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Motivation

Denote the separable ∞-dimensional Hilbert space by H and the set of
all bounded linear operators on H by L(H).

We say that a closed subspaceM⊆ H is invariant under an operator
T ∈ L(H) (or shortly, T -invariant) if T (M) ⊆M. Clearly, every
operator has the trivial invariant subspaces {0} and H.

A famous open problem (Invariant subspace problem, ISP) in the �eld of
operator theory asks if every bounded linear operator on H has a
non-trivial invariant subspace.
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ISP and universal operators

The connection between universal operators and ISP:

Theorem

Every operator T ∈ L(H) has a non-trivial invariant subspace if and only
if all minimal invariant subspaces of a universal operator are
1-dimensional.

De�nition

We say that an invariant subspaceM⊂ H is minimal if the only
invariant subspace contained inM is {0}.

De�nition

An operator U ∈ L(H) is universal if for every operator T ∈ L(H) there
exists α ∈ C \ {0} and an U-invariant subspaceM⊆ H such that the
operators αT : H −→ H and U|M :M−→M are similar i.e.
αT = ψ−1U|Mψ for some isomorphism ψ : H −→M.

Riikka Schroderus 16.1.2014



Universality of the operator Cφ − λ : H2(D) −→ H2(D)

Denote D := {z ∈ C : |z | < 1}. Consider the composition operator Cφ,
Cφf = f ◦ φ, induced by a hyperbolic Möbius mapping φ : D −→ D on
the classical Hardy space H2(D). In their article Invertible composition
operators on Hp (1987) E. Nordgren, P. Rosenthal and F.S. Wintrobe
proved that when λ belongs to the point spectrum of Cφ, the operator

Cφ − λ : H2(D) −→ H2(D) is universal.

The proof relies on a beautiful theorem of S. Caradus (Universal
operators and invariant subspaces, 1969) :

Theorem

If an operator U ∈ L(H)

(i) is surjection H −→ H
(ii) dim Ker(U) =∞
then U is a universal operator.
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The Weighted Hardy Spaces Hγ

We denote by Hγ , γ ∈ [0, 2], the Hilbert space consisting of analytic
functions f : D −→ C for which

‖f ‖2γ :=
∞∑
n=0

|cn|2(n + 1)1−γ <∞, f (z) =
∞∑
n=0

cnz
n.

When

γ = 0, we have the Dirichlet space D2

γ = 1, we have the classical Hardy space H2(D)

γ = 2, we have the Bergman space A2(D).

Note: Hγ1 ⊂ Hγ2 whenever γ1 < γ2.

I My main research question concerns the operator Cφ − λ and its
universality (or non-universality) on the whole scale of weighted
Hardy spaces Hγ , γ ∈ [0, 2].
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Inner functions

As usual, let H∞(D) denote the bounded analytic functions in D.

We say that ϕ ∈ H∞(D) is an inner function if limr−→1− |ϕ(re iθ)| = 1 for
almost every θ. (Note that H∞(D) ⊂ H2(D) so that every ϕ ∈ H∞(D)
has boundary values a.e. on the unit circle T := {z ∈ C : |z | = 1}.)
From the maximal principle it follows that |ϕ(z)| < 1 for all z ∈ D.

As a special case of inner functions we have the Möbius mappings of the
unit disc D that are of the form

φ(z) = e iθ
z − a

1− az
, |a| < 1, θ ∈ R.
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Inner functions: Möbius mappings

Möbius mappings D −→ D can be divided into classes by their �xed
points : A Möbius mapping φ : D −→ D is

I parabolic if it has one �xed point on the circle T
I elliptic if it has two �xed points, one of them in D and the other in
C \D

I hyperbolic if it has two �xed points (other being attractive and
another repulsive) , both of them in the circle T.

If φ : D −→ D is a hyperbolic Möbius mapping we can �nd a Möbius
mapping h : Π+ −→ D such that

h−1 ◦ φ ◦ h = f , f (z) = λφz .

The characteristic constant λφ ∈ R+ \ {0, 1} does not depend on the
conjugate function h and is unique up to its reciprocal 1/λφ. Hence we
can assume that λφ ∈ (0, 1).

The hyperbolic Möbius mapping φ is said to be normalised if it �xes
points −1 and 1.
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The sequence
(
φj(0)

)
j∈Z

A normalised hyperbolic Möbius mapping φ can be written in the form

φ(z) =
z + r

1 + rz
, where r =

1− λφ
1 + λφ

∈ (0, 1).

We denote the iterates of φ by (j = 1, 2, . . . )

φj := φ ◦ · · · ◦ φ, φ−j := φ−1 ◦ · · · ◦ φ−1 (j times) and φ0 = id .

Write zj := φj(0) for all j ∈ Z. Now zj ∈ R and −zj = z−j for all j ∈ Z.

I The sequence (zj)j∈Z is an interpolating sequence!

De�nition

We say that a sequence (zj)j∈Z ⊂ D is interpolating if for every bounded
sequence (cj)j∈Z ⊂ C there exists a function f ∈ H∞(D), f 6≡ 0, such
that f (zj) = cj for all j ∈ Z.
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The Blaschke product Bφ

The interpolating sequence (zj)j∈Z satisfy the Blaschke condition∑
j∈Z(1− |zj |) <∞!

Denote the Blaschke product associated to the sequence (zj)j∈Z by

Bφ(z) := z
∏

j∈Z\{0}

|zj |
zj

zj − z

1− z jz

I Bφ is an eigenfunction with eigenvalue −1 of the composition
operator Cφ!
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The composition operator Cφ

Assume that ϕ : D −→ D is analytic. A composition operator Cϕ
induced by the function ϕ is de�ned by setting

Cϕf = f ◦ ϕ, f ∈ H(D).

I The operator Cϕ is bounded in each of the spaces Hγ , γ ∈ [0, 2], at
least when ϕ :: D −→ D is a Möbius mapping.
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Hyperbolic composition operator

Assume φ : D −→ D is a hyperbolic Möbius mapping. We say that Cφ is
a hyperbolic composition operator.

If φ and φ̃ and are, respectively, a normalised and an arbitrary hyperbolic
Möbius mappings in the same conjugacy class then the composition
operators Cφ and Cφ̃ are similar. It su�ces to consider the operator Cφ
where φ �xes points −1 and 1.

The spectrum of Cφ on Hγ when

γ = 0 is the unit cirle T

0 < γ < 1 is not yet known

1 ≤ γ ≤ 2 is

σγ(Cφ) = {α ∈ C : λ
γ/2
φ ≤ |α| ≤ λ−γ/2φ }

and the point spectrum is

σγp (Cφ) = {α ∈ C : λ
γ/2
φ < |α| < λ

−γ/2
φ }.
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The role of the spectrum

Consider the operator Cφ − λ, where λ ∈ σ(Cφ).

I Cφ − λ can not be universal if λ ∈ ∂σ(Cφ).
I Cφ − λ on H0 = D2 can not be universal for any λ ∈ C!
I Every point in the point spectrum (i.e. eigenvalue) of Cφ on Hγ ,
γ ∈ [1, 2], are of ∞-multiplicity..

I i.e., dimKer (Cφ − λ) =∞ for all λ ∈ σγp (Cφ)!
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Di�culties

The techniques in proving that Cφ − λ is onto on H2(D) whenever
λ ∈ σp(Cφ) rely heavily on the properties that are characteristic for
H2(D) , e.g.

I Multiplying by inner functions is isometry on H2(D)..

..since functions in the Hardy space H2(D) satisfy

‖f ‖2H2 = lim
r−→1−

∫ 2π

0

|f (re iθ)|2 dθ
2π

<∞

and limr−→1− |ϕ(re iθ)| = 1 for almost every θ when ϕ is an inner
function!

I H2(D) = ⊕∞n=0B
2n
φ

(
B2
φH

2(D)
)⊥

.
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Consequences

Notice that the invariant subspaces of Cφ − λ are exactly those that are
invariant under Cφ. Therefore the positive answer to ISP follows if it can
be proved that all the minimal invariant subspaces of the operator Cφ on
H2(D) are of dimension 1.

After the article of Nordgren et al. several people (for example V.
Matache, V. Chkliar, J. H. Shapiro, E.A. Gallardo-GutiÃ c©rrez and P.
Gorkin) have searched and found some conditions for a function
f ∈ H2(D) for which the Cφ-invariant subspace

Kf := span
{
C n
φf : n ∈ Z

}
is minimal or non-minimal.
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Gracias!
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