LOCALLY C%' CONVEX EXTENSIONS OF 1-JETS

DANIEL AZAGRA

ABSTRACT. Let E be an arbitrary subset of R", and f : E — R, G : E — R" be given functions.

We provide necessary and sufficient conditions for the existence of a convex function F' € C’ll.gcl (R™)

such that FF = f and VF = G on E. We give a useful explicit formula for such an extension F', and

. . 1 . . .
a variant of our main result for the class C|;2, where w is a modulus of continuity. We also present

two applications of these results, concerning how to find Cltcl convex hypersurfaces with prescribed
tangent hyperplanes on a given subset of R™, and some explicit formulas for (not necessarily convex)

1,1 . .
C|y. extensions of 1-jets.

1. INTRODUCTION AND MAIN RESULTS
In [5 8], 6] we considered the following problem.

Problem 1.1. If C is a class of differentiable functions on R™ and we are given a subset E of R"
and two functions f : E — R and G : E — R", how can we decide whether there is a convex function
F € @ such that F(x) = f(z) and VF(z) = G(z) for allxz € E?

In those articles the problem was solved when C is one of the classes C11(R™), Ch%(R"), C1(R™).
We refer to the introductions of the papers [3, 5] [6, 25, [42] for some motivation and background for
this problem. We also recommend to see [8, [0} 1T}, 16} 17, 18, 19, 20, 21} 22}, 23] 24], 27, B30, 29, BT, 33,
35, 136, 37, [38], 40, 41, 43], [44] and the references therein for information about general (we mean not
necessarily convex) Whitney extension problems for jets and for functions.

Nothing is known about Problem in the case that E is arbitrary and € = C™, m > 2, and in
fact the problem looks extremely hard to solve for higher order differentiability classes, in view of the
following two facts: 1) partitions of unity cannot be used to patch local convex extensions, as they
destroy convexity; and 2) convex envelopes do not preserve smoothness of orders higher than C1!, so
the techniques of [3| 5] 6] cannot be employed to construct C? extensions of jets. See [7] for the special
case that E' is convex and m = oo.

In this paper we study and solve Problem for the class Cllo’i (R™) of differentiable functions with
locally Lipschitz gradients (see Section 3 below for a more precise definition including its natural
topological structure as a Fréchet space). This class of functions is very interesting at least for the
following two reasons. On the one hand, C’llo’c1 regularity is good enough for many purposes in Real
Analysis and Differential Geometry. On the other hand, in contrast with the rather sparse class of
(globally) C! functions, the class 0110,61 comprises lots of convex functions. Indeed, for instance the
function f(x) = z*, € R, does not have a Lipschitz derivative, hence it is not of class C™!, but it is
of course of class C’llo’i. Much more generally: as a consequence of the main result of [I], every convex
function on R™ can be uniformly approximated by C’llo’i convex functions; however, this is not true if
we replace the class C’lt’cl with the class C! (any function which grows more than quadratically at
infinity serves as a couterexample). Further motivation for the present paper comes from the work

[4], where we need to know when we can find convex extensions of class C’llo’g (R™) of a given jet
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(f,G) : E — R x R™. There are also other interesting applications of solutions to Problem see
Section 4 below.

Due to the mentioned fact that partitions of unity are useless in this kind of problems, the C1!
convex extension results of [3] do not give us a method of deciding whether or not a given jet has a

Cllo’i convex extension. As a matter of fact, there are very important differences between the global

behavior of Cllo’i convex functions and that of C1'! convex functions. Those differences may even be
decisive in determining whether a given jet has extensions in these classes. For instance, C1'' convex
functions on R™ cannot have what in [6] we called corners at infinity, but C’llo’c1 convex functions (and
even real-analytic convex functions) can have them. Neither can the results of [6] be applied to solve
Problem for C = Cﬁ)’cl. This is due both to the unsuitability of the conditions of the main result of

[6] (which ignore the difficulty that, in addition to corners, Cllo’i convex functions may have other kinds
of weaker singularities at infinity, such as what we could call Holder wedges at infinity; see Examples
and below), and also to some important elements of its proof. In order to solve Problem
in this paper we will make a hybrid of results and methods of [3] and [6], also using some ideas of
[1] and [28].

As in [6], our most general results contain some complicated conditions which may be difficult to
grasp at first reading. For this reason, and in order to facilitate understanding of this paper, we will
start by examining some corollaries and examples. It will also be convenient to state the following
reformulation of the main result of [3].

Theorem 1.2 (Azagra-LeGruyer-Mudarra). Let E be an arbitrary nonempty subset of R™. Let f :
E — R, G: E— R" be given functions. Assume that there exists some M > 0 such that

(11) F(&) +(G).w—2) < ) + (Cl). 2 — ) + ol — o

for every y,z € E and every x € R™. Then the formula

(1.2) F = conv <Cl? — inf {f(y) + (Gly),z —y) + %laz - y|2}>
yeE 2

defines a CY' convex extension of f to R™ which satisfies VF = G on E and Lip(VF) < M.
Conversely, if there is a C'(R™) convex extension F of the 1-jet (f,G), then (I.1]) must be satisfied
for every M > Lip(VF).

Here conv(g) denotes the convex envelope of a function g, that is,
(1.3) conv(g)(x) = sup{p(x) : ¢ is convex, ¢ < g}.
Other useful expressions for conv(g) are given by

n+1 n+1 n+1
(1.4) COHV(g)(J}) = inf Z /\jg(xj) : )\j > 0, Z /\j = 1, T = Z )\jl’j
j=1 j=1 J=1

(see [34, Corollary 17.1.5] for instance), and by the Fenchel biconjugate of g, that is,

(1.5) conv(g) = g7,
where
(1.6) h*(x) = vseulgl{@, x) —h(v)}

(see |10} Proposition 4.4.3] for instance).
Theorem is not explicitly stated in [3], but it is implicitly contained in the proof of [3| Theorem
2.4]. Geometrically speaking, the epigraph of F is the closed convex envelope in R"*! of the union of the
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family of paraboloids {P, : y € E}, where P, = {(z,t) € R"xR : t = f(y)+(G(y), z—y)+ % |z—y|*,z €
R"™}, and condition tells us that these paraboloids must lie above the putative tangent hyperplanes
{(z,t) eR" xR :t = f(2) + (G(2),z — 2) }.

In this paper we will be looking for analogues of this result for the more complicated case of 011,1
convex extensions of 1-jets. If the given jet (f,G) has the property that span{G(y) — G(z) : y,z €
E} = R™, then our main result is easier to understand and use, and can be stated as follows.

Theorem 1.3. Let E be an arbitrary nonempty subset of R™. Let f : E — R, G : E — R" be
functions such that

(1.7) span{G(z) — G(y) : z,y € E} = R".

Then there exists a conver function F' € CZIO’CI(R”) such that Fi, = f and (VF)|, = G if and only if
for each k € N there exists a number Ay > 2 such that

(1.9 F(2) 4 (G~ 2) < 7(0) + (Ol)ow — 9) + Sl — ol

for every z € E, everyy € EN B(0,k), and every x € B(0, 4k).

Furthermore, if G is bounded then a formula for such an extension F' is given by
. 1
(19)  F(z) = conv <w = Inf{f(y) +{CW)hr -y +35 (Arey) + 4 Glloc +1) 2 — yl2}> :

where k(y) is defined as the first positive integer such that y € B(0,k), and ||G|loo = sup,eg |G(x)|.

In the above theorems, as in the rest of the paper, B(z,r) denotes the closed ball of center x and
radius 7.

Of course inequality reminds us of , but we should also note a very important difference
between these conditions, as well as the asymmetry of the new condition . Namely, in condition
both z and y run in all of the set F, while in condition the point z runs in all of E but
the location of the point y is restricted to the intersection of E with the ball B(0, k), and the point
x is only asked to be in the ball B(0,4k), as opposed to all of R™ (and, of course, the condition’s
constant Ay depends on k). Thus one can say that condition is global on the left-hand side of
the inequality, but semi-global on the right-hand side (this explains our previous use of the term
asymmetry). Furthermore, let us emphasize that condition is not equivalent to saying that the
restriction of the jet (f, G) to the set E N B(0, k) satisfies condition for each k € N.

Now let us proceed to study the general situation where we do not necessarily have span{G(z)—G(y) :
x,y € E} = R". In this case, as we saw in [0], the possible presence of corners at infinity, makes things
more complicated. If we are seeking C’ﬁ)’i convex extensions, then we have to be even more careful:
not only do we have to deal with such corners at infinity, but also with what we could call Hélder
wedges at infinity, a terminology which is certainly vague and we do not intend to make precise but
may become intuitively clear after having a look at the following examples.

Example 1.4. Let f,g: R?> — R be defined by
fay) = V0aP +e %, and  g(z,y) = o,

Both are convex functions, and f € C’llo’i, but g € C’llo’i/ 2 \ C’llo’cl. However, we have that f > ¢ and

limy o0 f(x,y) = g(x,y). We are tempted to say that g is a Holder wedge that supports f at infinity.

Example 1.5. Let g(z,y) = |z|3/2, (z,y) € R%. Let E = {(x,y) € R?: |z| > min{1,e¥}}, and define
f and G on E by
f=g on E,
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and
3 . .
G(a9) = Vo) = (Glolsign(a),0) i (2.1) € .

Then there is no convex function F € Cﬁ)’i such that F = f and VF = G on E, because for every
convex function ¢ : R? — R such that ¢ = f on E we must have ¢(z,y) = |z|*? on R2. As a matter of
fact, for every pair of C' convex functions 7 : R? — R and 7 : R — R, we have that if ¢(z,y) = n(z)
for all (x,y) € E then v (z,y) = n(x) for all (z,y) € R%. Let us prove this assertion. We first claim
that for every (xo,%0) € R? we have %(wo, yo) = 0. Indeed, by convexity we have

Y(x,y) = ¥(xo,y0) + alx — xo) + b(y — yo)

for all (z,y) € R?, where we denote V) (xq,v0) = (a,b). Taking (x,y) of the form (z(t),y(t)) = (2,1),
t € R, and noting that (2,¢) € E for all t € R, we obtain

n(2) = ¥(2,t) 2 ¥ (20, yo) + a(2 — xo) + b(t — yo)
for all ¢ € R, which is impossible unless b = 0. So we have that g—f(w, y) = 0 for all (z,y) € R?, and
therefore, for each x € R, the function R 3 y — 9 (z,y) € R does not depend on y. Since for every
(z,y) € R? with z # 0 there exists some yo with (z,9) € E, we deduce that ¥ (z,y) = ¥(z, yo) = n(x).
Thus (x,y) = n(x) for all (z,y) € R? with 2 # 0, hence by continuity also for all (z,y) € R2.

Note that this example also shows that there are jets (f, G) on E such that: 1) they have C! convex
extensions (even of class C11/2) to all of R”; 2) their restrictions to E N B(0, k) satisfy condition
(CWHL) of [5, B] (and in particular Whitney’s condition for C1'! extension too) for each k € N; 3)
and yet they do not have Cllo’g convex extensions to all of R™. We thus see that there are global effects

that may become very selective to prevent or admit the existence of convex extensions of a given jet
in various differentiability classes.

Example 1.6. Let g(x,y) = |z|*/2, (z,y) € R% Let E = {(x,y) € R?: |z| > ¢¥}, and define f and G
on E by
f=g on E,

and
3 . .
G(z,y) = Vg(z,y) = (2\$I1/281gn(w), 0) if (2,y) € E.

We claim that there exist many convex functions F € Cllo’cl such that F'= f and VF =G on E. It is
not easy to give a direct proof of this assertion without applying Theorem on a new, larger set F.
We just note that this is a consequence of our next result (see the proof of Proposition (1) in Section
3 below for a detailed construction of a similar example). However, all of such extensions F' will be
supported by a Holder wedge at infinity, in the sense that for every x € R\ {0} and every y < log ||
we have F(z,y) = |z/32, and in particular lim,_, o, F(z,y) = |z[3/2, and also F(z,y) > |z|>/? for all
(z,y) € R%

Remark 1.7. Let us emphasize the essential difference between Example and Thanks to the
geometrical differences between the domains of the jets, in the second of these examples it is possible
to add one more point and one more jet to our problem so as to obtain a new extension problem which
can be solved by applying Theorem [1.3] while in the first one this is impossible.

Before presenting our main theorem for the case that span{G(z) —G(y) : z,y € E} # R", we need a
definition and a result from [6] [I] which help us understand the global geometrical behavior of convex
functions and provide us with a canonical representation that may be used to reduce problems about
general convex functions to simpler problems about coercive convex functions.
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Definition 1.8. Let Z be a Euclidean space, and P : Z — X be the orthogonal projection onto a
subspace X C Z. We will say that a function f defined on a subset S of Z is essentially P-coercive
provided that there exists a linear function £ : Z — R such that for every sequence (zj); C S with
limy_, o0 | P(zg)| = 00 one has

lim (f —¥¢) (zg) = oc.

— 00
We will say that f is essentially coercive whenever f is essentially I-coercive, where I : Z — Z is the
identity mapping.
For instance, a function f : R®™ — R is essentially coercive provided there exists a linear function
¢ :R™ — R such that

lim (f(x)—¥¢(x)) = oo.

|z|—o00
If X is a linear subspace of R™, we will denote by Px : R™ — X the orthogonal projection, and we
will say that f :.S — R is coercive in the direction of X whenever f is Px-coercive.
We will denote by X the orthogonal complement of X in R™. For a subset V of R”, span(V) will
stand for the linear subspace spanned by the vectors of V.
We also recall that, for a convex function f : R™ — R, the subdifferential of f at a point z € R" is
defined as

0f(x) = {€ € R : f(2) 2 f(2) + (€, 2 — x) for all = € R"},
and each £ € 9f(x) is called a subgradient of f at .

Theorem 1.9. [See the proofs of [0, Theorem 1.11] and [I, Lemma 4.2]] For every convex function
f:R™ = R there exist a unique linear subspace Xy of R", a unique vector vy € X+, and a unique
essentially coercive function cy : Xy — R such that f can be written in the form

f(x) = cp(Px,(x)) + (vp,x), = ecR™
The subspace Xy coincides with span{u —w : u € 0f(x),w € 0f(y),z,y € R"}, and the vector vy
coincides with Qx,(§o) for any & € df (xo), vo € R™, where Qx, = I—Px, is the orthogonal projection

of R™ onto XfL. Moreover, if Y is a linear subspace of R™ such that f is essentially coercive in the
direction of Y, then Y C Xjy.

The above characterization of X and vy does not appear in the statement of [6, Theorem 1.11], but
it is implicit in its proof.
Now we are ready to state the most important result of this paper.

Theorem 1.10. Given an arbitrary nonempty subset E2 of R™, a linear subspace X C R™, the orthog-
onal projection P := Px : R" — X, and two functions f : E - R, G : E — R", the following s
true. There exists a convexr function F': R" — R of class Cllo’cl such that F|, = f, (VF), = G, and
Xrp =X, if and only if the following conditions are satisfied.
(1) Y :=span({G(y) — G(z) :y,z € E}) C X.
(ii) If¢ .= dimY < d := dim X, then there exist points p1,...,pa—¢ € R"\E, numbers B, ..., Bq_¢ €
R, vectors w1, ..., wq_¢ € R™, and a sequence of numbers Ay > 2, k € N, such that, denoting:
E* = EU{p1,....pa—e}; ty := f(y) and & = G(y) fory € E; ty = B; and & = w; for y = p;,
j=1,..,d — £, we have that

(1.10) span{&y — &, 1 y,z € E*} = X,

and

(111) bt (6007 = 2) Sty + (6,7 — ) + S|P — )

|E

for every z € E*,y € E* N P~Y(Bx(0,k)), x € P~1(Bx(0,4k)).
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(#i7) If £ = d, then the preceding condition holds with E in place of E* (no need to add new data).

Furthermore, if G is bounded then a formula for such an extension F is given by
. 1
(1.12) F(x) = conv (w — ylenEf*{ty + &,z —y) + 3 (Ak(y) +4||Glleo + 1) |P(x — y)|2}>

where k(y) is defined as the first positive integer such thaty € P~Y(Bx(0,k)), and ||G||oo := sup,ep |G(2)].

In particular, by considering the case that X = R", we obtain a characterization of the 1-jets which
admit C! convex extensions that are essentially coercive on R™, thus improving Theorem (which
does not directly address situations like that of Example .

The rest of this paper is organized as follows. In Section 2 we provide more technical and more general
versions of the above results whose statements have the advantage of providing explicit formulas for
the extensions F. In Section 3 we study the natural and important question whether or not one can
obtain Cﬁ)’cl convex extensions whose gradients have local Lipschitz constants that can be controlled
by the local Lipschitz constants of the gradients of the functions ¢, appearing in the statement of
Theorem below (or equivalent, by the numbers Ay in the statements of Theorems and .
As we will see, and in sharp contrast to the C! case that we studied in [3], neither our method of
extension nor any other can achieve this. Nonetheless we also obtain some positive results for families
of functions which are wuniformly essentially coercive in an appropriate sense. In Section 4 we will
present some applications of our results. Finally in Section 5 we give the proofs of the main theorems.

2. TECHNICAL VERSIONS OF THE MAIN RESULTS, WITH EXPLICIT FORMULAS

In this section we give some versions of our main results which have the advantage of providing
us with explicit formulas for the extension functions F' (and the disadvantage that their statements
involve the existence of families of functions ¢, which we are not told how to find). These technical
versions of the main results will also help us understand their proofs better, splitting them into two
parts which use different methods. In order to see how we can construct appropriate families of
functions ¢, that satisfy the assumptions of Theorem [2.1| starting from condition in Theorem
see Section 5.3 below.

Let us begin with the easier case that span{G(y) — G(z) : y,z € E} = R™.

Theorem 2.1. Let E be an arbitrary nonempty subset of R®. Let f : E —- R, G : E — R" be
functions such that

(2.1) span{G(x) — G(y) : z,y € E} =R".

Then there exists a convex function F € Cl’l(]R") such that F), = f and (VF'), = G if and only if the

loc
following condition is satisfied. For each y € E there exists a (not necessarily convez) C’llo’cl function
©y : R" — [0, 00) such that:

(2.2) ey(y) = 0,Vpy(y) = 0;

[V (x) — Vy(2)|

|z — 2|

(2.3) Mp, ::sup{ :x,zeB(O,R),x;éz,yEEﬂB(O,R)}<oo

for every R > 0, and

(2.4) f(2) +(G(2),x = 2) < f(y) + (Gy),z — y) + ¢y(z)
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for every y,z € E and every x € R™. Moreover, when these conditions are satisfied, the extension F
can be taken to be essentially coercive, and in fact, for every number a > 0 the formula

(2.5) F =F, = conv <l‘ — ylgj {f(y) +(G(y),z — y) + ¢y(z) + alz — y!2}>

1,1

defines such an essentially coercive C)),

convez extension of the jet (f,G) to R™.

As for the most general situation that span{G(y) — G(z) : y,z € E} does not necessarily coincide
with R™, we have the following technical version of Theorem [1.10

Theorem 2.2. Given an arbitrary nonempty subset E of R", a linear subspace X C R™, the orthogonal
projection P := Px : R™ — X, and two functions f : E — R, G : E — R", the following is true. There
exists a conver function F : R™ — R of class C’llo’c1 such that F|, = f, (VF),, =G, and Xp = X, if
and only if the following conditions are satisfied.
(1) Y :=span({G(y) — G(z) :y,z € E}) C X.
(i) Ifk:=dimY < d:= dim X, then there exist points p1,...,pi—r € R"\E, numbers f1, ..., Ba—k €
R, and vectors wy, ..., wq_x € R™ such that for everyy € E* := EU{p1,...,pa—r} there exists a
(not necessarily convez) function p, : X — [0,00) of class C’llo’c1 such that, denoting: t, == f(y)
and & = G(y) fory e E; t, = B; and § = wj fory =p;, j =1,...,d — k, we have that:

(2.6) span{éy — &, 1y, z € E*} = X;

e

(2.7) @y(P(y)) = 0,V (P(y)) = 0;

[Voy(u) — Viy(v)|

u— vl

(2.8) sup {
for every R > 0; and

(2.9) ty + (& z —2) < by + <£ya$ —y)+ (Py(P(x))

for every z,y € E* and every x € R™.
(#i7) If k = d, then the preceding condition holds with E in place of E* (no need to add new data).

Moreover, whenever these conditions are satisfied, for every number a > 0 the formula

cye B*NP YBx(0,R)),u,v € Bx(0,R),u # v} < 00

(2.10) F = conv (1: — yieng* {ty + &y, z —y) + oy(P(x)) + a|P(x — y)|2})

defines a Cllo’cl convex extension of the jet (f,G) to R™ which satisfies Xp = X.

There are analogues of all of the above results for the classes Cllo’g or C’llo’z’, where w is a concave,
strictly increasing modulus of continuity with w(co) = oo. It suffices to replace |x|? with 6(|x|), where
0(t) := f(f w(s)ds, and make some other obvious changes. For instance, we have the following version
of Theorem [2.2] for the class Cl%.

Theorem 2.3. Given an arbitrary nonempty subset E of R™, a linear subspace X C R™, the orthogonal
projection P := Px : R™ — X, and two functions f : E — R, G : E — R", the following is true. There
exists a convex function F': R™ — R of class C}O’ZJ such that F|, = f, (VF), = G, and Xp = X, if
and only if the following conditions are satisfied.

(1) Y :=span({G(y) — G(z) :y,z € E}) C X.

e
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(1) Ifk:=dimY < d := dim X, then there exist points p1,...,p4—r € R"\E, numbers f1,...,Ba—k €
R, and vectors wy, ..., wq_k € R™ such that for everyy € E* := EU{p1,...,pa—k} there ezists a

(not necessarily convex) function ¢, : X — [0,00) of class C;O’ZJ such that, denoting: t, := f(y)
and & = G(y) fory € E; t, =B and § = w; fory=p;, i =1,...,d — k, we have that:

(2.11) span{éy — &, 1y, z € E*} = X;
(2.12) ey(P(y)) =0,V (P(y)) = 0;
(2.13) sup { ’wai?‘L__Zﬁy(UN ye E*N P Y(Bx(0,R)),u,v € Bx(0,R),u # v} <

for every R > 0; and
(2.14) te+ (6o — 2) <ty + (& x —y) + oy (P())

for every z,y € E* and every x € R".
(tit) If k = d, then the preceding condition holds with E in place of E* (no need to add new data).

Moreover, whenever these conditions are satisfied, for every number a > 0 the formula
P o (2 ut {6+ (6. =) + (P +a0(Ple— )}
y *

defines a Cllo"c” convex extension of the jet (f,G) to R™ which satisfies Xp = X.

Finally, let us mention that our methods also allow us to establish explicit formulas for C! convex
extensions of jets. We only state the result for the easier case that span{G(y) —G(z) : y,z € E} = R",
because the most general result of this kind for the class C'! has an excessively complicated Statementﬂ

Theorem 2.4. Let E be a closed nonempty subset of R™. Let f : E — R, G: E — R" be continuous
functions such that

(2.15) span{G(x) — G(y) : z,y € E} =R".

Then there exists a convex function F € C*(R™) such that F, = f and (VF)|, = G if and only if for
every y € E there exists a (not necessarily convex) differentiable function ¢, : R™ — [0, 00) such that:

(2.16) ey(y) =0, Viy(y) =0,
and
(2.17) f(2) +(G(2),z —2) < f(y) + (G(),z —y) + py(z)

for every y,z € E and every x € R™. Moreover, when these conditions are satisfied, for every number
a > 0 the formula

F = By = conn (w5 nf {0) + {60z — ) + o)+l — o1}

defines such a C' convex extension of the jet (f,G) to R™.

Even if we assume E to be closed, in some situations we would have to find and add new jets not only at a finite
number of points p;, but also at every point z of the possibly infinite set P(E)\ E. Although the latter jets &,, z € P(E)\FE
are uniquely determined, the associated functions ¢, are not, and in any case the process to define them is laborious.




LOCALLY C%! CONVEX EXTENSIONS OF 1-JETS 9

3. SOME REMARKS ON THE LOCAL LIPSCHITZ SEMINORMS OF THE EXTENSIONS

Recall that C11(R™) denotes the set of all functions ¢ : R® — R which are differentiable and such
that Vi : R™ — R" is Lipschitz. This space is naturally equipped with the seminorm

Ve(r) -V :
pri(p) =  sup [Viele) = Veoly)l _ Lip(Vy),
z,y€R™ x#y |$ - y|
and if we distinguish and fix a point zg € R” and define
[ellera(R™) = lo(xo)| + [Ve(zo)| + pra(e),
then (C1(R™), ] - Hcl,l(Rn)) is a Banach space. Now, if E is a nonempty subset of R” and (f,G) :
E — R x R™ is a 1-jet, we can define the Whitney seminorm of (f,G) by
P (f,G) =t {M >0 : |f(z) - f(y) = (G(y),x — y)| < 3M|z — y|* and
|G(z) — G(y)| < M|x —y| for all z,y € E}.

If we consider the sets
JN(E) = {(f, G):E—>RxR"|3HeCL R st. (H,VH) = (f.G) on E} :
and
3" I(E) = {(£,G): E > RxR" | pif (f,G) < oo},

then Whitney’s extension theorem tells us that

g (B) = 3V (E)
and provides us with a linear extension operator

3" I(E) 3 (£,G) = W(£.G) € CH(R")

with the property that
(3.1) pri (W(f,@)) < Cn)pg (£,G),
where C(n) is a constant only depending on the dimension n.

For the cone of convex functions of class C1! we can consider the functional
PV (f,G) :==inf {M >0 :

M
f(2) +(G(2),z = 2) < f(y) +{G(y), 2 —y) + S|~ y[> forall y,z € E, x € R"},
and define the sets
Jomw(E) = {(f.G): E 5 R xR" | 3H € Cl (R") such that (H,VH) = (f,G) on E},
and
g EN(E) = {(f.G): E - RxR" | o (f,G) < oo}

The main results of [5l 3] tell us that

Beomy(E) = 3V IHV(E)
and show that the operator (f,G) — F given by formula has the property that

p11(F) < ApFV(f.G),

where A is an absolute constant (in fact we can take A = 1). We also saw in [3] that a similar operator
& for the problem of extending 1-jets by (not necessarily convex) functions of class C1''(R") also has
the property that

p11 (E(f.G)) < ApY (f.G),
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where A is an absolute constant (here one can take A = 7). In this respect this operator € behaves
even better than the classical Whitney extension operator, because one has lim,_,», C(n) = oo in
(3.1). On the other hand, Whitney’s operator is linear, while the one provided by [3] is not.

In this section we will see how this scenery changes dramatically when we consider C’(}é}l‘l,oc(R"), the
cone of convex functions which are of class C’li’cl (R™), instead of the much smaller cone Cég,}w(R"). But
first we must specify a natural topology in the space Cllo’cl (R™). Fixing a point xg € R", we consider,
for each k € N, the seminorm py : Cp2r (R™) — [0, 00) defined by

loc

Vo(z) — Voly .

pr(p) = sup | (@) W)l = Lip <V‘P\B(z0 k)) J
z,y€B(wo,k),x#y [z =yl ’

and for k = 0 we set

po() = le(zo)| + [V (o).
Then it is not difficult to check that C’llo’c1 (R™), equipped with the family of seminorms {px } renu{oy, 18
a Fréchet space. A natural metric in this space is given by

B 27 (o — 1)
plos¥) =max =2 )

In particular, a sequence {¢;};en converges to ¢ in Cﬁ)’i(R") if and only if

lim pi(p; — @) =0

Jj—00
for every k > 0. And a set A C Cllo’c1 (R™) is bounded if and only if for every k£ the seminorm py is
bounded on A. Boundedness of a set A in this space is often very useful, as it allows us, through
the use of Arzela-Ascoli’s theorem and a diagonal argument, to extract a sequence (¢) from A which
converges, uniformly on bounded sets, to some function ¢ € C>! (R™) (and such that (V) converges,

loc
uniformly on bounded sets, to V).
Now, for any subset E of R™, let us denote

JbY(E) = {(f, G): E—RxR"|3IH € CLY(R") such that (H,VH) = (f,G) on E} ,
and its subset
Jeom(E) := {(f, G): E—RxR"|3H € C°(R™) such that (H,VH) = (f,G) on E} :

On the set of 1-jets on E we may consider, for each k € N, the Whitney seminorms

pip(f,G) = inf {|f(z) = f(y) = (G(y),x = y)| < 3M|w —y[*,
|G(z) — G(y)| < M|z —y| Yo,y € EN B(xo, k)},
and for k=0

po.6(f: G) = |f(wo)| + |G (o)l
where xg € F is some fixed distinguished point, and the metric

2% pl (0 — )
W o % k,E
pE (p:9) = ma T (o0

Again, Whitney’s extension technique gives us
Hllc;i(E) ={(9,G) : E =R xR" | p.g(f,G) < oo for every k € N}.
It is also well known that Whitney’s extension operator

Jut(E) > (f,G) =» W(f,G) € Cul(R™)
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is linear and continuous with respect to the metrics that we have defined in these spaces. This
is equivalent to saying that if {(f;, Gj)}jen is a sequence in Hlloi(E) such that {pKE(fj,Gj)}jeN is
bounded for every k > 0 then {pr(W(f;,G;))}jen is also bounded for every k > 0.

In the framework of the problem that we are considering in this paper, we may consider the following
functionals

pg (f,G) =i {M > 0: f(2) + (G(2),2 = 2) < f(y) + (G(y),x —y) + %Im —yl?
Vy,z € EN B(xg, k) z € R"},
and
pik (f.G) = |f(o)| +|G(xo)l,

where x is a fixed distinguished point of £, and also (more naturally in our setting, in view of Theorem
and using the notation of this result) the functionals

[Voy(u) — Vo (v)| }}

|u =

j(7.6) = int {sup

where the supremum is taken over all points y € E* N P~Y(Bx(P(x0),k)),u,v € Bx(P(xq),k),u # v,
and the infimum is taken over all families of functions {¢,} satisfying the conditions of Theorem
We also set

po.e(f, G) = [ f(xo)| + |G(0)].

It is then natural to ask: does there exist a (not necessarily linear) extension operator

Jeomi*(B) 3 (f.G) = E(£,G) € Cony* (R™)

such that, if {(f;,G;)};en is a sequence in I (E) so that {pkc"g(fj, Gj)}jen is bounded for every

k € N, then {pr(E(f;j,Gj))}jen is bounded for every k& € N too? And more importantly, does there
exist a (not necessarily linear) extension operator

31,1100(E) 5 (f, G) — S(f, G) e Cl,lloc(Rn)

conv conv

1loc

such that, if {(f;,G})}jen is a sequence in Jeom(E) so that {ur,e(fj, Gj)}jen is bounded for every
k €N, then {pr(E(f;,G;))}jen is bounded for every k € N too?
Next we answer these questions in the negative.

Proposition 3.1. There exist a closed subset E of R? and a sequence of 1-jets {(fj,G;)}jen on E
such that:
(1) There exists a sequence {F;}jen C Coam“(R™) such that (Fj, VEy) = (fj,Gj) for all j € N.
(2) For every k € NU{0} we have that sup,cy pKE(fj, Gj) < o0, supjey pﬁ‘g(fj, Gj) < oo, and
sup jen i, 6 (f5, Gj) < 0.
(3) For every sequence {H;}jen C Coad®(R™) such that (Hj,VH;) = (fj,G;) for all j, we have
that sup,ey pr(Hj) = oo for some k > 1.
Proof. Let
E :=F| UEs,
where
Ey = {(z,y) €ER® : |z| > €Y} and Fy = {(z,y) € R? : |z| = 1,y € N},
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and define the sequence of 1-jets (fj, G;) : E — R x R? by

|$| lf (l',y) € El
filz,y) =141 if (z,y) € B2,1<y<j+1
20 —j—1) if (z,y) € Bo,y>j+1

and
(—=1,0) if (z,y) € E1,2<0
(1,0) if (z,y) € By, >0
Gj(w,y) = (=1,0) if (v,y) € Bp, 2 <0,1<y<j+1
(1,0) if (z,y) € B2,z >0,1<y<j+1
\(0?2) lf(‘r7y)€E27y>]+1
Note that
-z if (u,v) € E1,u <0
T if (u,v) € E1,u >0
(3.2) f(u,v) + (G(u,v), (xr —u,y —v)) =< —x if (u,v) € Bo,u<0,1<v<j+1
x if (u,v) € Ep,u>0,1<v<j+1
20y —j—1) if (u,v) € Ey,v>j+1,

and in particular

(3.3) mij(x,y) = ( Su)EE{f(u,v) +(G(u,v), (2,y) = (u,v))} = max {|z[,2(y — j = 1)},

To prove (1) we are going to use Theorem we seek, for each j € N, a suitable family of functions
{®Guw Huwyer of the formﬂ

<p(j,u,v)(337 y) = Aj,u,v ((SC - u)2 + (y - U)Q) s

where A;,, , are positive numbers depending only on j,u,v. We have to check that for every j € N
and (u,v) € E there exists some number A = A;,, > 0 so that for every (z,y) € R? we have that

(3.4)  max{[z],2(y —j — 1)} <

—z+ A((z—u)?+ (y—v)?) if (u,v) € E1,u <0

4+ A((x—u)? + (y —v)?) if (u,v) € Ej,u>0
—z+A((z—uw?+ (y—v)?) if (u,v) € Ey,u<0,1<v<j+1
g4+ A((z—u)?+ (y—v)?) if (u,v) € Ey,u>0,1<v<j+1
2y—j -+ A((x—w)?+ (y—v)?) if (u,v) € Ea,v >3+ 1.

21t will be possible to find a family of quadratic functions {©(; u,v) }(u,v)eE satisfying the assumptions of Theorem
because m; has linear growth at infinity. When m;(z) grows faster than quadratically as |z| — oo, it is impossible to
use Theorem with functions of this form.
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To this end, let us consider the functions h; = hl(j’u’v) R2 R, i=1,..,9,j €N, (u,v) € E, defined
by

hi(z,y) = —z+ A((z—u)?+ (y —v)?) — || if (u,v) € Eq,u<0

ho(z,y) = g+ A((z—u)?+ (y—v)?) — |z if (u,v) € E1,u<0

hy(z,y) = —z+A((z—uw)?+(@y—v)?) —20y—j—1) if (u,0) € E1,u<0

ha(z,y)= a4+ A((z—u)?+(y—v)?) —-20y—j—-1) if (u,v) € Er,u>0

hs(x,y) = —z+A((x—u?+ (y—v)?) — || if (u,v) € Eo,u<0,1<v<j+1
he(x,y) = g+ A((x—u)?+ (y—v)?) — |z if (u,v) € Eo,u>0,1<v<j+1
hi(z,y) = —z+A((z—uw?+(y—v)?) -20y—3j—1) if (u,v) € Ery,u<0,1<v<j+1
hg(z,y) = z+A((z—u)?+(@y—v)?)—2y—j—-1) if(u,v)€Enu>0,1<v<j+1
ho(z,y)= 2(y—j—1D+A((x—u)?+(y—v)?) —|z| if (u,v) € Byv>j+1.

For each j € N, (u,v) € E, we want to find some A = A;,, > 0 such that these functions satisfy

hl(-j ’u’v)(:c,y) > 0 for all (z,y) € R% Finding the minima of these piecewise quadratic functions is
routine. We have

ho(u,v) =0 ifz>0
haayy) > {2000 =0
ho(u— 4,v) =2u— 5 ifz <0,

and since in this case we have (u,v) € Ej, u > 0, we obtain that hs(z,y) > 0 for all (z,y) € R?
provided that A > 5-. Similarly, or just noting that h(juv)( y) = héj’_u’v)(—m,y), we also obtain
that hy(z,y) >0 1f we take A> 2| E

On the other hand, bearing in mind that v > e¥ when (u,v) € E; and u > 0, we have

ha(z,y) > ha(u— 55,0+ %) =u—2v+2(j +1) —
>e’ — 20420 +1)— 5 >2(1—log2) +2(j +1) —
>20+1)— 2 >0

provided that we further require that A > ( ok Noting that h(j uv) (xz,y) = h(J’ )( x,y), we also

obtain that hs(z,y) > 0 for such an A.
Next, for ¢ = 5,6 we have

B (@, y) = W (—ay),
and also (noticing that u = 1 when (u,v) € Ea,u > 0)
he(x,y) > min {O,QU — %} = min{O,Z — %} >0,

provided that we take A > %

For i = 8, recalling that (u,v) € Es,u >0and v < j+ 1lifandonlyifu=1,v € Nand v <j+1,
we get

hs(z,y) > hs (u—ﬁ,v—l—%) :u—2v+2(j+1)—&

=142(j+1—v)— >1—m20

whenever A > 5/4, and since hgj’u’v) (x,y) = héj’fu’v)(—x, y), we also obtain that h7(z,y) > 0 with the
same A.
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Lastly, for ¢ = 9, noting that if (u,v) € Eo then v € N;v > j + 2, |u| = 1, we have
ho(z,y) > min{hg (u+ 55,0 — %) ho (u — 55,0 — %)}
>2(w—j—1)—|u[ -5 >1-7%5>0

provided that A > 5/4.
In conclusion we see that inequality (3.4)) is satisfied for

1 5
A:A'uv = YR
o “mx{mur4}
Also note that, for each R > 1, since & < e® for all (u,v) € EN B(0, R), we have

[ul
M; r := sup {Lip <(90(j7u7v))\3(o,13)) : (u,v) € EN B(0, R)}
=sup {24, : (u,v) € ENB(0,R)} < maX{eR, D1 < o0

Therefore we can apply Theorem so as to obtain, for each j € N, a convex function F} € Cllo’i (R™)
such that (Fj, VFj), = (f;j,G;). We have thus proved (1).
To prove (2), taking for instance (z¢,yo) = (1,1) € E and setting
po,e(f5,G5) = |f;(L 1) +|G;(1,1)| = 2,

we note that the preceding estimate for M; r implies that

(3.5) .5 (fi,G;) < max {ek,?)} for all k,j € NU {0},
and therefore
(3.6) sup .5 (fj, G;j) < oo for all k > 0.

jeN

It is also easy to see that sup;cy pKE(fj,Gj) < 00 and supjey pg%/(fj,Gj) < oo for all £ > 0. This
shows (2).

Finally, let us prove (3). Let {H;};jen be a sequence of convex functions of class Cllo’cl (R™) such that
(Hj,VHj), = (f;j,Gj) for every j € N, and assume that we had

suI;\I)Lip <(VHJ-)|B(0J€)> < oo for every k > 1.

j€

Since we also have |H;(1,1)|+|VH;(1,1)| = 2 for every j, then, for k = 1, we can apply Arzela-Ascoli’s
theorem to find a subsequence {H ;} of {H;} such that {H; ;} and {VHi ;} converge uniformly on
B(0,2). Then we can apply again Arzela-Ascoli’s theorem to find a subsequence { Hs ;} of {H ;} such
that {H>;} and {VHay ;} converge uniformly on B(0,3). Continuing this argument by induction, we
extract subsequences {Hy, ;}jen of {Hy_1 ;}jen such that {H}, ;} and {VH}, ;} converge uniformly on
B(0,k+1). Then the diagonal subsequence {H; ;} has the property that {H; ;} and {VH; ;} converge
uniformly on B(0, k) for every k > 1. We deduce that the limit

lim Hj;(z,y) := H(z,y),
]*}OO

exists locally uniformly, that H € C 1’1(]R”) and also

loc

VH(z,y) = lim VH, (z.y)

locally uniformly. Moreover, since the pointwise limit of convex functions is convex, we have that H
is convex. Also, because lim;_ oo Hj(£1,n) = limj_, fj(£1,n) = 1, we have that H(£+1,n) =1 for
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every n € N. And of course, since Hj(z,y) = fj(x,y) for all (z,y) € E we have H(x,y) = |z| if
|x| > €Y.

Summing up, we have obtained a convex function H € C’llo’c1 (R2) such that H(x,y) = |x| for all
(r,y) € E. As we are about to see, this implies that H(x,y) = |z| for all (z,y) € R?, and in
particular H cannot be differentiable at any point of the line z = 0, a contradiction. Indeed, for every

(w0,70) € R? we have

O0H OH
1=H(1,n) > H(xg,y0) + (1 — xo)a—x(xo,yo) + (n— yo)a—y(xo,yo) for all n € Z,

which implies
OH
?y(xm Yo) =0
for all (zg,y0) € R?. Then, for each x € R, the function R > y — H(x,y) € R does not depend on
y. Since for every (z,y) € R? with 2 # 0 there exists some yo with (z,y9) € E1, we deduce that
H(z,y) = H(z,yo) = |z|. Thus H(x,y) = |z| for all (z,y) € R? with x # 0, and by continuity also for
all (x,y) € R2.
This argument shows that we must have
sup pi(H;) = sup Lip <(VHj)\B(o,k)) =0
JjEN JjEN
for some k = kg > 1 (hence also for all k > k). O

Remark 3.2. As we have just shown, there cannot be any method for Cﬁ)’cl convex extension of jets
that allows us to control the Fréchet seminorms of the extensions in terms of the functionals pZVE,
or pg‘g, or puy g. If one needs to estimate the Lipschitz constant of the restriction of the function F'

of (2.5) to some ball B(0, k), by keeping track of the constants and radii appearing in the proof of
Theorem denoting v(R) := Mp (the function given by condition ([2.3)), and assuming without
loss of generality that n(R) > 2R, where n(R) is given by (5.7), and that k > Ry, where Ry = |zo| for
some zg € F, we see that
VF(z)—-VF(y
) = o { I = VE)

|z — y|

: x,yGB(O,k),x;ﬁy} <

(n+1)v (n <(n +1) <l<: - %(n +1) (| £(20)] + 2k|G(20)| + 2k*v(k)) + ;))) ,

where 6 > 0 is any number such that for some v € R" the function = — m(z) — (v,z) is coercive
(where m(z) := sup,ep{f(y) + (G(y),z — y)}) and m(z) — m(20) — (v, x — 20) > 6|z — 20| — 1 for all
z € R"™. On the other hand, the proof of Lemma [5.1] shows that for Theorem one can take

n(R) =R+ (R+ Ro)\/1+v(R)/2a.

As we see (even if we take a = 1) these bounds not only depend on n, k and v, but also on the number
d, which somehow measures essential coerciveness of the function m(z). This kind of dependence is
inevitable: unless g satisfies a global estimate of the kind g(x + h)+ g(z — h) — 2g(z) < C|h|?, in order
that F' = conv(g) be differentiable, the function g must be essentially coercive. The less essentially
coercive ¢ is, the greater the estimates of the local Lipschitz constants of the gradient of F' are bound
to be. On the other hand, in the proof of the preceding proposition we saw that the seminorms of the
extensions H; blow up as the functions H;(z,y) are forced to be closer and closer to |z| when j — oo.
This indicates that, for any extension operator

Jeony “(E) 2 (£,G) = E(f,G) € O (R™),
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a measure of essential coerciveness of the minimal extension functions my g (7) = sup,ep{f(y) +
(G(y),x —y)} defined by a given family of jets (f,G) is a factor that one must consider if one wishes
to be able to control the seminorms pi(E(f, G)) of the resulting family of extensions. In this direction,
the above estimate for pi(F) yields the following result (for simplicity we only consider the case that
span{G(y) — G(z) : y,z € E} = R"™).

For a point zp € E and a 1-jet (f,G) on E, let us denote, for k > 1,

L B,z (f, G) := inf {sup { [Veoy(w) = Vo (v)] :y € ENB(xg, k)),u,v € B(xg, k), u # v}} )

oy lu — v

where the infimum is taken over all the families of functions {¢,} satisfying the conditions of Theorem
If there exists no such family, we deem i, g 5, (f, G) = oo for all k. Define also

H0,E,xq (f’ G) = |f(560)| + |G(aj0)‘

Similarly, for any function H € C\2}(R") and k € N, let us denote

loc

Pk,xo (H) = Llp ((VH)‘B(GU()JC)> ’

and also
0,20 (H) = [H (w0)| + [V H (z0)].

Theorem 3.3. Let (fo,Ga)aca be a family of 1-jets on a nonempty subset E of R™. Assume that
these jets are uniformly essentially coercive, in the sense that there exist some § > 0 and some point
xo € E such that for every o € A there exists a vector v, € R™ so that

Mo (z) = zlelIE){fa(y) +{Ga(y),r — )} = fa(20) + (va,  — 20) + 8|z — 20| — 5

for all x € R™. Assume also that for every a € A the jet (fo,Ga) satisfies the conditions of Theorem
and that

SUp ftk, B,z (for Ga) < 00 for every k € NU {0}.
acA

Then, calling Fy, the extension of (fo,Ga) given by formula (2.5) with a = 1, we have that

SUp pk.zo (Fo) < 0o for every k € NU{0}.
acA

4. SOME APPLICATIONS

As we already mentioned, our results are essential in the proof of the following theorem from [4],

which tells us that essentially coercive convex functions satisfy a Lusin property of class b

o and
conver.

Theorem 4.1 (Azagra-Hajlasz). Let f : R™ — R be a convex function, and assume that f is not
of class C’llo’c1 (R™). Then f is essentially coercive if and only if for every e > 0 there exists a convex

function g : R™ — R of class Cllo’cl(]R”) such that L™ ({x € R™: f(x) # g(z)}) < e.

A corollary of this result is that, if .S is the boundary of some convex set with nonempty interior
(not necessarily bounded) in R™ and S does not contain any line, then for every ¢ > 0 there exists a
convex hypersurface S of class C’llo’cl such that H""1(S'\ S:) < ¢; see [, Corollary 1.13].

We next present and prove two other interesting consequences of our main results.
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4.1. Convex hypersurfaces of class C’llc;i with prescribed tangent hyperplanes. Theorem
can be applied to solve the following natural geometrical problem: given an arbitrary subset £ of R™
and a collection H of affine hyperplanes of R™ such that every H € H passes through some point
zg € E,and E = {xy : H € H}, what conditions on H are necessary and sufficient for the existence
of a convex hypersurface S of class C’llo’i in R™ such that H is tangent to S at zy for every H € J{
An equivalent reformulation of this problem is the following: given C C R® and N : E — S"~!, what
conditions are necessary and sufficient to ensure the existence of a (not necessarily bounded) convex
body W of class C’llo’i such that E C W and the outer unit normal ng(z) to S := W at z coincides
with N(z) for every x € E7E| Our solution to this problem is as follows.

Theorem 4.2. Let E be an arbitrary nonempty subset of R®, N : E — S ' a locally Lipschitz
mapping, X a linear subspace of R™, and P : R™ — X the orthogonal projection. Then there exists
a convex hypersurface S of class Cllo’cl such that E C S, N(x) = ng(z) for all z € E, and X =
span{ng(z) —ns(y) : x,y € S}, if and only if the following conditions are satisfied.
(1) Y :=span{N(y) — N(z) :y,z € E} C X.
(13) If€:=dimY < d := dim X, then there exist points p1,...,ps—¢ € R"\E, vectorswy,...,wq_y €
S"=L, and a sequence of numbers Ay > 2, k € N, such that, denoting: E* :== EU{p1,...,Dda_¢};
& :=N(y) forye E; & =w; fory=p;, i =1,...,d — ¥, we have that

(4.1) span{&y — &, 1y, 2z € E*} = X;

and
A
(4.2) (€nw = 2) < (& x—y) + 5 |Pe— Py’

for all z € E*, y € E*N P7Y(Bx(0,k)), z € P~1(Bx(0,4k)).
(7it) If ¢ = d, the preceding condition holds with E in place of E*.

Before showing this result, let us gather some facts concerning the geometry of unbounded convex
bodies that will help us understand its statement and proof. We say that a convex body is line-free if
it does not contain any line (however, it may contain half-lines).

Lemma 4.3. For every convex body W C R"™ there exists a linear subspace Y of R™ such that
W=WnY)xY+

where the convex body W N'Y s line-free (and possibly unbounded). Furthermore, Y= is the set of
vectors parallel to lines contained in W. Consequently, if S := OW and we denote P : R™ — Y the
orthogonal projection, we also have:

(1) S=(SNY)x Y™+, and

(2) d(z,S) =d(P(z),SNY) for every z € R™.

Proof. For the first part, see [39, Lemma 1.4.2] for instance. Then properties (1) and (2) are immediate
consequences of the cylindrical structure of W. U

The following result must be known, but I have been unable to find a proof in the literature.

1,1
loc *

Proposition 4.4. Let W C R" be a convex body such that S := OW is a hypersurface of class C

3 We say that S is a convex hypersurface S of class C’llo’é provided that S = OW for some convex body (possibly
unbounded) and S is a C' submanifold of R™ such that the outer unit normal ns(z),z € S, is a locally Lipschitz
mapping (equivalently, S can be regarded locally, in appropriate coordinates, as the graph of a C’llo’c1 function).

e say that W is a convex body of class C’ll.jcl if W is a closed convex subset of R" with nonempty interior such that
its boundary W is a O} hypersurface of R".
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(1) If W is bounded then span{ng(z):z € S} = R" = span{ng(z) — ns(y) : z,y € S}.

(2) If W is a halfspace then, with the notation of Lemma Y is 1-dimensional, Y+ is a hyper-
plane parallel to S, and span{ng(z) :x € S} =Y, but span{ns(x) —ns(y) : z,y € S} = {0}.

(8) If W is unbounded and is not a halfspace then, with the notation of Lemma we have

(4.3) span{ng(z):x € S} =Y = span{ng(x) —ns(y) : z,y € S} = span{ng(x) :z € SNY}.

Proof. (1) If W is bounded then, for each u € S"~!, sup, ¢y (x, u) is attained at some z,, € W, and this
means that u = ng(x,). Hence span{ng(x) : x € S} = R™. Also, for any yo € S, span{ng(z) —ng(y) :
x,y € R"} contains the sphere of center —ng(yp) and radius 1, and therefore must coincide with R".
(2) is obvious.

(3) If W is unbounded, according to Lemma let us write W = (W NY) x Y+, where WNY is
line-free (and Y may be equal to R™). From the cylindrical structure of W we see that

(4.4) nsny (P(x)) = ng(z) for every x € S,

and
span{ng(x) : x € S} = span{ng(z) :x € SNY} =span{ngny(z) :x € SNY} CY.

Let us now distinguish some cases depending on the dimension of Y. If dimY = 0 then W = R",
S = (), and there is nothing to say. If dimY = 1 then W is either a halfspace (a case already dealt
with) or a slab (the intersection of two parallel halfspaces perpendicular to Y and facing opposite
directions). In the latter case it is clear that is true.

So we are left with the case that dimY > 2. In this case S is connected, and if span{ng(x) : z € SNY'}
were strictly contained in Y then W N'Y would be contained in a proper subspace of Y and therefore
W = (W NY) x Y+ would have empty interior, which is absurd. Thus we have

(4.5) span{ng(z) : x € S} = span{ng(z) :x € SNY} =span{ngny(z) :z € SNY} =Y.

For notational convenience, let us first assume that W is line-free, that is, R” = Y = span{ng(z) :
x € S}, and check that span{ns(z) —ns(y) : z,y € S} = R™ too. Let us choose points z1, ..., x, € S
such that {ng(x1),...,ng(x,)} is a basis of R™.

Claim 4.5. The set A == {3°7_) \jn(z;) : A; > 0,5 =1,...,n} NS"~L is contained in {ng(z) : x € S}.

Proof. Let us denote H; = {z € R" : (z,ns(zj)) < (zj,ns(x;))} and H; = {z € R" : (z,ng(x;)) =
(xj,ns(x))} = 8H;1 for j =1,...,n. We have W C C :=(;_, H; , and since {ng(x1), ..., ns(wn)} is
a basis of R"™ the hyperplanes Hj, j = 1,...,n, must intersect at a unique point pg, which is the vertex
of the pointed cone C. Given p1,...,ftn > 0, we set v := > ujng(r;), u := v/[v[, and observe
that the hyperplanes {z : (z,u) = r} intersect C transversely at least for all » < (x;,u). Then, for
r < (z1,u), the truncated cone C,, := {x € C : r < (z,u)} is nonempty and compact, hence so is
Ky, = WNC,y,, and therefore sup,c g,  (,u) is attained at some z,,, € K, , But since W C C and
(r,u) <r < (zg,u) for all z € W'\ Cun“; we have that sup,cg, (2, u) = sup,ep (z,u) is attained at
Ty, and this implies that x,,, € OW = S and ng(zy,) = u. 7 O

Now, since A is open in the unit sphere S*~!, for any yo € S we have that —n(yg) + A is open
in the sphere of center —n(yp) and radius 1, and (because any nonempty relatively open subset
of a sphere spans all of R") it follows that span{ng(xz) — ng(yp) : = € S} = R™ , which yields
span{ng(z) —ng(y) : x,y € S} = R™.

Let us finally consider the case that Y # R"™. By applying what we have just established to the
convex body W NY (with boundary SNY) of the space Y, we see that span{ngny(z):xz € SNY} =
Y = span{ngny () —nsny (y) : z,y € SNY}, and by combining this with and we conclude
the proof of (3). O
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Proof of Theorem [4.2l Let us assume that conditions (i) — (i7i) are satisfied and, with the help
of Theorem let us construct a convex hypersurface S as required. Define f and G on E*
by f(y) = 0 and G(y) = &. Then(d.1) implies (1.10), and implies (L.11)), so we can apply
Theorem to obtain a convex function F' € C’llo’cl (R™) such that (F,VF) = (f,G) on E* and
span{VF(z) — VF(y) : z,y € R"} = X. Note that F' is not constant because VF(y) = &, # 0 for
any y € E, where we have F(y) = 0. Since a convex function has vanishing gradients exactly at the
points where a global minimum is attained, it is clear that for every x € F~1(0) we have VF(z) # 0.
Therefore

W= F1(—o0,0]
defines a convex body of class C’llo’i, and its boundary

S := oW = F~(0)

is a convex hypersurface of class C’ﬁ)’i. It is obvious that £ C S, and since VF'(z) points outside W
and is perpendicular to S at « for every x € S, and VF(y) = &, for all y € E*, we have that N = ng
on E and span{ng(z) —ng(y) : z,y € S} =span{VF(z) — VF(y) : z,y € R"} = X.

Conversely, let us assume that there is a convex C’llo’i hypersurface S = OW with X = span{ng(z)—
ns(y) :x,y € S}, E C S and ng = N on E, and let us see that conditions (i) — (¢i¢) of the statement
are met. According to Lemma and Proposition we may write W = (WNZ)x Z+, where WNZ
is line-free, and we have that X = Z unless W is a halfspace. If W is a halfspace then X = {0} =Y,
N(y) = N(z) for all y,z € E, and conditions (i) — (ii7) of the statement are trivially satisfied. Thus
we may assume X = Z (and in particular the P’s in the statements of Theorem and Lemma
coincide).

For a convex body V, let ¢y : R®™ — R denote the signed distance to OV, that is,

~ ) d(z,0V) ife gV
i) = {—d(x, av) ifzeV.

By Lemma {4.3[ we have pw (2) = pwnx (P (z)) for all x € R". It is well known that if OV is a convex
hypersurface of class Cllo’i then the function ¢y is convex and there exists an open neighborhood 2 of
OV such that ¢y, is of class C’llo’i(Q), and Voy (x) = ngy (z) for every x € 9V see [15, Theorems 5.4
and 5.7]. By applying this result to V' = W N X, we obtain an open neighborhood Uy of SN X in X
such that pwnx € C’llo’i(Uo), and hence oy € C’llo’i(U), where U := P~Y(Up). Now, for every k € N,
since SN X NB(0,4k) is compact, there exists numbers Ly > 0 and d; € (0, 1] such that Bx (z, ;) C Uy
for all z € SN X N B(0,4k), and |Vownx () — Vewnx (y)| < Lg|lx — y| for all y € SN X N B(0, 4k)
and x € Bx(y,dx), which (bearing in mind that go;[,lmX(()) =S5SNX, Vosnx = nsnx on SN X, and

Ywnx is convex) implies that

(nsnx (), — 2) < psnx () < (nsnx (), z — y) + Lz — y|?

forall z€ SNX, ye SNXNB(0,4k) and x € Bx(y,d). On the other hand, if y € SN X N B(0, 4k)
and x € Bx(0,4k) \ Bx(y, dx) then, by setting

2

Ay, = = <8k 4+ Ly + sup IQOSmX(JUM})
5k .’L'EBX(OAk)

we have that

A
(nsnx(2), = 2) < g (x) < (nsnx(v),x —y) + 5 |e —yf*
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Thus, in either case, the above inequality holds for every z € SNX, y € SNXNB(0,4k), x € Bx(0,4k),
and since pw () = ewnx (P(x)) and ng(x) = ngnx (P(x)), we deduce that

(4.6 (ns(2), 2~ 2) < (ns(), 2 — ) + S|P — )P

for every z € S,y € SNP~Y(Bx(0,4k)), z € P71 (Bx(0,4k)). Clearly (i) is always satisfied as E C S,
and if £ := dimY = d := dimX we are done.

If ¢ < d then Y = span{ng(z) — ng(y) : =,y € E} is strictly contained in X, and we can find
points g, z1,...,2¢ € E such that Y = span{ng(z;) — ng(xo) : j = 1,...,£}. Then, by mimicking
the beginning of the proof of (ii) in the necessity part of Theorem below, we may obtain points
P1,---,Pd—¢ € R™ such that the set {ns(p;) — ng(xo)}?;f is linearly independent and X = Y @
span{ns(p;) — ns(xzo) : j =1,...,d — £}, hence X = span{u —w : u,w € ng(E*)}, where E* :=
EU{p1,...,pa—r¢}. Thus, if weset §, := N(y) fory € E, and &, := w; :=ng(y) fory =p;, i =1,...,d—¥,
we see that is true, and from (4.6)) we conclude that is also satisfied. O

Remark 4.6. By using first the necessity part and then the proof of the sufficiency part of Theorem
with ¥ = S, we deduce the not entirely obvious fact that for every convex hypersurface S of class
C’lo’c1 in R™ (defined as in Footnote 3) there always exists a convex function ¢ € C’llo’c1 (R™) such that

¢ 1(0) = S and Vip(x) = ng(z) for every x € S.

4.2. A new formula for (not necessarily convex) C’llo’i extensions of 1-jets. A function f :
R™ — R is of class C’llo’c1 if and only if there exists a coercive convex function ¢ : R™ — R of class Cﬁ)’i
such that the functions f + 1 and ¢ — f are convex and coercive. As we did in [3] in the Cb! case,
one can use this fact in combination with Theorem to obtain explicit formulas for general (not
necessarily convex) Cllo’i extensions of jets.

More precisely, if we are given a 1-jet (f, G) on a set E C R™ and we can guess that for some convex
function ¢ € Cllo’cl (R™) the jet (f + v, G+ V) will have a coercive C’llo’c1 convex extension F , then the

C’llo’c1 function F' = F — ¢ will extend the original jet (f,G). Thus Theorem for the case X = R"
has the following consequence ]

Theorem 4.7. Let E C R™ be such that there are points xg, 1, ..., T, € E so that {x1 —xg, ..., tn— 20}
is a basis of R*. Let f : E — R, G : E — R" be arbitrary functions. Then there exists a function
F e Clloﬁ (R™) such that F), = f, (VF),, = G if and only if there exist a convex function v € Cllo’cl (R™)
and, for y € E, functions ¢, : R™ — [0,00) of class C’llo’c1 such that:

(4.7) span{G(y) + Vi(y) — G(z) = VY (2) 1y, 2 € B} =R™;
(4.8) ey(y) =0, Vy(y) = 0;
(4.9) sup { ’va(ﬁ : Z(py(z) cx,2€ B(O,R),z #z,y€ EN B(O,R)} < 00

for every R > 0, and

(410)  f(2) +¥(2) + (G(2) + V(2), 2 — 2) < f(y) +¥(y) + (G(y) + VY (y), 7 — y) + ¢y(2)
for every y,z € E and every x € R™.

5Here we make the mild assumption that the set E has at least one subset consisting of n + 1 affinely independent
points, so that we do not have to add new data in some special cases (at least if we choose an appropriate function ).
Of course, a fully general, but also more complicated version of Theorem [£.7] follows from Theorem [2:2] too. We leave its
statement to the reader’s care.
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Moreover, whenever these conditions are satisfied, for every number a > 0 the formula

(4.11) F(x) =
cons (2 Inf {£(0) + 6(0) + (G10) + V(o) — )+ 94f) + ale =9} )~ v(a)

defines a Cllo’i convez extension of the jet (f,G) to R™.

Remark 4.8. Once again, in contrast to the C1! case which we studied in [3], the gradient of the
function F' given by does not have optimal local Lipschitz constants. As observed in Remark
and Theorem our method does not provide extensions whose gradients have local Lipschitz
constants independent of the dimension or smaller than those given by the classical Whitney operator.
Hence we do not recommend using the above formula if the magnitude of the local Lipschitz constants
of the gradient is a concern and convexity is not. Nonetheless, its form and its explicit character may
become useful in other situations, for instance when dealing with delta-convex functions.

Proof of Theorem[{.7]. Assume that the jet (f,G) has a C’lt’cl extension F. Set By = () and for each
k € N denote By, = B(0, k) and M}, = Lip (VﬂBk). Then F + 3 My|- > and 3 My| - [* — F are convex
functions on By, for each & € N. Define 19 = 0, and, for k > 1,

w(x)_ 0 if x € Br_1
YT @+ Mag) (Jz) — (k—1))2 ifa € R\ By,

and

Ple) =3 da).
k=1

It is clear that the functions g, : R® — R are convex and of class Chl Next we check that F + Y

loc
is convex (in fact strongly convex) on R". We can write, on each By(;41) \ Bk,

1 1
F+4y= (F + 5 Magernl- |2> + (¢ = 5 Mg |2> :

with F+%M4(k+1)H2 convex on By(j1y, and of course R™ = [ J;Z, (B4(k+1) \ Bu). Therefore, recalling
that F, ¢ € Cllo’(‘}, in order to check that F' + ¢ is strongly convex on R” it is sufficient to see that if
x,v € R™ and |v| = 1, the second derivative of the function t — £(t) := ¥ (z + tv) — %M4(k+1)]a: + t|?
(which exists for almost every ¢ € R) is bounded below by some strictly positive number. In fact this
function is twice differentiable on R except on the countable set {¢ : |x + tv| € N}. If ¢y is a point
of differentiability of 3'(¢) and x + tov € By41) \ Bar then, by calculating the second derivatives at
t = 0 of the convex functions ¢ — ay(t) := ¥ (z + tv), one can check that, for x +tov € Bygq1) \ Bak
and |v| = 1 one has

ag(to) > (1 + Mgk) <2 - m
and therefore, denoting a(t) = ¥ (z + tv),

o (to) > 1+ Mg > 1+ My(ji1),

) > (1+ My).

hence

B (to) > 1.
We have seen that 8”(t) > 1 for almost every t € R, and as we noted above this implies that F' + 1) is
strongly convex on R".
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IfY :=span{VF(y)+Vi(y) —VF(z) = Vi(z) : y,z € E} = R" then by applying the necessity part
of Theorem to the jet (f,G) = (f +v, G+ V) we immediately get a family of functions {1y },cr
satisfying (4.7)—(4.10f). Otherwise we proceed as follows. Note that the gradient of the function 1 is

of the form
(4.12) Vi(z) = Mx)z,
where A : R" — [0,00), and A(z) = 0 if and only if z = 0. By assumption, there are points
X0, X1, ..., T € E such that {x1 — zo,...,z, — 2o} are linearly independent. Up to replacing the balls
B(0,k) with balls B(xg, k) in the above construction and translating coordinates, we may assume
without loss of generality that g = 0 and therefore {z1,...,z,} is a basis of R™. Now, for each R > 1,
consider the function
Vr(z) = ¢(Rx),
which clearly has the property that F' + g is strongly convex. We claim that, for R > 1 large enough,
we have
span{VF(y) + VYr(y) — VF(2) — VYr(2) 1 y,z € E} =R™.
Indeed, we have Vir(x) = RV (Rx), so by using (4.12)) we can write
VwR(xj) = RZ)\j$j, ] = 1, ey Ny
with A\; > 0, for every j =1,...,n, R > 1. Then
1

R?
and by taking the determinants of the matrices formed by the vectors of each side of this equality and
letting R — oo we obtain

limdet <};2 (V(F + ¢r)(zj) — VF(O))>

(VF(;) + Vibr(z;) — VF(0)) = % (VF(x;) — VE(0) + Njzj, j = 1,.m,

n

J=1
n

: 1 n
= ngnoo det (RQ (VF(z;) — VF(0)) + )\j:cj>j:1 = det (Ajz;);_, #0.

Therefore we can find and fix some R > 1 large enough so that
n

det (g (VO + mlay) - VFO))  £0,

j=1
hence also
det (V(F + ¢g)(z;) — VF(0));_; # 0,
which since Vlﬁ r(0) = 0 shows our claim. Therefore, by applying the necessity part of Theorem

to the jet (]?, G) := (f + ¥r,G + Vir) we may conclude as before.
Conversely, if there exist a function v and functions ¢, as in the statement, then by applying

Theoremﬁ to the jet (f, é) = (f +v,G + V), we obtain an essentially coercive C’llo’c1 convex
function F' which extends this jet to R™. Then the Cllo’g function F' := F — 9 extends the jet (f,G),
and the formula for F' given by Theorem yields the formula (4.11)) for F. O

5. PROOFS OF THE MAIN RESULTS

Of course Theorem [2.2] is more general than Theorem [2.I] but its proof is necessarily much more
technical and less clear. For this reason, and because Theorem [2.1] and its consequence Theorem
are powerful enough to have some interesting applications (see, e.g. [4, Theorem 1.12]), we choose to
prove them separately.
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5.1. Proof of Theorem sufficiency. The overall strategy is similar to that of the proofs of the
main results of [0, [3], and consists in showing that the function

(5.1) g(w) = inf {f(y) +(G(y),x —y) + ¢y ()}
is greater than or equal than the minimal extension
(5.2) m(z) = sgg{f(z) +(G(2),x — 2)}

and satisfies estimates of the type g(x +h) + g(z — h) — 2g(x) < Cg|h|? on each ball B(0, R), and then
show that these estimates are preserved, up to some constants, depending on R, n and the function
m(x), when we take the convex envelope of g.

Observe that implies that m and g are finite everywhere; indeed, taking two points yg, zg € F,
we have

(5.3) — 00 < f(20) + (G(20), ¢ — 20) <m(x) < g(x) < fyo) + (G(yo), & — yo) + Pyo(x) < 00
for every x € R™. In particular we have
(5.4) m(z) < g(x) for all z € R".

Besides m is obviously convex on R", and by using conditions and it is easy to see that m
is really an extension of f, that is, f(x) = m(z) for every x € E. Since convex functions on R" are
bounded on bounded sets, we see in particular that f is bounded on bounded sets. Using this fact
together with , we also deduce that G is bounded on bounded sets.

According to Theorem condition implies that m is essentially coercive, that is, there exist
a convex function ¢ : R™ — R and a vector v € R™ such that

m(x) = c¢(x) + (v, z) for all x € R",

with limy; o ¢(x) = oco. In particular the function ¢ attains a global minimum at some point zy € R"™.
Hence, up to replacing the jet (f,G) with the jet (f, é) defined by f(y) = f(y) — c(xo) — (v,y),
G(y) = G(y) — v, and the function m(z) with ¢(z) — ¢(x0), we may and do assume in the rest of the
proof that

(5.5) lim m(z) =00, and m(x) >0 for all z € R"

|z|—o00

(note that any function that does not depend on y can be taken in and out of a sum in the infimum
defining g, and the same goes for any affine function and the convex envelope).
From the definitions of g and m, and bearing in mind that ¢,(y) = 0 for each y € E, we also obtain

f(z) <m(z) < g(x) < f(x) for every x € E,
hence
(5.6) g(x) =m(x) = f(z) for all x € E.
Lemma 5.1. For any number a > 0, if {¢}ycp satisfies conditions (2.2)-(2.4) then the family {@y}ycr
defined by
y() = ¢y(2) + alz — y?

satisfies conditions (2.2)-(2.4) of Theorem [2.1] (with slightly larger constants in (2.3)), as well as the
following one: for every R > 0 there exists n > R such that, for every x € B(0, R),

(5.7) yeEgg(Om){f(y) +{(G(y),x —y) + py(z)} = ;gg{f(Z) +{(G(y),x —y) + py(2)}.
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Proof. It is clear that these new functions ¢, also fulfill conditions (2.2), (2.3) and ([2.4)) of Theorem
[2.1] with slightly larger constants

M rR=Mpr+ 2a

in (2.3). Let us see that the ¢, also satisfy condition (5.7). Take Ry > 0 so that E N B(0, Rp) is
nonempty, fix a point yo € E N B(0, Ry), and for any given R > Ry note that condition ({2.3]) implies
that

277 2
(5.8) Pyo () < (F+ }30) Mg _ (R + Ro) 2(MR +2a) for every x € B(0, R).
We then set
(5.9) n=n(R) =R+ (R+ Ro)\| Mg/2a = R+ (R + Ro)\/1 + Mp/2a.

We obtain, for every y € E'\ B(0,n) and every x € B(0, R), that

FW) +(Gy),z —y) + Gy(x) = f(y) + (Gy), x — y) + y(x) + alz —y|* =
> f(yo) + (G(yo), = — yo) + alz — y|* > f(yo) + (G(yo), = — yo) +a(n— R)?

2
> flgo) + (Glun). — o) + T TOTMR 5 0) 1 (o). — ) + Bio)

= zEE}Wan(O,n){f(Z) + <G(Z)’ T = Z) + &z(x)}

This shows that inf.c o) {f(2) +(G(2),r—2) +@.(2)} = inf.ep{f(2) +(G(2),z—2) + @ (x)}. O

Hence, up to replacing {¢y}yecr with {@y}ycr, from now on we may and do assume that the family

{¢y}ycE satisfies conditions ([2.2)-(2.4)) and (5.7]).

Lemma 5.2. The function g is locally Lipschitz, and for every R > 0 there exists Cr > 0 such that
for every x,h € B(0, R) we have

gz +h) + g(z — h) = 2g(x) < Crlh|*.
Proof. Given R > 0, by (5.7)) there exists n = n(R) > 0 such that

g(x) = yeEgg(om{f(y) +(G(Y),x — y) + py(x)} for all z € B(0, R).

Then, if x,h € B(0, R), for any given € > 0 we may find y € B(0,7) such that

(5.10) 9(@) = f(y) +(Gy), z —y) + ¢y(z) — ¢,
and therefore, using the definition of g (for the first inequality) and Taylor’s theorem together with
condition (2.3)) (for the second inequality), we obtain
9@ +h)+g(x —h) =2¢9(z) < f(y) + (G(y), z + h —y) + py(z + h)
+f(y) +(G(y),z —h—y) +py(z —N)
—2(f(y) +(Gy), z —y) + py(x)) +2¢
=y + h)+ py(z — h) — 2¢,(x) + 2¢
< CR’hP + 2¢,
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where Cg is given by condition (2.3) applied with max{2R,n(R)} in place of R. Since ¢ > 0 is
arbitrary, by sending ¢ to 0 we get what we need. On the other hand, using again (5.10f), we also have

g(x+h)—g(z) <
f) +(GW),z+h—y)+ey(x+h) = (fy) +(Gy),z —y) +py(z)) +€
=(G(y),h) + oy(x +h) —py(x) +€
1

< < sup |G(w)]> \h| + =Cr|h|* + ¢,

weB(0n(R)) 2

which by letting € go to 0 implies that
1
oo+ 1) - gla) < ( sup \G<w>|> ]+ SCrlhf
weB(0,n(R))

for all z,h € B(0,R). If 2,z € B(0, R/2) and we take h = z — x in this inequality, we obtain that

1

o:) — 9(a) < ( sup |G<w>|> 2~ al + 2Calz—al?,
weB(0,n(R))

for all 2,z € B(0, R/2). This implies that g : R — R is locally Lipschitz. O

Next we see that, under the standing assumptions, this kind of inequality is preserved (up to some
constants) when we pass to the convex envelope.

Lemma 5.3. Let g : R" — R be a continuous function such that limp,_o g(x) = oo and such that
for every R > 0 there exists Cr > 0 so that for every x,h € B(0, R) we have

9(x +h) + g(x — h) — 2g(z) < Crl|hl.

Then the function F' = conv(g) has a similar property: for every R > 0 there exists Cy > 0 such that
for every x,h € B(0, R) we have

F(x +h) + F(x — h) — 2F(z) < Cy|h|?.
Therefore F' € Cllo’Cl(R”).
Proof. We will follow the proof of [28] and make some appropriate changes. We may assume that
(5.11) g(z) >0 for all z € R™.

Recall that an alternate expression for the convex envelope F' of a function g : R* — R defined in

(1.3) is given by
n+1 n+1 n+1

(5.12) F(x) = inf {Z /\Zg(xz) : )\i 2 07 ZAZ = 1, Tr = Z)\zxz}
i=1 i=1 i=1

Since F' < g by definition, and ¢ is bounded on bounded sets, so is F' (and in particular F' is well
defined on all of R"). Then, since lim|,_,o, g() = 0o, we can find some R’ > R such that

(5.13) g(z)>(n+1)| sup F(y)+2] forall z€R"\ B(0,R).
yEB(0,R)

By applying the previous lemma with (n + 1)R’ in place of R, we next find C' = Cns1)rr > 0 such
that

(5.14) g(z 4+ v) + g(z —v) — 2¢9(2) < CJv|? for all z,v € B(0, (n+1)R).
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Now, given x,h € B(0, R), we use (5.12)) to take a sequence {()\Ek),x,gk))lgign+1}zo:1 such that

n+1 n+1
A > > 2 >0, STAP =1, 2= YA,
=1 =1

n+1
and
SN
1 F(z) =1l A; ).
(515) )= Jim 32 0(al")
Note that 1
AP > —
n+1
for every k, and recall (5.11)). According to ([5.15)), there exists some kg € N such that if & > ko then
n+1
Z /\Ek)g(xz(k)) <F(x)+1< sup F(y)+1,
i=1 yEB(O,R)

which thanks to ([5.11)) implies

1
g(zgk)) < Alg(ﬂsgk)) < sup F(y)+1.
n+1 yeB(O,R)

This inequality, together with (5.13)), shows that
(5.16) 2% € B(0, R') for all k > k.
Therefore, up to extracting a subsequence, we may assume that these limits exist:

(5.17) lim 2" .= 21 € B(O,R), lim A := )\ e [1,1].
k—o0

k—o0

Now we may write

n+1
ENONNOINRL (k) (k)
T+ h=X\ (551 +)\§’€)>+Z)\i x; 7,

and, because F' is convex and F' < g, we have

h n+1
Fle+h)=F (Agk) <$§k) + ) i Al(k)zvl(k))

which implies

n+1
(5.18)  Flo+h) = F(a) <A (g (x&“ + h) - g(x&‘”)) + (i Mg) - F<w>> ,

and passing to the limit as k — oo we get

(5.19) Flz+h) - Flz) <\ (g((:vl + ) - g(x1)> .
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Similarly we obtain
h
(5.20) F(x—h)—F(z) <\ (g( <x1 — /\1> — g(m1)> .

Thus we conclude, bearing in mind ([5.14)) and the facts that |h/A1| < (n+1)|h| < (n+1)R < (n+1)R’
and |z1] < R’ < (n+ 1)R’, that

F(z+4+h)+ F(z—h) —2F(x)

h h
<Mlglozi+~—)+glz1—+ ) —29(x1) | MC
A1 A1

1
= )\—C|h|2 < (n+1)C|h%
1

h 2

A1

We have shown that for every R > 0 there exists C; > 0 such that for every z,h € B(0, R), we have
F(z+h) + F(z — h) — 2F(z) < Cx|h|?.
Since F' is convex, this is equivalent to saying that F' € C’ﬁ)’i (R™), and in fact
VF(x) —VF
s { [P =T )
|z =yl

(see, for instance, the proof of [3| Proposition 2.2] restricted to a ball, and combine it with [13]
Corollary 3.3.8] or [2, Theorem 1.5]). O

:x,yGB(O,R),w#y} < Ch

Let us now finish the proof of Theorem Since m is convex, by definition of convex envelope we
have

m< F <gonR"
which together with (5.6)) allows us to conclude that F' = f on E.
Finally, we have m < F on R"™ and F = m on E, where m is convex and F' is differentiable on R".
This implies that m is differentiable on E, with Vm(z) = VF(x) for all x € E. Since we obviously
have G(x) € Om(x) for all x € E, we also obtain that VF(z) = G(z) for all z € E. O

5.2. Proof of Theorem necessity. Let us assume that there exists a convex function F' €
Cll’l(R”) such that F(y) = f(y) and VF(y) = G(y) for all y € E, and let us see that the functions

ocC

¢y, Yy € I, defined by

(5.21) py(r) = F(z) — F(y) — (VF(y),z — y)

satisfy the conditions of Theorem Note that Vi, (z) = VF(x) — VF(y), so it is clear that (2.2))
holds true. We also have, for every z,y,z € B(0, R), that

Vey(x) = Vo (2)| _ [VE(@) = VF(y) = (VF(z) = VF(y))|

|z — z| |z — z|

_IVF() - VF(2),

|z — 2|

< Lip(VF\B(o,R))’
so (2.3)) is also satisfied. Besides, since F' is convex we have

(5.22) F(z2) +(VG(2),z — 2) S F(z) = F(y) + (VF(y),z — y) + ¢y(x) for all z,y, z € R,
which implies ([2.4)). O
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5.3. Proof of Theorem Although one can use condition and standard techniques (smooth
approximation and partitions of unity) to construct a family of functions {¢,},cr as required to apply
Theorem we prefer to use some tools of [I] so as to get a family of convex functions ¢,. Convexity
of these functions is not needed in Theorem [2.I], but we think that it may be useful in some other
problems, and does not add any important complication in the proof of Theorem [1.3]

Lemma 5.4 (Smooth maxima, see Lemma 1 of [I]). For every § > 0 there exists a C* function
Ms : R2 — R with the following properties:
(1) Ms is conver;
(2) max{z,y} < Ms(z,y) < max{z,y} + § for all (z,y) € R2.
(3) Ms(x,y) = max{z,y} whenever |z —y| > d.
(4) Ms(z,y) = Ms(y, z).
Proof. 1t is easy to construct a C* function 6 = 05 : R — (0, 00) such that:
(1) 6(t) = |¢| if and only if |t| > §;
(2) 6 is convex and symmetric;
(3) Lip(0) = 1.
Then the function My defined by Ms(z,y) = % (x +y + 05(x — y)) has the required properties. O

These smooth mazrima Mg are useful to approximate the maximum of two functions without losing
convexity or other key properties of the functions, as in the following proposition.

Proposition 5.5 (See Proposition 2 of [1]). Let Ms be as in the preceding Lemma, and let f,g : R™ —
R be convex functions. For every 6 > 0, the function Ms(f, g) : R™ — R has the following properties:

(1) Ms(f,qg) is convez.

(2) If f, g are of class C*, then so is Ms(f, g).

(3) Ms(f,9)=fiff=>g+0.

(4) Ms(f,9) =g ifg > f+9.

(5) max{f,g} <Ms(f,g) < max{f,g}+3/2.

(7) Lip(Ms(f,9)|,) < max{Lip(f|,), Lip(g,)} for every ball B C R".
(8) If f1 < fa and g1 < go then Ms(f1,91) < Ms(f2,g2).

(9) If f,g € C?>(R") then, for each ball B C R",

sup | D*Ms(f, g) ()|
zeB

. . 2
< Cs <sug 1D? f ()| + sup ID?g(2)|| + (Lip(f,,) + Lip(g,)) > :
HAS xre
where Cs > 0 is a constant depending only on 9.

Proof. See [1] for properties (1) — (8). To check (9), it is sufficient to see that the function ¢t —
Ms(f, g)(v(t)) has a suitably bounded second derivative, where v(t) = x + tv with |[v|| = 1. So, by
replacing f, g with f(y(¢t)) and g(7(t)) we can assume that f and g are defined on an interval I C R.
In this case we easily compute

d? L+ 0(f(t) —g@®)) ["@) + (A = 0'(f{t) — 9(£) g" (1)

Ms(f(0). 9(8)) = y

and the estimate of (9) follows immediately. O



LOCALLY C'! CONVEX EXTENSIONS OF 1-JETS 29

Now we can prove Theorem |1.3| For each k € N, we denote By := B(0, k). By the main result of [I],
we may find a C*° convex function ¢ : R™ — R such that

(5.23) m(z) <¢P(z) < m(z)+ % for all z € R"

where m(z) := sup,cp{f(2) + (G(2),z — 2)}. In particular ¢ € C’ﬁ;g(R"). Next, for each y € E, we
define k(y) as the first positive integer k such that y € By, and the function ¢, : R — R by

oy () = {Ak(y)\x —y|? %f T € Bsy(y),
Miss (Aplz —yl?, ©(@) — fly) — (G(y),z —y))  if 2 & Bk,
where M, /g is the smooth maximum M; of Lemma with 6 = 1/8, and the numbers Ay > 2 are
given by condition . By replacing Aj, with maxi<;< A; if necessary, we may assume that
(5.24) A < Apyq for all k € N
Note that, if € By, \ Bak(y) then [z —y| > 1, so we have, using (L.8), that

1 1
Applr —yI* + 2 Ak = m(@) = fly) = (G(y),z —y) + S A

1 1 1
2 P(@) =5 = FW) = (GW)x —y) + 5 Ak 2 ¥(2) = fy) —(Gly),z —y) + ¢,
which implies, by Proposition [5.5(3), that
Mys (Aple =y, (@) — f(y) = (Gy),z — ) = Ay lz — yl
for all z € Byy(y) \ Bak(y)- We then easily deduce (bearing in mind the definition of ¢ and Proposition
that ¢, € C*°(R") and ¢, is convex.
Let us see that the 1-jet (f(y), G(vy))yeE, together with the family {y, },cE, satisfy the properties of

Theorem [2.1} Property (2.2)) is obvious. Let us check property (2.4). Given a point y € E, recall that
k(y) is the first & € N such that y € By. If z € Bsy,) then by the definitions of A,y and ¢, we have

N |

A lz —y* >

m(e) = £(4) ~ (G). = — ) < 3 Al — o < gl — 3l = oy @)
On the other hand, if x ¢ Bsyy,) then
py(x) = Myss (Apylz =y, v(2) — f(y) = (Gly),z —y))
= (@) — fly) = (Gy),z —y) =2 m(z) — f(y) — (G(y),z —y),

where we have used Proposition [5.5(5) for the first inequality and (5.23)) for the second one. In either
case we see that

(5.25) m(z) < f(y) + (G(y),z — y) + py(z) for all y € E,z € R",

which is equivalent to condition ([2.4)).
Let us now verify (2.3). Since ¢, € C?(R"™) for every y € E, this amounts to showing that

sup{||D?py(2)|| : z € B(0,R),y € EN B(0,R)} < oo for every R > 0,

or equivalently for every R € N. Given R € N and y € E N B(0,R), note that k(y) < R. If
S B(O,R) N BSk(y) then

(5.26) Dy ()] = 2Axy)-
On the other hand, if z € B(0, R) then
(5.27) IDZ (¥(2) = f(y) = Gy)x =) | = ID*P(@)| < sup [ D*(2)]].

2€B(0,R)
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Using these estimates with Proposition 9) we obtain that

sup [|D2My s (A lz — yI?, v(@) — fFy) — (V). — ) ||
z€B(0,R)

2
< Cus <2Ak(y) T 1D (2)I| + (Lip (’%(o,m) + 2Ak<y)> ) )

and by combining this inequality with (5.26]), and bearing in mind the definition of ¢, and the facts
that k(y) < R and the sequence {Ay} is increasing, we obtain

2
(5.28) sup || D%y (2] sc<AR+ sup D20 + (Lib (41, ) + An) )
z€B(0,R) z€B(0,R)

where C' is an absolute constant. This shows (2.3). Thus we have proved the sufficiency part of
Theorem
The necessity part is obvious: just take A = Lip ((VF)|B(O 4k>>. O

5.4. Proof of the extension properties of ([1.9). We keep denoting By = B(0,k). Given y € E,
if z € Byy(y) then, by condition (1.8) we have

Ay
m(@) < f(y) + (Gy)x —y) + =5 o~y
On the other hand, if x ¢ Boy (), then |z —y| > 1, and, observing that m(y) = f(y) and Lip(m) =
|G |loo, we have
m(z) = f(y) = (G(y),z —y) = m(x) —m(y) + (G(y),z — y)
< 2/|Gloolz =yl < 2[|G o]z — yl*.
In either case we have

A
m(a) < )+ (G —5) + (52 421G ) oy for all v € Ry € .

that is condition (2.4) is satisfied with ¢,(x) = (% + QHGHOO) |z — y|?. Tt is clear that the rest

of the conditions of Theorem are met as well, and by taking a = 1/2 it follows that (1.9)) is an
extension of the jet (f,G). O

5.5. Proof of Theorem necessity. Assume that there exists a convex function F' € Cllo’i (R™)
such that FF = f, VF =G on E, and X = Xp =span{VF(y) — VF(z) : y,z € R"}. By Theorem 1.9
there is a unique Cllo’i convex function ¢ : X — R and a unique vector v € X+ such that we have the
decomposition
(5.29) F=coP+{(v,-),
which implies
(5.30) VF =VcoP +w.
Let us check that properties (i) — (iii) of Theorem are satisfied for f = F|_ and G = (VF),,.

(7): This is obvious.

(73): Assume that Y := span{VF(z) — VF(y) : z,y € E} is strictly contained in X. With k£ and d
denoting the dimensions of Y and X respectively, we can find points zg, z1, ...,z € E such that Y =
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span{VF(z;)—VF(xg) : j =1,...,k}. Then there must exist p; € R" such that VF(p;)—VF(xg) ¢ Y
(otherwise we would have that VF(p) — VF(zg) € Y for all p € R", which implies that

VFE(p) = VF(q) = (VF(p) = VF(20)) = (VF(q) = VF(x0)) €Y, forall p,qeR",

contradicting that X # Y’). Then the subspace Y7 spanned by Y and the vector VF(p1) — VF(x) has
dimension k+1. If d = k+1, we are done. Otherwise we repeat this argument and by induction we ob-
tain points p1, ..., ps—r € R™ such that the set {VF(p;)—VF(z) ;-l;k is linearly independent and X =
Y @span{VF(pj) —VF(z9) : j=1,...,d—k}, concluding that X = span{u —w : u,w € VF(E*)},
where E* = EU{p1, ..., Pd—k }-

Now let us define, for each y € E*, the function ¢, : X — R by

(5.31) py(r) = c(x) — e(P(y)) — (Ve(P(y)), = = P(y)),

where ¢ is as in (5.29). It is clear that ¢, satisfies (2.7)), which because ¢, is convex implies that
@y(z) > 0 for all x € X. For each y € E*, let us denote t, = F(y) and £ = VF(y). Note that, as
Ve(P(y)) € X, we have, for every x € R", y € E*,

F(z) = F(y) = (VF(y),z —y)
= c(P(z)) + (v, x) — c(P(y)) — (v,y) = (Ve(P(y)) + v, —y)
= c(P(z)) — c(P(y)) — (Ve(P(y)), z — )
= c(P(z)) — c(P(y)) — (Ve(P(y)), P(z — y)) = ¢y (P(z)).
Therefore, since F' is convex and (F,VF') = (f,G) on E, and by the definition of ¢,,¢,, we have, for
every x € R", y € E*,

by (& =y} + 9y (P(2)) = Flw) = sup {F(2) + (VF(z), 2 = )}

> ZseuEp*{F(z) +(VF(z),z —2)} = m*(x),

so (2.9) holds true. Finally, since Vi, (u) = Ve(u) — Ve(P(y)) and ¢ € Cﬁ)’cl (X), we have that
o T(0) = Vi )
u —wl

. { Ve(u) — Ve(w)

u—wl

sy e ENPY(Bx(0,R)),u,w € Bx(0,R),u # w}

cu,w € Bx(0,R),u # w} = Lip ((VC)IBX(O,R)) < 00

for each R > 0, and ([2.8) is satisfied as well.
(731) In this case there is no need to add new data, and the same proof works with E* = E. g

5.6. Proof of Theorem sufficiency. Consider the function

m*(x) = sup {t, + (£, 2 —y)}-
yeE*

Lemma 5.6. The function m* : R™ — R is well defined, convex, and satisfies
m*(y) =t, and &, € Om™*(y) for everyy € E*.
and, with the notation of Theorem[1.9, X = Xp».
Proof. By we have, for any 1y € F,
m”(x) <ty + (§yo, ¥ — Y0) + Py (P()),
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so it is clear that m*(x) < oo for every z € R™. Obviously m* is convex, and using that ¢, (P(y)) =0
it is easily checked that m*(z) = t,, which immediately implies that m*(z) > t, + (§,,x — y) for all
x € R", that is, &, € Om*(z).

Let us check that X = X,,~. By assumption X = span ({{, — &, : y,z € E*}). On the one hand,
we have that m™* is essentially coercive in the direction of X. Indeed, if X = {0} then m is affine and
the result is obvious; therefore we can assume dim(X) > 1 and find points yo,y1,. .., yx € E such that
{v1,...,vx} is a basis of X, where

Uj = G(yj) — G(yo), j = 1, .. .,/{.
Then, with the terminology of [I, Section 4], we have that

C('r) = max{tyo + <§yoax - ZUO>7 ty1 + <€y17$ - y1>7 cty tyk + <§yk,$ - yk‘>}

is a k-dimensional corner function such that C(z) < m*(x) for all € R™. This implies that C is
essentially coercive in the direction of X, hence so is m*, and by Theorem we infer that X C X ,«.

On the other hand, if X, # X, we can take a vector w € X,,» \ {0} with w L X, and then we
obtain, for all t € R,

m*(yﬂ + tw) —lyy — <€y0=tw> = SeuEp*{tZ =ty + <§Z - gyovtw> + <§z;y0 - Z>}

= sup {tz - tyo + <§Zay0 - Z>} = m*(yo) - tyo = 07
zeR*

hence the function R 3 ¢ — m*(z¢ + tw) cannot be essentially coercive, contradicting the assumption
that w € X,px. O

By applying Theorem to the function m*, and using the preceding lemma, we can write
(5.32) m*=c" o P+ (v,-).
Now let us define
E’ = P(E*) C X,
and f*: B> - R, G’ : E> - X by
(5.33) £(2) = ¢*(2), G(z) = & — v, where y € P71(2).
Note that if y,y’ € P~1(z) then §y = &y, as otherwise, according to Theorem and the facts

that £, € Om*(y) and & € Om*(y'), the function m* would be essentially coercive in the direction

span{y — 3/}, which is perpendicular to X, contradicting that X,,» = X. Therefore the function G” is
well defined.
Let us also define the functions m’, ¢’ : X — R by

m’ = ¢,

and
gb(:v) = inf {fb(z) + (Gb(z),x —2) + y(x) +alr — 22z € E’y€ P_l(z)}
for all x € X, where a > 0 is a given number.

Lemma 5.7. We have that

m’(x) < ¢’ (x) for every x € X,

and

m’(z) = f(z), {G"(2)} = Om’(2) for every z € E’.
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Proof. Since v € X+, we have that m*(z) = ¢*(z) for all z € X, and this implies that m’(z) = f*(2)
whenever z € E”. On the other hand, using (2.9)) and the facts that Gb(z) € X and v € X+, we have,
for every y € P71(2), z € F’,and z € X,

mb(x) =c"(x) =m"(x) <ty,+ (&, —y) + ¢y(Pz) + a|P(x — y)|2

=ty + (V+ G (2),x —y) + ¢y(@) + a| Pz —y)|?

= c*(P(y)) + (v, y) + (v + G(2), 2 — y) + ¢y (@) + a| Pz — y)|?
=c*(2) + (G°(2), 2 — y) + py(x) + a|P(z — y)|”

F(2) +(G(2),2 — 2) + ¢y(z) + alz — 2|

b

By taking the infimum over such z, y, we obtain that m’(z) < ¢°(z) for all z € X. Since m” is convex,

since the function ¢, is differentiable, and the above inequality becomes an equality for x = z € E’,
this inequality also shows that m” is differentiable at each z € E”, with Vm’(z) = G*(2). O

Now we can repeat the steps of the proof of Theorem with m” and ¢” in place of m and g,
respectively. As in that proof, (2.9) the preceding lemma implies that f? and G’ are bounded on
bounded sets. By using Theorem again, we also have that m” is essentially coercive on X because

span{¢ — v : & € Om’(2),v € Om’(¢), 2,2 € X}
D span{G’(z) — G*(2') : 2,2/ € B’} = span{{, — & 1 y,y € B} = X.
Thus, as in the proof of Theorem [2.1| we may assume without loss of generality that

(5.34) lim m’(z) = 0o, and m’(x) >0 for all z € X,

|| — o0
and we easily see that
(5.35) ¢ (x) =m’(z) = f(x) for all z € E°.
Lemma 5.8. For every R > 0 there exists n = n(R) > 0 such that
¢ (@) = L (2) + (G (), — ) + 9y (&) +alw— 2 : 2 € B 0 Bx(0,7),y € P~(2)}
for all x € Bx (0, R).
Proof. For each y € P~1(z) with z € E”, we write
(5.36) By(x) = o) +alu — 2.
By using we see that

Mp = sup{vay(‘l;)__wv‘@(w) sy € ENPY(Bx(0,R)),u,w € Bx(0,R),u # w}

is finite for every R > 0. Take Ry > 0 so that E’ N Bx (0, Ry) is nonempty, fix a point zp €
E’ N Bx(0, Ry), and for any given R > Ry note that, for every yo € P~(20),

(R+ Ro)*M,
2

n=1(R) == R+ (R+ Ro)\/ Mg/2a,

Oy (2) < B for every x € B(0,R).

Setting
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we have that, for every y € P~'(z) with z € E”\ Bx(0,n) and every z € Bx(0, R),
P(2) +(G(2), 2 — 2) + §y(x) > f(20) + (G (20), 2 — 20) + alz — z|?
> f7(20) + (G*(20), 2 — 20) + a(n — R)?

> f7(20) + (G°(20), @ — 20) + (R‘i'R20)2]WR

> [*(20) + (G (20), © — 20) + o (),
which implies that the infimum in the definition of ¢°(z) can be restricted as stated. O

Lemma 5.9. The function ¢’ is locally Lipschitz, and for every R > 0 there exists Cr > 0 such that
for every x,h € B(0, R) we have that

g’ (x+h)+ g’ (x —h) —2¢°(x) < Cglh|

Proof. Given R > 0, we take n(R) as in the preceding lemma, and we have that, if z,h € Bx(0, R),
for any given € > 0 there exist z € Bx(0,71) and y € P~1(z) such that

(@) > f2(2) + (G"(2),2 — 2) + @y (x) — €.
Then, using the definition of g and Taylor’s theorem, we obtain
@@ +h)+ ¢ (x—h) —28(x) < f2(2) + (G°(2), 2 + h — y) + py(x + h) + alz — 2 + h?
+ 2(2) + (G°(2),x — h — y) + py(x — h) + a|z — z — h|?
=2 (P () + ()3 = y) + pylw) + alz — =) + 22
= py(z+h) + @y(x —h) —2py(x) + 2a|h|? + 2¢
< (Kg + 2a)|h|? + 2¢,

where K € (0,00) is given by condition ([2.8) applied with max{2R,n(R)} in place of R. Since ¢ > 0
is arbitrary, by sending ¢ to 0 we obtain the desired estimate. One can also see that ¢” is locally
Lipschitz as in the proof of Lemma [5.2] O

Next let us define F* : X — R by

F’ = convy(g’) =

convx (:c it {PE(E 6 -+ o)+ ale - z|2}> ,

where convx () denotes the convex envelope of a function ¢ : X — R.

Lemma 5.10. For every R > 0 there exists C, > 0 such that for every x,h € B(0, R) we have
F*(z+h) + F’(z — h) — 2F" () < Cy|h|?.

Therefore F* € C21(X).

loc

Proof. Use Lemma with X, ¢’, and F” in place of R", g, and F. O

Since m’ is convex, we have m’ < F” < ¢’ on X, which together with (5.35) yields F” = f* on E.
By the same argument as in the proof of Theorem we also have VF?(z) = G*(z) for all z € E.
Finally, let us define F' : R — R by

(5.37) F(z) = F°(P(z)) + (v, z).
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Note that, if y € E C E* then
F(y) = F(P(y)) + (v,y) = F(P(y) + (v,9) = " (P(y)) + (v, y) = m*(y) = t, = f(y),
and also, according to ,
VE(y) = VI*(P(y)) + v = G’ (P(y)) + v = & = G(y).

Therefore (F, VF) extends (f,G) from E to R™.
Let us also see that F' agrees with the expression given by (2.10). To do so, we use the following
fact, whose proof is simple and can be omitted.

Lemma 5.11. If P: R"” — X is an orthogonal projection and ¢ : X — R then
convgn (¥ o P) = (convx(¢)) o P.
Given z € R, z € E’, y € P~'(z), we have
ty + (&, —y) + 9y (P(2)) + a| Pz — y) I
= (P()) + (v,9) + (v + G*(2), 2 — y) + ¢y (P(2)) + a|P(z) — 2|
= ['(2) + (G"(2), P(x) = 2) + (v, 2) + 0y (P(x)) + a| P(z) — 2.
This implies that

Juf {ty + (&yo v =) + ¢y (P(@) +al Pz — I’} = ¢ (P(2)) + (v,2),

and by taking convex envelopes and using the preceding lemma we conclude that

conven (& 1T {6+ (6.~ )+ 9, (P2) +alPlo — ) )

=F’ 0P+ (v,-)=F
The proof of Theorem is complete. O

5.7. Proofs of Theorem Up to replacing m with m™*, using the projection P whenever it is
necessary, and some other trivial changes, the proofs of this result is the same as that of Theorem [I.3]
The details can be left to the reader.

5.8. Proof of Theorem Up to replacing |z|? with (|z|), where 0(t fo s)ds, and making
some other obvious changes, the proof is the same as that of Theorem @ We leave it to the interested
reader.

5.9. Proof of Theorem The proof of the sufficiency part follows the scheme of that of Theorem
2.1 with some important changes which we next explain.

We define the functions m and g as in the proof Theorem (but recall that now E is assumed
to be closed and f, G continuous). All the statements in that proof remain valid in our new setting
until we arrive to . At this point we need to replace Lemmas and with the following two
lemmas.

Lemma 5.12. For every x € X there exists some 1y > 0 such that
g(z) = inf{f(y) +(G(y),x —y) + py(2) +alz —y|* : y € ENB(0,n0)},

and this infimum is attained.
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Proof. Let us write $,(z) = py(z) + alr — y|?. Take a point yp € E and a number 7, > 0 such that
Mo > ||+ (Byo (@) V2. Then, if y € B\ B(0,nz),

F) +(G),z —y) + &y(x) > f(yo) + (G(yo), © — o) + alz — y/?

> f(yo) + (G(yo), © — 20) + Py, (7).
This shows that the infimum defining g(z) restricts to the ball B(0,7,). Since the intersection of

this ball with E is compact and the functions involved are continuous, it is clear that the infimum is
attained. O]

Lemma 5.13. For every x € R™ there exists &, € R™ such that

(5.38) lim sup I&H1) —9() — & 1)

<0.
h—0 |h|

In particular g is continuous.

Proof. We keep denoting @,(z) = ¢,(z) + alz — y[%. As noted in the preceding lemma, the infimum
defining g(x) is attained at, say, some point y, € B(0,7,). Let us put

& = G(Yz) + V@, (2).
We have

9@ +h) —g(x) = (&, h)
< f(Wa) +(G(Y2), @ + h = ya) + Py, (x + h)
_f(ya:) - <G(y1’)7‘7} - yx> - ayz- (‘T) - <G(yx) + V@n (‘T)7 h>
= @y (4 h) = @y, () = (V@y, (), h) = o(h).
U

We can then define F' = conv(g) and use the remark made in [28] that together with
lim;| o0 g(z) = 0o are sufficient to ensure the differentiability of F. Since F' is convex, it follows
that F' € C1(R™). The rest of the proof is exactly as in that of Theorem [2.1

The necessity part is obvious: just set ¢, (z) = F(z) — F(y) — (VF(y),z — y). O
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