norm}?
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