Cl* EXTENSION FORMULAS FOR 1-JETS ON HILBERT SPACES
DANIEL AZAGRA AND CARLOS MUDARRA

ABSTRACT. We provide necessary and sufficient conditions for a 1-jet (f,G) : E — R x X to admit an
extension (F, VF) for some F € C**(X). Here E stands for an arbitrary subset of a Hilbert space X
and w is a modulus of continuity. As a corollary, in the particular case X = R", we obtain an extension
(nonlinear) operator whose norm does not depend on the dimension n. We also provide similar results
on superreflexive Banach spaces.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper we will assume that w : [0,+00) — [0,400) is a concave and increasing
function such that w(0) = 0 and lim;_ 4o w(t) = +00. Also, we will denote

(1.1) gp(t)—/ﬂ w(s)ds

for every t > 0, and if X is a Banach space then C'*(X) will stand for the set of all functions
g : X — R which are Fréchet differentiable and such that Dg : X — X* is uniformly continuous, with
modulus of continuity w, that is to say, there exists some constant C' > 0 such that

1Dg(x) = Dg(y)|« < Cw(llz —yl))

for all z,y € X. Here || - || denotes the usual norm of the dual space X*, defined by ||£||. = sup{&(x) :
z € X, ||| <1} for every £ € X*.

If E is a subset of R” and we are given functions f : E — R, G : E — R", Glaeser’s C''* version of
the classical Whitney extension theorem (see [44} 25]) tells us that there exists a function F' € C'1%(R™)
with (F,VF) = (f,G) on E if and only if the 1-jet (f, G) satisfies the following property: there exists
a constant M > 0 such that

(1.2)  |f(2) = fly) = (G(y),z —y)| < Mp(lz —yl), and |G(x) - G(y)| < Mw(|z - y|)

for all z,y € E. We can trivially extend (f,G) to the closure E of E so that the inequalities (1.2)
hold on F with the same constant M, and the function F' can be explicitly defined by

N (@) ifreF
(13) ) {EQeg(f(er)+<G($Q)a$—$Q>)¢Q(‘”> ifz €R"\ E,

where Q is a family of Whitney cubes that cover the complement of E, {¢)g}geg is the usual Whitney
partition of unity associated to Q, and z¢ is a point of E which minimizes the distance of F to the
cube @. Recall also that the function F' constructed in this way has the property that
VF(z) - VF
MVE) = wp  [VE@) - VE)
z,yER™ x#y w (|.%' - y|)

< k(n)M,
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where k(n) is a constant depending only on n (but going to infinity as n — o0), and that the operator
(f,G) — (F,VF) thus obtained is linear.
The existence of some M > 0 satisfying ((1.2)) is equivalent to saying that
+ {(Gy),z—y)— f(2) = (G(2),x — z
0y A 1) +(C).x — 9) — F(2) — (G()x — 2)

sup
2€R™; y,2€E, |z —y|+|z—2|>0 o(lz —y|) + ¢z — 2[)

< 00,

and Whitney’s theorem for C1¢(R") can be restated as follows.

Theorem 1.1 (Glaeser’s version of Whitney’s extension theorem for C1%; see [25]). For every n € N
there exists some constant k(n) > 0, depending only on n, such that, for every 1-jet (f,G) defined
on a subset E of R, we have that A(f,G) < oo if and only if there exists F € C*(R"™) such that
(F,VF)=(f,G) on E and A(F,VF) < k(n)A(f,G).

Here we have denoted

— s |F(y) + (VF(y),z —y) — F(z) — (VF(2),z — 2)|
() AENVE) = z,y,2€R", |x72|+|xfz|>o e(lz —yl) +o(lz — 2|)

because (F,VF) can be regarded as a 1-jet on R™. More generally, if X is a Banach space, E is a
subset of X, and (f,G) : E — R x X*, we will denote

< 00,

B = . [f(y) +(GW),x —y) = f(2) = (G(2), = = 2)|
O A GEE): v X iR, oy le—2l50 e(llz =yll) + e (llz = =[)

which will be shortened to A(f, G) whenever the subset E is understood. In particular, for a differen-
tiable function F': X — R, we let A(F, VF) stand for A(F,VF; X).

As we said, if we construct such an F' by means of the Whitney Extension Operator , then we
necessarily have lim,_,~, k(n) = oo for all possible choices of k(n). Nevertheless, in the case w(t) =t
(which gives raise to the important class of C1! functions), J.C. Wells [43] and other authors [32, 12, 2]
showed, by very different means, that the C1'! version of the Whitney extension theorem holds true
if we replace R" with any Hilbert space and, moreover, there is a (nonlinear) extension operator
(f,G) — (F,VF) which is minimal, in the following sense. Given a Hilbert space X, with norm
denoted by |- |, a subset E of X, and functions f : ¥ — R, G : E — X, a necessary and sufficient
condition for the 1-jet (f,G) to have a C*! extension (F, VF) to the whole space X is that

(17)  A(f,G) = sup 2Af) +(Gly)x —y) = f(z) —(G2),z = 2)] _

z€X;y,2€E, |xt—y|+|z—=z|>0 |9U - y|2 + |x — zP

Moreover, the extension (F, VF') can be taken with best Lipschitz constants, in the sense that

(1.8) A(F,VF) = A(f,G) = [|(f,G)l|e,
where
(1.9) I(f,) g = inf{Lip(VH) : Hc C"Y(X) and (H,VH) = (f,G) on E}

is the O trace seminorm of the jet (f,G) on E. In particular, considering X = R" we deduce the
remarkable corollary that in the case w(t) =t one can take k(n) =1 for all n in Theorem

Let us point out that condition appears in Le Gruyer’s paper [32]. Wells’ Theorem was stated
and proved in [43] with the following equivalent condition: there exists a number M > 0 such that

1

F&) < ) + 5(0) + Gz — o)+ oy — 2P — 571G ~ G (W)
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for all y,z € E. That this condition is equivalent to (1.7)) can be easily checked as follows: for each
M > 0 consider the quadratic function

Vare) == f(9) + (Gw). 2 —9) — F() — (G =2 + T (j2 = =P o —yf?)

and find the point z); € X that minimizes Vj;. Then we have A(f,G) < M < oo if and only
if Vag(zpr) > 0, which after a straightforward computation is easily seen to be equal to condition
(Wl,l).

We should also mention that Wells’s proof [43] was rather elaborate (and constructive only in the
case of a finite set E), and that Le Gruyer’s proof [32], though very elegant and simple, was not
constructive either (Zorn’s lemma was used in an essential part of the argument). Very recently,
the papers [2, [12] supplied constructive proofs of Wells’ theorem by means of two different explicit
formulas, and also provided new proofs (with explicit formulas) for a related C! convex extension
problem for 1-jets that had been previously considered in [3]; see also [4] for the C'* convex case.

For more information about Whitney extension problems for jets and for functions, and the related
extension operators, see [5, 6] 0] [IT], (15, [16], (17, (18, 19} 20, 21, 22, 23, 4] 25, 26, 27, 30, 31, 32, 33, 34,
38, [39], 40, 4T, 43|, 44] [46], 47] and the references therein.

In this paper we will consider the following questions: is Theorem [I.1] true if we replace R™ with
a Hilbert space X7 Or equivalently, is there a version of Wells’s theorem for not necessarily linear
moduli of continuity w? In particular, is Theorem true with bounded k(n)? And what can be said
about other Banach spaces X? Let us mention that, as was shown in [28], a similar question for the
class C1(X) has a positive answer, but to the best of our knowledge nothing is known for nonlinear w
and the class C1*(X), where X is a Hilbert space (or more generally a Banach space).

As we will see, the main result of our paper gives a positive answer to the first question: a jet (f, G)
defined on an arbitrary subset E of a Hilbert space X has an extension (F, VF) with F € C'%(X) if
and only if A(f,G) < oco. Moreover, we can take F' such that

A(F,VF) < 2A(f,G).

In particular, considering X = R"”, this shows that in Theorem one can always take k(n) < 2
for all n € N. We will also prove similar results for superreflexive Banach spaces X for a certain class
of moduli of continuity.

In order to state and explain our results more precisely, let us introduce some more notation and
definitions. Recall that, given a function g : R — R, the Fenchel conjugate of g is defined by

(1.10) g*(t) = sup{st —g(s)}, tER,

seR
where ¢g* may take the value 400 at some ¢. If (X, || -||) is a Banach space, with dual (X*, || - ||.), for
any £ € X* we let (§,v) := &(v) denote the duality product.

Definition 1.2. We will say that a 1-jet (f,G) defined on a subset E of a Banach space X satisfies
condition (W) with constant M > 0 on E provided that

F2) < 1) + 5(60) + G2 = )+ My - #1) - 2arg (1S EE0) ey

forall y,z € E.

Notice that ¢* is simply ¢*(t) = f(f wt(s)ds for all + > 0. For a mapping G : E — X*, where
FE C X, we will denote

6w el
Mo(G)= s lle—yl)
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Theorem 1.3. Let E be a nonempty subset of a Hilbert space (X,|-|), and f : E - R, G : E — X two
functions. There exists F € CY(X) such that (F,VF) = (f,G) on E if and only if (f,G) satisfies
(W) with some M > 0. Moreover, we can arrange |VF(z) — VF(y)| < 12Mw(|z — y|) for every
z,y € X.

We may obtain slightly better constants in the estimate of the gradient if we consider the following
extension condition.

Definition 1.4. We will say that a 1-jet (f,G) defined on a subset E of a Banach space X satisfies
condition (mg"*) with constant M on E provided that

fy) +(G),z —y) + Me(llz —yl) = f(2) +(G(2),2 — z) — Mo([lz — z[]) (mg'+)
forall y,z € EF and all z € X.

Thus (f,G) satisfies (mg"*) for some M > 0 if and only if A(f,G) < oco. Condition (mg'*) is
half-intrinsic and half-extrinsic (in what refers to points * € X), as opposed to (W), which is
completely intrinsic (it only concerns points y, z € E). In principle condition (W) should be easier
to check, but conditions like (mg'*) may also appear very naturally in some applications (see, for
instance, the paper [I] in the convex setting). Anyhow both conditions are useful and in fact they are
equivalent up to an absolute factor; see Proposition below. In the case of a nonlinear modulus of

continuity w, these conditions, though equivalent, are no longer identical. This is due to the fact that
the minimization of the function

V() := f(y) +(Gy),z —y) = f(2) = (G(2),2 — 2) + Mo (|z —2]) + Mo (|2 —yl)
leads us in this case to rather perplexing equations which are difficult to handle and solve. Therefore

a condition of the type Vis(xps) > 0 would be much more complicated than (W1«).
With this extrinsic condition we have the following.

Theorem 1.5. Let E be a nonempty subset of a Hilbert space X, and f : E - R, G: F — X two
functions. There exists F € CY(X) such that (F,VF) = (f,G) on E if and only (f,G) satisfies
(mg)'* for some M > 0. Moreover, we can arrange |VF(z) — VF(y)| < 6Mw(|x — y|) for every
z,y € X.

The proof of the preceding theorem also gives us the following nearly optimal result.

Theorem 1.6. A 1-jet (f,G) defined on a nonempty subset E of a Hilbert space X has an extension
(F,VF) with F € C*(X) if and only if A(f,G) < co. Moreover, we can take F such that

A(F,VF) <2A(f,G),
where A(f,G) is defined by (|1.6)).

For Holder moduli of continuity, i.e., when w(t) = t* with a € (0, 1], we can improve Theorem
as follows.

Theorem 1.7. A 1-jet (f,G) defined on a nonempty subset E of a Hilbert space X has an extension
(F,VF) with F € C%*(X) if and only if A(f,G) < co. Moreover, we can take F such that

A(F,VF) < 217YA(f,Q),
where A(f,G) is defined by (1.6)).
Note that in the particular case that o = 1 this result yields Wells’ theorem.
According to Theorem we always have
(1.11) inf{M,(VH) : He C'*(X) and (H,VH) = (f,G) on E} <6A(f,G),
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and, in the special case that w(t) = t%, we will see that this estimate can be improved as follows:
(1.12) inf{M,(VH) : He C**(X) and (H,VH) = (f,G) on E} < 2> 2a Ta A(f,G).

On the other hand, for any extension (H, VH) of (f,G) with H € C'*(X) we always have the trivial
estimate

A(f,G) < My,(VH).

Hence we may conclude the following.

Corollary 1.8. A 1-jet (f,G) defined on a nonempty subset E of a Hilbert space X has an extension
(F,VF) with F € C'*(X) if and only if A(f,G) < oo, in which case we have

A(f,G) < I(f, G)llpw < 6A(S, G),
where
1(f, O)|| B := inf{M,(VH) : He C'*(X) and (H,VH) = (f,G) on E}
and A(f,G) is defined by (1.6).

Furthermore, if w(t) = t* with 0 < a < 1, then we have
A(f,G) < II(£,G)llpw < 227 TR A(£,G).

It should be noted that for every function of class F' € C11(X) defined on a Hilbert space, we always
have the identity Lip(VF) = A(F, VF), but this is no longer true for the class C1*. For instance, it
is easy to see that the function f(x) = %\xl?’/Q, x € R, satisfies M,,(f') = /2 for w(t) = t'/2. However,
one can check that A(f, f') < v/2. Indeed, since f is C1(R), it is clear that

Af.fy= sup D IO =TG-y
z,yeR, zy o(lx —yl)

,  where ¢(t) = %t?’/Q.

This supremum is attained at couples of points (z,y) with z < 0 < y, and, using the homogeneity of
f and f’, it is not difficult to check that it is equal to

3/2 1/2

supt 243002 + 2 < 1, 3066.

>0 2(t+1)3/2

We will also prove that Theorem [1.5] extends to the class of superreflexive spaces: if X is such a

Banach space, thanks to Pisier’s results (see [35, Theorem 3.1]), we can find an equivalent norm || - ||

in X such that may assume that the norm || - || is uniformly smooth with modulus of smoothness of

power type p = 1 + « for some 0 < o < 1. Hence there exists a constant C' > 0, depending only on
this norm, such that

(1.13) Azl + (@ =Nyl = [|Az + (1= Ny[I"F <A1 = X)27°C |z — g+
for all z,y € X, A € [0,1]. In particular, we have
(1.14) w4 AT 4w — AT = 2)ulT™ < O for all u,h € X.

We will consider modulus of continuity w such that the function ¢ — t*/w(t) is non-decreasing, which
includes the cases w(t) = 8, with 8 < o. We will then show that an inequality similar to holds
true with 1, = 0| - || instead of || - ||[1T%, where @, (t) = fot w(s)ds. As a consequence, we will obtain
the following theorem in terms of conditions (mg¥).
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Theorem 1.9. Let X be a superreflexive Banach space with an equivalent norm || || satisfying
and let w be a modulus of continuity such that t — t*/w(t) is non-decreasing. Let E C X be a
nonempty subset and f : E — R, G : E — X* two functions. There exists F € CY*(X) such that
(F,DF) = (f,G) on E if and only (f,G) satisfies (mg'~) for some M > 0. Moreover, we can arrange

that || DF(z) — DF(y)|l« <3 (1 + iit;C) Mw(||z —yl|) for every x,y € X.

And if we consider the intrinsic conditions (W!*) we have the following.

Theorem 1.10. Let X be a superreflexive Banach space with an equivalent norm || - || satisfying
and let w be a modulus of continuity such that t — t*/w(t) is non-decreasing. Let E C X be
a nonempty subset and f : E — R, G : E — X* two functions. There exists F € C*(X) such that
(F,DF) = (f,G) on E if and only (f,G) satisfies (W'*) for some M > 0. Moreover, we can arrange

that | DF(z) — DF(y)]|, < 12 (1 4+ 8t c) Muw(||z — yl|) for every z,y € X.

It is worth noting that the proofs of Theorems [1.9] and show that the sufficiency parts of these
results still hold true for moduli w not necessarily satisfying that the function ¢ — t*/w(t) is non-
decreasing, if we only assume that the function 1, := ¢, o || - || is of class C**. However, such an
assumption implies superreflexivity of the space X (see [13 Theorem V.3.2]), hence also the existence
of an equivalent norm with modulus of smoothness of power type p = 1+ « for some a € (0, 1]. Let us
also mention that in [2, Section 6] it was shown that a necessary condition on a Banach space X for
the validity of a Whitney-type extension theorem in X for some class C* is that X is superreflexive.

Let us finish this introduction by making a few comments on our method of proof and honoring
the title of this paper (where we promised some formulas). If one tries to adapt the proof of Wells’
theorem given in [2] to the C1* situation, one sees that the argument breaks down for the following
reason: when w(t) is not linear, it is no longer true that a function u is of class C1* if and only if
there exists a convex function ¢ of class C' such that u + ¢ is convex and u — 1) is concave. As it
turns out, the appropriate class of functions for tackling this more general problem seems to be not
that of convex functions, but that of strongly w-paraconvex functions, see Definition below.

The main ideas of the proof of Theorem are the following: if A(f, G) < oo then the functions

m(z) = sup{f(2) + (G(2).w = 2) ~ M(la = =)}, v € X
g(z) = inf {f(y) +(G(y), 2 —y) + Mp(jz —y])}, z€X
are well defined and satisfy

m(z) < g(x) for all z € X, and m(y) = g(y) = f(y) for all y € E.

Then one can check that the functions m and (—g) are strongly 2M ¢-paraconvex and define F' : X — R
by
(1.15) F(z):=sup{h(z) : h <g and h is strongly 2M ¢p-paraconvex}, =€ X.
One may call F' the 2M p-strongly paraconvex envelope of g. As we will show, both F and —F are
strongly 2M p-paraconvex, and this implies that F € C1*(X) with A(F,VF) < 2A(f,G), and that
VF =G on E.

It is also worth noting that, in the very particular case w(t) = ¢, one can also define F' above with 2

replaced with 1. In this special case, another expression for F' is the following: for each t € R,p € X,
£ e X*, set

M
(1.16) Hyie(z) =t+ (&, 2—p) — 7|z—p|2.
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Then we have
(1.17) F(x) =sup{Hpse(x) :teR, pe X, (€ X", Hyre(z) <g(z2) forall ze X}

see Lemma below. From this formula we can see that, in the case that F is finite, say that F
has m points, then for each z € X, F(z) can be computed by solving a maximization problem in
R x X x X* with m constraints, where the function to be maximized and the constraining functions
are linear combinations of bilinear functions and quadratic functions. Hence the computation of F'(z)
is much easier than in the general case of a nonlinear modulus w.

When w(t) is not necessarily linear, we may also provide an alternate formula for an admissible
extension F' of (f,G) as the supremum of a smaller family of functions than that of : given a
l-jet (f,G) : E — R x X such that M := A(f,G) < oo, let us define

F = {XBzr—>a+<f,z)—ZAngo(|z—pi|) ca€R, € X* p € X, )\iZO,ZAizl,nEN},
i=1 i=1

and

(1.18) F(z):=sup{h(z) : he F, h <g}.

Then F is of class C1¥(X) and satisfies (F, VF) = (f,G) on E, with
A(F,VF) <2A(f,G).

In the case that w(t) is linear, it is easily seen that this extension F' coincides with ((1.17)), and also
with conv(g+ 1) —; where ¢ = %| -|? and conv(g + 1) denotes the convex envelope of g+, that is,
the supremum of all lower semicontinuous convex functions lying below g + . This is a consequence
of the fact that a function h : X — R is strongly ¢-paraconvex if and only if A + ¢ is convex; where
o(t) = %tz (however, this is no longer true for nonlinear moduli of continuity).

These results will all be shown in Section [3] below. In Sections [4] [5] we will give some variants of
our techniques which will allow us to establish similar results for the subclasses of C1*(X) consisting
of bounded and/or Lipschitz functions, and also a certain continuous dependence of the extensions
on the initial data, meaning that if a sequence {(fn,Gn)}nen of jets converges uniformly on E to
a jet (f,G) then the corresponding extensions satisfy that lim, oo (Fn, VF,) = (F, VF) uniformly
on X. Finally, in Section |§| we will consider the class Cé’u(X ) of differentiable functions whose
derivatives are uniformly continuous on bounded subsets of X, and we will show the following result:
suppose that the jet (f,G) is bounded on each bounded subset of E; then there exists F' € C’é’"(X )
with (F,VF), = (f,G) if and only if, for all bounded sequences (x,) C X, (yn),(2n) C E with
|xn - yn| + ’l'n - Zn| >0,

=0.

n—o0o n—00 ’«Tn - yn| + ‘xn - Zn’

Also note that, in the particular case X = R", we have C}(R") = C’Zl;’u(]R”), and this statement is
thus equivalent to Whitney’s extension theorem for C*.

2. SOME TECHNICAL TOOLS

Recall that the Fenchel conjugate of a function g is denoted by ¢* and defined as in ([1.10]).

Proposition 2.1. The following properties hold.

(1) (ag)* = ag*(;) and (ag(é))* =ag* for a > 0.
(2) ab < g(a) + g*(b) for a,b > 0.
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(3) If (X, || - ||) is a Banach space and g : R — [0,00) is even, then (go||-||)* = g*o| - ||. Here,
for a function ¢ : X — R, we denote *(x*) = sup,ex{(z*, ) — ¢ (z)} for every z* € X*.

Abusing terminology, we will consider the Fenchel conjugate of nonnegative functions only defined

n [0,400), say 0 : [0,+00) — [0,+00). In order to avoid problems, we will assume that all the

functions involved are extended to all of R by setting d(¢) = §(—t) for t < 0. Hence ¢ will be an even
function on R and therefore

0%(t) = sup{ts — d(s)} = sup{ts — d(s)}, for t>0.
seR s>0

In the following proposition we collect some elementary facts concerning the functions w,w™!, ¢ and
*

©*.
Proposition 2 2. Let w : [0,00) — [0,00) be a concave and nondecreasing function with w(0) = 0,
and define p(t fo s)ds. Then:

(1) ¢ is conver;

(2) (t/2)w(t) < p(t) < tw(t/2) for allt > 0;
(3) w(et) < ew(t) for all ¢ > 1,t > 0.

If, in addition, w is increasing and limy_,o0 w(t) = 0o, then w™! and ©* are well defined and

fo s)ds for all t > 0;
(5) go( ) —i—go (s) = ts if and only if s = w(t);
(6) tw=L(t/2) < o*(t) < (t/2)w™L(t) for all t > 0.

Lemma 2.3. Let (X,|-|) be a Hilbert space, and w a modulus of continuity as in the preceding
proposition. Then the function ¥ (x) = p(|z|), € X, satisfies the following inequality:

YAz + (1= Ny) > Mo(x) + (1= No(y) — 2001 = Ne(|z —y|)  forall z,y € X, X e [0,1].

Proof. Since ¢*( fo w~1(s)ds, by Proposition the Fenchel conjugate ¢* of 9 satisfies ¢¥*(z) =

|| -1

wl(s)ds, Where w™ " is a convex function. We know from [42] that ¢* is uniformly convex on X

0
with modulus of convexity o(t fo w™Y(s/2)ds, that is,

YAz 4 (1= Ny) < M* (:z:) + (1 =Y (y) = AL =N)d(|lz —y|) forall z,ye X, Ae0,1].

Using the duality theorem (see [45, Proposition 3.5.3], for instance), we obtain that v = (*)* is
uniformly smooth with modulus of smoothness §*, that is,

POz + (1= Ny) > Mp() + (1= Noo(y) = A1 = N)*(|Jz —y|) forall zye X, Ael0,1].
We have that (¢ fo s)ds, where k(s) = w™1(s/2) and therefore

5*(t) = /0 k=1(s)ds = /O 20(s)ds = 2(1).

For Holder moduli of continuity, the preceding lemma is true with constant 2!~ instead of 2.

Lemma 2.4. Let (X,|-]|) be a Hilbert space, and w(t) = t* for o € (0,1]. Then the function (x) =
o(|x]), x € X, satisfies the following inequality:

bz + (1= N)y) > Mp(x) + (1= N(y) = 21 A1 = Ne(jz —y[)  forall z,y € X, Xe[0,1].
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Proof. The Fenchel conjugate ¢* of 1 satisfies ¢*(z) = f(lcd tVodt = (1 + oY) Yz|' . We know
from [42] that ¢* is uniformly convex with modulus of convexity

ol—a -1
5(t) = ———tito .
(*) 14+o!

Thanks to Proposition [2.2] we have

4=t \ * 14+a -«
gty =2 s (2a‘1—1t) el PR (26*‘1—115) _ 2 "
1+at 1+« 1+«

By using the duality theorem as in Lemma [2.3] we obtain the desired inequality. O

Definition 2.5. If C' > 0 is a constant, we will say that a function u is strongly Cy-paraconvex on a
Banach space X if we have

(2.1) u(te + (1 =t)y) < tu(z) + (1= tu(y) + CHL = e ([l - yl)
for all z,y € X and all ¢ € [0, 1].

Thus the preceding two lemmas can be restated by saying that —i is strongly C'yp-paraconvex for
some C' > 0. On the other hand, since 1 is also convex, ¥ is trivially strongly ¢-paraconvex.

Some authors call such functions u semiconver, or ¢-semiconvex, but we prefer not to use this
terminology because it may make the reader think that the function u + C¢ (|- |) will be convex, at
least locally for some large C, which is generally false unless w is linear. See [10, 29, [36] [37] and the
references therein for background on paraconvex and strongly -paraconvex functions.

Next we recall a well-known fact about this kind of functions which we will have to use in our proofs.
This result is usually shown in more specialized settings with the help of subdifferentials or Clarke’s
generalized gradients. For the reader’s convenience (and also because we need precise estimates and
the literature’s terminology varies depending on authors), we include a self-contained elementary proof
of this result.

Proposition 2.6. Let (X, || -||) be a Banach space, w a modulus of continuity, p(t) = fg w(s)ds, and
u: X — R be a continuous function. Assume that both u and —u are strongly Cp-paraconvex. Then
u s everywhere Fréchet differentiable, and, with the notation of , A(u, Du) < C. In particular u
is of class CY* (X)) with

20¢ (3llz —
[Du(x) — Du(y)|ls < H(;_y| ) < 3Cw(|lz —yll)
for all x,y € X. Moreover, if X is a Hilbert space, we have

|Du(x) — Du(y)| < 3Cw <|x;y|) forall z,y € X,

and |Du(x) — Du(y)| < 2l-aq " Tha O |x — y|* in the special case that w(t) =t*, o € (0, 1].
Proof. Taking y =a and h =z —a in we see that u satisfies
(2.2) u(a +th) < tu(a+ h) + (1 = t)u(a) + Ct(1 — t)p (||h|])
for all a,h € X, t € [0,1]. Also (taking t =1/2, 2a =  +y, 2h =  — y) we have
u(a+ h) +ula— h) - 2u(a) = —S2|lAl),
and since —u is strongly C'p-paraconvex too, we obtain
(2.3) [u(a+ h) +ula - b) - 2u(@)] < Se2]]).
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For the moment, let us fix a and h in X, and consider s,t € (0,1]. The inequality ([2.2)) implies
u(a + tsh) — u(a) < u(a + sh) — u(a) Lo - t)go(sHhH)

ts - S S
Similarly, because —u is also strongly C'¢-paraconvex, we have

u(a + sf;) —u(a) < u(a + tstf;) — u(a) Lo - t)go(s!hH).
Therefore
o act sh) —u(a) _ ulat tsh) ~ula)| _ oy elolll)
s ts - s

for all s,t € (0,1], a,h € X. This entails the existence and local uniform boundedness of the limit

. u(a+tv) —u(a)
(2:5) t1—1>%1+ t

:= Dyu(a)

for a,v € X. Indeed, on the one hand, by taking s = 1 and using that u is locally bounded we see
that there is some r» > 0 and a constant k, such that

u(a + th) — u(a)
t

On the other hand, if the limit in (2.5]) did not exist then there would be some € > 0 and two sequences
(8n), () of strictly positive numbers converging to 0 such that

u(a +spv) —ula)  ula+rpv) —u(a)

Sn Tn

(2.6) < k, for all h € B(0,r).

> €

for all n. Up to extracting subsequences we may assume that 0 < r, < s, for all n, and then find
(tn) C (0,1] such that r, = t,s, for every n, so that the above inequality reads

u(a + 5,0) —u(a)  u(a+ tusew) —u(@)|
- €
Sn tnSn -
in contradiction with (2.4)) and the fact that
(2.7) tim 200
s—07F S
Next, by using (2.3) and (2.7]) we also get
lim u(a + tv) — u(a) + u(a — tv) — u(a) _o,
t—0+t t
which shows that D_,u(a) = —D,u(a) and consequently that the directional derivative
lim u(a +tv) —u(a)
t—0 t

exists and equals Dyu(a). Furthermore, by letting ¢ go to 0 in (2.4) we also have

ua+ ) —ulw) oo oeslol)

(2.8) - .

for every a,v € X, s € (0,1], and in particular
(2.9) lu(a +v) = u(a) — Dyu(a)| < Co(||v])
for all a,v € X.

In order to finish the proof that u is differentiable, we will now combine some calculations from [10),
Theorem 3.3.7] and [29, Theorem 6.1]. We do not yet know that the function v — D,u(a) is linear,
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but we do easily get that Dy,u(a) = ADyu(a) for all a € X and A € R; this fact is a straightforward
consequence of (2.8)) which we will use before establishing the linearity of v — D,u(a). We next show
that

sup [Dyu(a) — Dyu(b)| < 5Ce(||a - b])
lvll=1

for all a,b € X. Indeed, writing b = a + h with h # 0, and using the strong @-paraconvexity of u and
—u, and the fact that ¢(t) < tw(t/2), we have

Dyu(b) — Dyu(a) = Dyu(a + h) — Dyu(a)
<wu(a+h+v)—ula+h)—ula+v)+ula) +2C|v||w (@)
=u(a+ h+v) — 3u(a+2v) — ju(a+ 2h)

—u(a+ h) + Su(a+2h) + 2u(a)

—u(a+v) + Yu(a +20) + Yu(a) + 20 vljw (131

< Gl — vl (1A — ) + Sl (121 + Slolles (o) + 20 ol (121
which implies
sup |Dyu(a+ h) — Dyu(a)| = AT |Dyu(a + h) — Dyu(a)| < 5Cw (||h]]) .
Joll=1 121l o=l
Observe also that supj,<; [Dvu(a)| is finite for every a, thanks to (2.6). Now we may show that
v +— Dyu(a) is linear, which together with (2.9) yields that w is uniformly Fréchet differentiable. For
every a,v,w € X we have
|u(a + v+ w) —u(a) — Dyu(a) — Dyu(a)|
<l|u(a+v+w)—ula+v) — Dyu(a+v)| + |Dyu(a+v) — Dyu(a)| + |u(a +v) —u(a) — Dyu(a)|
< Co ([[wl]) +5Clwllw ([[o]l) + Ce ([lv]]) ,
from which we easily deduce that Dy, ,u(a) = Dyu(a) + Dyu(a). We thus have that u is everywhere
Fréchet differentiable, and from (2.9 we obtain that the jet (u, Du) : X — R x X* satisfies A(u, Du) <

C. The estimations for the modulus of continuity of Du are a consequence of Proposition (3)
below. 0

Let us finish this section by studying what one could fairly call the C'p-paraconvex envelope of a
function.

Definition 2.7. Given a Hilbert space X, a continuous function g : X — R, and a number C > 0, let
us define

We(z) = sup{h(z) : h < g, h is strongly Cy-paraconvex}.
Lemma 2.8. If h is strongly Cp-paraconvex on a Hilbert space X then, for each x € X there exists
some & € X* such that
h(y) = Mx) — (&, y — ) — Co(ly — z])
for ally € X. In consequence, h(y) = supyex{h(z) — &z, y —z) — Cp(ly — z|)} for every y € X.

Proof. Indeed, since h is strongly C'¢-paraconvex, it is locally Lipschitz (see [29, Proposition 6.1] for a
proof of this fact), and then the Clarke subdifferential dch(z) is nonempty for every x € X. Moreover,
according to [29, p. 219], the Clarke subdifferential of h can be written as

Och(z) ={¢ € X* : (§,v) < h(z+v) — h(x) + Cop(Jv|) for all |v] < — |z —al},
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for every z € B(a,d), where B(a,d) is any ball such that h|B(a 5 18 Lipschitz. Using that h is strongly
Cp-paraconvex we can prove that, in fact, we have the formula

(2.10)  Och(z)={{ € X* : (&v) < h(x+v) —h(z)+ Cp(jv]) forall ve X} foral ze X.

Indeed, if z € X, £ € dch(x) and v € X, we consider ¢t > 0 small enough so that [tv| < §, where § > 0
is such that h, (o5) is Lipschitz. Then we have

h(z +tv) —th(z +v) — (1 —t)h(z) < t(1 —t)Cp(|v]),
which implies
(€ v) < t7H(h(z + tv) — h(z) + Cp(tlv])) < hiz +v) = h(z) + (1 = )Ce(|v]) + Ot p(t]).
Letting ¢ — 0% and taking into account that ¢(t) < tw(t) and lim,_,g+ w(t) = 0, we get
(€,v) < Wz +v) = h(z) + Cop(Jo]).

We have thus shown (2.10]). Since h is locally Lipschitz we have dch(x) # () for every x € X and the
result follows. O

Lemma 2.9. Assume that w(t) = at, where a > 0. Then we have, for every x € X,
We(z) =sup{Hpie(x) : teR, pe X, € X*, Hyre(2) < g(z) forall z€ X},
where
Hpre(z) =1+ (52 —p) = Co(lz—pl).
Proof. Let us call
H(z):=sup{Hpse(x) : teR, pe X, (€ X", Hyre(2) <g(z) forall z€ X}.

On the one hand, by using Lemma with a = 1, we have that H,;¢ is strongly C¢-paraconvex,
hence it is clear that

H(xz) < We(z).

On the other hand, if h is strongly Cp-paraconvex and h < g then, according to the previous lemma,
there exists some £ € X* such that

(2.11) 9(y) = h(y) = h(z) — (§,y —2) — Co(ly — 2]) = Hy pa)c (V)

for all y € X. Because y — H, j(q)¢(y) is strongly Cp-paraconvex and lies below g, we have, by
definition of H,

H(x) = Hy p(a)¢(2) = h(z).

Therefore H > h for every h that is strongly Cp-paraconvex and lies below g. Since W is the
supremum of all such A, we also have

We(z) < H(x)
for all z € X. Thus we conclude H = Wg. O
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3. PROOFS OF THE MAIN RESULTS

Let us start by showing the equivalence between conditions (mg'“) and (W'«) and their relation
with the quantity M, (G) for jets (f, G) defined on subsets of Banach and Hilbert spaces.
Proposition 3.1. Let E be an arbitrary subset of a Banach space (X,|| - ||), and consider a jet
(f,G): ECX —Rx X*.

(1) Assume that (f,G) satisfies condition (W1«) with constant M > 0. Then we have

fy) +(G(y),z —y) + Mp2llz —yll) > f(2) +(G(2),r — 2) — Mp(2||x — 2]|)

for ally,z € E and all x € X. In particular (f,G) satisfies (mg™*) with constant 4M .

(2) Assume that (f,G) satisfies (mg™*) with constant M. Then (f,G) satisfies (W) with con-
stant 2M . And, if X is a Hilbert space, we can replace 2M with M.

(3) Assume that (f,G) satisfies (mg'*) with constant M. Then G satisfies

2M e (5ly -
ly — =
and, in particular M,(G) < 3M. Moreover, if X is a Hilbert space, then

1G) - G < W < sptly— =0, w2 ek,

6 - 6 s <oan (W) e

Furthermore, if X is a Hilbert space and w(t) = t%, o € (0, 1], we have My(G) < 2l-aq~ Tia M.
(4) If (f,G) satisfies (W) with constant M, then G is uniformly continuous, with M,,(G) < 4M.

Proof. (1) Let y,z € E and x € X. By the assumption we have

Fy) = f(2) + 5(G(2) + Gy),y — 2) = Mo(l|lz = yl)) + 2M )" (|G(y) — G(2)].) -
Here we have used that (2M¢)*(t) = 2M¢*(5%;); see Proposition Employing the preceding
inequality we obtain
FW)HGW),z —y) + Mp2lle —yl) = fy) +(GY), 2z —y) + (G(y), z — 2) + Mp(2[|x — y])
> f(2) +5(G(2) = Gly),y — 2) + (G(y),z — 2)
+ MeQ2llz —yll) — Mo(|lz —yll) + 2Me)" (|G (y) — G(2)l+)

(
(3.1) = f(2) +(G(2),2 — 2) + (G(y) = G(2),2 — 5(y + 2))
+ Me2llz —yll) = Mo(l[z —yll) + @M )" (|G(y) = G(2)]+) -

By applying the Fenchel-Young inequality (see Proposition for the function 2M ¢ we get
(@) = 6(@)a = 4o +2)) 2 ~16) = GG e = Yo+ 2] >
—2Meo (||lz = 3(y +2)||) — M) (IG(y) — G(2)|-)-
By plugging this inequality into (3.1]), we get

f(y) +(G(y),z —y) + Mo(2||z —yl|)
(3.2) > f(2) +(G(2),z — 2) —2Mo (|2 — 5(y + 2)||) + Me2|lz — yl|) — Me(||z — yl)).
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Now observe that, since ¢ is convex, we have that ¢(t + s) < $¢(2t) 4+ $¢(2s) for every ¢,s > 0. This

yields 27
=20 ([Ja = 3(y + 2)||) + e2llz = yll) = e(llz — yll)
> —o(lz —yll) — ez = 2]) + e2llz = yl) = z0llz — =) — 3¢2llz - yll)
> —¢(2llz = z[l) + 5eCllz = yl) — e(llz = yl) = 2]z - 2I).
By plugging this inequality in , we deduce
fy) +(Gy),z—y) + Moz —yl)) = f(2) +(G(2), 2 — z) = M2z — 2]).

(2) Let us fix 3, z € E. In the case when G(y) = G(z), condition (mg"*) gives
f(2) < fy) +(Gy), 2z —y) + Meo(lly — =)

and the inequality defining condition (W) with constant M > 0 follows immediately. Let us assume
that G(y) # G(z). Given £ > 0, there exists v = v. € X such that

o] = %w_l (llG(y);A/C;(Z)H*) and  (G(z) — G(y),v) > ||G(y);G(Z)||*w—1 (llG(y);Af(z)H*> e

Define z := £(y + 2) + v. Using condition (mg'*) we have

(3.3)

f(2) < f(y) +(Gy),z —y) — (G(2),z — 2) + Mp(lz —y|) + Mep(||z — z|)
= (W) +3(Gy) + G(2),z —y) + (G(y) = G(2),v) + Mo (||3(z —y) +v||) + Mo (||5(y — 2) + )
< f(y) + 5(Gy) + G(2),2 —y) + (G(y) — G(2),v) + 2Mo (|5(z = »)| + lIv])
< f(y) + 3(Gy) + G(2), 2 —y) + (G(y) — G(2),0) + Mp(2||v])) + Mo |y — =),

where the last inequality follows from the convexity of . The identity tw(t) = ¢(t) + ¢*(w(t)) (see
Proposition for t = 2||v|| gives

e@llol) = 2lflw@lol)) - o (@ (]o])) = [ELEFEk,~ (ICZEEL ) — oo (ICZgEl ).
Using this inequality and the properties of v we obtain
(Gy) = G(=),v) + Mop(2llo]]) < — 10T =1 (1O CEN ) 4 o 4 Mp(2]fo])

= -—My* (W) + €.

And observe that ¢*(s) = [Jw™ (r)dr =2 [; 5/2 y=1(2r)dr > 4¢*(s/2). Combining all these inequali-
ties we get

£2) < F) + HG(@) + Gly), 2 — ) + Moo (ly - 21) — 4" (1CWGGEL ) 4 e

Letting ¢ — 0, we deduce that (f,G) satisfies condition (W) with constant 2.
Let us now modify the proof so as to obtain M in place 2M for condition (W'*) under the
assumption that X is a Hilbert space. Assuming as above G(y) # G(z), we define

! (\G(y)—G(Z)I
2M

G(y) — G(2)]

= 2(y+2) +v, where v:= > (G(2) = G(y))-
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If we apply Lemma for A = 1/2 in the third inequality of , we obtain
f(2) < fly) + 3{Gy) + G(2), 2 — y) + (G(y) — G(2),v) + 2Mp(Jv]) + Mp(|y — 2|)
= f(y) + 3(Gy) + G(2), 2 = y) + Mo(|y — z|) + 2M (—sw ™" (s) + p(w™'(s))) ,

where we have denoted s = 71-|G(y) — G(2)|. By Proposition we have that p(w™!(s)) —sw™(s) =
—¢*(s). This immediately implies the inequality defining condition (W) with constant M.

(3) Let y, 2z € E and v € X. For the point 2 = $(y + z) + v, condition (mg"*) gives
F(2) < f)+3(G W) +G(2), 2 —y) +(G(y) = G(2),v) + M (|5(z = y) +v]|) + Mo ([[5(y — 2) +l]) -
Reversing the roles of y and z, and taking x = %(y + 2) — v in condition (mg**) we obtain
G(z

Fy) < F(2)+5(GW) +G(2),y —2) +(Gly) = G(2),0) + Mo (l3(y — 2) —vll) + Mo (I5(2 = y) = vll) -

By summing both inequalities we have
(34)  (G(2) ~ Cl),v) < Mo (I15(z —v) + o) + Mo (13 — 2) +ol]) < 20 (1270 1 o] ).

These estimates hold for any v € X, and in particular for every v € X with |[v|| = ||y — z]||. Then,
using that ¢ is convex, we conclude

2M (3lly —21) _ 2M Glly — 2l +lly—=l) _ , elly =21 + o2y = =I)
ly — =]l ly — 2| ly — 2|
< Mo (152 - 20s(ly - 2[) < 38Mw(lly - 2I).

IG(y) = G(2)]]« <

Now, if X is a Hilbert space, we assume that |v| = |y — z|, and replace the last inequality in (3.4))
with the one given by Lemma for A = 1/2 to obtain

(G(2)=G(y),v) < My (|53(2 —y) +vl)+Me (|5(y — 2) +v]) < 2Mep(jo])+Me(ly—=]) < 3Mp(|ly—=2|).
Finally, assume that X is a Hilbert space and w(t) = t* for a € (0, 1]. Using the inequality of Lemma
for A =1/2in (3.4)), we obtain
(G(2) = G(y),v) < Mo (|5(2 —y) +vl) + Mo (I3(y — 2) +]) < 2Mp(|o]) +27Mep(ly — 2|),

and this implies

v 2Mo(Jv]) + 27 *Mo(ly — = o1t 27«
<G(z)_G(y)’7> < e(|v)) plly—2) _

v (1+a)t

It is straightforward to see that the function 0 < t +— h(t) = (2t17® 4+ 27%) /(1 + )t attains a global

—1 ey
minimum at tg = (21+aa) o and h(tg) = 21 7%a~ T+a. The desired inequality follows immediately.

o M|y —=z|*; where t=|v|/|ly—z|.
v

(4) Given y, z € E, we have
F(2) < fly) + 3(G(y) + G(2), 2 —y) + Mo(|ly — 2|) — 2M " (W)
F(y) < F(2) + HGE) + G,y — 2+ Mep(l2 — yl)) - 2M* (1EEREWIY

By summing both inequalities we easily get

¢ (G ) — G(2)I) < 5elly — 21D

Appyling Jensen’s inequality on both sides of the previous inequality (bearing in mind that w=? is
convex and w is concave) we obtain

IG(y) = Gl w™ (331G (y) = G(2)lls) < My = 2w (3lly — 2II) -
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Thus we have either ||G(y) — G(2)||s < Mw (Hy Z”) or wl (F71Gy) = GR)|«) < lly — z||. We

conclude that M, (G) < 4M.
(]

In view of the preceding proposition, it is clear that Theorem [I.5] implies Theorem [I.3] and that
Theorem [I.9] implies Theorem [[.10} Therefore we will only show Theorems 1.5 [I.6] . 1.9, and
Corollary Part of the proof of these results, as those of Sections [d] and [5] below, will be deduced
from the following technical theorem.

Theorem 3.2. Let E be a nonempty subset of a Banach space X, C >0, (f,G) : E — R x X*, and
{0y Yyers {0y Yyer be two families of functions wj : X — R such that

(1) ¥, and w;r are strongly Cyp-paraconvex for each y € E;
(2

) ¢ ( )= f(y) +(G(y),z —y) + olx —y]);
(3) w (x) <Yf(x) for allz € X and ally,z € E.

Let us define functions m,g, F : X — R by

(3.5) m(z) := sup ¢, (x),
2€E
(3.6) g(z) = ylg]fEW( x)
and
(3.7) F(z) :==sup{h(z) : h <g, h is strongly Cp-paraconver}.

Then F and —F are strongly Cp-paraconvez (so in particular F € CY*(X), with A(F,DF) < C),
and (F,DF) = (f,G) on E.

Moreover, if we also assume that m is Lipschitz, with Lip(m) < L, then the function F:X >R
defined by

(3.8) F(z) :=sup{h(z) : h<g, h is strongly Ceo-paraconvex and L-Lipschitz}
is of class CY(X) and Lipschitz, with A(F, DF) < C and Lip(F) < L.

Proof. Condition (3) is obviously equivalent to saying that m and g are finite everywhere and satisfy
m > g on X. Also, if y € E, it is obvious that m(y) > f(y) and g(y) < f(y), which implies
m(y) = g(y) = f(y). Thus we have

(3.9) m(z) < g(x) for all z € X, and m(y) = g(y) = f(y) for all y € E.
Lemma 3.3. The functions F', m and —g are strongly C'¢-paraconvex

Proof. That m and —g satisfy the lemma follows from the elementary observation that the supremum
of a family of strongly C'yw-paraconvex functions is strongly C'y-paraconvex. Once we know that m is
strongly C¢-paraconvex, since m < g on X, we deduce that F' is well defined, and by applying the
mentioned observation again, that F' satisfies the lemma as well. O

Lemma 3.4. The function —F is strongly Cp-paraconvex.
Proof. Fix x,y € X and A € [0, 1] and define the function
hz) =AF(z+(1-XN(x—-y)+A-XNF(z+ANy—2x)), ze€lX.

Using that F' is strongly C'¢-paraconvex it is straightforward to check that h is strongly C'yp-paraconvex
as well. Also, since F' < g, we have that

h(=z) < Mgz + (1= N)(@ — ) + (1= Ng(z+Aly - 2)) < g(=) + A1 = NC(le —yll) forall =z € X;
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where the last inequality follows from the fact that —g is strongly Cy-paraconvex; see Lemma [3.3]
We have thus shown that A — A(1 — X\)Cp(||z — y||) is strongly C'¢-paraconvex and less than or equal
to g. By the definition of F, we must have h — A(1 — X\)Co(||lx — y||) < F. In particular,

FQAz+(1-Ny) = h(Az+(1=N)y) = A1 =N Cop(|z—yl) = AF(z)+ (1= F(y) = A(1=A)Cop([|z—y).
This proves the lemma. O
Lemma 3.5. We have F € C'*(X), with DF = G on E, and

|DF(@) - DF(y)|l. < 3Cw(|lz —yll) forall z,y € X.

Proof. We already know that both F' and —F are strongly C'y-paraconvex. Then by Proposition [2.6
we have that F is of class C'%(X), with
IDF(x) = DF(y)|[« < 3Cw((lz —yl)

for all x,y € X, and also that
A(F,DF) < C.
Finally, let us check that DF' = G on E. By the definitions of m and g and the fact that m < F < g
on X we have, for every y € F and x € X,
by (x) <m(z) < Fz) < g(z) < ¢y (),
that is, ¢, < F' < 1,[); on X, and since by condition (2) we also know that 1&;} is differentiable at vy,

with Dz/@t(y) = G(y) and w;t(y) = f(y) = F(y), we conclude that DF(y) = G(y). O
The proof of Theorem is complete. O

Proofs of Theorem [1.5] and 1.6l Let us first note that in the case that A(f, G) = 0 our results are
trivial. Indeed, if A(f,G) =0, we may fix a point 29 € E and we have f(y) + (G(y),z —y) = f(z0) +
(G(z0),x—2p) for ally € E, x € X; then the affine function F(z) := f(20)+(G(20),2—z20), v € X, has
the property that (F, VF) = (f,G) on E. On the other hand, it is clear that A(f, G) is the infimum of
all constants M > 0 for which (mg'*) holds. In particular, A(f,G) = 0 if and only if (f, G) satisfies
condition (mg"¥) with all M > 0.

According to these observations, in our proofs we may assume that A(f,G) > 0. Also note that if
A(f,G) is finite and strictly positive then (f, G) satisfies condition (mg"*) with M = A(f, G).

To prove the necessity of (mg“), which is obviously equivalent to A(f, G) < oo, we just use Taylor’s
theorem: assuming F' € C*¥(X), (F,VF) = (f,G) on E, and |VF(u) — VF(v)| < Mw(Ju—v]|) for all
u,v € X, we have

F(2) +(VF(2),z —z) = F(y) = (VF(y),z —y) =
F(2) +(VF(2),2 — 2) — F(z) + F(z) — F(y) — (VF(y),z — y)
<M (|lz —2]) + Mo (Jz —yl),

from which (mg'*) follows immediately (in fact this shows that A(f, G) < M).
Let us now show the sufficiency of condition (mg'*). Assume that (f,G) satisfies (mg"*) with
constant M := A(f,G) > 0. For all y, z € E, define the functions

(3.10) Py (x) = f(2) + (G(2), 2 — z) = Mo(Jz — 2|), zeX
(3.11) V(@) = fy) +(Gy),z —y) + Mo(lz —y]), zeX.

Condition (mg™¥) tells us that 1 (z) < Yy (x) for all z € X, y,z € E, so the functions wzjt meet
condition (3) of Theorem and it is obvious from the definition that they also satisfy condition
(2). By Lemma [2.3[ we have that  — —M(|x — z|) is strongly 2M p-paraconvex, which immediately
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implies that the function z — f(2)+(G(2),x —2z) — My(|x —z|) = ¢ () is strongly 2M p-paraconvex.
Similarly we have that x — —f(y)—(G(y),x—y)—Mp(|x—y|) = —. (x) is strongly 2M ¢-paraconvex.
Thus the families {w;t}ye g satisfies all the assumtions of Theorem It follows that

F(z):=sup{h(z) : h <g and h is 2Mp-strongly paraconvex}, x € X.
is of class C1*(X), where

g(z) = ying{f(y) +(GY),r —y) + Mp(lz —y|)}, =eX,

and we also have A(F,VF) <2A(f,G), and VF =G on E. O

Proofs of Theorem [1.7] and Corollary [I.8| In the preceding proof we may use Lemma[2.4] instead
of Lemma [2.3 - to obtain that m and —g are strongly 2'=*M p-paraconvex, and the rest of the proof
goes through just replacing 2M with 2'=*M at the appropriate points, yielding Theorem

On the other hand Corollary is an obvious consequence of previous results and some remarks
made in the introduction, together with the following observation. If « € (0,1}, and w(t) = t%, then
one can combine Lemma and Proposition to improve the estimates of A(F, VF') in Theorem
and of the trace seminorm ||(f, G)|| g in (1.11]) as follows:

A(F,VF) <2'"A(f,G) and A(f,G) < ||(f, D) pw < 222" T A(f,G).

0

Proofs of Theorem [1.9] and .10l We start with the proof of Theorem Assume that X is a
superreflexive space with an equivalent norm || - || satisfying (1.13]) for some a € (0,1] and C' > 0. Let
w be a modulus of continuity such that ¢ — t“/w(t) is non-decreasing.

Lemma 3.6. If ¢(t) = [ w(s)ds, the function ¢, = po || - || satisfies
M/Jw(ﬂ«") (1= Nu(y) — oAz + (1 = Ay) < A1 = A)C((lz = yl)

31+a
= C-

Proof. Let us first estimate M,,(D1,). Combining ((1.13) with Proposition we obtain that v, 1=
(1/(1 4+ )| - ||+ is of class C1¥(X) with ||[Dio(x) — Dba(y)|l« < L|z — y|| for all z,y € X,

%. It is then obvious that the norm || - || is differentiable on X \ {0}, with

for every A € [0,1] and every z,y € X; with C* =1 +

where L :=
1 g
DI - [(u) = ¥a*™™  (u)Dto(u). In particular, for any u,v € Sx, the following inequality holds
ID[ - I(w) = DI - [[(0)]l. = [DYa(u) = Dipa(v)]l, < Liju = v[|*.
Now, for any x,y € X \ {0}, assume for instance that ||z| > |ly|| and write

|Dvu(a) = Dbu@) = [l DI - 2) = w (v Pl - w)|.

< fe(llall) ~ w(lyIDIDI - @ + (2l [ D1 - 1 @)~ DI - )|

w(Hx—yu>+w<ux||>HD|| () - o ()|

e =)+ Zo(lel) | 2= ol < ot =y + 225D oy

[yl
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Using the inequality [lz]| > §l|lz|| + 3[lyll > 5|l — y|| and the fact that ¢ — t*/w(t) is non-decreasing
we obtain

D) = Dl < wllle = o)+ 225D B cwe — g < -+ 4Lyl - .

And, if y = 0, we have the inequality || Dt (z) — Dt (y)lls = [Dvw(2)]| = w(llz]) = w(llz — y]). We
have thus shown that M, (D) <1+ 4“L.
Finally, in order to prove the desired inequality, let A € [0,1] and z,y € X. We can easily write

Mbw(l’) + (1 - A)ww(y) - 1/}(,_,()\.% + (1 - )‘)y)

1
=A/O (Db + (1= Ay + (1= N (& — 9)), (1= Az — o)t
1
+(1- )\)/O (DYy,(Az+ (1= Ny +t\y —z)), Ay — x))dt
1
=\1- /\)/0 (DYy(Az+ (1= Ny+t(1l =N (z—y)) — DY,(Az+ (1 =Ny +t\y —x)),z — y)dt

1
<AL - A)/0 (1 +4%L)w (tllz = yl) [l = ylldt = A1 = M)A+ 4%L)g (= = y]) -

Let us define m and g by

(3.12) g(w) == nf {f(y) +(G(y),z —y) + My(z —y)}, z€X
(3.13) m(z) = ilelg{f(z) +{(G(2),z—z) = MY(z —2)}, z€X;

where now ¢(t) := f(f w, and ¥(z) := ¢(||z||). Bearing in mind Lemmaw we see that the function
plu) = My(u — 2) = Mop(lu — 2])
satisfies
Ap(x) + (1= N)p(y) —p(Az + (1 = Ny) < A1 = N)C*Myp(x —y) forall Xel0,1], z,y € X;
where C* is as in Lemma [3.6l That is to say, p is strongly C* M ¢-paraconvex. Then, we define
F(z) :=sup{h(z) : h <g and his strongly C*M¢-paraconvex}, =z € X,

and exactly as in the proof of Theorem [1.5 one may use Theorem [3.2] to show that F' and —F strongly
C* M p-paraconvex, which by Proposition implies that F is of class C1*(X), with the following
estimate:
1+
IDF(z) = DF(y)]l. <3 (14 355C) M|z - )
for every z,y € X.
As in that proof, we also have m < F <gon X, m=f=g=F on E,and DF =G on F. O

Finally, Theorem [1.10]is a consequence of Theorem [I.9] and Proposition Indeed, assuming that
(f, G) satisfies condition (W'*) on E, the functions F' and —F are strongly C* M @-paraconvex, with

© = ¢(2-). Bearing in mind that ¢(t) = fg w; where w = 2w(2-), the estimate in Propositionyields
IDF(z) = DF(y)l« < 3C*Ma(||z — yll) < 12C"Mw(|lz — y|) for every 2,y € X.

Let us conclude this section with a proof that the alternate formula (1.18)) also provides an admissible
extension F' in Theorem
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Theorem 3.7. Given an arbitrary subset E of a Hilbert space X, and a 1-jet (f,G) : E — R x X
such that M = A(f,G) < oo, let us define ¢(t) := fgw(s)ds,

F = {X92r—>a+<f,z>—Z)\ngo(]z—pi|) ca€eR e X pe X, N\ >0, Z)\izl,nGN},
i=1 i=1
and
F(z) :=sup{h(z) : he F, h < g}.
Then F is of class C1*(X) and satisfies (F,VF) = (f,G) on E, with A(F,VF) < 2A(f,G).
Proof. By replacing w(t) with Mw(t) if necessary, we may assume without loss of generality that
M = 1. Let us observe that:

o If h € F, then h is strongly 2¢-paraconvex. Indeed, let h(z) = a+(&,2) —> = ; Nie(lz—pil), z € X,
where a, &, \;, p; are as in the definition of F. Then, for every x,y € X and ¢ € [0, 1], we can write

h(tz + (1= t)y) — th(z) = (L= h(y) = Y _ Nilte(lz —pil) + (1 = t)p(ly — pil) — @(fte + (1 = )y — py])]
=1

<Y hit(1 = 1)20(|lz — yl) = t(1 — £)2¢(|z — y|);

i=1
where we have used that ¢ o | - | is strongly 2p-paraconvex.

e F' is well defined and satisfies F' < g. Indeed, since m < g and any function x — f(y)+ (G(y),z —
y) — o(lx — y|) belongs to F, we have that F' is well defined and m < F < g on X. We then deduce
that F'= f on E and

fW) + G,z —y) —o(lz —yl) < F(z) < f(y) + (Gy),x —y) +o(lz —yl), z€X, yek.
This shows that F' is differentiable on E, with VF = G on F.

e I is strongly 2¢-paraconvex. This is a consequence of the general and obvious fact that the
supremum of a family of strongly Cyp-paraconvex functions is also strongly C¢-paraconvex.

In order to show that F' € C1*(X), let us also note the following.
e The function —F is strongly 2¢-paraconvex. Indeed, let z,y € X, t € [0,1] and ¢ > 0. We can
find hy, he € F with h; < g and F(z) < hi(z) + ¢, F(y) < ha(y) + &. Define

h(z) =thi(z+ (1 —t)(x —y)) + (1 = t)ha(z + t(y — ), z€X.
It is straightforward to see that h € F. We have that
hz) <tg(z+ (1 =t)(z —y))+ (1 —t)g(z +tly —2)) < g(2) + A1 = 1)2¢(Jz —y[) forall zeX;
where we have used the fact that —g is strongly 2¢-paraconvex. This shows that h—t(1—¢)2¢(|z—y|) <
g. On the other hand, we have that h — t(1 — t)2¢(|]z — y|) € F. This implies, by the definition of F,
that h —t(1 — t)2¢(|xz — y|) < F. And we can write
tF(x)+ (1 —t)F(y) — F(tr + (1 —t)y)
< thi(x) + (1= ha(y) + & — h(te + (1 = )y) + 11 = 1)2¢(|z — yl)
=t(1—t)2p(|lz — y|) +e.
Letting € go to 0 we thus obtain that —F is strongly 2p-paraconvex.
Now we can apply Propositionto conclude that F' € C¥(X) and A(F,VF) <2 =2A(f,G). O
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4. THE BOUNDED CASE

If a jet (f,G) defined on a subset X of a Hilbert space X satisfies A(f,G) < oo then we already
know that there exists F' € C%(X) such that (F,VF) = (f,G) on E. If the given functions f,G are
bounded on E, then it is natural to ask whether (F, VF') can be taken to be bounded. The extensions F’
defined by (1.15)) may not be bounded (in fact they are never bounded when F is bounded), but in this
section we will see how we can modify the proof of Theorems|1.3and [1.5so as to get (¥, VF) bounded.
Also, with a different modification of the proof, we can obtain a certain continuous dependence of the
extensions on the initial data, meaning that if a sequence {(fn, Gn)}nen of jets converges uniformly
on E to a jet (f,G) then the corresponding extensions satisfy that lim, o (Fy, VE,) = (F,VF)
uniformly on X.

In order to formulate our results more precisely, let us introduce some more notation. Let us denote

Cy¥(X) = {h € C*(X) : (h, Vh) is bounded on X},
and endow this vector space with the norm
12l = [l + 1VAlloo + M (VR),

which makes C’; “(X) a Banach space. Also observe that the mapping (f, G) — A(f, G) is a seminorm
on the vector space of 1-jets

jbl’w(E) ={(f,G): E—=-RxX : A(f,G) < o0 and (f, @) is bounded on E},

and therefore

p(f;G) = [ fllsc + IGlloc + A(f, G)
defines a norm on 7, (E).

Theorem 4.1. Let X be a Hilbert space. There exist a nonlinear operator & : jbl’w(E) — C;’W(X)
and a constant C' > 0, only depending on w, with the following properties:

(1) (E(£,G),VE(£, @), = (f,G) for every (f,G) € T, “(E);
(2) [lE(f, G)llrwp < Cp(f,G) for all (f,G) € T, (E).

Proof. Given a jet (f,G) € jbl’w(E), let us define £(f, G) as follows. For the number

M e max{3 (Il + G 0) » AU, G)},

¢(1)
let us set
m(a) = ma { <2l + [Gll), Sup(F) + (Gl = 2) = Mol = 1)} }.
gte) i= min {2 + [G11c), WE () + (Gl — ) + Mplle = D} ).
F(x) :=sup{h(xz) : h < gon X, and h is strongly 2M p-paraconvex},
and

E(f,G):=F.
Let us check that the mapping (f, G) — £(f, G) satisfies the properties of the statement.
If |x — y| > 1 we have (bearing in mind that ¢(¢) > ¢(1)t for ¢ > 1 since ¢ is convex)

F) +(G),x —y) = Moz —yl) < [[flloo + (1Glloc = Mp(1)) |2 = y| <[ floo-
On the other hand, if |z — y| < 1 then

F) +(G),x —y) = Moz = yl) < [ flloo + 1G]loo-
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In either case we have

(4.1) fy) +(Gy),z—y) — Mo(lz —y|) < [|fllec + |Glloo
for all x € X, y € F, and similarly we see that
(4.2) f(2) +(G(2),z = 2) + Mo(lz = 2[) 2 —[[fllc = [|Glloo

forall z € X, z € E.
Let us define, for each y € F, the functions

(4.3) ¥y () == max {=2(||flloc + IGllo0), f(y) +(G(y), 2 —y) — Mo(lz —y|)},

(4.4) Wy () = min {2(|| flls + [Gllo), f(y) +(G(y),z —y) + Mo(|lz —y|)} .

By using (4.1) and (4.2]) and the assumption that A(f,G) < M < oo, it is immediately checked that
these functions satisfy conditions (2) and (3) of Theorem Besides, recalling Lemma and the
fact that the maximum of two strongly 2M p-paraconvex functions is strongly 2M p-paraconvex, we
also have that m is strongly 2M ¢-paraconvex. Similarly, —g is strongly 2M p-paraconvex too. Then
we can apply Theorem with C = 2M, obtaining that F' and —F' are strongly 2M p-paraconvex,
hence F € C1*(X), and that (F,VF) = (f,G) on E, with

(4.5) M,(VF) <3A(F,VF) <6M.

Since m < F < g, it is obvious that we also have

(4.6) [Flloo < 2([flloe + [|Glloo)-

Let us now estimate ||V F||s. By using (2.4) with s = 1 in the proof of Proposition and recalling
that both F' and —F are strongly 2M ¢-paraconvex, we have

Fla+h) — Fla)— F(a+th)— F(a)

< 2M(1 —t)e(|h]),

t
hence
A= <o+ 20100 - ()
and by setting |h| = 1 and letting ¢ — 0% we obtain
(4.7) IVF[loo < 2[[Flloc +2Mp(1).

In conclusion, by combining (4.5)), (4.6) and (4.7)) we obtain that
[El1wp = [Fllsc + IV Flloc + Mu(VE) < C([[flloo + IGlloc + A(f, G)) = C p(f, G),
where C > 0 is a constant only depending on w. O

Theorem 4.2. Let X be a Hilbert space. There exists a constant C' > 0, only depending on w, such
that for each number A > 0 there exist a nonlinear operator

Ea: Ty (BE)N{(f,G) - A(f,G) < A} = C*(X)
with the following properties:
(1) (€a(£,G). VE(f.G))), = (£.G) for every (£,G) € T, “(E);
2) 1€a(f: D 1w < C (I flloo + [Gllos + A) for all (f,G) € T, “(E)N{(f,G) : A(f,G) < A};
(3) If {(fn, Gn) }nen C T (E) and (f,G) € TH(E) are such that A(fn, Gn) < A, A(f,G) < A,

and (fn,Gr) converges to (f,G) uniformly on E, then (Ea(fn,Gn), VEA(fn, Grn)) converges to
(Ea(f,G),VEA(Sf,Q)) uniformly on X.
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Proof. Given a jet (f,G) € jbl’w(E) N{(f,G) : A(f,G) < A}, let us define £(f, G) as follows. For the

number
M :=30(1) 7" (| flls + [IGllsc) + 4,

let us set

g(r) = min {2(”fHoo + 1Glloo)s ying{f(y) +(G(y),x —y) + Mp(|x — y\)}} ,

F(z) :=sup{h(z) : h <gon X, and h is strongly 2M p-paraconvex},

and
gA(fa G) = F.

That the mapping (f,G) — E(f, G) satisfies properties (1) and (2) of the statement can be checked
exactly as in the proof of the previous theorem.
In order to prove (3) we need to localize the infimum defining the associated functions g and

o) = i {200 ol + Gl 30 £ (9) + (Gl = 5) + Moo = D) |

where M, := 30(1) 7! (|| fulloo + [|Gnlleo) + A for every n € N.
Lemma 4.3. We have that

gn() = inf ({20 fulloe + 1Gnlloo) U Un(w) + (Gulw)s = 9) + Mup(Jz — )  y € BN Bz, 1)})
and
(4.8)  g(x) = inf ({Q(HfHoo +Gllo)} JLF W) +(G(y),x —y) + Moz —yl) : y € EN Bz, 1)})
forall z € X, n e N.
Proof. f x € X, y € E and |z — y| > 1 then

f) +(Gy),z —y) + Mo(|lz —y|) > = flloc = [|Glloclz — y| + Mp(1)|z — y|
> (Mo(1) = |Glloo) |2 =yl = 1 flloo = 3(| fllso + 1Glloc) = 11Glloe — Il fll oo
=2([|flloc + [|1Gllo0)-

Therefore
g(@) = inf ({201 flloc + |Gl LS 0) + (Gly) = ) + Mgz —y)) = y € EO Bz, 1)}) .
Obviously the same holds true of g,. O
Lemma 4.4. (g,) converges to g uniformly on X.
Proof. Let € > 0, and choose ng € N large enough so that
2 (Il — Flloo + G — Glloc) <= and  @(1)|M, — M| < /4 for all n > no.

Then, given x € X, we either have g(x) = 2(|| f|loo + ||Gl/c) or g(2) < 2(|| flloc + [|G|lo0)- In the first
case we have

gn(@) = 9(x) < 2([| fulloo + 1Gnllsc) = 2([| flloc + [|Glloc) < 2([[fn = flloo + [[Gn — Glls) < €
for all n > ng. In the second case, thanks to (4.8)) we may find y, € E N B(x, 1) such that
9(x) +e/4> f(ye) + (G(Yz), T — yz) + Mp(|x — yal),
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hence, for all n > ng,
gn(z) — 9(x) < fulye) + (Gn(Ye), © — ya) + Mop(|2 — Yu|) — f(Y2) — (G(yz), T — yz) — Mp(|z — yu|) +€/4
= fu(yz) = f(y2) + (Gn(Yz) — G(Yz), ® — Yu) + | My — M|p(|z — yz|) + /4
< | fa = flloo + |G = Glloe + @(1)[Mn — M| +e/4 < e.
In either case we see that if n > ng then
gn(z) —g(x) <€
for all x € X. Similarly one can check that
9(x) — gn(z) < e
for all z € X, n > ng. Thus we conclude that ||g, — ¢||c < € for all n > ny. O

Lemma 4.5. (F,,) converges to F' uniformly on X.

Proof. Observe that the family of functions {g, gn, F, F, }», is uniformly bounded thanks to property
(2) and the fact that {(f,, Gn)}n converges uniformly to (f, G). Together with Lemmal4.4] this implies
that, given € > 0, we can choose ng € N so that, for every n > ng

(4.9) M, M~ <2, maX{Hgn = 9l ‘MMn_l - 1’ gnlloos | Mn M~ — 1’ ||F||OO} < /6,

(4.10) MM, "' <2, max{”gn — 9llso: |MnM_1 - 1‘ 1910 MMn_l - 1| HFnHOO} <¢e/6
In particular, (4.9) implies that
(4.11) MM, g, < g+ |MMn_1 — 1| lgnlloc +€/6 < g+¢/3 for each n > ny.

Observing that a function h is strongly a@-paraconvex if and only if ba~'h+c is strongly bp-paraconvex,
where a,b > 0 and ¢ € R are any constants, the inequalities in (4.9)) and (4.11) yield, for every z € X
and n > ny,

F,(z) = sup{h(z) : h < gn, h is strongly 2M,p-paraconvex }
= M, M~ sup{h(
< M, M~ sup{h(
= M, M 'sup{h(z) : h<g, hisstrongly 2Mp-paraconvex} + M, M 'c/3
= MM "F(z) + M,M 'e/3 < F(z) + |[M,M ™" — 1| | F|loc + 2¢/3
< F(x)+¢/6+2/3< F(x)+e.
Similarly (using the inequalities of (4.10))), we obtain
F(z) < Fp(z)+e¢
for all z € X, n > ng. Therefore ||F), — F||s < € for all n > ny. O

x): h< MM;lgn, h is strongly 2M p-paraconvex }
x) : h<g+¢/3, his strongly 2M p-paraconvex}

It only remains to be shown that lim,,_,o [|[VE, — VF|c = 0. This is a consequence of the following
fact (which is of course well known; we include a short proof here for the reader’s convenience).

Lemma 4.6. Let u : X — R be differentiable, and let (ux) be a sequence of differentiable functions
such that uy converges to u uniformly on X, and such that for some constant ¢ > 0, we have
—cp (J —yl) < ur(y) —ur(z) — (Vur(z),y —2) < cp(lz —yl)
and
—cp (lz —yl) < uly) —u(z) = (Vu(z),y — ) < cp(lz —yl)
for all K € N and all 2,y € X. Then ||Vu, — Vu|o converges to 0 uniformly on X.
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Proof. By substracting the second inequality from the first one we get

(4.12) (Vu(z) = Vup(z),y — ) < up(e) —u(@) +uly) — ur(y) + 2co(ly — ).

Given € > 0 we may choose ko € N so that ||ug — ullec < €2/4 for all k > ko. By taking h € X with
|h| =¢ and y =z + h in (4.12)) we obtain

(Vu(z) — Vug(z), h) < e?/2+ 2cp(e),

hence
|Vu(z) — Vug(z)| = sup (Vu(z) — Vug(x),e 1h) < e/2 + 2cp(e) /e
|h|=¢
for all k > ko, x € X, and since (t) = o(t) this implies that limg_,o ||Vur — Vul|so = 0. O

It is clear that property (2) together with the fact that {(fy,Gpn)}n converges uniformly to (f,G)
imply that max{M,,(VF,), M,(VF)} < A*C, for n large enough and for a constant A* > 0 compa-
rable to || f|loo + [|G||cc + A. Combining Lemma [4.5| and this observation, we can apply Lemma 4.6/ for
(Fy)n and F to conclude lim,,_,» VF,, = VF uniformly on X.

The proof of Theorem is complete. O

Remark 4.7.

(1) Theorems and have analogues for superreflexive spaces X and the classes C1*(X), assuming
that t“/w(t) is a nondecreasing function. We let the reader formulate them. The proofs are the same,
with obvious changes.

(2) It would be interesting to know whether one can improve Theorems|1.5/and 4.1/ to find an extension
operator with the additional property that

Jim A(E(fn, Gn) = E(f,G), VE(fn = [, Gn) = VE([,G)) =0

whenever A(f, — f,Gn, — G) — 0, or at least such that £ be continuous from the normed space
(T, “(E), p) into (Cy(X), || - [l1.00).

5. THE LirscHITZ CASE

In this section we will show a variant of our main result in which we are given (f, G) with G bounded
but f unbounded, and we want an extension F' with VF' bounded.

Theorem 5.1. Let E be an arbitrary subset of a Hilbert space X, and let (f,G) : E — R x X be
a 1-jet. Then there exists F € O (X) with F Lipschitz and (F, VF), = (f,G) if and only if f is
Lipschitz, G is bounded and A(f,G) < oo. In such case we can take F with the additional properties
that A(F,VF)+Lip(F) < C (A(f,G) 4+ Lip(f) + |G|l ), where C is a constant depending only on w.

Proof. Given w : [0,00) — [0, 00), let us define

(t) = {‘P(t) = [jw(s)ds  ift<1
p(H+w)t-1) ift>1

Let us check that the function J := @ o] is strongly Cg-paraconvex for some absolute constant
C > 0. Indeed, if W is defined as @ = w on [0, 1] and @ = w(1) on [1,400), observe that for all u,v € X
such that |ul, |v| > 1, we have that

u v 2w(l)|u —v|

— max(ful, |v])

V() = Vi (v)] = w(1) < 4w(lu—v)).

jul - [v|
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And if u,v € X are such that |u|,|v| < 1, combining Lemma with Proposition we obtain
IV(pol|-)(u) —V(pol-])(v)] < Aw(|u —v|) for an absolute constant A > 0. This implies

IV (u) — Vib(v)] < Aw(|u —v]) < 24w <’“ o) ”’) — 2A <‘“ > ”') < 245 (Ju — v)).

If one of the vectors, say u, is inside the unit ball and the other is not, then the line segment [u,v]
intersects the unit sphere at a unique point z, and we have

V() - V()] < V()= V()| + V() - Vi(0)] < 248(Ju—2])+45(2—0]) < (2A+4)E(ju—0]).
In any case we see that

(5.1) IV (u) — Vo (v)| < (24 + 4)a(Ju —v|) for all u,v € X.

Now, given z,y € X and A € [0, 1], we can use to obtain

M(@) + (1= Nd(y) = PO + (1= Ny)

1 ~
_ )\/0 (V3O + (1= Ny + t(1— N — ), (1 - Nz — y))dt
1 ~
+(1- /\)/0 (V(Az + (1 = Ny +tA(y — 2)), My — z))dt
1 -
=\1- )\)/0 (VAz+ (1 =Ny +t(1 =) (z—y)) — VoAz + (1 = Ny +tA(y — z)),z — y)dt

1
<A1 W) /0 (24 + 3 (1) — yl) |& — yldt = M1~ \)2A + 9 (Jz — ).

This proves that IZ is strongly C'p-paraconvex, with C' = 24 4+ 4. This C' is not to be confused with
that of the statement of the theorem.

Now let M := A(f,G) < oo and let y,z € E, x € X. Observe that if |x — y|,|z — 2| < 1, then
fW)+{GW),z—y)—f(2)—(G(2),2—2)| < M (o(lz — y|) + ¢(lz = 2])) = M (&(|lz — y]) + ¢(|o — 2)) .

On the other hand if |z —y| > 1 or |z — 2| > 1, using that f is Lipschitz, G is bounded, the fact that
t < (1)71@(t) for every t > 1, and finally the convexity of @, we can write

[fW)+HG ),z —y) — f(2) = (G(2),z — 2)| < Lip(f)ly — z[ + [|Glloo (l2 — y[ + |2 — 2])

< (Lip(f) + |Clloe) (Jz — y] + |z — 2f) < “PU ;jl)“G”%ux gl le—2)
- Lip(f) + || Glloo (@@l — o)) + 3@z — 2]) < 2 (Lip(f) + [|Gll)

2¢(1) (@l —yl) + @z — =) .

We conclude that
fy) +(Gy),z —y) — f(2) = (G(2),z = 2)| < M (@(lz —yl) +o(lz —2])) y,z€E zeX;
where M = max (M, 2 o(1)~! (Lip(f) + | Gll«)) -
The preceding observations show that the family of functions
Uy (@) = fy) + (Gly)x —y) £ MP(jz —y)), =X, yeEb,
satisfy conditions (1), (2) and (3) of Theorem In addition, since () = & < w(liche function
3

e(1)

m = sup,cp, is Lispchitz with Lip(m) < |Gl + w(1)M. Applying Theorem we obtain
a Lipschitz function F € C'¥(X) such that (F,VF) = (f,G), A(F,VF) < CM and Lip(F) <
|G |loo +w(1)M. Notice that Theorem can be applied for @ and ¢ since the assumption that the
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modulus of continuity w must satisfy lim;_,o w(t) = oo is not needed in the proof of Proposition
Finally, observe that, since @ < w, we have that F' € C1¥(X) as well. O

6. THE crass Cg"(X)

Let X be a Hilbert space, and let C’Zl;’“(X ) stand for the space of all Fréchet differentiable functions
on X whose derivatives are uniformly continuous on each bounded subset of X.

In this section we combine Theorem with a standard partition of unity in order to characterize
the 1-jets (f, G) which are restrictions to E of some (F,VF) with F' € CKI;’“(X).

Theorem 6.1. Let (f,G) be a 1-jet defined on a subset E of a Hilbert space X, and suppose that (f,G)
is bounded on each bounded subset ofE Then there exists F € Cllg’u(X) with (F,VF), = (f,G) if
and only if, for all bounded sequences (xn) C X, (yn), (2n) C E with |z, — yn| + |xn — 20| > 0,

lim (|25 — yn| + |20 — 20]) =0 = lim f(yn) +(G(yn), Tn — yn) — f(2n) — (G(2n), Tn — 2n)

n—ro0 n—oo ’xn - yn| + ‘xn - Zn’

=0.

Proof. For every x € X, y,z € E with |z — y| + |z — z| > 0, let us denote
_ f@)+{Gly).z —y) — f(2) — (G2),2 — 2)|
FEERr—
Thus the theorem states that (f,G) = (F, VF) for some F € Cllg’u(X) if and only if for all bounded
sequences (z,) C X, (yn), (2n) C E with |z, — yn| + |20 — 20| > 0,
(6.1)

0(z,y,2) :

lim (|xy —yn| + |2n — 20]) =0 = lim 6(zp,yn, 2n) = 0.
n—oo n—o0
Let us first show the necessity of this condition. Assume that (F,VF) = (f,G) on E for some
F e Cé’u(X ). For every modulus w and every bounded set B in X, let us denote
F F —y)—F(z) = (VF -
A(F, VF, w’ B) — Sup | (y) + <V (y)7 x y> (Z) <V (Z)7 €z Z>| ,
z,y,2€B, |x—y|+|z—2|>0 Puw (|$ - y|) + Pw (|‘T - Z|)

where ¢, (t) = fgw(s)ds. Then, for every ball B in X, we have that
Mg, = A(F,VF,w,B) < c0

for some modulus w depending on VF and B. Therefore, for all x € B, y,z € EN B with |x — y| +
|z — z| > 0, using the fact that ¢, is convex, we have

(|z = yl) + vu(lz —yl) Yu(lz =yl + |z —y])

Pw
O(x,y,z) <M
(#:9,2) < Mg e — 2] vyl + e -2

which implies .

Conversely, if (f, G) satisfies (6.1)), let us construct an F € Cllg’u(X) such that (F,VF), = (f,G).
Fix a function 8 : R — [0,1] such that: B is of class C11; B(t) > 0 <« t € (-1,1); B(0) = 1;
B'(t) >0 <= te(—1,0); B(t)+ B(t—1)=1for all t € [0,1], and Lip(3) < 2, and define

1 ift<1
&@):{ﬁ@—l) if > 1,

SMBw

)

< Mpw |z =yl + |z - 2]),

and for every k > 2,

Br(t) = B(t — k).

INote that this is a necessary condition for (f, @) to be the restriction to E of some (F, VF) with Cp“(X).
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Next, for every k € N, let us define ¢ : X — [0, 1] by

i () = Br (|])
and denote By = B(0, k) for each k € N, with By = (). Then we have:

(1) 2y, € CHYH(X) for all k;

(2) Yop2  Yg(x) =1 for all z € X;

(3) supp(¥x) = Bg+1 \ int(Bg—1) for all k£ > 2, and supp(¢1) = Ba;
(4) Lip(¢g) < 2 for all k.

Also denote
By = EN By, Ej,:=EnN (Byyr \int(B_1)),
and
fii= iy Grim Gy,
For each k € N let us now define oy, : (0,00) — [0,00) by
ag(t) :=sup{0(z,y,2) : x € B3k, y,2 € EN B3, 0 < |z —y|+ | — 2| < t}.
Lemma 6.2. We have that lim;_,q+ ax(t) = 0.

Proof. Otherwise there exist ¢ > 0 and sequences t, \, 0, (yn), (2n) C E N B3y, (x,) C By with
|xn - yn| + ‘mn - Zn’ S tn and

0(:(}”, Yn, Zn) > €
for all n € N, which contradicts (6.1)). O
Now let us set ay(0) = 0. If ay, : [0,00) — [0,00) is constantly 0 then Gy, is constant, and for any
yr € B N E the function Fi(z) = f(yx) + (G(yk), z — yx) has the property that (Fy, VFy) = (fx, Gk)
on Ej. If oy, is not constant, we define v, : [0,00) — [0, 00) by
v (t) = inf{g(t) | g : [0,00) — R is concave and g > oy}

(the concave envelope of «y). Then 4 is a nondecreasing continuous concave modulus of continuity.
Define then wy, : [0,00) — [0,00) by

Vi (%) if0<t<ty
wi(t) = ) ,
Ve(te) + v (te)(t —ti) it > 1y,
where t;, > 0 is some point at which - is differentiable and 7} (¢x) > 0. Then wy is an increasing

continuous concave modulus of continuity satisfying lim; oo wi(t) = 00, 7% < wi on [0,00), and
vk = wg on [0,tx]. Next let us set

wr(t) :/0 wi(s)ds, t € [0,00).

Lemma 6.3. For each k € N we have that
Ao G o . 1) + (G, 2 =) — 1)~ (GE)e =2 _
z€X;y,2€Ey, |z—y|+|z—2|>0 Pk (|ZL‘ - y|) + Pk (|17 - Z’)

Proof. From the above construction of wy and «y it is clear that

0(x,y,2) < wr(lz — 2| + |z —yl) < wi(|z = 2[) + wr(lz = yl)
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for all x € B3, and all y, z € E N Bsg. This implies that
1F(y) +(G(y),z —y) — f(2) = (G(2),z — 2)| < (|z — 2| + |z — y|) (wi(]z — 2]) + wi(]z — y]))
< 2max{|z — 2|, |z — y|} 2max{wi(|z — 2]),wi(lz — y[)}
= dmax{|z — zlwi(|lz — 2]), |z — ylwr(lz —y)} < 8 (pr(lz — 2[) + @r(lz —yl))

for all x € Bgy, and all y, 2z € EN Bs. On the other hand, if x ¢ Bsy and y, z € E), then we have that
|z —y| > 1, |z — 2| > 1, and using the convexity of p we get

[f(y) +(G(y)x —y) = [(2) = {G(2), 2 = 2)| _ 2l filloo + [|Grlloo (2 — y[ + |2 — 2])

ekl —yl) + er(lz — 2]) - ekl —yl) + er(lz — 2])
U fklloo +11Grlloo) (2 =yl + |2 = 21) _ [[frlloo + [|Gilloo
er(lz —yl) + x|z — 2|) B er(1) .

Therefore we have

A(fi, Gy wi) < max {8, (1) ™" (|l filloo + IGlloo) } < 0.
O

Now we can apply Theoremto find a function F}, € C1**F(X) such that (F}, VFk) = (fx, Gr),
with (F), VF}) bounded. Let us finally define

oo
F =) ¢pF
k=1

Since the sum defining F' is finite on every bounded subset of X, the functions vy, Vi, Fj and
V F}, are bounded, and Vi, and VF} are uniformly continuous on X, it is clear that F' € Cé’“(X ).
Also, using the facts that > "2, Vi, = 0 and Fi(y) = fi(y) = f(y) and VFi(y) = Gr(y) = G(y) if
y € supp(¢x) N E, we have that, for each y € FE, F(y) = f(y) and

Z% )V E(y ZFk )V iy Z?/Jk (y) + F(y) Y Vir(y) = Gly),
k=1

hence (F, VF) = (f,G). O

REFERENCES

[1] D. Azagra, P. Hajlasz, Lusin-type properties of convezx functions, preprint, 2019.

[2] D. Azagra, E. Le Gruyer, C. Mudarra, Explicit formulas for C*' and CL%, extensions of 1-jets in Hilbert and
superreflexive spaces, J. Funct. Anal. 274 (2018), 3003—3032.

[3] D. Azagra, C. Mudarra, Whitney Extension Theorems for convex functions of the classes C* and C** Proc. London
Math. Soc. 114 (2017), no. 1, 133-158.

[4] D. Azagra, C. Mudarra, Global geometry and C' convex extensions of I1-jets, Analysis & PDE, 12 (2019) no. 4,
1065-1099.

[5] E. Bierstone, P. Milman, W. Pawtucki, Differentiable functions defined on closed sets. A problem of Whitney, Inven-
tiones Math. 151, No. 2 (2003), 329-352.

[6] E. Bierstone, P. Milman, W. Pawtucki, Higher-order tangents and Fefferman’s paper on Whitney’s extension problem,
Ann. of Math. (2) 164 (2006), no. 1, 361-370.

[7] J.M. Borwein, J.D. Vanderwerff, Conver Functions: Constructions, Characterizations and Counterezamples, Ency-
clopedia of Mathematics and its Applications, Cambridge University Press, 2010.

[8] A.Brudnyi, Y. Brudnyi, Methods of geometric analysis in extension and trace problems. Volumes 1 and 2, Monographs
in Mathematics, 102 and 103. Birkh&user/Springer Basel AG, Basel, 2012.

[9] Y. Brudnyi, P. Shvartsman, Whitney’s extension problem for multivariate C* -functions, Trans. Amer. Math. Soc.
353 (2001), 2487-2512.



30 DANIEL AZAGRA AND CARLOS MUDARRA

[10] P. Cannarsa, C. Sinestrari, Semiconcave functions, Hamilton-Jacobi equations, and optimal control, Birkh&user,
Boston 2004.

[11] B. Dacorogna, W. Gangbo, Extension theorems for vector valued maps, J. Math. Pure Appl. 85 (2006), 313-344.

[12] A. Daniilidis, M. Haddou, E. Le Gruyer, O. Ley, Explicit formulas for C*' Glaeser-Whitney exstensions of 1-fields
in Hilbert spaces, Proc. Amer. Math. Soc. 146 (2018), 4487-4495.

[13] R. Deville, G. Godefroy, V. Zizler, Smoothness and renormings in Banach spaces, Pitman Monographs and Surveys
in Pure and Applied Mathematics, 64. Longman Scientific & Technical, Harlow; copublished in the United States with
John Wiley & Sons, Inc., New York, 1993.

[14] M. Fabian, P. Habala, P. Héjek, V. Montesinos, V. Zizler, Banach space theory. The basis for linear and nonlinear
analysis, CMS Books in Mathematics. Springer, New York, 2011.

[15] C. Fefferman, A sharp form of Whitney’s extension theorem, Ann. of Math. (2) 161 (2005), no. 1, 509-577.

[16] C. Fefferman, Whitney’s extension problem for C™, Ann. of Math. (2) 164 (2006), no. 1, 313-359.

[17] C. Fefferman, Whitney’s extension problems and interpolation of data, Bull. Amer. Math. Soc. (N.S.) 46 (2009), no.
2, 207-220.

[18] C. Fefferman, The C™ norm of a function with prescribed jets II, Rev. Mat. Iberoam. 25 (2009), no. 1, 275-421.

[19] C. Fefferman, The C™ norm of a function with prescribed jets I, Rev. Mat. Iberoam. 26 (2010), no. 3, 1075-1098.

[20] C. Fefferman, A. Israel, G.K. Luli, Sobolev extension by linear operators, J. Amer. Math. Soc. 27 (2014), no. 1,
69-145.

[21] C. Fefferman, A. Israel, G.K. Luli, Finiteness principles for smooth selection, Geom. Funct. Anal. 26 (2016), no. 2,
422-477.

[22] C. Fefferman, A. Israel, G.K. Luli, Interpolation of data by smooth nonnegative functions, Rev. Mat. Iberoam. 33
(2017), no. 1, 305-324.

[23] C. Fefferman, B. Klartag, Fitting a C™ -smooth function to data I, Ann. of Math. 169 (2009), no. 1, 315-346.

[24] C. Fefferman, P. Shvartsman, Sharp finiteness principles for Lipschitz selections, Geom. Funct. Anal. 28 (2018), no.
6, 1641-1705.

[25] G. Glaeser, Etudes de quelques algébres tayloriennes, J. d’Analyse 6 (1958), 1-124.

[26] P. Hajtasz, P. Koskela, H. Tuominen, Sobolev embeddings, extensions and measure density condition, J. Funct. Anal.
254 (2008), no. 5, 1217-1234.

[27] A. Herbert-Voss, M.J. Hirn, F. McCollum, Computing minimal Interpolants in C’l’l(Rd), Rev. Mat. Iberoamericana
33 (2017), 29-66.

[28] M. Jiménez-Sevilla, L. Sdnchez-Gonzdlez, On smooth extensions of vector-valued functions defined on closed subsets
of Banach spaces, Math. Ann. 355 (2013), no. 4, 1201-1219.

[29] A. Jourani, L Thibault, D. Zagrodny, CY O regularity and Lipschitz-like properties of subdifferential, Proc. London
Math. Soc. (3) 105, (2012), 189-223.

[30] B. Klartag, N. Zobin, C* extensions of functions and stabilization of Glaeser refinements, Rev. Mat. Iberoam. 23
(2007), no. 2, 635-669.

[31] P. Koskela, Y.R-Y. Zhang, Y. Zhou, Morrey-Sobolev extension domains, J. Geom. Anal. 27 (2017), no. 2, 1413-1434.

[32] E. Le Gruyer, Minimal Lipschitz extensions to differentiable functions defined on a Hilbert space, Geom. Funct. Anal
19(4) (2009), 1101-1118.

[33] E. Le Gruyer, Thanh-Viet Phan, Sup-Inf explicit formulas for minimal Lipschitz extensions for 1-fields on R", J.
Math. Anal. Appl. 424 (2015), 1161-1185.

[34] A. Pinamonti, G. Speight, S. Zimmerman, A C™ Whitney extension theorem for horizontal curves in the Heisenberg
group, Trans. Amer. Math. Soc. 371 (2019), 8971-8992.

[35] G. Pisier, Martingales with values in uniformly convex spaces, Israel J. Math. 20 (1975), 236-350.

[36] S.Rolewicz, On a(-)-paraconvez and strongly a(-)-paraconvex functions, Control and Cybernetics 29 (2000), 367-377.

[37] S. Rolewicz, Paraconvez analysis, Control and Cybernetics 34 (2005), 951-965.

[38] P. Shvartsman, On Sobolev extension domains in R™, J. Funct. Anal. 258 (2010), no. 7, 2205-2245.

[39] P. Shvartsman, Sobolev Li—functians on closed subsets of R*, Adv. Math. 252 (2014), 22-113.

[40] P. Shvartsman, Whitney-type extension theorems for jets generated by Sobolev functions, Adv. Math. 313 (2017),
379-469.

[41] P. Shvartsman, N. Zobin, On planar Sobolev L;'-extension domains, Adv. Math. 287 (2016), 237-346.

[42] A.A. Vladimirov, J.E. Nesterov, J.N. Cekanov, Uniformly convez functionals, Vestnik Moskov. Univ. Ser. XV Vychisl.
Mat. Kibernet., 3 (1978), 12-23.

[43] J.C. Wells, Differentiable functions on Banach spaces with Lipschitz derivatives, J. Differential Geometry 8 (1973),
135-152.



C1* EXTENSION FORMULAS FOR 1-JETS ON HILBERT SPACES 31

[44] H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans. Amer. Math. Soc. 36 (1934),
63-89.
[45] C. Zalinescu, Convex Analysis in General Vector Spaces, World Scientific Publishing Co. Inc., River Edge, NJ, 2002.
[46] N. Zobin, Whitney’s problem on extendability of functions and an intrinsic metric, Adv. Math. 133 (1998), no. 1,
96-132.

[47] N. Zobin, Eztension of smooth functions from finitely connected planar domains, J. Geom. Anal. 9 (1999), no. 3,
491-511.

Ne]

ICMAT (CSIC-UAM-UC3-UCM), DEPARTAMENTO DE ANALISIS MATEMATICO Y MATEMATICA APLICADA, FAC-
ULTAD CIENCIAS MATEMATICAS, UNIVERSIDAD COMPLUTENSE, 28040, MADRID, SPAIN.
Email address: azagra@mat.ucm.es

AALTO UNIVERSITY, DEPARTMENT OF MATHEMATICS AND SYSTEMS ANALYSIS, P.O. BOX 11100, FI-00076 AALTO,
FINLAND
Email address: carlos.mudarra®@aalto.fi



	1. Introduction and main results
	2. Some technical tools
	3. Proofs of the main results
	4. The Bounded Case
	5. The Lipschitz Case
	6. The class C1, uB(X)
	References

