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ABSTRACT. Let E, F be separable Hilbert spaces, and assume that E is infinite-dimensional. We show
that for every continuous mapping f : E — F and every continuous function € : E — (0,00) there
exists a C'°™° mapping g : E — F such that || f(z) — g(z)|| < e(z) and Dg(z) : E — F is a surjective
linear operator for every z € E. We also provide a version of this result where E can be replaced with
a Banach space from a large class (including all the classical spaces with smooth norms, such as co, ¢,
or LP, 1 < p < ), and F can be taken to be any Banach space such that there exists a bounded linear
operator from E onto F'. In particular, for such E, F, every continuous mapping f : E — F can be
uniformly approximated by smooth open mappings. Part of the proof provides results of independent
interest that improve some known theorems about diffeomorphic extractions of closed sets from Banach
spaces or Hilbert manifolds.

1. INTRODUCTION AND MAIN RESULTS
The main purpose of this paper is to show the following two results.

Theorem 1.1. Let E, F be separable Hilbert spaces, and assume that E is infinite-dimensional. Then,
for every continuous mapping f : E — F and every continuous function € : E — (0,00) there exists
a C*® mapping g : E — F such that || f(z) — g(z)|| < e(x) and Dg(z) : E — F is a surjective linear
operator for every x € E.

Theorem 1.2. Let E be one of the classical Banach spaces co, £, or LP, 1 < p < oo. Let F be
a Banach space, and assume that there exists a bounded linear operator from E onto F. Then, for
every continuous mapping f : E — F and every continuous function € : E — (0,00) there exists a C*
mapping g : E — F such that || f(z) — g(x)|| < e(x) and Dg(x) : E — F is a surjective linear operator
for every x € E.

Here k denotes the order of smoothness of the space E, defined as follows: k = oo if E € {co} U {lay, :
ne€NJU{L™:neN}; k=2n+1if E € {lap11:n € N}U{L?*" :n € N}, and k is equal to the
integer part of p if £ € {£,} U{LP} and p ¢ N. The Sobolev spaces W*P(R") with 1 < p < co are
also included in Theorem since they are isomorphic to LP(R™) (see [56, Theorem 11]).

Notice that the assumption that there exists a bounded linear operator from E onto F' is necessary,
as otherwise all points of E are critical for all functions g € C1(E, F).

Of course Theorem is a particular case of Theorem (also note that if E is a separable Hilbert
space, F' is a Banach space, and there exists a continuous linear surjection T': F — F', then F' must
be isomorphic to R" or to F). In general, note that a continuous linear surjection T': F — F' between
Banach spaces exists if and only if F' is isomorphic to a quotient space of E.

We will also establish more technical results (see Theorems and below) that generalize the
preceding theorems to much larger classes of Banach spaces (especially in the case that F is reflexive).
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Part of the motivation for this kind of results is in their connection with the Morse-Sard theorem, a
fundamental result in Differential Geometry and Analysis. Throughout this paper, for a C* smooth
mapping f : R” — R™, C} stands for the set of critical points of f (that is, the points z € R™ at
which the differential D f(x) is not surjective), and f(Cy) is thus the set of critical values of f; the same
terminology applies to smooth mappings between manifolds, both finite and infinite-dimensional. The
Morse-Sard theorem [54, 62] states that if £ > max{n —m + 1,1} then f(C}) is of Lebesgue measure
zero in R™. This result also holds true for C*¥ smooth mappings f : N — M between two smooth
manifolds of dimensions n and m respectively.

Given the crucial applications of the Morse-Sard theorem in several branches of mathematics, it is
natural both to try to extend this result for other classes of mappings, and also to ask what happens in
the case that M and N are infinite-dimensional manifolds. Regarding the first issue, many refinements
of the Morse-Sard theorem for other classes of mappings (notably Holder, Sobolev, and BV mappings)
have appeared in the literature; see for instance [68, (69, [55], [1T], 12, 53|, 24], B5] 18 [19] 45], 411, 1401, [9], [10]
and the references therein.

As for the second issue, which in this paper is of our concern, let us mention the results of several
authors who have studied the question as to what extent one can obtain results similar to the Morse-
Sard theorem for mappings between infinite-dimensional Banach spaces or manifolds modeled on such
spaces.

S. Smale [63] proved that if X and Y are separable connected smooth manifolds modeled on Banach
spaces and f : X — Y is a C" Fredholm mapping (that is, every differential Df(z) is a Fredholm
operator between the corresponding tangent spaces) then f(Cy) is meager, and in particular f(Cj)
has no interior points, provided that r > max{index(Df(z)),0} for all + € X; here index(D f(z))
stands for the index of the Fredholm operator D f(x), that is, the difference between the dimension of
the kernel of D f(z) and the codimension of the image of D f(x), both of which are finite. Of course,
these assumptions are very restrictive as, for instance, if X is infinite-dimensional then no function
f: X — R is Fredholm.

In general, every attempt to adapt the Morse-Sard theorem to infinite dimensions will have to impose
vast restrictions because, as shown by Kupka’s counterexample [47], there are C°° smooth functions
f €5 — R so that their sets of critical values f(Cy) contain intervals. Furthermore, as shown by
Bates and Moreira in [12] [53], one can take f to be a polynomial of degree 3.

Nevertheless, for many applications of the Morse-Sard theorem, it is often enough to know that any
given continuous mapping can be uniformly approximated by a mapping whose set of critical values
is small in some sense; therefore it is natural to ask what mappings between infinite-dimensional
manifolds will at least have such an approximation property. Going in this direction, Eells and McAlpin
established the following theorem [32]: If E is a separable Hilbert space, then every continuous function
from E into R can be uniformly approximated by a smooth function f whose set of critical values
f(Cy) is of measure zero. This allowed them to deduce a version of this theorem for mappings between
smooth manifolds M and N modeled on E and a Banach space F' respectively, which they called
an approzimate Morse-Sard theorem: Every continuous mapping from M into N can be uniformly
approximated by a smooth mapping f : M — N so that f(Cy) has empty interior. However, as
observed in [32, Remark 3A], we have Cy = M in the case that F' is infinite-dimensional (so, even
though the set of critical values of f is relatively small, the set of critical points of f is huge, which is
somewhat disappointing).

In [6], a much stronger result was obtained by M. Cepedello-Boiso and the first-named author: if M
is a C*° smooth manifold modeled on a separable infinite-dimensional Hilbert space X, then every
continuous mapping from M into R™ can be uniformly approximated by smooth mappings with no
critical points. P. Hajek and M. Johanis [37] established a similar result for m = 1 in the case that
X is a separable Banach space which contains ¢y and admits a CP-smooth bump function. Finally, in
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the case that m = 1, these results were extended by M. Jiménez-Sevilla and the first-named author
[7] for functions f : X — R, where X is a separable Banach space admitting an equivalent smooth
and locally uniformly rotund norm.

In this paper, we will improve these results by showing that the pairs (¢3,R™) or (X,R) can be
replaced with pairs of the form (F, F'), where F is a Banach space from a large class (including all
the classical spaces with smooth norms such as ¢, £, or LP, 1 < p < 00), and F' can be taken to be
any quotient space of E. So we may say that even though an exact Morse-Sard theorem for mappings
between classical Banach spaces is false, a stronger approximate version of the Morse-Sard theorem is
nonetheless true.

The general plan of the proof of Theorem [I.2] consists in following these steps:

e Step 1: We construct a smooth mapping ¢ : E — E such that ||¢(z) — f(z)|| < e(x)/2 and
Cy, the critical set of ¢, is locally contained in the graph of a continuous mapping defined on a
complemented subspace of infinite codimension in F and taking values in its linear complement.
e Step 2: We find a diffeomorphism h : £ — E\C,, such that h is sufficiently close to the identity,
in the sense that {{z,h(z)} : x € E} refines G (in other words, h is limited by G), where G is
an open cover of E by open balls B(z,d,) chosen in such a way that if x,y € B(z,d,) then
o) - ola)) < 2 < S
The existence of such a diffeomorphism A follows by the results of Section 2.
e Step 3: Then, the mapping g(z) := ¢(h(z)) has no critical point and satisfies || f(z) — g(x)|| <
g(x) for all x € E.
The results of Section 2 are of independent interest, as they generalize important theorems on dif-
feomorphic extractions of some kind of sets. Although it is well known (see [20, 511, B0} BI] and the
references therein) that every two separable, homotopy equivalent, infinite-dimensional Hilbert mani-
folds M, N are in fact diffeomorphic, a diffeomorphism h : M — N provided by this deep result has
not been (and, in general, cannot be) shown to be limited by an arbitrary open cover G of M, a prop-
erty that is essential in Step 3 above. The finest result we know of which provides a diffeomorphism
h: E — FE\X limited by a given open cover G of E, where FE is a separable infinite-dimensional Hilbert
space E' and X is a closed subset of E, is a theorem of J.E. West [67] in which X is assumed to be
locally compact. However, in the proof of Theorem we do not work necessarily with Hilbert spaces
and we need to diffeomorphically extract a closed set X which is not necessarily locally compact but
merely locally contained in the graph of a continuous mapping defined on a complemented subspace of
infinite codimension in E and taking values in its linear complement (for a precise explanation of this
terminology, see the statement of Theorem below). In Section 2, we construct diffeomorphisms h
which extract such closed sets X. Observe also that we do not even assume separability of the Banach
space, in contrast with all the results about diffeomorphic extraction of closed sets that one can find
in the literature.
The main result of Section 2 is the following.

Theorem 1.3. Let E be an infinite-dimensional Hilbert space, X a closed subset of E which is locally
contained in the graph of a continuous function defined on a subspace of infinite codimension in E and
taking values in its orthogonal complement, G an open cover of E, and U an open subset of E. Then,
there exists a C* diffeomorphism h of E\ X onto E\ (X \ U) which is the identity on (E\U)\ X
and is limited by G.

Recall that h is said to be limited by G provided that the set {{z,h(x)} : z € E'\ X} refines G; that
is, for every x € E'\ X, we may find a G, € G such that both z and h(z) are in G.

Theorem [I.3]is a straightforward consequence of the following much more general result, which is true
for many Banach spaces not necessarily Hilbertian.
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Theorem 1.4. Let E be a Banach space, p € NU{oo}, and X C E be a closed set with the property
that, for each x € X, there exist a neighborhood U, of x in E, Banach spaces E(1 ;) and E(3 ;, and a
continuous mapping fz : Cy — Eo 4y, where Cy is a closed subset of E(y ), such that:

(1) E=Eq.) © Egg);

(2) E(1,2) has CP smooth partitions of unity;

(3) E(2,) is infinite-dimensional and has a (not necessarily equivalent) norm of class C?;
(4)

4) X NU, C G(fy), where
G(fz) ={y=(y1,92) € E1,2) ® E22) * y2 = fz(y1), 11 € Cu}.

Then, for every open cover G of E and every open subset U of E, there exists a CP diffeomorphism h
from E\ X onto E\ (X \ U) which is the identity on (E\U)\ X and is limited by G. Moreover, the
same conclusion is true if we replace E with an open subset of E.

The proof of Theorem combines ideas and techniques from Peter Renz’s Ph.D. thesis [58], James
West’s paper [67], and some previous work of the first and second-named authors [4] [5]; see Section 2
for more information. It should be noted that Theorem [1.3| generalizes West’s theorem [67], because
a closed locally compact subset of an infinite-dimensional Hilbert space F, locally, can be regarded as
the graph of a continuous mapping defined on a closed subset of an infinite-codimensional subspace
of E; see, for instance, [5§].

The proof of Theorem [I.1| will show that £ and F' can be replaced with open subsets U and V of E and
F respectively. Then, by combining such an equivalent statement of Theorem with the well known
result [30), [46] stating that every separable infinite-dimensional Hilbert manifold is diffeomorphic to
an open subset of {5, one may easily deduce the following.

Theorem 1.5. Let M, N be separable infinite-dimensional Hilbert manifolds. For every continuous
mapping f: M — N and every open cover U of N, there exists a C*° mapping g : M — N such that
g has no critical point and {{f(z),g(z)} : x € M} refines U.

Alternatively, one can also adjust the proof of Theorem [1.1] to obtain a direct proof of Theorem

It is worth noting that Theorems and are immediate consequences of the following more general
(but also more technical) results. For spaces E which are reflexive and have a certain “composite”
structure, we have the following.

Theorem 1.6. Let E be a separable reflexive Banach space of infinite dimension, and F be a Banach
space. In the case that F' is infinite-dimensional, let us assume furthermore that:

(1) E is isomorphic to E® E.

(2) There exists a linear bounded operator from E onto F (equivalently, F is a quotient space of
Then, for every continuous mapping f : E — F and every continuous function € : E — (0,00) there
exists a C* mapping g : E — F such that ||f(z) — g(z)|| < e(x) and Dg(z) : E — F is a surjective
linear operator for every x € E.

Note that there exists separable, reflexive Banach spaces F such that E is not isomorphic to E @ F.
The first example of such a space was given by Figiel in 1972 [34].

See also Theorem and Theorem below for more general variants of this result.

For spaces which are not necessarily reflexive but have an appropriate Schauder basis we have the
following.

Theorem 1.7. Let E be an infinite-dimensional Banach space, and F' be a Banach space such that:

(1) E has an equivalent locally uniformly convex norm || - || which is C* smooth.
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(2) E = (E,|l ) has a (normalized) Schauder basis {en}nen such that for every x =322, wje;
and every jo € N we have that

Z Tjejl < ijej

JEN, j#jo JeN

(3) In the case that F is infinite-dimensional, there exists a subset P of N such that both P and
N\ P are infinite and, for every infinite subset J of P, there exists a linear bounded operator
from spanf{e; : j € J} onto F' (equivalently, F is a quotient space of span{e; : j € J}).

Then, for every continuous mapping f : E — F and every continuous function € : E — (0,00) there
exists a C' mapping g : E — F such that || f(z) — g(z)|| < e(x) and Dg(x) : E — F is a surjective
linear operator for every x € E.

Recall that a norm | - || in a Banach space E is said to be locally uniformly convex (LUC) (or locally
uniformly rotund (LUR)) provided that, for every sequence (x,,) C E and every point x¢ in F, we
have that

lim 2 (|lzo]* + |z]?) = llzo + 2,]* = 0 = lim [z, — @0 = 0.
n—00 n—0o0

Condition (2) is equivalent to the fact that, for every (equivalently, finite) set A C N, ||P4] < 1,
where P4 stands for the projection Py(x) = ZjeA xje;. This, in particular, implies that {e,},en is
an unconditional basis; for more details see [2, p. 53] or [J.

The proofs of these theorems will be provided in Sections 3 and 4. These results combine to yield
Theorem for k = 1 (see also Remark in Section 5 for an explanation of why the space c¢q
satisfies the assumptions of Theorem . In order to deduce Theorem in the cases of higher order
smoothness, we just have to use Nicole Moulis’s results on C! fine approximation in Banach spaces
[52] or the more general results of [38, Corollary 7.96], together with the following fact.

Proposition 1.8. Assume that the Banach spaces E, F satisfy the following properties:

(1) For every continuous mapping f : E — F and every continuous function 6 : E — (0,00) there
exists a C' smooth mapping ¢ : E — F such that || f(z) — o(z)|| < d(x) and Dp(x) : E — F
is surjective for all x € F.

(2) For every C' mapping ¢ : E — F and every continuous function n: E — (0,00) there erists
a C* mapping g : E = F such that || f(x) — ¢(@)[| < n(x) and |Dp(x) — Dg(z)|| < n(z) for
allz € E.

Then, for every continuous mapping f : E — F and every continuous function € : E — (0,00) there
exists a C* smooth mapping g : E — F such that ||f(z) — g(z)|| < e(x) and Dg(z) : E — F is
surjective for every x € E.

Nevertheless, it should be noted that our proof of Theorem directly provides C°° approximations
without critical points in the case that E is a separable Hilbert space; see Remark in Section 5
below. An easy proof of Proposition together with some examples, remarks and more technical
variants of our results, is given in Section 5.

Finally, let us mention that as a straightforward application of Theorem [1.2] we obtain that, for all
Banach spaces E and F' appearing in Theorem every continuous mapping f : £ — F can be
uniformly approximated by open mappings of class C*. For a more general statement, see Remark
Obviously, the latter result is false in the case that E is finite-dimensional.
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2. EXTRACTING CLOSED SETS WHICH ARE LOCALLY CONTAINED IN GRAPHS OF INFINITE
CODIMENSION

In this section we will combine ideas and tools of [58, [67, 5] in order to prove Theorem We
will split the proof into four subsections. First, in Section 2.1, we will see that each piece of X
contained in the graph G(f) as provided by condition (4) of the statement can be flattened by means
of homeomorphisms h;, ¢, : £ — E which are sufficiently close to each other, and whose restrictions
to E\ G(fz) and E\ (G(fz) \ U) are diffeomorphisms, respectively. Next, in Sections 2.2 and 2.3, we
will show that there exists a diffeomorphism g, : E'\ (Cy x {0}) — E\ ((Cy x {0}) \ he(U)) which
is the identity on (E \ h;(U)) \ (Cz x {0}) and moves no point more than a fixed small number ;.
Then, the composition ¢, ! o g, o h, will extract the local chunk of graph U, N G(f;) and will move no
point too much. Finally, in Section 2.4, we will see how one can patch a collection of diffeomorphisms
extracting pieces of X into a diffeomorphism A which extracts X and is limited by G.

In Section 2.1, we will closely follow Peter Renz’s results from [58, [59]. In Sections 2.2 and 2.3, we
will combine ideas and techniques from [58, 4, [5]. Finally, in Section 2.4, we will borrow a technique
of James West’s [67, p. 288-290].

2.1. Flattening graphs. Here we will prove the following.

Theorem 2.1. Let Eq be a Banach space with CP smooth partitions of unity and Eo be a Banach space
which admits a (not necessarily equivalent) CP norm. Let (E = Ey X Ea, || -||) and 71 : E — Ey be
the natural projection, i.e., mi(x1,x2) = 1, (x1,22) € E. Let X1 C Eq be a closed set, f: X1 — E3 a
continuous mapping, U C E an open set, and € > 0. Write G(f) = {(z1,22) € E : x2 = f(x1), =1 €
X1}. Then there exist a couple of homeomorphisms h,¢ : E — E such that:

(1) A(G()) © By x {0} and o(G(f) \U)  (Fy x {0}) \ h(D);
(2) h=p off of U;

(3) moh=m =mop;

(4) h restricted to E\ G(f) is a CP diffeomorphism of E\ G(f) onto E \ (X1 x {0});

(5) ¢ restricted to E\( (/HNU) is a CP diffeomorphism of E\(G(f)\U) onto E\((X1 x {0}) \ h(U)).
(6) Hh Ha) =~ (2)|| < ¢ for every z € E.

(7) h=Y (21, 22) is uniformly continuous with respect to the second coordinate xo (meaning that for

every € > 0 there exists 6 > 0 such that if ||xa — xb|| < & then |h~ (21, 22) — b~ (21, 24)|| < e

for all z1).
We will assume without loss of generality that ¢ < 1.
In what follows, slightly abusing notation, we will indistinctly use the symbol || - || to denote the norms
Il - Il || - |2y, and || - || with which the Banach spaces E;, Eo or Ej X E5 are endowed. We may and

do assume that ||z1||g, = [|(z1,0)|| and ||z2||g, = ||(0,z2)]| for all (x1,z2) € E1 X Es.

Now, we state and prove a sequence of lemmas that will be employed in proving the above theorem.
The most important are Lemmas and Basically, we follow the ideas of Renz’s paper [59] and
Ph.D. thesis [58], with some minor but very important changes.

The proof of our first lemma is a consequence of the existence of CP smooth partition of unity on Fj.

Lemma 2.2. The function f : X1 — FE2 extends to a continuous function f : By = Ey such that
fIE1\ X1 is CP smooth.

Lemma 2.3. Let E; be a Banach space with CP smooth partitions of unity, Fo be a Banach space
which admits a (not necessarily equivalent) CP norm, X be a closed subset of E1, and f : X1 — E»
be a continuous mapping. For every n € N, write

1
W, = {$1 € By dist(xg, X7) < n}
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Assume f : By — Fy is a continuous extension of f such that f|E1\ X1 is CP smooth. Then, there is
a continuous mapping

F:R x E1 — E2
such that

(1) (rxl

) = f(m
) f )
(2 ) F|R>< (E1\ X1) U (=00, 1) x Ey is CP smooth;
) f )forr>1anda;1€X1,
forallr e R, 1 € X;.

l\.’)\)—l

Proof. For every n € N we can find a sequence of CP functions f, : E1 — FE5 such that

1f(@1) = fu(ey)]] < 27207

for every 1 € FE;. The existence of such a sequence is again guaranteed by the existence of CP
partitions of unity in Ej (see, for instance, [26, Theorem 8.2]). We will now improve the sequence
{fn}, 51 to {fn},>1 s0 that the sequence {fn|E1\ X1} locally stabilizes with respect to n. To achieve

this, we use the existence of CP partitions of unity to find a C? function A, : F; — [0, 1] which is 1 on
E\ W, and 0 on W,,41. Define

fa(@1) = An(1) f(21) + (1 = An(21)) fu (1)

for all 21 € Ey. It follows that || fn(21) — far1(z1)|| < 272773 for all 21 € E.
For n € R, pick a nondecreasing C* function h,, : R — [0, 1] such that h,(r) = 0 for r < 1 — 27"
hy(r) =1for r >1—27" and h/(r) < 2"*!. One can check that

F(ra1) = filz) + > hnga (r)(far1(z1) — fal21))

n=1

defines a required mapping. O
Observe that in fact F'(r, z1) is Lipschitz with constant 1 with respect to the first variable r € R. That
is,

1 (rya1) = F(r' 20| < 1o (1) = B ()| fasa (1) = fa(@)|] <
n=1

00
< Z2n+1|7ﬂ o r1’2—2n—3 < |7“ - ’I“,’
n=1

for every x1 € Ej.
We will write

Uo = m(G(f)NU),

which is an open set in F1, and also
Vi =X\ Up= X1 \m(G(f)nU) =m(G(f)\ V),
which is a closed subset of Fq. By replacing U with U N7y Y(Uy), we can assume that
Uy = m1(U).

Lemma 2.4. With the above notation, take a decreasing sequence of positive numbers {0, }n>1 con-
verging to zero. Then there exists an increasing sequence of open subsets in Fq

VicViCWhClhC - CV,CVu1 C---C U
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such that | J;2, Vi, = Uy and the sets
Up :={(z1,32) € E: |lz2 — f(21)|| < 0p, 1 € Vi }
are contained in U.

Proof. To be able to get the required inclusions between the sets V,,, we first take an auxiliary sequence
of open sets Wy, in Uy such that W,, C W,y for every n € N and UZO:1 W, = Up.
Then we define

V= {ac1 c€Up: {(z1,22) € B : ||lwa — f(x1)| < 6n} C U}

o0

for every n € N. Observe that we have V;; C V,/.; and [J;°; V;, = Uy, but we cannot assure that V;, C
V.1 for every n € N. So now we mix these sets with the previous W;,, that is, we let V, = W,, N V..

Obviously, by definition, for every n € N the set U, = {(z1,22) € E: |lz2 — f(x1)]] < 6ny 71 € Vi } is
contained in U. Now, we have that V,, C V,,;; for every n € N; also U;’;l V. = Up. O

The following lemma resembles [59, Lemma 2.2] and [58, Lemma 2| (in which only one function ¢ is
considered). However, Theorem requires constructing two homeomorphisms h and ¢ which are
identical outside U. The building block in constructing those homeomorphisms are two functions ¢
and ¢ whose existence is claimed in the lemma below. The existence of ¢ is crucial. Incidentally, let
us note that Renz’s proof of [58, Theorem 4] is flawed (and this is the reason why we must deal with
two functions ¢ and gZ; instead of just the function ¢), but can be corrected by using Theorem

Lemma 2.5. Let f: Ey = Es be the uniform limit of CP functions. Then there are two continuous
functions ¢, ¢ : E — [0, 1] such that

(1) ¢71(1) = G(f) and $~'(1) = G()) \ U;
(2) |E\G(f) and ¢|E\ (G(f)\U) are CP smooth; )
(3) |]D2¢(331l3:2)|| < %for all (x1,22) € E\ G(f), and ||Dagp(x1,x2)|| < % for all (x1,x9) €

EN(G(NH\U);
(4) ¢ = ¢ outside U.

Proof. To construct ¢ we will follow [59, Lemma 2.2]. A similar argument will be used to construct

¢; however, we have to make sure that ¢|G(f) N U < 1.

For n € N, let a,, by, ¢y, dy, €, be positive numbers with the following properties:
(1) they tend to zero as n tends to infinity;

an < by, for all n;

En+1 + bnt1 < an — &y for all n;

Yomeicn <5<

5) 3o dn < 3

(for instance, let us set a, = €272", b, = 2ay,, ¢, = 27" d, = 272" and ¢, = 62_4(”+1)). Let Ay,

be a nonincreasing C? function from R to R satisfying

0N
~— — — —

(
(
(
(

cn = hn(r) = hu(0) >0 whenever r < a,,
hn(r) =0 whenever r > by,
|l (r)] < dy, for all r in R,

and g, : E; — E3 be a CP mapping such that ||g,(x1) — f(x1)| < en for every x; € E;. Then
Un(21,22) = ha (|22 = gn(21)])
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defines a nonnegative CP function on F; x Fs = E satisfying

Cn = wn(x17x2) = hn(()) >0 if H$2 - f(xl)” < Gn — €n,
Yn (21, 22) =0 if w2 — f(z1)]| = bn + en,
| Datpn (21, 22)|| < dy for all (x1,22) € E1 x E».

The nonnegativity and first two properties of 1, are evident, and it is easy to see that v, is CP on
E. The bound on the norm of the derivative Ds1), is established by using the chain rule and the fact
that the operator norm of the derivative of the norm of any Banach space is less than or equal to one.
Define

(21) $1,$2 an 1’1,1'2

for all (z1,x2) € E.
Similarly, define

(2.2) 1/} x1,x2) Z)\ x1)n (21, 22)

n=1
for all (x1,z2) € E, where \,, : E1 — [0, 1] is a CP smooth function such that A\, (z1) = 1if 21 ¢ V,, and
An(x1) =0 if € V,,_1. Here, the sets V,, are provided by Lemma for the sequence d,, := ¢, + b,
(let Vo = 0 and assume V; # ). In particular, observe that since | J,- ; Vi, = Up then A, (x1) = 1 for
every z1 ¢ Up; hence, ¥(z1,z2) = ¥(z1,22) for z1 ¢ U.
Since the functions ) and ¢ are defined via absolutely and uniformly convergent series of continuous
functions, they are continuous.
If (z1,22) € E\ G(f), then ||zo — f(x1)|| > by + &, for some n € N. By continuity, the inequality
holds in a neighborhood of (z1,z2) so ¥y vanishes for k& > n. Hence, 9 is locally a finite sum of C?
functions, and in particular is C? on E \ G(f).
Also, if (21, 22) € G(f)NU, then 1 € Uy and x1 € V,, for some n € N. So A\i(z1) =0 for all k > n+1.
This means that ) is locally a finite sum of C? functions and, thus, is of class C? on E \ (G(f) \ U).
The derived series for Dot and Dgzﬁ are absolutely and uniformly convergent in view of the bounds on
|| D2ty || and the fact that DaX,, = 0. Then differentiation term by term is justified and || Dot)(z1, 22)|| <
1 for all (21,22) € E'\ G(f) and |[[Datp(z1, z2)|| < 1 for all (z1,22) € E\ (G(f) \ V).
Each point (z1,z2) € G(f) satisfies 0 = ||z2 — f(21)] < an — &y, for all n € N, consequently 1) equals

the constant .
Z¢n (z1, f(21)) Zh chgl.

On the other hand, if (z1,22) € G(f) \ U, then 0 = ||:U2 - (w1)|| < ap + e, and A\p(z1) = 1 for all
n € N, so ¢ equals again the constant d*. In fact d* is the supremum of 1) and of 1), and is easily seen
to be attained in G(f) and G(f) \ U, respectively.

To show that ¢ and 1/; are equal outside U take (x1,x2) € E. By a remark after the definition of
and 1/;, we can assume x1 € Up.

Claim 2.6. For every n € N, if z1 € V), \ Vo1 and if xo € Eo is such that ||xo — f(z1)|| > bn + €n,
then ¥(x1,x2) = Y(x1,x2).
Proof of Claim. If ||z — f(z1)|| > bn + &, we have that ¥y (21, 22) = 0 for all kK > n. So we have to

see that A\p(z1) =1 for k =1,...,n — 1. But this is clear since z ¢ V,,_1 and hence x ¢ V}, for any
k=1,...,n—1. O
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Now, we can conclude that for each n € N, ¢ = 1/; on the set
(Vi \ Vam1) X E2) \ Up 2 (Vo \ V1) x E2) \ U.
Since |J°2, Vi, \ Vo1 = Up and |J2, U,, C U, it follows that 1 is equal to 9 outside U.

Finally, to obtain functions ¢ and ¢ with the desired properties it is sufficient to set
P(z1,22) = (21, 22) +1 = d
gg(aﬁl,a:g) = 1[1(301,372) +1-—d*
for all (x1,22) € E. This ensures that the supremum, which is attained precisely on G(f) for ¢ and

precisely on G(f) \ U for ¢, is equal to 1.
U

In the proof of Theorem we will employ a well known fact stating that the identity mapping
perturbed by a contracting mapping is a homeomorphism (even a diffeomorphism provided that the
contracting mapping is smooth). This fact is stated and proved in Lemma 3 of Renz’s Ph.D. thesis
[58].

Lemma 2.7. Let Eq1 be a normed linear space and Eo be a Banach space. Let E = FE1 X Eo and let
d: E — Es be a continuous mapping satisfying the following condition

1
ld(z1, @2) = d(z1, 23)|| < 5 [lw2 — 25|

for all xy € Ey and xo,xh, € Ey. Then the mapping defined by h(x1,x2) = (x1,72 — d(x1,22)) is a
homeomorphism of E onto itself. Moreover, h is a CP diffeomorphism when restricted to any open set
(onto its image) on which d is CP smooth.

Let us now present the proof of Theorem

Proof of Theorem[2.1]. Basically, we will follow the proof of Theorem 1 of Renz’s Ph.D. thesis [58].
First, we apply Lemma, [2.2] - to f : X1 — Ey to obtain a continuous mapping f : £y — E, such that

fIX1 = f and f|E;\ X1 is CP smooth. Then, we apply Lemma [2.3| to the mapping f to obtain a
mapping F': R x Ey — Ej satisfying conditions (1)-(4) of Lemma Next, we apply Lemma to
f to obtain functions ¢ and ¢ satisfying conditions (1)-(4) of Lemma Now, we define

d(z1,x2) = F(P(21,22), 21)
J(l“l,lé) = F(Qg(l’l,xz),m)-
Let us check that Lemma is applicable to d and d so that
h(z1,22) = (21,2 — d(z1,22))
and
o(r1,22) = (21,72 — d(21,72))
are homeomorphisms (which, additionally, will satisfy the conditions enumerated in Theorem [2.1)).

Both functions d and d are continuous as compositions of continuous functions. We compute Dod and
Dod to obtain

Dad(w1,2) = D1F(¢(21,22),21) 0 Dad(w1, 22)
Dod(1,29) = D1 F(p(x1,x2), 1) 0 Dadp(1, 2).
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The estimates of the norms of D1 F, D¢, and Da¢ yields ||Dad(x1,x2)|, || Dad(z1, x2)|| < 1 when

(z1,22) ¢ G(f). Since d and d are continuous and E\ G(f) is dense in E, by the mean value theorem,
we can write

1
ld(w1, @2) = d(w1, 23)|| < 7 [lw2 — 5]
~ ~ 1
ld(w1, @2) = d(w1, 23)|| < 7 lw2 — 23]

for all 21 € Ey and all x9, 2, € E». Hence, Lemma applies and yields that h and ¢ are homeo-
morphisms.

Let us show conditions (1)—(7) of Theorem [2.1

First, we will verify condition (1). If (z1,22) € G(f), then d(x1,22) = F(1,21) = f(x1) = 22 and

(2.3) h(.%'l,xg) = (1‘1,3?2 — d(.%'l,xg)) = (:L'l,()).

If (x1,22) € G(f) \ U, then d(z1,22) = F(1,21) = x5 and

(2.4) p(z1,22) = (21,22 — d(21,22)) = (21,0).

Condition (3) is obvious. Since ¢ and ¢ are equal outside U we obtain (2).

Let us see that d|E \ G(f) and d|E \ (G(f) \ U) are CP diffeomorphisms. If (z1,z2) ¢ G(f) then ¢
and ¢ are CP smooth and ¢(x1,x2), ¢(x1,x2) < 1 by condition (2) and (1) of Lemma It follows
that F(¢(x1, ), 1) and F(¢(x1,2s),z1) are CP smooth in a neighborhood of (x1, ). Thus h and
¢ are CP on E\ G(f).

On the other hand, we have #|G(f) \ G(f) = 1. Then, by continuity of ¢ and condition (1) of
Lemma we infer that F(¢(x1,22),21) = f(21) and, consequently, h(z1,z2) = (z1,22 — f(1)) in
a neighborhood of G(f) \ G(f). We have proved that d is CP smooth on E \ G(f).

It remains to show that ¢|U is C? smooth. By condition (1) of Lemma we have ¢|U < 1; by
condition (2) of Lemma d|U is CP smooth. The proof that d and, therefore, ¢ restricted to
E\ (G(f)\U) is C? smooth is complete.

Now, Lemma tells us that h and ¢ are CP diffeomorphisms of E \ G(f) onto h(E \ G(f)) and
E\(G(f)\U) onto p(E\(G(f)\U)). So to get (4) and (5) it is sufficient to show that h(G(f)) = X1 x{0}
and o(G(f) \U) = (X1 x {0}) \ h(U). The first equality is clear from equation (2.3). For the second
one, observe that tells us that (G(f)\U) = (X1 \Up) x {0} = Y7 x {0}. So, we must check that

(X1 x {0} \ n(U) = (X1 \ Uo) x {0},

or, what is the same, that m(h(U)) = Up. The latter follows from condition (3) and the fact that
7T1(U) == U[).

Let us finish the proof by showing (6) and (7). Firstly let us check that ||h =1 (21, 22) — @ (21, 22)|| < €
for every (z1,72) € E1 x Ea. Since h™! preserves the first coordinate, we can write h=!(z1,22) =
(w1,2) and ¢~ 1(x1,22) = (21, 22) where yo, 22 € Eo are such that

y2 — d(x1,Y2) = x2

z9 —d(x1,22) = xa.

We then have that ||h=!(z1,72) — ¢ (21, 22)|| < ¢ if and only if ||y — 22|| < € and if and only if

||d(x1,y2) — d(z1, 22)|| < e. Since r — F(r,x1) is 1-Lipschitz, this is true if |¢(z1,y2) — ¢(x1, 22)| <€,
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or what is the same if [¢)(21,y2) — (21, z2)| < e. And this is the case because

(1) — Do, 22)] < 1@, u)| + 150, 2)] = |3 Ynler2) | + 13 An(a)alan, 22)] <
n=1 n=1

o0 o0
< ch + ch <
n=1 n=1

Secondly, let us see that for every n > 0 there exists § > 0 such that if |[(x1,22) — (x1,25)|| =
||z — @b|| < 6 then ||h~ (21, 22) — b~ (21, 25)|] < 1. It will be enough to set § = Z. Indeed, take
(z1,%2), (21, 0h) € E1x Ey such that ||(z1, z2) — (21, 25)|| = |[we—zb|| < 4. Write b~ (21, 22) = (21, 2)

and h=Y(z1,24) = (21, yh) where ya, 95 € Ey are such that

= €.

DN ™
+
N ™

Y2 — d($17y2) = T2

Yy — d(z1,y5) = b,
Then we have that

|h™ (@1, 22) — B (@1, 2h)|| = |ly2 — v4]] < ||m2 — b + ||d(21, y2) — d(21,95)]| <
1
<z — 25| + 5lly2 — Yoll,

which implies that ||y2 — y5|| < 2||xe — z4|| =7, and the proof is complete. O

2.2. An extracting scheme tailored for closed subsets of a subspace of infinite codimension.
In this subsection we will establish the following.

Theorem 2.8. Let Fy and Es be Banach spaces such that Eo is infinite-dimensional and admits a
(not necessarily equivalent) CP smooth norm, where p € NU {oco}. Define E = Ey X Ey and, for
i =1,2, write m; : E — E; for the natural projections, that is, w;(x1,x2) = x; for (x1,22) € E. Let Wy
be an open subset of E1, and ¢ : W1 — [0,00) be a continuous function such that v is of class CP on
1~1(0,00). Denote K = ¢~1(0) x {0}. Then, there exists a CP diffeomorphism h from (Wy x E3)\ K
onto W1 x Ey which satisfies w1 o h = h, is the identity off of a certain open subset U of W1 x Ej.
Specifically, the set U is defined as follows

U .= {33‘ = (371,1'2) e Wy x By S(Qﬁ(mﬁ,w(l@)) < 1},

where S is a certain C™ norm on R? and w : By — [0,00) is a certain (not necessarily symmetric)
subadditive and positive-homogeneous functional of class CP on Ey \ {0}; see Lemmas and[2.15

for precise definitions.

By a CP smooth norm on Es we mean a (possibly nonequivalent) norm on Es which is of class CP on
Ey \ {0}.
We will need to use the following three auxiliary results from [4, [5].
Lemma 2.9. Let F : (0,00) — [0,00) be a continuous function such that, for every f > a >0,
1
FB)—Fla) < =(B—a), and limsupF(t)>0.
2 t—0+

Then there exists a unique o > 0 such that F(a) = a.
Proof. See [4, Lemma 2]. O
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It is not known whether every infinite-dimensional Banach space with a C'! equivalent norm possesses
a C' smooth non-complete normﬂ The following lemma shows that for every Banach space with
a CP smooth norm there exists a kind of C? asymmetric non-complete subadditive functional which
successfully replaces the smooth non-complete norm in Bessaga’s technique [14] for extracting points.

Lemma 2.10. Let (Es, || -||) be an infinite-dimensional Banach space which admits a (not necessarily
equivalent) CP smooth norm, where p € NU {oco}. Then there ezists a continuous function w : Ey —»
[0,00) which is CP smooth on Eo \ {0} and satisfies the following properties:

1) w(z+y) <w(z)+w(y), and, consequently, w(x) —w(y) < w(z —y), for every x,y € Ea;

(2) w(rz) =rw(z) for every x € Ea, and r > 0;

(3) w(xz) =0 if and only if x = 0;
(4)
(5)

€

wOorey zk) < D opoqwlzk) for every convergent series Y ey zk in (Ea,| - ||); and
for every € > 0, there exists a sequence of vectors (yx) C E2 such that
€
for every k € N, and

liminfw(y — Zyj) >0

n—o0

for every y € Fs.
Notice that w need not be a norm in Ea, as in general we have w(z) # w(—x).

Proof. See [5, Lemma 2.3] 0
Using the properties of the functional w we can construct an extracting curve as follows.

Lemma 2.11. Let (Es, || - ||) be a Banach space, and let w be a functional satisfying conditions (1),
(2), and (5) of Lemma[2.10L Then there exists a C* curve 7y : (0,00) — Eo such that

) wiy(@) =y(B) < 5(B-a) if B2 a>0;
2) limsup,_,g+ w(y —(t)) > 0 for every y € Es; and
3) y(t) =0 if t > 1.
4) w(y(t)) < e for every t € (0,+00).

(1
(
(
(

Proof. Let 6 : [0,00) — [0, 1] be a non-increasing C'*° function such that # =1 on [0,1/2], § = 0 on
[1,00) and sup{|0'(¢)| : t € [0,00)} < 4. Let us choose a sequence of vectors (yx) C F2 which satisfies
condition (5) of Lemma and define v : (0,00) — F5 by the following formula

t) = ia@k*lt)yk
k=1

Observe for example that w(y(t)) < > 72 w(yk) < e. It is not difficult to check that this curve satisfies
the properties of the statement. See [5, Lemma 2.5] for details. O

We will also need a technical tool (see, for instance, [8, Lemmas 2.27 and 2.28]) that allows us to
obtain, on the product space E; X Fs, a norm which preserves the smoothness properties that the
corresponding norms of the factors may have. Notice that the natural formula (||z1]|7 + Hx2||%)1/ 2
defines a C! norm in F; x Ey \ {0} but, in general, this norm will not be C? on this set, even if || - |1
and || - ||z are C* on F; \ {0} and E» \ {0}, respectively, because the function zs — ||x2]|3 may not

be C? smooth on all of Fy even though it is C* smooth on E3 \ {0}. As a matter of fact, it is not

IFor C* with k > 2 in place of C*, the answer to this question is positive; see [23].
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difficult to show that, for every Banach space (E, | - |)), if || - ||? is twice Fréchet differentiable at 0,
then F is isomorphic to a Hilbert space; see, for instance [33], Exercise 10.4, pp. 475-476].

Definition 2.12. We will say that a subset S of the plane R? is a smooth square provided that:

(i) S C R? is a bounded, symmetric conver body with 0 € in¥(S), and whose boundary S is C™
smooth.

(ii) (z,y) € 0S & (12, €2y) € OS for each couple (e1,¢€2) € {—1,1}? (that is, S is symmetric about
the cordinate azes).

(iii) =3, 4] x {~1,1} U {~1,1} x [-4, 1] C 8.

(iv) S C [-1,1] x [-1,1].
Of course, it is elementary to produce smooth squares in R2.
The following lemma enumerates the essential properties of a smooth square. Recall that the Minkowski
functional of a convex body A such that 0 € int(.A) is defined by

pa(z) =inf{t >0: %m € A}

Lemma 2.13. Let S C R? be a smooth square. Then its Minkowski functional pus : R? = R is a C>
smooth norm on R? such that, for every (x,y) € R?, we have

(1) ps(z,y) < |x] + [yl < 2ps(z,y);

(2) max(|zl,|yl) < ps(z,y) < 2max(|z[, [y]);

(3) /-LS(O7y) = |y|7 NS(x¢O) = |$|f

(4) For every (zo,y0) € R?\ {(0,0)}, there exists ¢ > 0 so that

ps(z,y) = lx] if max(jz —zol,[y]) <o and  ps(e,y) = ly| if max(|z,[y —yol) <o

(5) The functions (0,00) 3t — ps(x,ty) and (0,00) >t — us(tx,y) are both nondecreasing.
Note that property (4) (which is related to properties (iii) and (iv) of Definition [2.12)) means that every
sphere of (R?, ju5) centered at the origin, which coincides with A(9S) for some A > 0, is orthogonal to
the coordinate axes and is locally flat on a neighborhood of the intersection of A(0S) with the lines

{z = 0} U {y = 0}. By using this property it is easy to show that, for any couple of Banach spaces
(E1, | - |l1) and (Es, | - |2) with CP smooth norms, the expression

s ([z1ll1, |72]l2)

defines an equivalent norm of class CP in Fq x Ej.

Proof. Properties (1) — (3) and (5) are easy to show. Let us prove (4). Assume for instance that
xo # 0, and set o = |zo|/4. If max(|z — 0|, |y|) < o, then we have

bl o _ el _1_1
ol = ool =0 Teol— leol/d 3 "2
hence
Ty 11
—, =] e{-11 ——,=| C IS
() e e[ cos
and it follows that ps(z,y) = |z|. O

The lemma below shows how, with the help of a smooth square, we can combine the given CP smooth
function ¢ : Wi — [0, 00) together with the C? smooth functional w : Fs — [0, c0) obtained in Lemma
in order to obtain a C? smooth function on Wj x Ey which behaves more or less like ¢(x1) +w(x2)

(or, equivalently, like (4(x1)? + w(x2)%)'/%).
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Lemma 2.14. Let E = E; x Ey be a Banach space, p1 : E1 — [0,00) and p : Fo — [0,00) continuous
functions which are of class CP on F \pfl(()) and Ey \ pfl(O), respectively. Then, for any smooth
square S of R?, the function p : By x Ey — [0,00) defined by

p(z) = p(z1,22) = ps(p1(z1), p2(22)), z = (z1,22) € E1 X Ey,
is continuous on E and of class CP on E '\ (pl_l(O) X pz_l(O)).
The same is true if we replace E1 with an open subset W1 of Ey.

Proof. 1t is clear that p is continuous on E, and that it is C? smooth on {(z1,x2) € E : p1(z1) # 0 #
p2(xz2)}. Let us see that p is also C? smooth on a neighborhood of the set
({(1,22) € B pr (1) = 0} U {(1,22) € B poliea) = 0D\ (671(0) x p3(0)) .

Suppose for instance that pi(x1) # 0 = pa(x2). Then, by continuity of p1, p2 and by property (4) of
Lemma [2.13] there exist a neighborhood U of the point (z1,z2) such that U C {(y1,42) € E : p1(y1) #
0} and

p(y1,y2) = p1(y1)
for all (y1,y2) € U. It follows that p is of class C? on U. The case p1(x1) = 0 # pa(22) can be treated
similarly. 0

Now we are ready to prove Theorem
Proof of Theorem [2.8. From now on we will fix a smooth square S on R?, and we will denote
S =us.

Thus, by Lemma applied to p;1 = ¥ and py = w (recall that w was constructed in Lemma )
the function

p(x1, x2) = S(P(x1), w(22))
is continuous on Wy x Ej and of class CP on (W x E») \ (¥ 71(0) x {0}).
Let us define h : (W7 x Ey) \ K — E by

h(z1,22) = (x1, 22 + 7 0 p(21,22)) = (21, B2+ 7 (S(P(21),w(22)))), (21, 22) € (W1 X Ep) \ K,
where + is provided by Lemma Note that
K = ¢71(0) x {0} = 1 (0).
Let (y1,y2) be an arbitrary point of W7 x Ey, and let Fy, ,, : (0,00) — [0,00) be defined by
(25) Fyon(0) = ol 2 — 1(0)) = S (05n), (v — (@)

for & > 0. Let us see that Fy, ,,(a) satisfies the conditions of Lemma [2.9] . As for the first condition,
we consider two cases: if w(ya —v(8)) < w(y2 —7(«)) then, since the function (0,00) 3 t — S((y1),t)
is increasing (see condition (5) of Lemma [2.13]), we have that

S(h(yr), wlyz —v(8))) < S (y1),wly2 —v(a))),

and therefore
Fy, s (B) — Fy1,y2(a) <0< (- a)

trivially for all 8 > « > 0. Otherwise, we have w(ys —v(8)) — w(y2 — v(«)) > 0, and therefore, using
the fact that S is a norm in R?, condition (3) of Lemma the properties of the functional w, and
condition (1) of Lemma we obtain

S(W(y1),w(y2 —v(8))) = S (y1), w(yz — v())) < S (0,w(y2 —v(B)) — w(y2 —v(a))) =
w(yz —7(B)) —w(yz —v(@) < w(y2 —¥(B) — (y2 — (@) = w(y(a) —7(B)) <

N | =
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for every 8 > a > 0. In either case we have that

(2.6) Fy s (B) = Fyy (@) <

forall 8> a > 0.
On the other hand, by condition (2) of Lemma we know that

(8—a)

limsup w(yz — y(a)) > 0,
+

a—0

and therefore, by condition (2) of Lemma we have

lim sup Fy, 4, (o) = limsup S(4(y1),w(y2 — v(a))) > limsupw(yz — v(a)) > 0,

a—0t a—0t a—0t
so that Fy, ,, also satisfies the second condition of Lemma
Then, applying Lemma we deduce that the equation F, ,,(a) = o has a unique solution. This
means that, for each (y1,y2) € W1 x Es, a number a(y1,y2) > 0 with the property
(2.7) S ((y),wlye = v(alyr, y2)) = p (Y1, y2 = v(e(y1,92))) = a(y1, v2),

is uniquely determined.
Let us see why these facts imply that h is a CP diffeomorphism from W7 x Ey \ K onto Wi x Ejs.
Assume first that h(z1,22) = (y1,y2) = h(z1, 22), that is to say 1 = y1 = 21, and

(2.8) z2 +7 (p(y1,72)) = y2 = 22+ 7 (p(y1, 22)) ,
or equivalently

(y1,22) = (Y1, 92 —¥(p(y1,22)) and (y1,22) = (y1, 42 — ¥(p(y1, 22)) -
Applying p to all sides of the above equations and using ([2.5)), we obtain

p(y1,z2) = p(y1,y2 — Y(p(y1,72))) = F(p(y1,z2)) and p(y1, 22) = p (y1,y2 — v(p(y1, 22))) = F(p(y1, 22)).

It follows that both p(y1,22) and p(y1,22) are fixed points of Fy, ,,. By the uniqueness of the fixed
point, we conclude that

a(y1,y2) = p(y1, 2) = p(y1, 22).

Now applying (2.8)), we have

Ty =2 and w3 = yo — y(a(y1,92)).
This shows that h is one to one, and also that, given (y1,y2) € Wi X Ey we have

h(y1,y2 — v(a(y1,v2))) = (y1,92)-

Hence h is also onto, and A~ : Wi x Ey — Wi x Ej \ K is given by

h My y2) = (Y1, 92 — v(aly, 1)) -
It is clear that h is of class CP. In order to see that h~! is CP as well, let us define ® : Wy x Ey x
(0,00) — R by

(1,92, ) = a = S(P(y1), w(y2 — () = a — p(y1,y2 — ().

On the one hand, according to (2.7) and the fact that S is a norm in R?, we have

(1), w(y2 — y(a(y1, 92))) # (0,0)

for every (y1,y2) € Wi x Ea. Since S is C*° smooth away from (0, 0), this implies that ® is C? smooth
on a neighborhood of every point (y1,y2, @(y1,y2)) in Wi X E5 x (0,00). On the other hand, we know
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that Fy, y,(8) — Fy, y(a) < 2(8—a) for B> a > 0, which implies that Fy (@) < 3 for every ain a
neighborhood of «a(y1,y2), and therefore

OP(y1, y2, @)

e - 1— F;hw(a) >1-1/2>0.
Hence, by the implicit function theorem, the mapping (y1,y2) — a(y1,y2) is of class CP on Wi x Es,
and, since ~ is CP smooth, so is h™!.
Finally, it is obvious that 7 o h = 71, and the fact that (¢) = 0 whenever ¢t > 1 implies that h is the
identity off of the set {x = (x1,22) € W1 X Ey : S(¢(z1),w(x2)) < 1}. O

2.3. Extracting pieces of continuous graphs of infinite codimension. Now we will prove the
following extractibility result.

Theorem 2.15. Let E = E1 x Ey be a product of Banach spaces such that E1 admits CP smooth

partitions of unity and E2 admits a CP (not necessarily equivalent) norm. Assume that X is a closed

subset of E1, that f : E1 — FEs is a continuous mapping, and that Ey is infinite-dimensional. Define
X = {(.’El,.rg) S E1 X E2 1 X € X1,SE2 = f(ml)}

Let U be an open subset of E and € > 0. Then there exists a CP diffeomorphism g from E \ X onto
E\ (X \U) such that g is the identity on (E\ U)\ X and moves no point more than .

Proof. We may of course assume U N X # () (as otherwise the result holds trivially with g equal to
the identity map).

Claim 2.16. It is sufficient to prove the result for f = 0 and such that the extracting diffeomorphism
preserves the first coordinate, that is g(x1,x9) = (z1,m2(g(x1,22))).

Proof. Let h and ¢ be homeomorphisms given by Theorem such that ||¢~!(z) — h™1(2)]| < § for
every € E. By the uniform continuity of h=!(z1,x5) with respect to the second variable zo € E»,
we may choose § > 0 such that if ||(x1, z2) — (z1,25)|| < ¢ then

_ _ €
1 () — B (n, 2h)]] < 7
Assuming the result is true for f = 0 we can find a CP diffeomorphism ¢g : E \ (X1 x {0}) —
E\ (X1 x {0})\ h(U)) such that g is the identity on (E \ h(U)) \ (X1 x {0}), moves no point more
than 6 and preserves the first coordinate. Then the composition
Sp_logoh:E\X—)(E\(X\U)
defines a CP diffeomorphism with the required properties. Observe that

lg(h(x)) = h(@)]| = [[(21, m2(g(h(x)))) — (21, m2(h(x)))]] <6,

hence

_ _ _ _ e €

™ (g(h(2))) = 2l < [le™ (g(R(2))) = b (g(h@N)I + [[n~ (g(h(@)) —al] < 5 + 5 =

for every x € E'\ X. O
So it will be enough to see that if X is a closed subset of E; and W is an open subset of E such that
WnNX;x{0} # 0 then there exists a CP diffeomorphism g from E\ (X; x {0}) onto E'\ (X1 x{0})\W)
such that g is the identity on (E '\ W)\ (X7 x {0}) and moves no point more than .
To this end we next construct some auxiliary functions following Renz’s strategy [58, pp. 54-59]. In
what follows w will denote the smooth asymmetric subadditive functional on Fy given by Lemma [2.10

Lemma 2.17. There exists a continuous function ¢ : Ey — |0, g] such that:
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(1) ¢ is of class CP on Ey \ dp~1(0).
(2) Wwn (Xl X {0}) C {(561,.%‘2) S ||:L“2H < g0($1)} cWw.

Proof. Let m; : E — E; denote the canonical projection defined by 71 (x1,x2) = 1. The set
Wi i=m (W N (Er x {0}))
is open in Ej, and the function G : E; — [0, 00) defined by

G(x1) = min{g, dist ((z1,0), E\ W)}

is continuous and satisfies that G > 0 on W and G = 0 on m ((E; x {0}) \ W). Since E; has CP
smooth partitions of unity and G is continuous and strictly positive on W7, we can find a CP smooth
function F' on W7 such that

1 1
0< ZG(:EI) < F(:El) < §G(2E1)
for every x; € Wj. Now let us define ¢ : E; — [0, 1] by

(.’L‘)_ F(:El) if x1 € Wy
v = 0 if%leEl\Wl.

It is immediately seen that ¢ is continuous, and of course ¢ is of class CP on Ej \ 9o~ 1(0) = Wi U
int(E7 \ W1). Since p(z1) = F(x1) > 0 for all ;1 € Wy, it is obvious that

wn (X1 X {0}) C Wi x {0} (- {(1’1,1’2) cF : HJIQ” < (p($1)}.

On the other hand, if ||z2]| < ¢(z1) then observe first that 1 € W (because if ¢(z1) = 0 the inequality
is impossible). We then must have (z1,x2) € W, as otherwise we would get

dist ((21,0), E\ W) < dist ((21,0), (z1, 22)) + dist (1, 22), E\ W) =
2]l +0 = [lea]| < 1) < 5 Gar) < st (21,0, B\ W),

which is absurd. This shows that {(z1,22) € E : ||z2]| < ¢(x1)} C W and concludes the proof of the
lemma. (]

We will also need to use a diffeomorphism ho of Fo onto itself which carries the unit ball of Fy onto
the convex body {x2 € E» : w(z) < 1} and such that he(0) = 0. The existence of hy is ensured by
the following lemma. We say that a convex body U which contains 0 as an interior point is radially
bounded provided that for every x € U the set {tx : t € [0,00)} N U is bounded.

Lemma 2.18. Let X be a Banach space, and let Uy, Uy be radially bounded, CP smooth convex such that
the origin is an interior point of both Uy and Us. Then there exists a CP diffeomorphism g : X — X
such that g(Uy) = Us, g(0) =0, and g(0U;) = 0Us.

Proof. If U and V are CP smooth, radially bounded convex bodies such that the origin is an interior
point of both U and V, and we additionally assume that U C V', such a diffeomorphism can be
constructed as follows: let §(¢) be a non-decreasing real function of class C*° defined for ¢ > 0, such
that 6(¢) =0 for t <1/2 and 6(¢t) = 1 for ¢ > 1, and define

-~ pu(z) o ) 2
o) = (0 @) 245 1~ 0 (2)))

for x # 0, and ¢g(0) = 0. Here 4 denotes the Minkowski functional of A.

In the general case, let U = {z € X : uy, (z) + pu,(x) < 1}, then U C Uy, for j = 1,2, and there exist
diffeomorphisms g1, g2 : X — X such that ¢;(U) = U; and ¢;(0U) = 0U;, j = 1,2. Then g = ¢» ogl_l
does the job. See [29] for details. O
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The following lemma is an immediate consequence of the existence of partitions of unity in Fj.

Lemma 2.19. Suppose that E is a Banach space with CP smooth partitions of unity, and let X be
a closed subset of Ey. Then there exists a continuous function n: Ey — [0,00) such that:

(1) X1 = 77_1(0);
(2) n is of class CP on Eq \ X;.

We are ready to proceed with the proof of Theorem 2.15] Let 1 be a function as in the statement of
Lemma and pick a diffeomorphism hs : Ey — E3 such that ho(0) = 0 and

ho ({x2 € By : ||xe|| < 1}) = {xg € E2 : w(xg) < 1}.

Let us define
A= ' ((0,1]) x By = W) x By,

(w1, 22) = <x1,hg (gp(lxl)@)) . (21,22) € A.

It is clear that ® : A — A is a CP diffeomorphism, with inverse
O y1,y2) = (y1, e(y1)hy (v2))

and

and also that
O (X x{0}hNA)=(X1x{0}))nA
)

Next let us define ¢ : =1 ((0,1]) = m1(A) = W; — [0,00) by
_ (1)
Y= oy

and notice that ¢ is continuous, that
Lb_l((]) =T ((Xl X {0}) N A) =X NWy,

and that ¢ is of class CP outside ¢~1(0). By Theorem we can find a C? diffeomorphism H from
A\ (X1 x{0}) onto A such that H is the identity outside {(z1,z2) € A\ (X1 x{0}) : S(¥(z1),w(z2)) <
1}, where S is a smooth square. Since ® : A — A is a CP diffeomorphism which takes (X; x {0}) N A
onto itself, we have that the composition @~ o H o ® defines a C? diffeomorphism from A\ (X7 x {0})
onto A. Now we extend this diffeomorphism outside A\ (X1 x {0}) by defining g : E'\ (X1 x {0}) = E
by

(2) = P loHod(x) ifzeA\(Xyx{0})

T =2 ifze B\ (AU (X x {0})).

This mapping is clearly a bijection. Thus, in order to see that g is a C? diffeomorphism, it is enough
to see that g is locally a C? diffeomorphism. We already know this is so for all points of E \ (9(A \

(X1 x {0})) U (X1 x {0})). Let us show that this is also true for every point (z1,z2) of (A \ (X1 x
{0})) \ (X1 x {0}). We have p(z1) =0, and also either n(x1) > 0 or ||z2]| > 0. Then

i {20 Ll
A3 (y1,y2)—(21,22) e(y1) »(y1)
hence there exists a neighborhood V' of (z1,x2) in E'\ (X7 x {0}) such that

axc { 77(?41)’ 92 } >1 forall (y1,92) € VNA.
o(y1) »(y1)

By Lemma [2.13{(2) it follows that
S(pomo®(y),womo®(y)) >1 forallye VNA,
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hence that H is the identity on ®(V'NA), and consequently that g is the identity on V', and in particular
a CP diffeomorphism locally at (x1,x2). Thus g : E\ (X7 x {0}) — E is a CP diffeomorphism.
Furthermore, if ||z2|| > ¢(x1), (z1,22) € A\ (X1 x{0}), then we have w(ma 0 ®(x1,x2)) > 1. Hence, as
above by Lemma [2.13|2), we conclude that H(®(z1,22)) = ®(x1,22), and it follows that g(z1,z2) =
(x1,22). Thus g is the identity off of the set {(x1,22) € E\ (X1 x {0}) : ||z2] < ¢(x1)}. Since

{(z1,22) € BN\ (X1 x{0}) = [laa|| < (1)} C (BN W)\ (X1 x{0}),

g is the identity off of the set (E'\ W)\ (X1 x {0}) as well.

Finally let us check that g does not move any point more than 6. We know that if g moves a point
(x1,22) € E\ (X1 x {0}) then ||z2|| < ¢(x1), and also that g2 only moves the second coordinate x2,
that is g(x1,x2) = (z1,m2(g(x1,22))). Hence

lg(@1, 22) = (w1, )| < |lm2(g (21, 22)) — wal| < [[ma(g(z1, 22))[| + [|22l] < (21) + p(21) < 6.
The proof of Theorem [2.15]is complete. O

2.4. Patching local diffeomorphisms together. Throughout this section E will be a Banach space.
Our goal in this section is to complete the proof of Theorem
First let us introduce the following definitions.

Definition 2.20. We will say that a subset X of F has the strong CP extraction property with respect
to an open set U if X C U, X is relatively closed in U, and for every open set V C U and every subset
Y C X relatively closed in U there exists a C? diffeomorphism ¢ from U \' Y onto U \ (Y \ V') which
is the identity on (U \ V) \ Y. If in addition for any £ > 0 we can require the diffeomorphism ¢ not to
move any point more than e, we will say that X has the e-strong C? extraction property with respect
to U.

We will also say that such a closed set X has locally the strong (or the e-strong) local CP extraction
property if for every point z € X there exists an open neighborhood U, of x such that X N U,
has the strong (e-strong, respectively) CP extraction property with respect to every open set U with
XNU, CU. (Equivalently, there exists an open neighborhood U, of x such that X NU,, has the strong
(e-strong respectively) CP extraction property with respect to every open set U for which X NU, is a
relatively closed subset of U.)

Remark 2.21. Let (U, W), W C U, be a pair of open sets in a Banach space E. We say that (U, W)
has the strong CP expansion property if, for every open subsets V and U’ of U, W C U’, there exists a
C? diffeomorphism U'NV — V which, by letting p(x) = x for z € U'\V, extends to CP diffeomorphism
o: U - U UV.

In particular, letting U' = W, there exists a CP diffeomorphism W NV — V which extends to a CP
diffeomorphism of W onto W UV wia the identity off W N'V. Hence, W is smoothly expanded to
W U V; this justifies the term of CP expansion. Should this expansion be valid for all open sets U’,
W c U’, then we would have the strong CP expansion property.

Notice that a relatively closed subset X has the strong CP extraction property with respect to U if and
only if (U,W) = (U,U\ X) has the strong C? expansion property.

We say that an open subset W of E has locally the strong CP expansion property if every x € E\ W
has an open neighborhood U, such that (U, U, N W) has the strong expansion property for every open
setU DU, NW.

Notice that a closed set X has locally the strong CP extraction property if and only if W = E\ X has
locally the strong CP expansion property.

Some basic properties that can be derived from Definition [2.20] are listed in the following lemma.
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Lemma 2.22. Let us suppose that X C E has the e-strong CP extraction property with respect to an
open set U of E. Then:
(1) For every closed set Y C X, Y has the e-strong CP extraction property with respect to U;
(2) For every open subset U' CU, X NU’ has the e-strong CP extraction property with respect to
U'.
(3) If his a CP diffeomorphism defined on U and such that h(U) is open, then h(X) has the strong
C? extraction property with respect to h(U).

Proof.
(1) This follows directly from the definition.

(2) Take an open subset V/ C U’, a subset Y C X N U’ relatively closed in U’. Since X has the
strong CP extraction property with respect to U there exists a CP diffeomorphism ¢ from U \ Y onto
U\ (Y \ V') which is the identity on (U \ V') \ Y. When restricting ¢ to U’'\ Y we actually get a CP
diffeomorphism from U’ \ 'Y onto U’ \ (Y \ V') which is the identity on (U’ \ V') \ Y.

(3) Take an open subset V' of h(U), a subset Y C h(X) relatively closed in h(U). Since X has
the strong CP extraction property with respect to U and h~'(Y) is relatively closed in U, there
exists a CP diffeomorphism ¢ from U \ h=}(Y) onto U \ (h=1(Y) \ h~1(V)) which is the identity on
(U\R=Y(V))\ h~Y(Y). Then the mapping

g:=hopoh™ :R(U)\Y — h(U)\ (Y \ V)
is a surjective CP diffeomorphism which restricts to the identity on (h(U)\ V) \ Y. O

Remark 2.23. In Lemma m (3) we do not have in general the e-strong C? extraction property of
h(X) with respect to h(U), but we still have the following: suppose h does not move any points more
than some ¢ > 0. For every n > 0 in the proof of Lemma m (3) we can assume that ¢ does not
move any point more than 7. Hence goh = (hopoh™')oh = ho ¢ does not move any point more
than € + 7.

Let us state the main result of this section, which is crucial in the proof of Theorem [T.4] provided
underneath.

Theorem 2.24. Let E be a Banach space and X be a closed subset of E which has locally the e-strong
CP extraction property. Let U be an open subset of E and G = {G },cq be an open cover of E. Then
there exists a CP diffeomorphism g from E\ X onto E\ (X \ U) which is the identity on (E\U)\ X
and is limited by G.

Proof of Theorem[1.] Let us show that X from the statement of Theorem has locally the strong
CP extraction property.

To this end, fix x € X and choose a neighborhood U, such that X N U, C G(f;); we can assume
that U, = U,. Further, we can assume that f, is defined and continuous on the whole E(Lx). We
will show that X’ := X N U, has the e-strong CP extraction property with respect to every open
set U with X" C U. Notice that X' = G(f|X7) for a certain closed X| C E(;,). Furthermore, if
Y’ C X' is relatively closed in U, then Y is closed in X’. Hence, Y’ = G(f;|Y]) for a certain closed
Y] € X] C E(1,4). Let V be an open subset of U. Take now € > 0 and apply Theorem to
Ey = Eq 4), B2 := By, f = fe; X :=Y', and V (in place of U) to obtain a C? diffeomorphism g
from E\ Y’ onto E\ (Y'\ V) such that g is the identity on (E\ V) \ Y’ and moves no point more
than . Then ¢ = ¢|U is as required in the definition of the e-strong CP extraction of X’ with respect
to U.

Now, an application of Theorem [2:24] concludes our proof. O
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The remaining part of this section is devoted to proving Theorem [2.24] Firstly, the fact that we are
working with a set X that has locally the strong C? extraction property, and the requirement that our
final CP diffeomorphism must be limited by a given open cover G forces us to employ good refinements
of covers of the Banach space F. In the separable case star-finite refinements provide an adequate
tool to face the problem (see West [67]). Recall that a cover is said to be star-finite provided that
each element of the cover intersects at most finitely many others. However, in the nonseparable case,
getting a star-finite refinement of an open cover, in general, is not possible. We will use sigma-discrete
refinements as shown in the following.

Lemma 2.25. Let E be a Banach space and X be a closed subset of E which has locally the e-strong
CP extraction property. Let G = {G},cq be an open cover of E, where the cardinality of the indexing
set §) is the density of E. Then there exist collections {X;};51, {Wil;s1, {Vilisy, such that:

(1) X; CW; CW; CV; foralli €N ;

(2) {Vi};>q and {W;},~, are star-finite open covers of E;

(3) {Xi},>, is a cover of X by closed subsets of X ;

(4) Each W; and V; admits an open discrete cover {Wirtrea and {Vi,}req, repectively; more

precisely,
Wi=|J Wi, and Vi =] Vi,
refl refd
Wiy C Vi for every r e Q,
and

diSt(W,ra Vi,r/) > W

(5) {Wiﬂ"}z‘zl,reﬁ and {Vif}z‘zl,reﬂ are open refinements of G;
6) Fach X; can be written as X; = Xir, where X;, is a closed subset of X satisfying the
reQ) ; s
following requirements

/ /
for every r,r' € Qr #1;

Xi,r C VVZ’,T C Wi,r - ‘/i,r
and
Xir has the e — strong C?  extraction property with respect to Vj,.

Proof. For each x € E, let U, be an open neighborhood of x such that U, C G for some G € G and
also satisfying that
(1) if # € X then X N U, has the e-strong CP extraction property with respect to every open set
U with X NU, C U, and
(2) if x ¢ X then X NU, = 0.
Since the cardinality of € is the density of F, we can extract a subcover U = {U,: r € Q} from
{Uz : © € E}. Now we use a result of Rudin [61] (see also [38, p. 390]) to obtain two open refinements
{Ajﬂ"}jzl,reﬂ and {Bjﬂ”}jzl,reQ of U such that
(1) A;, € Bj, CU, for all j € Nand r € Q;
(2) dist(Aj,, E\ Bj,) > 2% for all j € N and r € {;
(3) dist(Bj, Bjy) > 5 for all j € Nand 7,1/ € Q, r # r/;
(4) Letting Aj = U, cq Ajr and Bj = J;cq Bjr each collection {A;}.-,, {B;},5, forms a locally
finite open cover of E.
Observe that A; C B; for every j € N.
For every j, there exists a sequence of open sets B, n > j, so that

JEQ

AjcB cB cBfcB™c...cBcBIcBT - CB;
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For each j, write B; = {B}1 n > j}. Clearly, B = U;’il Bj is an open cover of E; likewise, the family
{EﬂX : Be B} is a closed cover of X.

Defining for each n € N: Y,, := U?:1 B, Hp == Yp\Yy—3 and K, := Yo\Yp 1 (let Yo=Y 1 =Yy =
(), we have the following properties:

EZ Uzozl Yo;

Y, C Y,y forall n e N;

K, C Hy4 for all n € N;

E =2 Kn;

H,, N Hy, = for all m,n with |m —n| > 3.

Hence, the collection
o
U{KunBT: j=1,...,n}
n=1

is a closed cover of E and therefore

oo
UJ{Hnan B =1, n}

n=1

is an open cover of E. Both covers are countable and star-finite, and they are refinements of {B;} i1
We call the first one {T;},~, and the second one {V;},-,, that is, for every i there corresponds a unique
pair (j,n), n > j, with T; = K, 037;1 and V; = Hpi1 N B;?H. Consequently, we have T; C V; for every
i €N,

Now for each ¢ € N we take j = j(i) € N such that 7; C V; C B;. Let us assume without loss of
generality that j(i) <i. We can write

T,=|JT:nBj, and V; = | JVin By,
reQ reQ)

and we define T; , = T; N B;, and V;, = V; N B;, for every i € N and r € Q0. Clearly we have that
Tir C Vi foralli € Nand r € Q. Also dist(V,, V; /) > 27% > 22% foralli e Nand r,7’ € Q, r #1'.

Finally let us define X;, = X N7T;,. Bearing in mind that T;,, C V; . C Bj, C U, for some x € X and
that T; , is closed, we obtain X;, = X NT;, C XN U,. Since X N U, has the e-strong CP? extraction
property with respect to every open set U with X NU, C U, applying Lemma 1), we get that X ,
has the e-strong C? extraction property with respect to every such an open set U. Finally, applying
Lemma (2), X, has the strong C? extraction property with respect to every open set U’ with
XirCU ’. In particular, X has the e-strong C? extraction property with respect to V.

Let us consider now for each ¢« € N and » € Q an open set W, with T;, € W;, C W;, C V;, and
call W; = [J,cq Wi We still have that {W;,} o is a refinement of G, and that {I/Vi}i21 is a
star-finite open cover of E.

Then the collections {Xir};s,cq » {Wirtis1req » {Virtis1cq have the required properties. Note
that each X;, has the strong C? extraction property with respect to every open set containing it. [

i>1re

Lemma 2.26. Let X;, Vi, and Vi, be as in Lemma[2.25. Then, for every i,j € N, X; N'Vj, has the
strong CP extraction property with respect to V;. Moreover, if ; ; s a CP diffeomorphism satisfying
the definition of the e-strong extraction property for these sets, then ¢(Vi,) C Vi, and o(Vj,) C Vj,
for every r € Q.
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Proof. Take V' C V; an open set. Let » € 2 and consider the open set Vj,. For each s € () the set
Xis NV, has the e-strong C? extraction property with respect to the open set V; s NV .. We have

Xi,s N ‘/j,r c Wi,s N V}',r c VI/’Z'7S N ‘/j,r - V;,s N ‘/j,r-

There exists a CP diffeomorphism A, : (Vi s NV )\ Xis = Vis NV, \ (Xis \ (Wi sNV)) which is the
identity on ((Vis NV, \ (WisNV))\ X;,. Outside V; s NV}, we define h, ; to be the identity. Since
Wi s C V; s we have a well-defined C? diffeomorphism

hr,s : V}',r \Xi,s — Vrj,r \ (Xi,s \ (VVZ',S N V))

which is the identity on (Vj, \ (W;sNV))\ X;s. In particular h, is the identity on V; 4 NVj, for
every ' € Q,s # 5.
Having defined h, s for each s € 2 in the way described above, we finally define

hy = Oseﬂhr,s

as an infinite composition of h,s, s € 2. It is easy to see that h, is well defined and provides a C?
diffeomorphism of Vj, \ X; onto Vj, \ (X; \ V) which is the identity on (Vj, \ V) \ X;.

By the discreteness of the family {Vj,},cq, the formula h(z) = h.(x), z € Vj, \ X;, defines a CP
diffeomorphism of (J,cq Vjr \ Xi = V; \ X; onto U,cq (Vi \ (Xi\V)) = V; \ (X; \ V) which is the
identity on U,cq (Vi \ V) \ X) = (V| V) \ X..

To end the proof observe that each h, , is the identity outside V; s NV}, so h sends V;, into V;, and
Vj» into Vj, for every r € €. O

Notice that in the previous two Lemmas and one can replace the e-strong CP extraction
property with just the strong C? extraction property.

The last tool that we need to introduce before going into the proof of Theorem [2.24]is the next lemma
(see Statement A in West’s paper [67, pp. 289]).

Lemma 2.27. Let V,...,V, be open sets of E, and Xy, ..., X, be subsets of Vy,...,V,. Take also
an open set U. Suppose each X; is relatively closed in V = J!_, V; and has the e-strong C? extraction
property with respect to V.. Then for every e > 0 there exists a CP diffeomorphism of V' \ Xy onto
V' \ (Xo \ U) which is the identity outside Vo NU, carries X; \ Xo into V; for each i =1,...,n, and
moves no point more than €.

Proof. We will divide the set Xy that we want to extract as follows. For each j =0,...,n, let
n—j n
Qj=82:27= ﬂ Xy \ U Xp(i) for some permutation p of {0,...,n} carrying 0to0 p;
i=0 i=n—j+1
these are families of subsets of Xy. Let QQ = U;L:o Q@;. The family @ is a pairwise disjoint cover of
Xop with cardinality < 2". Order @ in such a manner that if j < k then all elements of Q); precede
those of Q. We then will list the elements of Q as Z1, Zs, ..., Zon (bearing in mind that some Z,,’s
may repeat in that listing); that is, Q = {Zm}i;lzl and Ulzil Z; = Xo. Note that Qo = {Z1} and
Qn = {Zn}, where

n n
Zy=()X: and Zon =Xo\ | J X
i=0 i=1
Likewise, for each m = 1,...,2", if Z,,, € ); and p is a permutation for which Z,, = ﬂ?;oj Xpeiy \
Uiz 11 Xp(i)» we define
n—j
Non = () Vo) € Vor
i=0
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The family {N,,}2_; is an open cover of Vp; we also have Nj = Nio Vi and Na» = V{. Denote by
()}, the union of all the elements of Q, k = 0,1,...,n; notice that Qj = Z; and @)}, = Zan. For each
j > 0, the elements of (); form a pairwise disjoint family of relatively closed subsets of the open set

V\ Ui;%] Q5. Also each Z,, in Q; lies in N,,. Therefore, for each j > 0, there exists a collection of
pairwise disjoint open sets M,, in V '\ Ui;%) Qy, one for each Z,, in Q; (that is, if Z,, = Z,,y € Qj,
m # m/, then M,,, = M,,/), such that

n
i=n—j+1
where j is such that Z,, is in ); and p is a permutation defining Z,, as above.

The set Z1 = (i_y Xi € N1 = (i, Vi is relatively closed in V' and has the e-strong CP extraction
property with respect to V', so there is a CP diffeomorphism

hi:V\Z1 = V\(Z1\U)

which is the identity outside (/NyNU)UZ; and moves no point more than 5=; in particular, h1(Z2)\U =
ZQ \ U should ZQ 75 Zl.
We will apply induction to prove that for 1 < m < 2" there exists a C? diffeomorphism

m—1 m
h (VA (U Zi\U)\ hime1 00 hi(Zm) = V\ (| 2\ U)
=1 =1

which is the identity outside (hy,—1 00 h1(My) NNy NU) U hpy—1 0 -+ 0 h1(Zy,), satisfies

m m
hmohm-10-- ol (V\JZ)=V\({JZ\U) and hmohm-10--0h(Zmy1) \U = Zmi1 \ T,
i=1 i=1
and such that h,, o --- o h; moves no point more than ?—f
Suppose this is true for every 1 < k < m — 1, and let us check so it is for m. Assume Z,, € Q;;
additionally, we can assume that Z,, 1 # Z,,, otherwise, the identity in place of h,, will do. By the
definition of the e-strong CP extractibility and Lemma [2.22{2), Z,,, has the e-strong C? extraction
property with respect to V' \ Ui;%) Q7. Furthermore, one more application of Lemma [2.22(2) yields
that Z,, C V'\ U:’:ll Z; is relatively closed and has the e-strong CP extraction property with respect

to V\ U, Z; . By Lemma (3), hn—10---0h1(Zm) C hp_10---0hi (V\U"," Zi) is relatively
closed and has the strong C? extraction property with respect to the open set

m—1 m—1
hm-10---oh(V\ | Z)=V\ (] Z\U).
i=1 i=1
Considering the open set h,,—1 0 --- 0 hi(My,) N N, N U, there exists a CP diffeomorphism h,, from
m—1
VAN Z\U)\ b1 0+ 0 by (Z)
i=1
onto

m—1

(2.9) VAN Z\U) (et 0 0 hi(Zin) \ (b1 0 -+ © hi(Myp) 1 Nip N U)
=1
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which is the identity outside (hy—1 0+ 0 h1 (M) NNy NU) U hy—1 0+ -+ 0 hi(Zy,). Furthermore by

Remark and the fact that h,,_10---0hy moves no point more than (m2_n1)5 (induction hypothesis),

we have that hp, o (hy,—10---0hy) moves no point more than o + (m;nl)e = .
Finally note that the expression ([2.9) is equal to V' \ (", Z; \ U) because hy,—1 0 -+ 0 h1(Zp) C

hm—10+--0hi(Mpy)N Ny, and the fact that hy—j0---0hi(Zy)\U = Z,, \ U.

To conclude define
h:h2n00h1V\X0—>V\(X0\U>

This is a CP diffeomorphism of V' \ Xy onto V'\ (X \ U) which is the identity outside (Vy N U) U X
and moves no point more than e.
To end the proof we will show that h carries X; \ Xo into V; for each i = 1,...,n. Take z € X; \ Xo
for some ¢ = 1,...,n and let us see that h(xz) € V;. If hi(z) # x then hj(x) € Ni, so because
Ny C V; we have that hq(x) € V;. Suppose now that hy,—10---0ohy(x) € V;. If hyo--- 0 hy(x) #
hpm—1 0 +-- 0 hi(x) then we have that x € M,,, and hy, o--- o hy(x) € Np,. We have that x € X; N M,,
and M,, C Ny, \ U?:n_jﬂ Xp(i) where j is such that Z,, is in @; and p is a permutation that defines
Zm. Obviously we must have that i = p(ig) where ig = {1,...,n — j}. Also Ny = (2] Vo) € Vi
hence Ay, o --- o hy(x) must also lie in V;. Applying induction we have that h(z) € V;.

U

Remark 2.28. Notice that if we only have the strong C? extraction property of the sets X; with
respect to V, we get the same result except that for any ¢ > 0 we can not assure that the final
extracting diffeomorphism moves all points less than €. In such a case we will say that we have a weak
version of Lemma [2.271

However, suppose we have that Xo C V5, X; C Vi,...,X,, C V, are of the form ¢g(X;) C ¢g(V;),
1=0,1,...,n, where g is a CP diffeomorphism that moves points less than some §; > 0. In such a
case, using Remark for any do > 0 we can make the final extracting diffeomorphism h of the
proof of Lemma satisfy that h o g moves no point more than §; + 2. In particular if g(z) = =
then we have that ||h(g(z)) — z|| < 2.

Remark 2.29. Assume, additionally, that the set V' of Lemma is of the form V' = (J,cq V7,
where Q is a set of indexes, each V;. is an open set , and V. N V,» = ) for every r,7’ € Q, r # r’. Then
we can also require that the extracting C? diffeomorphism of V'\ X onto V'\ (X \ U) sends each set
V- \ Xo into V. for every r € Q. To prove this, fix r € 2 and replace the sequences Vy, Vi,...,V, and
X0, X1,... X, with VonV,., VinV,....,V,NV, and XoNV,., X1NV,,...,V, NV, respectively. Further,
observe that |J!_ Vi NV, =V, and that each X; NV, has the strong C? extraction property with
respect to V;. by Lemma m (2). According to the assertion of Lemma we conclude that there
exists a C? diffeomorphism h,. : V. \ Xo = V,. \ (Xo \ U) satisfying the required conditions. Finally, it
is enough to set h: V' \ Xg — V' \ (Xo \ U) by letting h(x) = h,(x) for z € V,. \ Xp.

The rest of the proof of Theorem m goes as in [67, Theorem 1], with some modifications due to the
facts that we work here with an open set U not necessarily containing X, and that E is not necessarily
separable.

Proof of Theorem [2.24. Apply Lemma to the given cover G to find collections {X;},~;, {Wi};>;
and {Vj},s, of subsets of E satisfying conditions (1)-(6) of that lemma. By Lemma for all
i,7 € N, X; NV has the e-strong C? extraction property with respect to V;. Moreover, if ¢; ; is a C?
diffeomorphism with this property, then ¢(V;,) C V;, and ¢(V},) C Vj, for every r € Q.

Let us now define the required C? diffeomorphism g : £\ X — E \ (X \ U) which is the identity on
(E\U)\ X and is limited by G.



(1)

SMOOTH EXTRACTIONS AND APPROXIMATIONS WITHOUT CRITICAL POINTS 27

For a given Vi, define Iy = {11 = 1,12,..., 1,1y} C N to be the finite set of positive integers
such that Wi,, Wi,,..., Wy, are the only W/s sets for which Vi N'W; # 0 (if there were
infinitely many such W/s, then we would have Vi N V/s # ) for infinitely many 4’s, which
would contradict the star-finiteness of {V;},~,; obviously, we assume that V; # Vi for ¢ # i’).
Since {W;};>; is a cover we have J;.;, Wi NVi = Vi. (A priori V; can be covered by a proper
subfamily of {V5,...,V,}). Assuming that ¢; is the greatest number in I; (in particular i; > 1)

we set

1 1

51:§W>0

We want to apply Lemma for the sets
X11 =X1=X; ﬂVl,Xlz nv,.. "Xln(l) aR%
which play the role of Xy, ..., X, in the statement of the Lemma and for the sets

Wh:Wl:Wlﬁ‘/l,WhﬂVl,...,Wl NV,

n(1)
which play the role of Vj, ...,V respectively, and for the positive number €; > 0. Observe
that each X; N'Vi, ¢ € I, has the strong CP extraction property with respect to Vi. Hence,
applying Lemma we find a CP diffeomorphism g; of V1 \ X onto Vi \ (X3 \ U) which is
the identity outside (W1 NU)U X1, carries (X;\ X1) NV into W;NV; for each I > 1 and moves
no point more than &.

By Remark we may also assume that g; sends each set Vi, \ X into V; . This means in
particular that g; refines G. Also, since g; moves no point more than £; we cannot have that
z € Vi, and gi1(x) € Vi, for some ¢ € I; and different r,7’ € Q (recall that dist(V;,, Vi) >
21-% > e1).

Since W1 NU C Wi NU C V4 NU, by making g; be the identity outside V; \ X7, there exists a
well-defined natural extension of g; from V1 \ X; to E'\ X;. Now we have a CP diffeomorphism
g1 such that

(a) g1 acts from E \ X; onto E'\ (X1 \ U).

) ¢1 is the identity on E\ [(W; NU) U X;]. In particular g; is the identity on (E\ U) \ X;.
) g1 carries (X;\ X1)N'V; into W; N V; for each [ > 1.

) We require that if X; =0 or X;, =0 then g1 is the identity on Vj or Vi, respectively.

) g1 moves no point more than ¢; = 3 211+1
) g1 sends each set V;, \ X; into Vj, for every r € Q, so g; refines G.

Consider now the set V2 and define I = {21 = 2,23,...,2,(2)} C N to be the finite set of
natural numbers such that Wy, , Wa,, ..., W, are the only W/s sets for which Vo N W; # 0 (if
there were infinitely many such W/s then V5 N V/s # () for infinitely many 4’s, which would
contradict the star-finiteness of {V;},~;). Assume that iy is the greatest number in I (in
particular iy > 2), and set -

—_

(b
(c
(d
(
(f

> 0.

- 1
2= ? . 9t2+1

Since {W;},>, is a cover we have
U g (Vo \ X1) NW; N Vo = g1 (Vo \ X1) N Va.
i€lo

Again, we want to apply Lemma 2.26 for the sets

{01 ((Xi\ X)) NVa)N Ve i i€ Do}
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playing the role of X, ..., X, in the statement of the lemma, for
{n(Ve\ X1)NW;NVa: i€ I}

playing the role of the sets Vj ..., V;, respectively. Here we should recall that g1 (X;\ X1) C W;.
Observe that by Lemma [2.22] (3), each g1 ((X; \ X1) N V2) N V3 has the strong CP extraction
property with respect to the open set g; (V2 \ X1) N Va. Applying the weak version of Lemma
to these sets we get a CP diffeomorphism g9 of

[91(Va\ X1) N Vo] \ [g1 (X2 \ X1) N Vo] = g1 (Vo \ (X1 U X2)) NV

onto
[91(Va \ X1) N Vo] \ [(g1(X2 \ X1) NVa) \ U]
which is the identity outside

(g2 \ (X1 U X)) NWanNVanU) U (g1(X2\ X1) N V)

and carries
g1( Xk \ (X1 UXo)NVa) N Vs
into
g (Va\ X1) N Wi NV,

for each k£ > 2. Moreover using Remark one can also assume that g» o g1 moves no point
more than 1 + 9.

Because g1 (Vo \ (X1 UXo))NWonNU C g1(Va\ (X1 U X2))NVanNU, by letting go be the
identity outside g1 (V2 \ (X1 U X2)) N V5 there exists a well-defined natural extension of g2 to
g91(E\ (X1 U X3)). To sum up we have the following properties:

(a) g2 acts from

q(E\ (X1 U X2))

onto

G (E\ X))\ [1(Xe\ X))\ U] =E\ (X1 \U)\ [(¢1 (X2 \ X1) NU) U g1 (X2 \ X1)) \U)\ U] =

= E\N (X U\ [(X2\ X))\ U] = E\ (X1 U X2) \ U).
(Here we are using the fact that g;((X2\ X1)NU) C U and that g; is the identity outside

0.
(b) g2 is the identity on E \ [(g1(Wa2 \ (X1 U X2)) N WaNU) U (91(X2 \ X1) NV3)]. Since

(W2 \ (X1 UX2))NWanU) U (g1(X2\ X1)NVa) CUUX U Xy,

in particular g is the identity on E'\ (U U (X1 U X3)). Because ¢ is the identity outside
U then g3 is the identity on g1 (E\ (UU (X; UX2)) = ((E\U) \ (X1 U X2)).
(c) g2 carries

g(Xi\ (X1 U X2))NVa
into
Wwinvy
for each [ > 2.

(d) If X9, = 0 then we require that go is the identity on g1(Va, \ X1) N V2 and in g1 (V2 \
X1) N Va,.
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(e) We have
llg2(g1(z)) —x|| <e1+e2 = % . 221% + % . 2@% for every x € E'\ (X1 U X3)
(2.10)

llg2(g1(x)) — z|| < 22% for every x € V5 \ (X1 U X2).
The first inequality is clear. For the second one, when x ¢ V5 \ Vi we have ¢g1(z) = =,
hence

1 1 1
lg2(91(2)) — x| = [|g2(2) — || < &2 = 1 901l < 9o

and if z € V1 N V5 then Vi NVa # 0, so 47 > 2 and

1 1 1 1 1 1 1
loaton(e) = all < 5 grzr + 3 g < (54 3) oo
(f) The composition g o g1 is a mapping from E \ (X; U X3) onto E \ ((X1 U X2) \ U)
and it is the identity outside (E \ U) \ (X1 U X3). Let us check that it refines G. Take
x € E\ (X1 UXa). If g2(g1(z)) = g1(x), since g; refines G we are done. Otherwise we
have g2(g1(x)) # g1(x), and then g1(x), g2(g1(z)) € g1(Va \ (X1 U X2)) N Va. We have that
x,92(g1(x)) € Vo. We must have x, g2(g1(z)) € Va, for some r € Q (as otherwise = € V3,
and g2(g1(x)) € Vo, a contradiction with since dist(Va,, Vo) > 22%)

(3) We go on doing this process by successive applications of Lemma We want to apply

induction to prove that for each j > 3 we can find a C? diffeomorphism g; such that

(a) g; acts from

gji—10-0og [ E\ UXk
k<j
onto

E\ [ Xe\U

k<j

(b) g; is the identity on g; 10+ 0 g1 ((E\U)\ (Upe; Xi))-
(c) g; carries
gj—10---0g1(Xy\ UXk)ﬂV}
k<j
into
winv;

for eack [ > j.
(d) If X = 0 then g; is the identity on gj—10---0g1(Vj, \Up<; Xx) NVj and on gj—q0---0

91 (Vi \ Ug<; X&) N Vi

(e) We have
llgjo--ogi(z) — || < Zf;zl 2% . 2%% for every z € E'\ (Ug<; X&)
(2.11)
lgj o~ ogi(w) —all < g for every € V; \ (Up<; X&),
where i, is the greatest number such that V;, NV, # 0. Let us call for every k =1,...,7,
1 1
£k

T ok 9l
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(f) gjo---og; refines G.
Suppose this is true for j — 1 and let us check this is so for j.

The idea is the same as in steps (1) and (2). We first find the set I; = {j1 = j,j2,. -, Jn()} C
N such that Wj,, Wj,,...,W; - are the only W/s sets for which V; N W; # 0. Assume i; is
the greatest number in [; (in particular i; > j) and set

1 1

e’fj =
We have that
UgireoaW\JXpnWinVj=gj10--0q(V;\ Xk NV
i€l k<j k<j

We want to apply Lemma 2.26 for the sets

{gjflo"'ogl((Xi\UXk)mVj)ﬂVj:ie[j}

k<j
playing the role of Xy, ..., X, in the statement of the lemma, for
{gj_lo---ogl(Vj\ UXk)ﬂWiﬂVj : iGIj}

k<j

playing the role of the sets Vj ...,V respectively.

Observe that by Lemma (3), each gj—10---0g1((X; \ Ug<; Xi) NV;) NV; has the strong
CP extraction property with respect to the open set g;_10---0g1(V;\ Uk,<j Xi)NV;. Applying
the weak version of Lemma [2.27) to these sets we get a CP diffeomorphism g; from

gicro-og(Vi\|JX) NVi|\ |gj-10---0 (X \ |J Xk) Vi | = gj10-0q(Vi\ | Xp)NV;

Jj<i k<j k<j

onto

gicio-oq(V\ U Xe)n Vi \ |gimre0oq(X\ | Xp)nVi\U
k<j k<j

which is the identity outside

(gj—10o-oqV\ | JX)NW;nU | U | gjm1o--0q(X;\ | Xk) NV
k<j k<j

and carries
gic1o-og(Xi\ |J Xe) NV
k<j
into
W N Vj
for each [ > j. This last property establishes (c).
Define g; to be the natural extension of gj_10---0g1(V;\ ngj Xip)NVjtogj—10---0gi(E\
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Uk<; X&), so now g; is defined from

gj—10---0g1 E\UXk) =
K<

onto

gjflo“'ogl(E\UXk) \ gj—lo"'ogl(Xj\UXk)\U -
k<j k<j

EN(J X\ || g5100a((X\ X)) nU)Ugj 10 0q1((X\ [ X)\U) |\U| =
k<j k<j k<j

=E\(J X\ O\ |\ JX)\U| =B\ [ | Xe\TU

k<j k<j k<j

Here we are using that g;—10---0g1((X; \ Up<; X)) "U C U and also (a) from the induction
hypothesis. This establishes (a).

We also have that g; is the identity on (E\U)\(Uy<; Xk) = gj—10-- 001 ((E \O)N\ (U< Xk)),
which establishes (b).

If X;, = 0 then we let g; be the identity on gj—1 0 -0 g1(Vj, \ Up<; Xx) N'V; and on
gj—1°++-091(Vj \ Up<; Xx) N Vj,r. This last property implies (d).

For the property (e), using Remark one can assume that g; o --- o g; moves no point
more than Zi:l €k, because by the induction hypothesis g;j_1 o --- g1 moves no point more
than Zf;ll €r. Let us check then that the second property in is satisfied. Take x €
Vi \ (U<, X;) and observe that if g, o -0 gi(z) # gg—10---0gi(z) for some k = 1,---,j
means that = € Vi, hence k € I; and i, > j. We can write

11 11 1
lgio-om@ —a< 3 (ﬁ.w>gzﬁ.w<w_
kel k<j k=1

Now, using our induction hypothesis (f) that gj_jo0- - -og; refines G, we can prove that g;o---og;
still refines G. If we take an x € E'\ (Uy<; Xx) and gj o -0 g1(x) = gj—10--- 0 gi(x), since
gj—10--- g1 refines G we are done. Otherwise gj_j0---g1(x),gjo---gi1(x) € gj—10---0g1(Vj\
Uk<;j X&) NVj, s0 z,gj0---0gi(z) € V;. We must have z,g;jo---0gi(z) € Vj, for some r € (.
Indeed, otherwise « € Vj, and gjo---ogi(x) € V;, for different r,7" € Q, a contradiction with
(2.11)) since dist(Vr, Vjv) > 55

Hence we have finished our induction process.

To conclude, note that gjo---0gi(x) # gj—10---0gi(x) implies z € V;. This fact ensures the existence
of a well-defined C? diffeomorphism g(z) = lim; 0 gj 0 -+ 0 gi(x) from E'\ X onto E\ (X \ U). The
mapping g is the identity on (E'\ U) \ X and because {Vj,;} -, cq is a refinement of G, g is limited
by G. - O
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3. PROOF OF THEOREM

First of all notice that since the result we want to establish is invariant by diffeomorphisms, it is
enough to prove it for a C'' manifold M diffeomorphic to E in place of E. It will be very convenient
for us to do so with M = ST, the upper sphere of E x R.

Let || - | denote an equivalent norm in E which is LUR and C* (we will also denote by || - || the norm
of F'; this will do not do any harm because there will be no risk of confusion). Since E* is separable
there always exists such a norm; see [26, Corollary I1.4.3] for instance.

Let us define Y = F x R, with norm

()] = (ul + )",
and let us denote the upper sphere of Y by
Sti={(u,t):uec E,t>0,]|ul*>+t*=1}.
Observe that S is the graph of

s(u) = /1 — [ull?,

which is a C! functionﬂ defined on the open unit ball Bg of E; hence,

d(u) = (u, s(w) = (u, /1 = [|ul]?),

u € B, defines a C! diffeomorphism of Bg onto ST. Since B is obviously C! diffeomorphic with E,
the upper sphere S, which is a C! submanifold of codimension 1 of Y, is also diffeomorphic to E.
Therefore it will be enough to prove that every continuous mapping f : ST — F can be e-approximated
by a mapping ¢ : ST — F which is of class C' and has no critical points. As explained in the intro-
duction, this will be done in three steps, the first of which consists in finding a smooth approximation
of f whose critical set is a set that we can extract with the help of Theorem

In order to find such a smooth approximation, as in [7] we will have to use a partition of unity
{tn, : n € N} in ST made out of slices of the unit ball of Y by linear functionals g € Y*, so that
the derivative at y € ST of a local sum Y 4, will belong to the span of the restrictions to T,S™ (the
tangent space to ST at y) of a finite collection of gx. However, the construction of the partition of
unity, the technical properties that we will require, and the use that we will make of it, will be much
simpler than in that paper.

To construct our partition of unity {¢n }nen we next translate an old standard argument (going back
to Eells in the Hilbert space case, and probably first appearing in [48], p. 28-30], later generalized by
Bonic and Frampton [15] for separable Banach spaces with smooth bump functions; we follow [33],
Theorem 8.25]) to the upper sphere, as in [65] 36, [7].

Let us denote S := S)|, the unit sphere of (Y,|[-]), and S* := S|, the unit sphere of (Y*,|-[*). The
duality mapping of the norm | - |, defined as

D:S— 5%
D(z) = [(2),
is |- | — |- |* continuous since the norm | - | is of class C*.
Since the norm | - | is locally uniformly convex we can find, for every x € ST, open slices R, = {y €

S ge(y) >0,y CStand Po={yeS: g.(y) > 62} C ST, where g, = D(z) € Y*, 0 < J, < 1, and
lgz|* = 1 = gz (), so that the oscillation of the functions f and ¢ on every P, is less than e(x)/16. We
also assume, with no loss of generality, that dist(P,, E x {0} ) > 0.

2Smoothness of s(u) at u = 0 is a consequence of the facts that || - ||? is trivially differentiable at 0, and that an

everywhere differentiable convex function is always of class C'; see for instance [16], Corollary 4.2.12].
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Since Y is separable we can select a countable subfamily of { R, },cg+ which covers ST. Let us denote
this countable subfamily by {R,}n, where R, = Ry, ={y € S : gn(y) > 0n} and gn(x,) = 1. Recall
that the oscillation of the functions f and ¢ on every P, = P,, = {y € S : gn(y) > 62} is less than
£(zy)/16; this implies that

15 17 e(xy)

=) < e(@) < g =(ea) and () - F)] <

for every xz,y € P,. Note also that {P, },cn is an open cover of ST.
For each k € N, let 6 : R — [0,1] be a C* function such that ;(¢) = 1 if and only if ¢ > J;, and
0(t) = 0 if and only if t < §2. Next, for each k € N we define ¢y : ST — [0,1] by

or(x) = Ok(gk(x)),

and note that the interior of the support of ¢, which coincides with <p,:1((0, 1]), is the open slice
P, ={yeS:g(x) >}
Now, for k = 1, define h; : ST — R by

hi(z) = p1(z).

Notice that the interior of the support of h; is the open set Uy := P;.
For k > 2 let us define hy, : ST — R by

hi(z) = () [T (1 = 0i(2)),
i<k
and notice that the interior of the support of hy is the set
Uy, :={y € ST :gr(y) > 5% and g;(y) < §; for all j < k}.

Claim 3.1. The family {Uy}ren is a locally finite open covering of ST that refines { Py }ren. Therefore
the functions

hn
Un = S
Zk:1 hk

define a C' partition of unity in ST subordinate to { Py}ren.

n €N,

Proof. Given j € N, if z,y € {y : gj(y) > J;} and k > j then ¢;(y) = 1, hence hy(y) = 0. Since
{y : gj(y) > &} is a neighborhood of z in ST this implies that the family of supports of the hy is
locally finite. On the other hand, if hg(z) > 0 for some z, k then ¢i(x) > 0, hence x € Py, and this
shows that the family of the open supports of the functions Ay, which coincides with {Uy }ren, refines
{Px }ren. It only remains to prove that the family of the open supports of the functions Ay is indeed a
cover, that is, for every x € ST there exists some n, such that h,_ (x) > 0. We argue by contradiction:
assume we had hi(z) = 0 for all £ € N, then we can show by induction that ¢, (z) =0 for all n € N,
which implies that x ¢ P, for all n and contradicts the fact that { P, },en covers ST. Indeed, for n = 1

we have 0 = hi(z) = p1(x). Now suppose that we have p1(x) = p2(z) = ... = ¢p(x) = 0. Then
0= hpt1(7) = pni1() H (1= i) = pns1(z) =0,
j<n+1
so it is also true that ¢,41(x) = 0. O

We will employ the following remarkable fact.

Claim 3.2. For every k € N and every y € ST, we have
hk(y) =0= th(y) =0.
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Proof. Let us assume that hg(y) = 0. Suppose first that ¢r(y) = 0. Computing the derivative of hy
at y we get that

Dhy(y) = Der(y) [T 1 = i) + ex)D | [T (1 = 25(w) | = Dew() [T (1 = ;) -
i<k i<k i<k
But ¢(y) = 0r(9x(y)) = 0 implies that Dy (y) = 0, hence Dhy(y) = 0.
If o1 (y) # 0 we must have ¢;(y) = 1 for some j < k. But again it follows that Dy;(y) = 0, so one
can check that also

Dhi(y) = ox()D | [T (1= ¢5w) | =0.
i<k

O

Notice that, according to Claim for every x € ST there exist a number n = n, and an open
neighborhood V; of x in S* such that > ., hj(y) > 0 for every y € Vi, and hi(y) = 0 for every
k > n. This means that 1% (y) = 0 for every k > n and every y € V.. More precisely, n, can be chosen
as the first such j so that z € {y € ST : g;(y) > d;} = R; and V, = R,.

Let us also call m = m,, the largest j such that h;(y) # 0. Note that m, is also the largest j for which
¥;(y) # 0. Thus, for every y € V,, we have

my = max{j +y € v; (0, 1)} < n.

In order to calculate the derivatives of this partition of unity in this neighborhood V, of z, let us
introduce the functions

hi(y)
> i)’

which are well defined on V, and in fact can be extended as C'* smooth functions to an open subset S,
of Y containing V. Specifically, noting that each hj is well-defined and C* smooth on the whole Y,
one can choose S, = |J_ h; 1((0,1]). Slightly abusing notation, we will keep denoting these extensions
by Hj, and we will also think of the functions hj, ¥}, g;, j < n, as being C'! smooth functions defined
on this open set S,. Therefore, to calculate the derivative of ¢y on V, for k = 1,...,n, we only have
to calculate the derivative of Hj at each y € V, for k = 1,...,n and then restrict it to the tangent
spaces T,ST. The exact expression for the derivative of the functions Hj, ..., H, on V, will not be
particularly interesting or useful to us. The only thing we need to know is that there are C! smooth
functions oy, j, 1 < k, j < n, (actually, oy ; will be C° smooth) defined on S, so that

Hi(y) = yeVe, k=1,...,n,

DHy(y) = o1;(y) 9;
j=1

for k=1,...,n, y € V,, and that, in fact, as an immediate consequence of Claim and the definition
of m, we have

My
DHy(y) = Z o1, (y) ;-
j=1

fork=1,...,my,yecV,.

Note that even though each Hy is C*° smooth on an open subset S, of Y, we cannot say that ¢y, is
C* smooth too, because ST has not a C> smooth submanifold structure. The functions 1)y are just
C' because ST is just a C' manifold modeled on E. Now, if we want to know what the derivative of
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the functions ¥y, k = 1,...,n, on V, looks like, because Hj, = v, on V, and V,, is open in ST, we only
have to restrict DHj, to the tangent spaces T, S for each y € V,. Hence we have

My

D (y Zﬁkzg 9i(v) =Y _on;(y) g;(v)
j=1

for each v € T,,S™.

This expression can be somewhat misleading at first sight, because one might think that, for k& =

1,...,n, D (y) is just a linear combination of the functionals g1, ..., gn, and this is not exactly so. It

is a linear combination of the restrictions of gi, ..., gn to T,;S™, and therefore for every y € V, it is a

different linear combination of different linear functionals Gilp g = Il oi each of them defined on
Y Yy

a space depending on y.

In order to fully clarify this important point, let us calculate the tangent space T,,S™ at y = (uy, ty).

Since ST is the graph of the function s(u) = y/1 — ||ul|?, the most natural representation of T;,S™ is

given by

(3.1) T,5" ={(u,t) eY =E xR : t = Ly(u),u € E} = {(u, Ly(u)) :u € E} CY,

where L, is the derivative Ds(uy) of the function s evaluated at the point u, = d~1(y) € Bg (recall

that d(u) = (u, s(u))); in other words, if y # (0, 1),

" J1—t2
Ly(w) = — A b ) (w) = =Y DY )

1 — [Juy? ty
for each w € E. Of course we have L 1)(w) = Ds(0)(w) = 0 for each w € E, and T(1)S™ = E x {0}.
This is the vectorial tangent hyperplane to ST at y, as opposed to the affine tangent hyperplane to
ST, which is just y + 7,,ST. Since derivatives of mappings act on vectorial tangent hyperplanes we
may forget the affine hyperplanes y 4+ 7,,S™ in what follows.
Now, recall that g; € Y* and therefore these functionals are of the form
gj(uat):ggl(u)—i_gjz‘t’ (u,t)GEXR:K

where gjl € E* and gjz eR.
Therefore the derivative of 9j|or at y € ST is given by

(3-2) Dg;(y)(u, Ly(w)) = gj(u, Ly(u)) = gj (u) + g7 Ly (u)
for every v = (u, Ly(u)) € T,ST. Thus, for every y € V, and every k =1, ...,n, we have

w)

Dy (y)(v) = Dy (y) Z% Zam u) + g3 Ly(u))

for every v = (u, Ly(u)) € T,ST.
Finally, let us note that the points z,, € R,, satisfy that

15 17 e(xy)

(e o) < fge(en) forevery y€ Py and - sup 1)~ Sl < g

The following lemma summarizes the properties of the partition of unity {1, }neny which will be most
useful to us.

Lemma 3.3. Given two continuous functions f : St — F and € : ST — (0,00), there exists a
collection of norm-one linear functionals {greny C Y™, an open covering {P,}nen of ST, and a C!
partition of unity {1, tnen on ST such that:
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(1) {¢¥n}nen is subordinate to { P, }nen-
(2) For every x € ST there exist a neighborhood V, of x in ST and a number n = n, € N such

that Y, = 0 on V, for all m > n, and the derivatives of the functions 1, ...,v¥, on V, are of
the form

Dy (y ZUIW fo}w

for v e T,S*, the tangent hyperplane to ST aty € S+ NV, and where my < n is the largest
number such that V¥, (y) # 0. More precisely, if L, denotes the derivative of the function

s(u) = /1 — ||lu||? evaluated at the point d=1(y), where d(u) = (u, s(u)), we have
Doy (y)(v) = Db (y) Zak,J u) +g; Ly Zak,] w) + g3 Ly (u))

for every k =1,...,n, and for every v = (u, Ly(u)) € T,S™, where the functions o, ; : V; — R
are of class C1, and gjl € B*, g]2- eER,j=1,...n
(3) For every n € N there exist a point y, := x, € P,, such that

15 17 £(yn)

—e(yn) <e(y) < —e(yn) for everyy € Py, and sup ||f(z)— f(y)| <
16 16 wyePy 16

Now we are ready to start the construction of our approximating function ¢ : S™ — F, which will be
of the form

Z (Yn) + Tn(2)) Yn(z),

n=1

where the y, are the points given by condition (4) of the preceding lemma, and the operators T),
Y — F will be carefully defined below.

Case 1: Assume that F' is infinite-dimensional.
We will have to make repeated use of the following fact, whose proof is elementary and can be left to
the interested reader.

Lemma 3.4. If E is a Banach space which is isomorphic to E® E then for every finite-codimensional
closed subspace V' of E, there exists a decomposition

E =F,® FE; ® Ej,
with factors E1, Es, E3 isomorphic to E, such that E1 @& Ey C V.

We start considering a decomposition
E=F1®E >,

with infinite-dimensional factors isomorphic to E, and we define a continuous linear surjection S7 : £ —
F such that S; =0 on Ey 2. This can be done by taking a continuous linear surjection Ry : Ey 1 — F
(which exists because by assumption there exists such an operator from E onto F' and F ; is isomorphic
to E), and setting S1 = Ry o Py 1, where Py : E11® E1 9 — Eq is the projection onto the first factor
associated to this decomposition of E. Next, recall that the linear functionals g, € Y* = (E x R)* are
of the form

gj(u,t) = gj (u) + g7t,
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where g]1~ € E* and 9]2- € R. Of course, ﬂ?zl Ker g]l is a finite-codimensional subspace of E, so by
using Lemma (2) with V.= E12N ﬂj2:1 Ker(gjl-), and with E;2 in place of E, we may find a
decomposition of the second factor Ej o,

Evo=FEz1 ® E2® Engs,
with factors Ea 1, F2 2 and Ejp 3 isomorphic to F, and

2
Es1 ®© FEoyp C ﬂ Ker 9]1',
j=1
and we may easily define a bounded linear operator Sy from E onto I’ such that So = 0 on 11 ®FE2 2@
E5 3 (this can be done by taking a surjective operator Ry : Fo 1 — F and defining Sy = Ryo Py 10 P 2,
where Pio: E11 @ E12 — Eig and Py : By @ Ea9 @ Ea3 — FEo 1 are the projections associated to
the corresponding decompositions).
We continue this process by induction: assuming that we have already defined decompositions F =
E11® E19, E19=Fo1® FEoo® Fo3, Foz=F31®FE32® k33, ..., Bpn_13=FEp1® Ep2® E,3,
and surjective operators
Sp:E=FE11® (E2 @ FE22)® ... ® (Ep_1,1 ® Ep_12) ® (Ep1 ® Erp® Ep3) = F, k=2,..,n,
so that S}, is zero on all the factors of this decomposition except Ej, 1, and
k
Eiy ® Brp C (] Ker(g)),
j=1
we again apply Lemma (2) to write
Ens=FEpn11® Enp12® Eng3,

with factors isomorphic to £ and
n+1

Eni11 ® Eny12 C (1] Ker(g)),
j=1
and we define a continuous linear surjection
Snt1: B =FE11® (E21 ® E22)® ... ® (En1 @ Enp) ® (Eng11 ® Eng12® Epg13) = F,

by setting it equal to 0 on all the factors of this decomposition except E, 1,1, which is mapped onto
F.
Having this collection of surjective operators S, : E — F at our disposal, we finally define T}, : ¥ — F
by

Th(u,t) = m Sp(u),
and ¢ : ST — F by
o(@) = (flyn) + Tnl(@)) n(@).
n=1

It is clear that ¢ is well defined and of class C*.

In the rest of the proof we will check that this mapping e-approximates f on S*, and that the set of
critical points of ¢ is a set which can be diffeomorphically extracted by using Theorem Then the
proof will be completed by setting g = ¢ o h, where h: ST — ST\ C,, is a C! diffeomorphism which
is close enough to the identity.
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Claim 3.5. The mapping ¢ approximates f.

Proof. By condition (3) of Lemma we know that the oscillation of f in P, is less that e(y,)/16,
and by definition of T},, we have ||T,|| < e(yn)/4, hence ||T,,(z)|| < e(yn)/4 for all z € ST too, because
lz|| = 1. Now, if ¢, (x) # 0, then = € P,, and

(3.3) 1f (yn) + Tn(x) = f(@)[| < W[f(yn) = f(@)]| + 1T ()]

< )16 + () /4 = 152(m) < 535(vm) < 2(2)/2.
Therefore
lo(z z)| = ||Z (Yn) + Tu(x) = F(@) n(@)]| <D 1f(yn) + Tul@) = f(@)]|Pn(z) < e(@)/2.
n=1

O

Let us now consider the question as to how big the critical set C, can be. We need to calculate the
derivative of our function . To this end we first have to examine the expressions for the derivatives
of the operators T}, restricted to ST. These are simpler than those of the g,’s on S, because of the
way the operators T, : Y — F have been defined. Indeed, for every v = (u, Ly(u)) € T,ST we have
that

(3.4) T,(0) = To, Ly(w) = £15°% 5, (0

and we have that D(Ty) , )(y) is the restriction of DT, (y) = Ty to T,S™, that is to say, if v =
(u, Ly(u)) € T,ST then

35) DI, (1), Ly 1) = 5125 ).

Now, recall that, by condition (2) of Lemma for every x € ST there is a neighborhood V,, of z in
St and a number n = n, € N such that

p(y) = > (fly) + i) ¥5(v)
j=1

for every y € V,.. Fix y € V,, and recall that for m = m,, the largest number j for which h;(y) # 0 (or
¥;(y) # 0), we have

o) =Y (Fyy) + Ti(w) ¥i(y).
By using and the expression for Di);(y

De(y)(u, Ly(w) = Y _1j(y) 4 y(s |
j=1

<.
Il
_

iven in Lemma we easily see that

)+ (97 (w) + g7 Ly(u)) an(y) =

1

M:

J

(95 (w) + g7 Ly(u)) am 5 (y)

'MS

e, o eyy) (o
(36) —;w]<y>4||5j||sj<>+ 1

j
for every (u, Ly(u)) € T,S*, y € V,, where the functions ay, j : V; C ST — F are of class C! because
an,;(y) = 30 (f(yi) + Ti(y)oi i (y)-

Let us now show that the critical set of ¢ is relatively small.
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When n, = 1 we have o(y) = f(y1) + Ti(y) on V,, so De(y) is the restriction of Ty to T,S™, and
equation (3.4]) for n = 1 implies that this restriction is a surjective operator. So it is clear that ¢ has
no critical point on V.

Claim 3.6. If n, > 2 then C, NV, is contained in the set
Ay = {y S E,2 C KerLy}.
Recall that L, = Ds(uy), where s(u) = /1 — [[ul|?, d(u) = (u,s(u)), and u, = d~1(y).

Proof. Let us see that, if y € V; \ A, then Dp(y) : T,ST — F is surjective, that is, for every w € F'
there exists v € T,ST such that Dy(y)(v) = w. Let m = m, be the largest number such that
¥m(y) # 0. Recall that m < n. Since the operator

Sm i E=FEi11(®FE21 ® F22)® ... 0 (Em—11® Em—12) ® (Em1 ® En2 @ Eyg3) = F

is surjective and equal to zero on all the factors of this decomposition except E, ; (which is mapped
onto F), we may find uy,1 € Ep, 1 so that

S (1) = 4€(Yum) ™ Ym () ™| Sm| w-

Now, since y ¢ A, there exists some e, 2 € E, 2\ Ker L,, that is to say, Ly(e, 2) # 0, and this implies
that, if we put

then the vector
U i= Um,1 + to€n,2,
satisfies that
Ly(u)=0.

But recall that, for every k < n, we have Ej 1 ® Ej2 C ﬂ;?:l Ker(gjl-); in particular, E,,1 ® Ep,2 C
ﬂ;-n:l Ker(gjl») because m < n. Hence, gjl(u) =0 for every 1 < j < m. It follows that

Z (9 (1) + g3 Ly(u)) amj(y) = 0.

The rest of the operators 51, ..., S;,—1 are zero on E,, 1 @ Ej, 2, so we have
Sj(u) =0 for every j =1,...,m—1,

and since Sy, is zero on E, 9 C Ep, 3 we also have Sy, (tpen2) = 0. Therefore, by combining these
equalities with equation [3.6] we obtain that

Dp(y)(u, Ly(u)) = w,

and the proof of the claim is complete. O

Lemma 3.7. For x € ST with n :=n, > 2, the set A, of Claim is of the form
Az = d(G(fz) N Bg),
where G(fz) is the graph of a continuous mapping fr : E11® (E21 @ Eap)®---®(En1®En3) = Enpo.
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Proof. Note that, by Claim [3.6]

Ay = {dw) = (VI ul?) : flull < Lu€ A,

Ayi= () {uwe E\{0} : (D]l [[(w),e) = 0} U {0},
ecky 2

Let us denote E,’%2 =FE11® (E21 ® E2p)® -+ ® (Eny @ Eng3), and let us see that there exists a
mapping [ : E’;’L,2 — B, 2 such that A, = G(fz) = {w+ fa(w) 1w € E;ﬂ}

Pick a point w € E/, ,. Note that the function Ey, 2 > v+ b, (v) := ||w+v]||? is convex and continuous,
and satisfies limHUH_;oo 1w (v) = 00, hence, since E,, o is reflexive, 1, attains a minimum at some point
Uy € Ep2; in fact this minimum point v,, is unique because the norm || - || is strictly convex. Let us
denote

where

fao(w) 1= vy,
Note that the critical points of v,,, with w # 0, are exactly the points v € E, o such that

d
%Hw + v+ te||? |i=o = 0 for every e € E,, o

or equivalently

l|lw + v|| (D] - || (w + v),e) =0 for every e € Ej, 2,
which in turn is equivalent to saying that w + v € A,; we let f,(0) = v9 = 0.
Therefore the unique point v € Ej,  so that w + v € A, is the point v = f,(w). This shows that A,
is the graph of the function f,.
Now let us see that the function f, : E;%Q — Ep 2 is continuous. Suppose f; is discontinuous at wq
and let vy := fi(wp). Then there exist sequences wy — wp in EAQ and vy = fy(wy) in E, 2 and a
number g > 0 so that

(3.7) |vg — vol| > o for all k € N.

From the previous argument we know that the point vy is characterized as being the unique point
v, € B, 2 for which we have

(3.8) |lwk + vgll < ||wg + vk + €| for all e € B, 5,
and similarly vg is the unique point vy € Ej, 2 for which
(3.9) |wo + vol| < [|wo + vo + €| for all e € Ey, 5.
By taking e = —v; in we learn that

[orll = lwell < lwe + vell < Jlwkll,

hence |lvg|| < 2||wg]|, and because ||wy| converges to ||wo|| we deduce that (vg) is bounded. Since Ej, o
is reflexive, this implies that (vj) has a subsequence that weakly converges to a point §y € E, 2. We
keep denoting this subsequence by (vg).

Now, if we take e = —vj, + ¢’ in (B.8)), with ¢’ € E, 5, we obtain

lwg, + vi|| < [Jwg + €| for all €' € E, ».

This implies (using the facts that vy — & and wy — wp, and the weak lower semicontinuity of the
norm) that

(3.10) |lwo + &l < liminf [Jwy + vg|| < liminf [|wy + €'|| = |wo + €'|| for all €' € E,, 5.
k—o0 k—o0

That is, we have shown that

(3.11) lwo + &ol| < ||wo + €[] for all € € E, 5.
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By taking e’ = &y + £ with £ € E,, » we conclude that
llwo + &ol| < |Jwo + &o +&J| for all € € B, .

According to (3.9), v is the only point which can satisfy this inequality. Hence &y = vyg.
But (3.10) tells us even more: by taking ¢’ = &, we also learn that there exists a subsequence (wkj) of
(wyg) such that

[[wh; + v || = [lwo + ol

Since we also know that wy; + vy, converges to wg + § weakly and the norm || - || is locally uniformly
convex (hence |[| - || has the Kadec-Klee property), this implies that wy; + vy, converges to wo + &o =
wp + vp in the norm topology as well. As we also have lim;_, wg; = wp in norm, we deduce that
lim; o0 [lug; — voll = 0, which contradicts (3.7). O

Now we can easily finish the proof of Theorem By Claim and Lemma we see that U is
a diffeomorphic image in ST of a relatively closed set Z of the open unit ball Bg of E which has the
property of being locally contained in the graph of a continuous function defined on a complemented
subspace of infinite codimension in E. Indeed, let Z := d~!(C,) C Bg. Since C,, is closed in ST, Z is
relatively closed in Bg. Also if we take z € Z then, according to Lemma applied to z = d(z) € ST,
n = ng, and V, for a neighborhood U, := d~!(V,) of 2z, we have Z N U, C G(f.), where

G(fz) ={u=(w,v) € E;L,Q @S Ep2=FE:v= fy(w)}

Observe that E has C' smooth partitions of unity since E has a separable dual. Therefore we may
apply Theorem to find a C! diffeomorphism which extracts C, from ST; more precisely, there
exists a diffeomorphism h : ST — St \ C, which, in addition, is limited by the open cover G that we
next define. Recall that we have

(3.12) lp(x) = f2)]| < e(x)/2

for all z € ST. Since ¢ and ¢ are continuous, for every z € St there exists 6, > 0 so that if
z,y € B(z,0,) then |lo(y) — p(z)]] <e(2)/4 <e(x)/2. We set G = {B(z,0,) : x € ST}.
Finally, let us define

g=¢oh.
Since h is limited by G we have that, for any given x € ST, there exists z € ST such that z, h(z) €
B(z,6), and therefore ||@(h(z)) — ¢(z)|| < e(z)/4, that is, we have that

lg(z) — @(@)]| < e(2)/4 < e(x)/2.
By combining this inequality with (3.12]), we obtain that

lg(z) = f(@)]| < e(x)
for all z € S*. Besides, it is clear that g does not have any critical point: since h(z) ¢ Cy,, we have
that the linear map D(h(z)) : Tj,)ST — F is surjective, and Dh(z) : TS — Tj(,)S™ is a linear
isomorphism, so Dg(x) = Dy(h(x))o Dh(x) is a linear surjection from 7,,S™ onto F' for every x € ST.
Case 2: Assume that F' = R™. The main idea of the proof is very similar to that of Case 1. The
fact that F' is finite dimensional will allow us dispense with the hypothesis that ¥ = E & E. We will

use the same partition of unity {,},en provided by Lemma We will decompose E inductively
as follows. Since Kergl has infinite dimension we can write

E = F @ Gy,
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where F1 = R™ and G; C Kerg%. Then G1 N 032:1 Kergjl- has codimension 0 or 1 in Gy, which is
infinite-dimensional, and we can write

E=FE @ (Ey1® Fa2® Ga),
where Ep1 =R™, By = {0} or Exp =R, G1 = Ez1 @ E»» ® G2 for some G with dim G2 = oo, and

2 2
Ey1® Gy = ﬂ Kergjl NG C ﬂ Kergjl-.

j=1 J=1
Inductively, we can write
(3.13) E=FE & (E21 P E22)® @ (En11PEn_12) @ (En1® En2®Gr),
where E1,Fo1...,E,1 =R™, Ea9,...,E, 2 are subspaces of dimension 0 or 1,

n
En,2 S Gn - ﬂ Kergjl‘v
j=1
and
Gr = (Ert1,1 ® Er12® Gig1)

for every k=1,...,n.

Now, for each n € N, we define a continuous linear surjection S, : E — F' by setting it to be 0 on
all the factors of the decomposition except on E, 1, which is mapped onto F' = R™, and we
construct our approximating function ¢ exactly as in the proof of Theorem 1.6. At this point, we
only need to show the following variant of Claim [3.6| (in which G, replaces the subspace E, 5 of the
previous proof).

Claim 3.8. If n, > 2 then C, NV, is contained in the set
A, = {y eST:G, C KerLy}.

Recall that Ly = Ds(uy), where s(u) = /1 — |[ul|?, d(u) = (u,s(u)), and uy = d~*(y).

Proof. Let us see that, if y € V;; \ A, then Dp(y) : T,ST — F is surjective, that is, for every w € F
there exists v € T,ST such that Dy(y)(v) = w. Let m = m, be the largest number such that
¥m(y) # 0. Recall that m < n. Since the operator

Sm:E=E11(®E1 ®E22)® ... (Er1,1® Epo12) ® (Ey @ Eng ® G) — F

is surjective and equal to zero on all the factors of the decomposition (3.13)) except on E,, ; (which is
mapped onto F'), we may find w1 € Ey, 1 so that

Sm(um,l) = 45(ym)_1¢m(y)_l|‘sm‘| w.
Now, since y ¢ A, there exists e, € Gy, \ Ker L,,. If we set

o Ly(um,l)
ty = ——oml
Ly(en)

then the vector
U = Um,1 + toen,
satisfies that
Ly(u)=0.
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But recall that, for every k& < n, we have Ej; ® G C ﬂ?zl Ker(gjl-); in particular, E,1 @ Gy, C
M= Ker(gjl-) because m < n. Hence, gjl(u) =0 for every 1 < j < m. It follows that

m

> (gj(u) + g3 Ly(u)) am,j(y) = 0.

j=1
The rest of the operators Si, ..., S;,—1 are zero on E,, 1 ® Gy, so we have
Sj(u) =0 for every j =1,...,m —1,

and since Sy, is zero on G,, C G, we also have S,,(toe,,) = 0. Therefore, by combining these equalities
with equation we obtain that

Do(y)(u, Ly(u)) = w,
and the proof of the claim is complete. O

Then we also have the following.

Lemma 3.9. For x € ST with n :=n, > 2, the set A, of C’laim is of the form
Az = d(G(fz) N Bg),
where G(fy) is the graph of a continuous mapping fz : E11® (E21 @ E22) @& (Ep1® Ep2) = Gy.
Proof. Repeat the proof Lemma @ just replacing E, » with G,,. g
Let Z := d~*(Cy,) C Bp. According to Lemma applied to x = d(z) € ST, n = ng, and V,, for a
neighborhood U, := d~1(V},) of z, we have Z N U, C G(f,), where
G(fa) ={u=(w,v) €G, &G =F: v=fo(w)}

with G/, denoting E1 @ (E21 @ E22) ® -+ @ (En—1,1 ® En_12) ® (En1 @ Ey2). Since G, is infinite-
dimensional, we may use Theorem and the rest of the proof goes exactly as in Case 1. O

Remark 3.10. Observe that in the infinite-dimensional case we could have asked A, to be
Ay i={yeST: E,3C KerL,},
using E, 3 instead of E,, » and requiring that E, 1 ® E, 3 C ﬂ?:l K ergjl.

4. PROOF OF THEOREM [I.7]

First of all let us note that since £ admits a C'! equivalent norm, £ cannot contain a closed subspace
isomorphic to £;. Furthermore, as noted following the statement of Theorem condition (2) implies
that the basis {e} }nen is unconditional, and therefore by [50, Theorem 1.c.9], is shrinking, that is,
we have that E* = span{e;, : n € N}, where {e} },,cn are the biorthogonal functionals associated to
{en}nen (in particular, E* is separable).

We keep using the notations Y = E x R and ST from the proof of Theorem As in the case of
Theorem it will be enough to prove Theorem with ST in place of E. We define ¢y = (0,1) € Y/,
e Y =FE xR —=Rby

68 (uv t) =t,

and by slightly abusing notation we identify e, € E to (e,,0) € Y and also extend the e}, € E* to
er Y =ExR—=Rby

o0
er(u,t) =er(u) =u, forall u= ZUjej,E E, teR.
j=1
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Then we may we consider {e, },enU{ep} as a basis of ExR =Y with associated coordinate functionals
{e; }nen U {ej}, and we have that this basis is also shrinking.

Next we are going to construct a partition of unity in ST, quite similar but not identical to that of
the proof of Theorem [I.6]

Since the norm | - | is locally uniformly convex we can find, for every x € ST, open slices R, = {y €
S fuly) > 8} Cc STand P, = {y € S: fu(y) > i} € ST, where f, € Y*, 0 < 6, < 1, and
|fz]" = 1 = fu(z), so that the oscillation of the functions f and € on every P, is less than e(x)/16.
We also assume, with no loss of generality, that dist(P,, F x {0}) > 0.

Since Y is separable we can select a countable subfamily of { R, },cg+, which covers S*. Let us denote
this countable subfamily by {R,},, where R, = R,, = {y € S: fn(y) > 0n} and f(z,) = 1. Recall
that the oscillation of the functions f and € on every P, = P,, = {y € S : fu(y) > 02} is less than
£(xy)/16, and this implies that

15 17 e(x
D (o) < (o) < T elan) and (@) - f)) < SE2
for every z,y € P,. Note that {P,},en is an open cover of ST.
e For k = 1, since span{e}, : n € N} is dense in E*, we may find numbers N1 € N, ¢;,v; € (0,1) with
€1 > 1, and B0, ..., B1,n, € R with 819 > 0 so that the functional g; defined by

Ny
Pp— . *
g1 = E ﬁl,]ej
Jj=0

has norm 1 and satisfies
{reS:filx)>6yc{reS:gix)>eayCc{recS:gi(x)>mnyc{recS: fi(zx)> )
Let us define
hi: ST —R
h1 = 01(g1),
where 61 : R — [0,1] is a C* function satisfying
01(t) =0 if and only if ¢t <
01(t) =1 if and only if ¢ > €.

Note that the interior of the support of hy is the open set Uy := {z € ST : g1(z) > 711 }.
e For k =2. We may again use the density of span{e} : n € N} in E*, in order to find numbers
Ny €N, 72,63 € (0,1) with 72 < €2, and o, ..., B2,n, € R so that the linear functional

N2
R X
g2 ‘= § ﬁ?,]ej
Jj=0

has norm 1 and satisfies
{zeS:folx) >y C{recS:gr)>eayC{recS:gr)>ynyc{recsS: folr) >}

We may assume without loss of generality that N; < Ny (otherwise we may set f; = 0 for Ny < j <
N; and take a new Ny equal to Ny).
Now we define

h2 : S+ — R
ha = 02(g2) (1 — 01(q1)),
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where 03 : R — [0,1] is a C*° function satisfying:
02(t) = 0 if and only if t <
O2(t) =1 if and only if ¢ > es.
Notice that the interior of the support of hs is the open set
Uy ={z € S":gi(z) <e1, ga(x) > 72}

e For k = 3, By density of span{e} : n € N} in E* we may pick numbers N3 € N, 73, ¢e3 € (0,1) with
€3 > 73, and B3, ..., B3.n; € R so that, for

N3
Ly— . *
g3 ‘= E /83,]ej
=0

we have that g3 € S* and
{reS: fyx)>0Yc{reS: g3(x) >3t C{reS: g3(x) >t C{zes: fz(x) >3}

Again we may assume without loss of generality that Ny < Nj.
We define

h3:5+—>R

2
hs = 03(95) [ ] (1 = 6;(9))) .

j=1
where 03 : R — [0,1] is a C* function satisfying
03(t) =0 if and only if t < 3
03(1) =1 if and only if £ > €.
Clearly the interior of the support of hg is the set
Us={zeS": gi(x) <er, ga(x) < e and gs(x) >3}

We continue this process by induction.
e Assume that, in the steps j = 2,..., k, with k > 2, we have selected points y; € ST, positive integers
Ni < Ny < ... < Ni, and constants v;,¢; € (0,1), 8j; € R so that the functionals

Nj
g5 =Y _ Bjie
i=0
belong to S* and satisfy
(4.1) {ze€S: fi(z)> (5J2} Cl{zeS: gj(x) >e¢}C{resS: gjlx) >yt Cc{zesS: fi(z)> 5;‘},
for all j = 2,..., k. Assume also that we have defined numbers ~; and functions
hj =0;(g;) [ (1 = 6i(9:))
1<j
where 0; : R — [0,1] are C*° functions satisfying
0;(t) =0 if and only t <~
0;(t) =1 if and only t > ¢;.
The interior of the support of h; is the set
U={xeST: gi(z) <er,..., gj—1(z) < ¢j—1 and gj(z) > v;}.



46 D. AZAGRA, TADEUSZ DOBROWOLSKI, AND MIGUEL GARCIA-BRAVO

Then we may again use the density of span{e’ : n € N} in E*, in order to find a positive integer
Niy1 > Ny, and constants g1, €x41 € (0,1), and Bry1,0, -+, Bet1,8,,, € R so that, for

Niy1

*

Gk+1 = E Bk—i—l,jej
7=0

we have that g1 € S* and

{r€S: fir1(x) >0} C{r €S gry1(®) > g1} C
{reS: gria() >mn} C{reS: fipale) > )
We now set
(4.2) U1 :={z€ST: gi(z) <er,..., gr(x) < e and gryp1(x) > Yes1}s
and define
hipi1:ST — R
hipr = Okpa(grin) [ (1 —05(9)))-
j<k41
where 011 : R — [0,1] is a C* function such that
Or+1(t) =0 if and only if ¢ < g1
Op+1(t) =1 if and only if ¢ > €x11.

Clearly the interior of the support of Ay, 1 is the set Ugyq.

Thus a sequence {hy, }nen of C! smooth functions with the above properties is well defined by induction.
As in the proof of Theorem it is not difficult to check that the family {Uj}ren is a locally finite
open covering of ST refining { P }ren. Therefore the functions

S
Zk:1 hk

define a C! partition of unity in ST subordinate to {Py}xen:-
We will also need the following fact.

n €N,

Claim 4.1. For every k € N and every y € ST, we have
hi(y) = 0 = Dhy(y) = 0.
Proof. Proceed as in the proof of Claim O

Again we have that for every z € ST there exist a number n = n, and an open neighborhood V,. of
in ST such that ¢, (y) = 0 for every k > n and every y € V,. Let us also call m = m,, the largest j
such that h;(y) # 0; this is also the largest j for which v;(y) # 0. Thus, for every y € V,, we have

my =max{j:y € 1!);1((0, 1))} < ng.
The derivatives of the functions 1, can be calculated as in the proof of Theorem We have

Dy (y)(v) = Z Me,j(y) gj(v) = Z Ak,j(y) g5(v)
o =1

for each v € T,,S™, where the functions Akj 1 Ve — R are of class Cl.
The following lemma summarizes the properties of the partition of unity {t, }neny which will be most
useful to us.
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Lemma 4.2. Given two continuous functions f : St — F and € : ST — (0,00), there exists a
collection of norm-one linear functionals {gx}ren C Y™ of the form

Ng,
gk = E Br.j€j
=0

where Ny < Ny < N3 < ..., an open covering { P, }nen of ST, and a C' partition of unity {¢n }nen in
St such that:

(1) {tn}nen is subordinate to { P, }nen-
(2) For every x € ST there exist a neighborhood V, of x in ST and a number n = n, € N such

that Y, = 0 on V, for all m > n, and the derivatives of the functions 11, ...,v¥, on V, are of

the form
Dy (y Z Akj(y) g5 (v) = Z Ak,j(y) g5 (v)
j=1

for v € T,S*, the tangent hyperplcme to ST at y € ST NV,, where my < n is the largest
number such that V¥, (y) # 0. More precisely, if L, denotes the derivative of the function

u— /1 — ||ul|? evaluated at the point u, such that y = (uy, V11— ||uy|]2), we have

Ny

Dy, (y)(v) = Dpe(y) (u, Ly(u)) = Ly (u)pro(y) + Zﬂk,] = Ly(w)pr0(y) + Z 1 (y

for every k =1, ...,n, and for every v = (u, Ly(u)) € T,S*, where the functzons prg: Ve = R
are of class C*, j=1,...,n
(3) For every n € N there exist a point y, := x, € P, such that

15 17 e(Yn)

—e(yn) < e(y) < —e(yn) foreveryy € P,, and sup | f(z)— f(y)| <
16 16 ,y€Pn 16

Note also that the integer n, can be chosen as the first such j so that z € {y € ST : g;(y) > €;}. Then
V, can be chosen as {y € ST : g;(y) > ¢;} and, hence, we have R; C V, C P; for such V.

Now we are ready to start the construction of our approximating function ¢ : ST — F, which will be

of the form
o0

p(@) = > (f(yn) + Tu(2)) ¢n(2),
n=1
where the y, are the points given by condition (3) of the preceding lemma, and the operators T,
Y — F will be defined below. We have to distinguish two cases.

Case 1: Assume that F' is infinite-dimensional.
In order to define the operators T,,, we work with the infinite subset P of N given by assumption (3)
of Theorem and we take a countable pairwise disjoint family of infinite subsets of P which goes to

infinity. More precisely, we write
o

Umncp,
n=1
in such a way that:
(1) I, :={n; : i € N} is infinite for each n € N;
(2) I, N I, = 0 for all n # m; and
3) {1,...,Np,} NI, =0 for all n € N.
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Here {N, }nen is the non-decreasing sequence of positive integers that appears in the construction of
the functionals g, of Lemma [4.2]

Now, by using assumption (3) of the statement, we can find, for each number n € N, a linear continuous
surjection S, : E — F' of the form

Sp = Ap o Py,
where A,, is a bounded linear operator from span{e,, : k € N} = span{e,, : m € I,} onto F, and

P, : E — span{e,, : k € N} is the natural projection associated to the unconditional basis {e;}jen.
Now we finally define T, : Y — F by

T ) = G S

and ¢ : ST — F by
= 5 () + To(a)) thn(a)

n=1

It is clear that ¢ is well defined and of class C*.
Claim 4.3. We have that ||p(z) — f(2)| < e(x) for every x € ST.

Proof. This is shown exactly as in Claim O
Let us now calculate the derivative of our function ¢. For every v = (u, Ly(u)) € T,S* we have that
€
(4.3 To0) = Tulu Ly () = 120 5, (u),
4|5l

and we have that D(T,

ng+ )(y) is the restriction of DT, (y) = T, to T,S™, that is to say, if v =
(u, Ly(u)) € T,ST then

(4.4 DI, (3){, Ly ) = 525 ).

We can now compute the derivative of ¢ on ST. Recall that, by condition (2) of Lemma for every
x € ST there is a neighborhood V,, of z in ST and a number n = n, € N such that

p(y) =D (Fly) + Ti(w) ¥5(y)

for every y € V.. Fix y € V, and recall that for m = m, (the largest number j for which ;(y) # 0),

we have
= (f( () ¥ (y).

j=1
By using (4.4) and the expression for D;(y) given in Lemma we see that

Do(y)(u, Ly(u)) = Z% Sj(u) | + Ly(u)an, o +ZOéNn,J

4HS H
m NTYL
(4.5) =1 wiy) 4HS H Sj(w) | + Ly(@an, o) + Y an,.i(y)e;(w)
j=1 Jj=1
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for every (u,Ly(u)) € T,ST, y € Vi, where the functions an, ; : V; C ST — F are of class C!

(because we have a,, ;(y) = > iy (f(4i) + Ti(y) pi(y) and an, 0(y) = 325, (f () + Ti(y) pio(y),
where p; ; are as in Lemma .

Let us now prove that the critical set of ¢ is relatively small.

Lemma 4.4. The set Cy, := {x € ST : Dp(z) is not surjective} is of the form

C, = {(w, V1o ||wH2> Lw e A,

where A C E is a relatively closed subset of the open unit ball of E that is locally contained in a
complemented subspace of infinite codimension in E.

Proof. Observe that if n = n, = 1 then p(y) = f(y1) + T1(y) for every y € V,, and because T}
is surjective ¢ does not have any critical point in V,. Now let us assume that n = n, > 2. Let
y = (w,/1 — ||w||?) be point of V,. Let m = m, be the largest number such that ¢, (y) # 0. Recall
that m < n. We only need to show that if

w¢spanfej: jePorj=1,...,N,}
then for every v € F there exists u € E such that
Dep(w, /1 — [[w[*)(u, Ly(u)) = v,
since this will mean that the set
A={weE: (w,1-|w|?) eC,}

will be locally contained in subspaces of the form span{e;: i € Pori=1,...,N,}, which are com-
plemented, and of infinite codimension, in E.
We will need to use the following.

Fact 4.5. For every w =3 72, wje; € E\ {0} and every jo € N we have that
Wi #0 = <J(w)a6j0> # 0,
where J(w) denotes D|| - ||(w), and (J(w),u) := J(w)(u).
Proof. If wj, # 0 then, by assumption (2) of the statement of Theorem we have that

o o0
1Y wiell < 1D wyesl.
J=1,5%4o =1

This means that the convex function 6 : R — R defined by
0(t) = [lw + tej, ||

has a minimum at ¢t = —wj,. On the other hand, if we had (J(w), ej,) = 0, then the same function
would have another minimum at the point ¢ = 0. But since || - || is strictly convex the function € can
only attain its minimum at a unique point. Therefore we must have (J(w), ej,) # 0. O

So let us pick a point w € E \ span{e;j: jePorj=1,...,N,} and a vector v € F, and let us
construct a vector u € E such that Do(w, /1 — ||w||?)(u, Ly(u)) = v, where y = (w, /1 — ||w||?). By
assumption, there exists jo € N, jo € N\ P, such that jo > N,, > N, and wj, # 0. According to the
fact just shown, we have (J(w),ej,) # 0. Now, since Sy, is surjective and 1,,(y) # 0, we may find a
sequence (U, )ien (indexed by the subsequence (m;) ey defined by I,,) such that

e(ym) = B
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Note that jo ¢ I, = {m; : i € N}, because jo € N\ P and I,,, C P. Then we can set

W), S )
Twhen)

so that we have

o0
(J(w), wjpejo + Zumiemi> =0,
i=1

which bearing in mind that

Ly=-——=""1_(J
V1= wl?

also implies that

i=1
So if we set u; = 0 for all j ¢ I, U{jo} and we define

00
u = E ujej
j=1

then we have that
N’NL

Ym () =(Ym) Sm (u) =v, Ly(u) =0, Zavaj(y)e;(u) =0, and also Sj(u) =0 for j <m,
j=1

4l Sml "

because jo > Ny, > Ny, I, N1 {1,2,..., N, } = 0, and the sets I; are pairwise disjoint. In view of (4.5))
these equalities imply that Do(y)(u) = v. O

Now, according to Lemma and Theorem 1.4, we can extract the set C,, since it is C I diffeomorphic

(via the projection of the graph S of the function w — /1 — ||w||? onto the open unit ball of E) to
a subset which can be extracted. Therefore we can finish the proof of Theorem exactly as we did
with Theorem [L6l

Case 2: Assume that F' = R™. The proof is almost identical, but with the following important
difference: now the set P is by definition the set of even positive integers, and the sets I,, are finite
subsets of P such that:

(1) g1, = m for each n € N;

(2) I, N I; =0 for all n # j; and

(3) {1,...,N,} NI, =0 for all n € N.
Here {N, }nen is the non-decreasing sequence of positive integers that appears in the construction of
the functionals g, of Lemma [1.2]
Of course in this case we can always find linear surjections A,, : span{e; : i € I,,} — R™. O

5. TECHNICAL VERSIONS OF THEOREMS 1.6 AND 1.7, EXAMPLES, AND REMARKS

In this section we will give some examples, make some remarks and establish more technical variants
of our results which follow by the same method of proof. We will also prove Proposition [1.8

The proof of Theorem can be easily adjusted to obtain more general results with more complicated
statements. Namely, the following two results are true.

Theorem 5.1. Let E and F' be Banach spaces. Assume that:
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(1) E is infinite-dimensional, with a separable dual E*.
(2) There exist three sequences {Ep1}tn>1, {En2}tn>1, {En3}tn>2 of subspaces of E such that

E=FEi1®F 2 Eio=(F21®FE2)®...0 (En1 ®En2®En3), Eng=FEn,11®Ent12® Enqi3,

with either E, 3 infinite-dimensional and reflexive and dim E, 2 > 1, or else E, 2 infinite-

dimensional and reflexive for alln > 2. Suppose also that there exists a bounded linear operator
from Ey 1 onto F for every n € N.

Then, for every continuous mapping f : E — F and every continuous function € : E — (0,00) there
exists a C1 mapping g : E — F such that || f(z) — g(z)|| < e(x) and Dg(x) : E — F is a surjective
linear operator for every x € E.

Observe that if E), 3 is infinite-dimensional and reflexive, the spaces E, o can be taken to be of di-
mension 1 for every n € N. The proof is almost the same as that of Theorem Here, up to
finite-dimensional perturbations of the subspaces Ej, j, we can arrange that o C K ergl and that
E,1@En3C ﬂ?:l Kergjl-, and we may set A, = {y € ST : E, 3 C KerL,}.

Theorem 5.2. Let E, X, and F be Banach spaces. Assume either that E is infinite-dimensional,
separable, and reflexive, and F is finite-dimensional, or that:

(1) E is infinite-dimensional, with a separable dual E*.
(2) There exists a decomposition of E,

E=Go FE & X,

such that G is infinite-dimensional and reflexive, and E1 is isomorphic to E.
(3) There exists a bounded linear operator from G @ X onto F (equivalently, F is a quotient of
Gao X).
Then, for every continuous mapping f : E — F and every continuous function € : E — (0,00) there
exists a C' mapping g : E — F such that || f(z) — g(v)|| < e(x) and Dg(x) : E — F is a surjective
linear operator for every x € E.

If, additionally, X is isomorphic to E, then F' can be taken as a quotient of E.

Observe that each of these two results imply Theorem with Theorem being the most general
one.

For instance, Theorem can be applied to the James space J and to its dual J*. Indeed, both
spaces have separable dual. It is known that J has many reflexive infinite-dimensional complemented
subspaces G [22]. Since J is prime [21], for each such G, we can write J = G @ J (for instance we have
J = 1o ® J). Now, recalling the fact that J has a separable dual, apply Theorem toE=F =J
and X = {0} to see that every continuous function f : J = G @& J — F, where F is a quotient of G,
can be uniformly approximated by C' smooth mappings without critical points. Similar arguments
work for the dual of the James space J*.

It also follows that the conclusion of Theorem is true for composite spaces of the form cy ® ¢, or
co ® LP, 1 < p < oo, with k£ being the order of smoothness of ¢, or L. More generally, if E is any
finite direct sum of the classical Banach spaces cg, £, or LP, 1 < p < 0o, and there is a bounded linear
operator from F onto F' then the conclusion of Theorem is true with k£ being the minimum of the
orders of smoothness of the spaces appearing in this decomposition of E.

Remark 5.3. Notice that that in the case that E is a separable Hilbert space, we have that the
function w + ||w||? is of class C*°, hence all the mappings appearing in the proof of Theorem are
of class C'*°; and we directly obtain an approximating function g of class C*° with no critical points.
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In fact, in the Hilbertian case we do not need to use a partition of unity in the upper sphere S*. We
can directly construct a partition of unity {¢y,}nen in E subordinated to an open covering by open
balls with linearly independent centers {y;}, as in [6]. Then, choosing an orthonormal basis {e;} for
which span{y,...,yn} = span{es,..., ey} for every n € N, we define operators T, : E — F' as in the
proof of Theorem |1.7], where P can be any infinite subset of N such that N\ P is also infinite. Then
one can easily Check that the function

= (f(yn) + Tu(y — vn)) ¥n(y)

n=1
approximates f and the set C, of its critical points is locally contained in a subspace of infinite
codimension in F, specifically in subspaces of the form span{e; : j € Por j = 1,...,n}. Then one
can extract Cy, by means of a C*° diffeomorphism h : E — E \ C, which is sufficiently close to the
identity, and conclude that the function g := ¢ o h approximates f and has no critical points.

The same proof as that of Theorem with some adjustments, allows us to obtain a more general
(and also more technical) result as follows.

Theorem 5.4. Let E be an infinite-dimensional Banach space, and F be a Banach space such that:

(1) E has an equivalent norm || - | which is C* and locally uniformly convez.

(2) E has a (normalized) Schauder basis {ey, }nen which is shrinking.

(3) There exists an infinite subset I of N such that the subspace span{e; : j € N\I} is complemented
in E, and for every x =Y -2 x;e; and every jo € I we have that

> wiei|| <[> wies
JEN, j#j0 JeN
(4) In the case that F is infinite-dimensional, there exists an infinite subset P of N such that 1\ P
is infinite and for every infinite subset J of P the subspace E' = span{e; : j € JU (N\1I)} is
complemented in E, and there exists a linear bounded operator from E’ onto F.

j=

Then, for every continuous mapping f : E — F and for every continuous function ¢ : E — (0, 00)
there exists a C' mapping g : E — F such that ||f(x) — g(x)| < e(x) and Dg(z) : E — F is a
surjective linear operator for every x € E.

Proof. The only important difference with the proof of Theorem is that now we have to use an
analogue of Fact which is true if we just pick jo € I. Therefore, if we take w = Z]Oil wie; ¢
span{e; : j € PU(N\I)orj=1,...,Ny,}, since I\ P is infinite, there will exist jo € I, jo > N,, such
that wj, # 0 and thus (J(w), ej,) # 0. The operators S, have supports in complemented subspaces
of the form span{e; : j € I, U (N\ 1)}, where the sets I, C P are defined as in the proof of Theorem
L7 O

Remark 5.5. It is clear that the spaces ¢, and L”, 1 < p < oo satisfy the assumptions of Theorem
It may not be so obvious why the space ¢( satisfy the assumptions of Theorem let us clarify
this point. If we repeat the proof of [26, Theorem V.1.5] in the particular case that I' = N, since all
the operations that are made in this proof are coordinate-wise monotone, we see that the C' and LUR
renorming || - || that we obtain for ¢y has the property that

Z Tjej|| < Zﬂfjej

JEN, j#j0 JeN
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for every jo € N and every = = (x1,x9,3,...) € ¢y, where {e,} is the canonical basis of ¢y. This
shows that this norm || - || satisfies assumptions (1) and (2) of Theorem On the other hand, for
every infinite subset J of N we have that span{e; : j € J} is isomorphic to cp, so it is clear that
assumption (3) is satisfied as well, provided that there exists a continuous linear operator from ¢y onto
F. Therefore E = ¢ satisfies the conclusion of Theorem [1.2]

The latter fact can be generalized to Banach spaces with a shrinking basis which contain copies of cg.

Theorem 5.6. Let E be a Banach space that contains the space ¢y and admits a shrinking Schauder
basis. Let F' be a quotient of E.

Then, for every continuous mapping f : E — F and for every continuous function ¢ : E — (0, 00)
there exists a C' mapping g : E — F such that ||f(x) — g(x)|| < e(x) and Dg(z) : E — F is a
surjective linear operator for every x € E.

Proof. We will show that E satisfies the assumptions of Theorem [5.4
First, by Sobczyk’s Theorem [64], ¢y is complemented in E, that is, E is isomorphic to G @ ¢y, for a
certain Banach space G. Since ¢g is isomorphic to ¢y @ ¢g, G may be taken as E. So, we can and will
assume that

E=coF.

Let {e;}jen be the canonical Schauder basis in ¢g. Equip ¢ with the C* and LUR norm || - || which
was described in Remark That is, for every jo € N, we have

[e.e] [e.e]
1Y asell <11 agell,
J=Lj#jo Jj=1
for every x = 3777 aje; € co.
Similarly, let {d,}n,en be a shrinking Schauder basis in E. Equip E with a C! and LUR norm | - |.
Define a new norm in ¢y & E, by letting

2 +ylll = VIl + lyl?,

for every 2 +y € cg @ E. This norm is C! and LUR as well. Define {fi}ren C co @ E, where
faj—1 =e;+0and fo, = 0+4d, for every j,n € N. It is also easy to check that {f;}ren is a shrinking
Schauder basis for ¢y ® E.

Forx+y € cg@® E, let z = 372 ajej € co and y = Y32, Bpdy, € E be their basis expansions.
Then, writing 29,1 = «; and 22, = [,, we obtain the expansion of z = x +y = > oo, 2k fx =
Z;; zoj—1€j + > oo zandp € co ® E. For every jo € N, we have

oo o o oo o
IS afill=l Y zmie+ 3 el | <Y ajes+ S Budalll <
k=1,k#2jo J=Lj#jo n=1 J=14#jo n=1
o0 oo 1
2
I X ases | +ulll= (1 X asel? +1oP)* < VIRIP+ TP =
J=L3#jo J=Lj#j0
o0
Il +ylll = 111 Y 2 felll
k=1
where in the second line we have used the fact that || 3272, .. aje;|]? < || P aje;|[? = ||z||?. Now,

we are in a position to apply Theorem Namely, let [={2n: ne N} and P={4n: ne N}. O
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Corollary 5.7. Let C(K) be the Banach space of continuous functions, where K is a metrizable
countable compactum and F be a quotient of C(K).

Then, for every continuous mapping f : C(K) — F and for every continuous function € : C(K) —
(0,00) there exists a C* mapping g : E — F such that || f(z) — g(x)|| < e(x) and Dg(z) : E — F is a
surjective linear operator for every x € E.

Proof. By an application of [43] Theorem 1.4], which states that a Banach space has a shrinking
basis provided its dual has a Schauder basis, we obtain that C(K) has a shrinking basis (because
C(K)* =l1). Moreover, using the fact that cg is a subspace of C'(K), we infer that C'(K) is isomorphic
to cop @ G for some Banach space G, which yields (as in the above proof) that C'(K) is isomorphic to
co @ C(K). Hence, by Theorem the C! version of our assertion holds. The C™ version requires
the fact that C(K) has an equivalent C* norm, which is due to Haydon [42], and Proposition[1.8] O

For more information about the spaces C'(K) we refer the reader to [60]. The space C(K) is an
example of isometric predual of /1 (meaning a Banach space E with an equivalent norm || - || such that
the dual (E*, || - ||*) is isometric to ¢1). The class of isomorphic predual spaces for ¢; is larger that
the class of isometric predual spaces (the space constructed by Bourgain and Delbaen [17] is such an
example), which in turn is smaller than the class of C(K) spaces for metrizable countable compactum
K, see [13].

Remark 5.8. Since every isometric predual space E of ¢1 contains ¢y (see for instance [70, Corollary
1]) and admits an equivalent real-analytic norm [25, Corollary 3.3], the above corollary is valid for E.
Even more, the corollary is valid for any infinite-dimensional separable Banach space E which has a
shrinking basis and which admits an equivalent polyhedral norm (equivalently, with a countable James
boundary). This follows from the facts that, being polyhedral, F must contain ¢y, and that a space
with a countable James boundary admits an equivalent real-analytic norm (see [25] or [38, Chapter 5,
section 6] for reference).

As we noted in the introduction our main results imply that continuous functions between many
Banach spaces can be arbitrarily well approximated by smooth open mappings.

Remark 5.9. Let (E,F) be a pair of Banach spaces with the property that for every continuous
mapping f : E — F and for every continuous function ¢ : E — (0,00) there exists a C* mapping
g : E — F with no critical points such that || f(z) —g(x)|| < e(x), x € E. Then the pair (E, F) also has
the following property: for every continuous mapping f : E — F and for every continuous function
£:E — (0,00) there exists an open mapping g : E — F of class C* such that ||f(z) — g(z)|| < (),
reE.

This follows trivially from [49, Theorem XV.3.5]. Recall that g : E — F is said to be open if for
every open subset U of E we have that g(U) is open in F'. Notice that the approximation of arbitrary
continuous maps by smooth (or even merely continuous) open maps is impossible for £ = R™: for
instance, if E = R", F = R, f(z) = e I’ ¢(z) = 1/3, every continuous function g which e-
approximates f must attain a global maximum in R", hence g(R") is not open in R.

Example 5.10. In view of Theorem it is perhaps natural to ask whether in the case £ = F one
can get C'™ approximations g : F — E such that Dg(z) : E — FE is a linear isomorphism for every
x € E. This is not possible, as the following example shows.

Let f : f9 — {5 be defined by
f (Z xn€n> = (Z |xn|en> 5
n=1 n=1
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where {e, }nen denotes the usual basis of ¢ (that is, e = (1,0,0,...), e = (0,1,0,...), etc). Assume
that there exists g € C*°(F, E) such that Dg(z) : {3 — {2 is an isomorphism and || f(z) — g(z)|| < 1/3
for every x € f5. Consider the projection P : /5 — R given by Pj(x) = x1, and the function g; = Pjog.
Since Dg(x) is an isomorphism for every x, we must have Dg;(z) = P; o Dg(z) = Dg(x)(e1) # 0 for
every x € F, and in particular, considering the curve v;(t) = tej, t € R, and the function

0(t) == g1(m (1)), t€R,

we must have

(5.1) 0'(t) = Dgr(71())(e1) # O

for all £ € R. However,

[P1(g(n (1)) = P(f ()] < llg(n (@) = fF(n@)I <1/3,
hence
0(1) = Pi(g(n (1)) =1 -1/3=2/3,
and similarly
0(—1)>2/3>1/3>6(0).

Thus # must attain a minimum at some point ¢y of the interval (—1, 1), which implies that 6'(to) =0
and contradicts ((5.1)).

Proof of Theorem As said in the introduction, by the results of [30} 46], it is sufficient to show
Theorem for functions f : U — V, where U C E and V C F are open subsets of two separable
Hilbert spaces F, F, respectively. Observe that we can assume V = F. Indeed, if f : U — V C F,
e: U — (0,00) are continuous functions then, by taking £(z) = 1 min{e(z), dist(f(z), F\ V)}, if we
are able to g-approximate f : U — F by a smooth function g : U — F' with no critical points, then we
also have that ||g(z) — f(x)| < dist(f(z), F\ V'), which implies that g(x) € V for every x € U; that is,
we really have g : U — V. On the other hand, showing the result for f : U — F is not more difficult
than proving it in the case U = E (though it does encumber the notation). For example, it requires
a version of the extractibility fact (a counterpart of Theorem where the whole space F, its closed
subset X, and an open cover G of E must be replaced with an open subset U (of E), a closed subset
of U, and an open cover of U, respectively. Such a fact can be proved by mimicking the technique of
the proof of Theorem ; one just has to make some easy adjustments in the appropriate places. We
leave the details to the interested reader.

Throughout the paper the “limiting” function e(z) is assumed to be positive. The following remark
explains what can be said if we merely require that ¢(z) > 0.

Remark 5.11. Let H be a separable, infinite-dimensional Hilbert space and f : H — H be a
continuous mapping. Then, for every continuous function € : H — [0, 00), there exists a continuous
mapping g : H — H such that the restriction Y100 is C*° smooth and has no critical points, and

| f(x H < g(z) for every x € H (hence, f(z) = g(x) provided e(z) = 0). This a consequence of
Theorem apphed toU=H\e'(0) and ¢),,.

Let us conclude this paper with the proof of Proposition [I.§|

Proof of Proposition Let f: E— F and € : E — (0,00) be continuous. By assumption (1)
there exists a C'! function ¢ : E — F without critical points so that

1f () = p(@)]| < e(x)/2.
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It is well known that the set of continuous linear surjections from a Banach space E onto a Banach
space F' is open; see [49, Theorem XV.3.4] for instance. Therefore, for each z € E there exists r, > 0
such that if S : E — F'is a bounded linear operator then

(5.2) IS — Do(x)|| < 2r, = S is surjective.
By continuity of D¢, for every z we may find a number s, € (0,r,) such that if y € B(z, s;) then

[De(y) = Dp(2)|| < 7a.

Since F is separable, we can extract a countable subcovering

E = fj B(xp, sn),

n=1

where s, := s,,,. Let us also denote 7y, := ry,, and define n: E — (0,1) by
fly) s
_ . n
77(3/) = min 9 ’ 2:1 ?lbn(y) )
n=

where {1, } is a partition of unity such that the open support of v, is contained in B(zy, s,). Now
we may apply assumption (2) to find a C* function g : E — F such that

le(y) — gl < n(y), and [|[De(y) — Dg(y)ll < n(y)

for all y € E. Then for every y € E there exists n = n, € N such that y € B(xy, s,) and n(y) < s,/2.
It follows that || Dg(y) — De(y)|| < sn/2 < ry and || De(y) — D (zy,)|| < rn, hence ||Dg(y) —Dy(zy)]| <
21y, and according to (5.2)) this implies that Dg(y) is surjective. This shows that g has no critical
points. On the other hand, since n < /2, it is clear that

1£(y) — 9@ < 1f () — eIl + le(y) — gl < e(y)/2+e(y)/2 = e(y),

so g also approximates f as required. O
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