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ABSTRACT. We present McShane and Whitney extension formulas for a new
class of Lipschitz operators on Banach lattices, that we call lattice Lipschitz
maps. Using them, and based on the (approximate) determination of the set of
eigenvectors of the map, we find the (approximate) diagonal representation of
these maps. Our work on such extension/representation formulas is intended
to follow current research on the design of machine learning algorithms based
on the extension of Lipschitz functions.

1. INTRODUCTION

The diagonal representation of symmetric linear operators is a classical and
powerful tool in the mathematical treatment of many problems in all fields of
scientific and technical activity. Following this general idea, it has been a com-
mon interest of many researchers in mathematics to extend the ideas that allow
to obtain such diagonal representations to other classes of maps, such as bilinear
operators (see for example [4, 5, 6, 12] and references therein), and Lipschitz
operators ([1, 7, 10]). We are interested in developing new techniques to extend
Lipschitz operators on finite-dimensional normed spaces from subsets of eigen-
vectors to the whole space to obtain explicit representation formulas for them,
based on the previous computation of subsets of eigenvectors of the operator.

In the next sections, we introduce a new class of Lipschitz-type operators on
Banach lattices which we call lattice Lipschitz maps. We also provide a comple-
mentary methodology for the extension of such maps from a set of vectors in the
space that approximately satisfy eigenvector equations. Of course, the reason is
that the set of eigenvectors is known to be a convenient set to start extending a
linear operator in a Euclidean space. In this case the computations to obtain the
pointwise evaluation of the map are just additions and multiplications by scalars,
once the values of the operator in this set are known. However, for more general
maps this rule would not work, even when these maps have a reasonably good
linear approximation.

This opens the door to the project of defining more general extension rules
while preserving that, essentially, the operator under consideration can be “re-
constructed” simply by knowing its “fixed points” (except for a multiplicative
constant). Such points are easily described by a geometric argument allowed by
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Euclidean geometry: an (almost) eigenvector of an operator T' is an element x
of the space for which the projection of T'(x) onto the subspace generated by x
(almost) coincides with its multiplication by an scalar. Consequently, a useful
extension rule is one that derives some benefit from this easy description, in terms
of facilitating its mathematical representation. This is the motivation of this sec-
ond part of the paper, and the reason why we propose the procedures explained
here. We thus continue the investigation we started in [6, 7]. Specifically, in
[7] several of these extension procedures are presented, and illustrative examples
from physics and other research fields are given.

Once the set of approximate eigenvectors is fixed, we use it to provide a lattice
structure to the Euclidean space from which we start. Using the related order we
can use the extension formulas for the class of lattice Lipschitz operators that we
have previously studied. The final result gives two extension formulas that can
be used to represent approximately any Lipschitz operator satisfying a certain
(pointwise) lattice order requirement. Our construction relies on the fundamental
fact that, for the case of “diagonalizable” operators on Euclidean spaces, our two
extensions (McShane-type and Whitney-type formulas) coincide with the original
map when applied to the eigenvector set of the operator. It is proved in Theorem
2.14 (see also Corollary 2.15 for the linear diagonalizable operators).

Our results are motivated by the potential use of Lipschitz extension formulas
in Machine Learning algorithms. It has been shown that Lipschitz extensions
can be used to predict value functions in Reinforcement Learning, for example
[14, 15]. Although the use of the theory of Lipschitz functions goes back to the
origin of Artificial Intelligence, recently some new results have pointed out the
power of this mathematical setting to provide competitive algorithms in different
fields of Machine Learning (for example, [16, 17, 18, 22]). Hence our interest in
showing a step-by-step methodology for the application of our results, together
with some examples, which will be done in the last section of the paper.

Through the paper we will use standard concepts and notation. Let R™ be the
set of non-negative real numbers and let D be a set. A metric on D is a function
d: D x D — R* such that for a,b,c € D,

(1) d(a,b) =0 if and only if @ = b, and
(2) d(a,b) < d(a,c)+d(c,b).

Let (M, p) be another metric space. A function T : D — M that satisfies that
there exists a constant K > 0 such that

p(T(a),T(b)) < Kd(a,b), a,be D,

is a Lipschitz function. The Lipschitz constant of T" is the infimum of all constants
K which satisfy this inequality.

A real-valued Lipschitz function 7' : B — R (where R is endowed with the
Euclidean norm), defined on an arbitrary subset B of D can be extended to the
whole space D preserving the Lipschitz constant K, see [11, 13]. This classical
result is called the McShane-Whitney Theorem (from 1934): if B is a subspace
of a metric space (D,d) and T : B — R is a Lipschitz function with Lipschitz
constant K, it is always possible to obtain an extension of T’ to D preserving the
Lipschitz constant. In other words, there is the Lipschitz function F:M >R
that extend T' —that is, T(a) = T'(a) for all a € B—, with Lipschitz constant
K. This extension can be explicitly computed. There are two classical formulas
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that provide T, that are

T™(b) = sgg{T(a) — Kd(b,a)}, beD,

(we call it the McShane extension of T), and

TV (b) := inf {T(a) + Kd(b,a)}, beD.

(that we call the Whitney extension of 7'). A comprehensive study of lipschtz
functions and its extensions can be seen on the book by Cobzas, Miculescu and
Nicolae [3].

In this paper we will modify these definitions for the pointwise evaluation of
functions T : F — FE, where E is a function space; related extension formulas
will be obtained in this case.

Let us recall the definition of Banach lattice. Essentially, this is a vector
lattice —with an order relation <— and a complete norm || - || that satisfies that
|lz]| < |ly|| when |z| <|y|, z,y € E, where |-| is the modulus of the functions, that
are computed using the order (and coincided with the modulus of the funcions
when the lattice can be represented as a function space). We will use it when
the set of elements in which the functions act are finite, so we will consider finite
dimensional Banach lattices. Once a basis is fixed, we can associate to it the
order in the space, that coincides with the coordinates order (that is, for two
vectors of the space x = (x1,...,x,) and y = (y1,...,Yyn), * < y if and only if
<y fori=1,..,n.

2. LATTICE LIPSCHITZ OPERATORS AND LATTICE EXTENSIONS FOR LIPSCHITZ
MAPS

In this section we define our main extension formula for a particular class of
Lipschitz maps. In the case we consider, the finite dimensional normed space
FE is enriched with an order relation, that is defined by a cone associated to
a basis with some characteristic properties. Let us fix first how we consider a
finite dimensional space as a function space to define an order on it. The set
of (approximated) eigenvectors of the map will be fundamental to provide our
(approximated) representation formula.

2.1. Lattice Lipschitz operators. We will define a new extension rule for Lip-
schitz maps on Euclidean spaces that satisfy that it coincide with the usual
representation of diagonalizable linear and non-linear operators (Theorem 2.14
and Corollary 2.15).

Fix E = R" and let B = {z1,...,z,} be a basis for R". Consider, as usual, the
adittion and scalar multiplication defined by its components. We will consider
the lattice order on R™ provided by the basis, that is if x = («q,...,ay) and
y = (B1, ..., Bn) are representations of two vectors of E given by its coordinates
in B, we define

x <y ifandonlyif o«; <B;, foreveryi=1,...n.
This order is the one given by by the positive cone

C:{x:Zaixi: aiZOforizl,...n},
i=1
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so x <y if and only if y —x € C. It is easy to see that the sumprema, infima and
modulus in this space is the one given by its components, so

n n
> i) =) ladlai
i=1 i=1

Recall that each vector z = Y ! | a;z; = (v, ..., ay) of the space E can be
considered as a function f; : @ = {1,...,n} — R in the usual way, f,(w) = ay
and we will refer to f, also as . Thus, F¥ can be seen as a space of functions
and it defines an order in E as the pointwise order in the space of functions.For
z,y €F,

x <y ifand only if z(w) <y(w), for everyw € .

Observe that this order coincides with the one provided by its components. The
multiplications of two elements of E will also be considered as pointwise multi-
plication.

In what follows we will consider the geometry of E induced by the 2-norm of
the function f, when integrating with the counting measure ¢, that is,

1/2 n 1/2
[l[lf2 = (/{1 }If(k‘)|2dc(k)> =<Zlazl2> :

i=1

Obviously this norm is compatible with the order provided by the function struc-
ture of the space L%(c) (it is in fact the order in this space), so we have a Banach
lattice. Note that this norm can be written as an integral of a function (x, -) in the
space L?(v) for a suitable measure v (for example the one given by the addition
of Dirac’s deltas on biorthogonal functionals for a basis B of E, see [6, 7]).

In what follows, we will asume that we have a basis B of ' and we consider
the order defined above.

Definition 2.1. We say that the operator T : E — E is lattice Lipschitz if there
is a bounded function K : E — R such that for every x,y € E,

T(2) - T(y)|(w) < K(w)lz - yl(w), we .

This definition is based on the idea of the point wise evaluation of the functions,
writing it in terms of the order of the space E, as

T(x) = T(y)| < Klz —yl.

It can be seen as a particular case of the one given in [25], with E as a Banach
algebra, considering E as a cone metric space on F itself with the cone metric
p: ExXE—FE
p(z,y)(w) = |z —y|(w), weN
for z,y € E. Recall that a cone metric on a set X (see for example [25]) is a
map p : X X X — Y, where Y is a Banach lattice, and satisfies that for all
r1,xo,x3 € X,
(1) 0 < p(xq,x2) if 21 # 9, and p(x1,21) = 0,
(2) p(l'l,[EQ) = p(.’EQ, .’El),
(3) p(x1,22) < p(z1,23) + p(a3, T2).
However, it has only been applied to fixed point theory and the idea of extend-
ing operators which satisfy the previous definition is, as far as we now, new.
Some other Lipschitz-type inequalities in ordered spaces can be found on Pa-
pageorgiou [27], Németh [26] or Li [28]. For the specific case of Banach function
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spaces, the recent paper [2] provides a concrete adaptation of such kind of in-
equalities for spaces of integrable functions. Ch.4.1 in [3] provides an overview
on the topic.

Remark 2.2. A relevant property of the lattice Lipschitz operators with Lipschitz
function K(w) is that they are, in particular, Lipschitz operators with norm less
than or equal to sup,, |K(w)|. Indeed, note that for x,y € E, if we have that

IT(x) — T(y)|(w) < K(w) - |x —y|(w) for every point of the domain set w,

we also have that, by the relation of the order and the norm on any Banach
lattice,

I1T(@) = T < 1K (w) - [ = yl(w)]| < sup [K(w)] = -yl

In what follows we will develop the extension results for this family of operators.
It can be found in the scientific literature about Lipschitz extensions ideas that
are in a sense similar. The fundamental extension methods for Lipschitz maps can
be found in Cobzas [3]. In this sense, the already mentioned results of McShane
and Whitney ([11, 13]), together with the celebrated Kirszbraun Theorem ([8]))
form the classical core of the topic.

Let us define lattice-based extension formulas for such an operator 7.

Definition 2.3. Let Eg C E. For a lattice Lipschitz operator T : Eg — E with
associated bounded function K : Q — R, we consider the formulas

™ (2)(w) == \/{T(z)(w) — K(w)|lx —z|(w) : z € By}, x€E,
and

™ (2)(w) = /\{T(z)(w) + K(w)|x — z|(w) : z € By}, z€E.
Remark 2.4. Previous expressions are well defined in the sense that the suprema

and infima exists for any w € Q and T, TV are operators from E to E. Indeed,
given x € E| let y € Fy be fized and let w € Q. Then, for any z € Fy,

T(z)(w) = T(y)(w) < |T(2) = T(y)|(w) < K(w)|z —y|(w)
< K(w)|z — zf(w) + K(w)|z — y|(w).
It follows that
T(2)(w) - K (w)|e - 2I(w) < T(y)(w) + K(w)]z — yl(w) = M.

Since M does not depend on z, {T(z)(w) — K(w)|x — z|(w) : z € Ey} is a set
of real numbers bounded from above by M, so its supremum exist. It shows that
TM(x) € E, for the TV case consider following remark.

Remark 2.5. Notice that the extension formulas T™ and TV are related by the
equation

T (2)(w) = /\{T(z)(w) + K(w)|x — z|(w) : z € Eg}
= N {=((-T)(z)(w) = K (w)|z - 2|(w)) : 2 € Eo}
= - \H{(-1)(2)(w) = K(w)|z — 2|(w) : 2 € Eg} = —(=T)™ (x)(w).

Moreover, =T : Ey — E is also a lattice Lipschitz operator with the same associ-
ated function K. This fact will allow us to prove some properties only to one of
the formulas and apply the previous identity for the other case.
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Observe that the only information of the space E required in both extension
formulas is the order in E and the associated Lipschitz function, which is cal-
culated using the order. Non information about metric or linear structure is
required.

Proposition 2.6. Let Eg C E. Let T : E — FE be a lattice Lipschitz operator
with associated bounded function K : Q@ — R. Then TM and TW are suitable
extension formulas from Eg to E which preserve the lattice Lipschitz inequality
with the same function K.

Proof. First we show that T™ is an extension of T. For any = € Fy and w € €,
clearly one has

T (z)(w) > T(x)(w) — K (w)|z — z|(w) = T(z)(w).
In addition, for every y € Ej,
T(y)(w) = T(x)(w) < |T(y) — T(x)|(w) < K(w)|y — z[(w),

so T(y)(w) — K(w)|z — s|(w) < T(z)(w) and, taking supremum, 7™ (z)(w) <
T(x)(w). We conclude that T'(x) = TM(z) for every x € Ej.

In order to justify that TM verifies the lattice Lipschitz inequality with the
same function K, let x,y € E. For any w € Q, if z € Ey

T (2)(w) > T(2)(w) — K (w)|z — z|(w)
> T(z)(w) — K(w)ly — z[(w) — K(w)|z — y|(w).
It follows that
T (2)(w) > \/{T(2)(w) — K (w)|y — 2[(w) — K (w)|z — y|(w) : z € Eo}
= TY (y)(w) — K(w)|z - y|(w),

so K (w)|x —y|(w) > TM (y)(w) — TM(z)(w). Interchanging the roles of = and v,
one obtains K (w)|y — z|(w) > T (z)(w) — TM (y)(w), so

T () (w) — T (y)(w)] < K (w)]y — z[(w).

The case of TV, can be proved similarly or by applying the previous case to
—T as in Remark 2.5. U

The following result gives information about the extremal properties of the
McShane and Whitney lattice extensions.

Proposition 2.7. Let Eg C E. LetT : By —» FE Abe a lattice Lipschitz operator
with associated bounded function K : Q — R. If T : E — FE is an extension of

T which preserve the lattice Lipschitz inequality with the same function K, then
™ <T<TW.

Proof. Let € E and w € €. Since T is a lattice Lipschitz operator with
associated function K, for any z € Fjy

—K(w)|z — z|(w) < T(x)(w) = T(2)(w) < K(w)|x — z|(w).
Notice that T'(z)(w) = T(2)(w), so
T(2)(w) = K(w)|z - 2|(w) < T(z)(w) < T(2)(w) + K (w)|z - 2[(w).

Now, tacking supremum on the left and infimum on the right, 7™ (z)(w) <
T(x)(w) < T (z)(w). O
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Remark 2.8. Last proposition also show that TM < TW | but we can also study
how both extensions differ. We claim that

0<TW(2) - TM(z) < 2K \{|x - 2| : 2 € Eg}
for any x € E. Indeed, if w € Q,
TV (2) = TV (z) =
= N\{T(2) + K|z — 2| : z € Eo} = \/{T(2) — K|z — 2| : z € Eo}
= \{T()+ K|z —z|: 2 € BEo} + \{-T(2) + K|z — 2| : z € Eo}
< N{T(2) + K|z — 2| = T(2) + K|z — 2| : 2 € Eo}
= N\{2K|z — 2| : z € Ep}

Definition 2.9. We say that an operator T : E — E is diagonal with respect to
a basis B = {x1,x2,...,2n} of E = R"™ if there exists f; : R — R real functions
for 1 <1i <n such that

n n
T(Zaixi) = Zfi(a,-):):i, for any a1, as,...,a, € R, (1)
i=1 i=1

In this case, we call the f; coordinate functions of T'.
Observe that previous conditions can be rewritten as

T((Oq, a9, ... ,Oén)) = (f1 (041), fQ(OéQ), ceey fn(an))

in the coordinates of the basis B.
Next results characterizes the lattice Lipschitz condition on euclidean space.

Theorem 2.10. Let T : E — E be an operator. Consider on E the order
provided by the basis B = {z1,...,z,}. Then, T is a lattice Lipschitz function
with associated function K :  — R if and only if T' is diagonal respect to the basis
B with coordinate functions begin real Lipschitz with Lipschitz constant K ().

Proof. Suppose first that T is diagonal on the basis B and f; are real Lipschitz
function with Lipschitz constant K(i). Let x = > " oua; and y = Y i | Biw;
two elements of F, then

T (z) = T(y)| = Z | filai) = fi(Bi)|zi < ZKi|ai — Bilri = K|z —yl.
=1 i=1

For the converse, let T' be a lattice Lipschitz function with associated function
K. Consider T; : E — R the functions such that

T(x)= ZTZ(x)acz, rekFE. (2)

Define now the real functions f; : R — R for 1 < j <n as
fila) = Tj(ax;).
We claim that

T;( D aii) = filay). (3)
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To see this, fix 1 < j <n,if x => " | a;x;, then
Tj(x) = fi(ey)| = [Tj(z) — Tj(ez;)| = |T(x) — T(ajz;)[ ()
< K(j)lz — ajz;|(§) = K(j)laj — aj] = 0.

In other words, the function 7} only depends on the j component of z. As a
consequence of (2) and (3),

T(Y oums) =D Ti( D oumi)zy =Y filay)z;.
i=1 j=1 i=1 j=1

To finish the proof, we shall show that each f; is a (real) Lipschitz function. Let
a, B eR,
[fi(a) = fi(B)] = [Tj(ewj) = Tj(By)| = [T(aw;) — T(B;)|(4)
< K(j)lax; — Bl (j) = K(j)ler — B.
O
Remark 2.11. Consider on E the order provided by the basis B = {x1,...,2n}.
For an operator T : E — E the following statements are equivalent.
(1) T is a lattice Lipschitz operator with the order provided by B.
(2) T is a diagonal operator with coordinate functions being real Lipschitz
functions.
(8) T wverifies that for any 1 <i < n there exists K; > 0 such that
(T(x) = T(y), z7)| < Kil{z —y, z7)]
where x}f € E* is the functional defined as x}(z;) =1 and x}(z;) = 0 if
i 7.
The following examples show the importance of the order in the space on the
study of lattice Lipschitz or diagonal mappings.

Example 2.12. Let f : R? — R? be f(z,y) = (y,x). Clearly it is not a lattice
Lipschitz mapping (on the usual order of R?) because

for any K = (K1, Ks) € R%. But we claim that it is a lattice Lipschitz function
on R? when an appropriate order is considered. Indeed, let be vi = (1,1) and
ve = (1,—1), consider the basis B = {v1,v2} and the order provided by B. Then,

flavi + Bug) = fla+ B,a—B) = (a — B,a+ B) = fila)vr + f2(B)ve,

where f1(t) =t, fa(t) = —t, that are real Lipschitz functions. By Theorem 2.10,
it 18 a lattice Lipschitz mapping.

Example 2.13. Let on R? with the usual order be the mapping ¢ : R? — R?

(22% + 2¢°, 4ay) if lv+yl <2,z -yl <2
(x+y)?+4,(x+y)?—4) ifle+y <2|z—y[>2
A+ @—y2d—(x-y)?) ifle+y >2z—yl <2
(8,0) if lx+yl>2, |z —y|>2.

P(z,y) =

Clearly it is not a lattice Lipschitz function, since

6(0,3) — ¢(0,0)[(1) = 2 £ K[(0,3) — (0,0)[(1) = 0
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for any K. Let us see that it is a diagonal function when considering on R?
the order induced by the basis B = {v1,va} with vi = (1,1),v2 = (1,—1). For
a, B €R, it is easy to see that

(40 +4p%40® —45%)  if|a| <1,[8] <1

) (40 + 4,40% — 4) if lof < 1,18] > 1
dlavi + fuz) = (4+ 462, 4 — 452) if lal > 1,18 < 1
(8,0) if lof > 1,16] > 1

s0 ¢p(awvy + Bra) = fr(a)vy + f2(B)ve where f1(t) = fa(t) = 4% for |t| < 1 and
4 otherwise. Since ¢ is diagonal on the basis B with coordinate functions fi, fo
real Lipschitz functions with Lipschitz constant equal to 8, by Theorem 2.10 ¢ it
is a lattice Lipschitz function with associate function K (1) = K(2) = 8.

Theorem 2.14. Let E = R™ and consider the order provided by a basis B =
{z1,29,..., 2} of E, and let T : E — E be a lattice Lipschitz function with as-
sociated function K and coordinate functions f; (the decomposition (1) is possible
because of Theorem 2.10). Consider the “azis” set ¥ = {ax;: o € R,1 <i <n}.
Then,

(1) the Whitney and McShane extensions of T'|s, from ¥ to E are
(Tl =T and (T|x)V =T.
If, in addition, T'(0) = 0,
(2) the set of eigenvectors of T' contains 3, and
(3) if X is an eigenvalue of T, |A| < sup,ecq K-

Proof. (1) Let us consider now x = Y_" | ojz; and study the McShane extension
of Ty at .

T (x) = \/ T(s) - K|z — s| = \/ (\/ T(owx;) — K|z — ozxi|> .

SEX =1 \a€eR

Fixl <w <nandletl < <mn. Observe that z—ax; = (ai—a)xi—i—zjﬂ a;xj,
so if w #£ i

(\/ T (o) —K|x—a$i|> (w) = \/ fuw(0) = Kplaw| = fu(0) = Ky|aw.

aceR aceR

Since fw(o) - fw(aw) < |fw(0) - fw(aw)| < Kw’aw’7 then fw(o) - Kw|aw| <
fuw(aw), so

(\/ T(ax;) — Ko — aa;i\> (W) < fulow). (4)
aceR
For the case w = 1,

(\/ T(axy) — K|z — om:w|> (w)=\/ fuwla) = Kylaw — af

a€eR a€eR

Observe that fi,(a) — fu(aw) < |fula) = fu(aw)] < Kyla—ay,| for any o € R, so
fuw(a) = Kylow, —a| < fu(aw), so the supremum is attained a o« = «,. It implies

(\/ T(axy) — K|z — aww]> (w) = fuw(aw). (5)

acR
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As a consequence of (5) and (4),

n
T (2)(w) = \/ (\/ T(aes) — Kl - aei|> () = fulaw) = T()(w),
i=1 \a€eR

which proves that TM (z) = T(x).

The proof for the Whitney case is immediate by using previous case on —T..

(2) Clearly, z = 0 is an eigenvector of T'. Observe that the condition 7'(0) = 0
implies that f;(0) =0 for all 1 <i < n. Let ax; in ¥ with a # 0,

i(a
al’z gfj l’j‘|‘f1 ) Zg flg )O‘l‘z}
jF#

so ax; is an eigenvector of 1" with eigenvalue @
(3) If T'(x) = Az (with = # 0), equation (1) implies that f;(a;) = Ao for each
i. Since x # 0, at least one ay, is not 0, so

fio (ai0> fio (O‘io) fm

io Qi

Al =

K|, —
’ ’LO’ 10 |’ — Kio S Sup Kw-
well

0

An immediate consequence of Theorem 2.14 is the following, in which the linear
case is considered.

Corollary 2.15. Let T : E — FE be a linear diagonalizable operator with real
eigenvalues A1, ..., A\, € R. Let B = {x1,...,x,} be a basis for E of eigenvectors of
T. Consider the complete set of eigenvectors Eqy and recall that the order in the
lattice is induced by the cone defined B. Then
(1) T|E, is lattice Lipschitz with associated function K (r) = |A\.|, 7 € {1,...,n}.
(2) Both TM and T provide lattice Lipschitz extensions of T|g, from Eq to
FE preserving the associated function K such that

(Tg)M =T and (T|g,)" =T.
Consequently, T is lattice Lipschitz with associated function K.

The coincidence of the lattice Lipschitz extension rule and the linear rule opens
the door to a general procedure for extending Lipschitz maps with a “largue
enough” set of eigenvectors. For the diagonalizable case, the minimum-maximum
condition of the McShane and Whitney extensions (Proposition 2.7) can be con-
sidered, along with the extension behavior of diagonalizable mappings (Theorem
2.14) when applying these formulas to obtain the following results, which reveals
a uniqueness property for the lattice extension of linear maps.

Corollary 2.16. With the same hypothesis as in Theorem 2.14, T s the unique
lattice Lipschitz operator with associated function K that extends T'|x.

Corollary 2.17. With the same hypothesis as in Theorem 2.14, if T(0) = 0 and
Ey is the set of eigenvectors of T', then the McShane and Whitney extensions of
T|g, are equal to T

Although we have shown that the extension formulas work as expected for
the case of diagonalizable operators, recall that we are interested in the case of
general lattice Lipschitz maps. Next we will show the error bounds for the lattice
extension formulas at a point © € F with respect to the original operator T'. This
expression is valid for the Lipschitz functions of the lattice, and has to be used
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to control the error committed when the reconstruction of the function is done
from the information we have about it in a subset.

Proposition 2.18. Let T : E — E be a lattice Lipschitz operator with associated
bounded function K : Q@ — R and Ey C E. Then, for any x € £

—ZK/\{\x—z\ t2€ Fo} < (T|g)M(x) — T(x) <0 and
0 < (T|g)" (2) — T(z) < 2K \{|z — 2| : 2 € Eg}.

Proof. For T : E — E as in the statement of the proposition, consider T'|g,. If
x € F, applying that T is a lattice Lipschitz operator in the whole E,

(T|g,)" () = T(x) = N{T(2) + Kya; —2|: z€ By} — T(x)
= \{T(2) = T(z) + K|z — 2| : z € Eo}
</\{|T )|+ Klx—z|: z€ Ep}
g/\{K|z—x|+K|x—z\ . z € By}
=2K \{|z — 2| : z € Eg}.

In addition,

(T|,)" (z) = \{7(2) Y+ K|z —z|: z € Ey}
>/\{ T(2) = T(2)| + K|z — 2| : z € Eo}
Z/\{—K!z—x\—i—K\x—z\ :z€ Eyl =0.

The bounds for the McShane case can be proved by applying Remark 2.5. ([

Remark 2.19. Previous proposition can also be proved as a consequence of
Proposition 2.7 and Remark 2.8. Observe that the original map T is a suit-
able extension of T|g, (with the same associate function). So it is clear that
forx € E, TM(x) < T(x) < TW(x). Also note that |TV (x) — TM ()| <
2K N{|z — 2| : z € Eg}, so T(z) cannot differ from TM(x) and TV (x) more
than 2K N{|z — z| : z € Ep}.

To finish this section, let us show a complete example that can be completely
computed. We will show the set of eigenvectors, the associated lattice Lipschitz
function, and the McShane and Whitney extensions of the map.

Example 2.20. Consider the function ¢ : R? — R? given by
2 2

x Yy 2
= 7 R2.
o(x,y) (1+x2,1+y2), (z,y) €

The computation of the eigenvectors by means of the eigenvector equations provide
the next formulas in terms of the eigenvalues X\; for A = 0, the eigenvector is
(0,0). The spectrum of the map is given by the values of X\ € [—1/2,1/2]. The
eigenvectors associated to each of these values are given by the combination of
values (z,y) for X # 0 given by the formulas

1 1
— e pp— —_ 2 = — — —_ 2
x =0, :U—2/\(1—|—\/1 4)\) or x 2)\(1 VAl 4)\)
and

y =0, y:%(l—i—\/l—ll)\?) or x:i(l—\/1—4)\2).

2\
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FicURE 1. Representation of the set of eigenvectors for the func-
tion ¢. All the points in the curves and lines represented are eigen-
vectors, including the axis OX and OY.

The representation of the points (x,y) that are obtained following this description
is given in Figure 1.

In this case the lattice structure is given by a function space acting in a two-
point measurable space {w1,ws}, and the evaluation of the functions at each of
these points is one of each coordinates of the resulting vector. A standard opti-
mization procedure leads to find the lattice Lipschitz function that plays the role
of the Lipschitz norm, that is

3v3
T

We consider as subset for constructing the McShane and Whitney extensions
the set Ey of all the eigenvectores described above. We write the Whitney formula.
Using the parametrization provided by the eigenvalues A and taking into account
that the infimum can be computed separately for each coordinate, the formulas
are, for every (zo,yo) € R?,

K(w1) = K(w2) =

P1((¢|E0)W(ﬂfo,yo)) = /\ ()\93()\) + 3\8/3 : ’95()\) - 960‘) A % |20l

8
)‘e[_%v%]

1
— inf 7<1i 1—4x? /\@-w,
rel-4.5] | 2

8
and

P(@le) o) = A (A0 + 22y — o) 4 22

rel-14

)ﬁﬁ'l

2)\(11 1—4)\2>—:170
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3\/§i

1 3v3
= if $o(1EV1-a0) 222 ol
in 5 M%)+ g o A S lyol

rel-3
where (¢],)" (x0,y0) = (P1((0m)" (20, %0)), P2 (8] 5,)" (0, 90)))-

As a consequence of Corollary 2.17, we know that this extension formula (and
the one of McShane) coincides with the original function. Note, however, that
we can also use these formulas if we take a (proper) subset of eigenvectors. In
case that such a subset does not contain the axis, the coincidence of the extension
with the function need not occur.

(HE 1—4/\2)—y0

REFERENCES

[1] Appell, Jirgen, Espedito De Pascale, and Alfonso Vignoli. Nonlinear spectral theory. Vol.
10. Walter de Gruyter, 2008.

[2] Cavalcante, Wasthenny V., Pilar Rueda, and Enrique A. Sdnchez-Pérez. ”Extension of
Lipschitz-type operators on Banach function spaces.” Topological Methods in Nonlinear Anal-
ysis 57.1 (2021): 343-364.

[3] Cobzas, S., Miculescu, R. and Nicolae A. ”Lipschitz functions.” Vol. 2241. Cham: Springer,
2019.

[4] da Silva, Eduardo Brandani, Dicesar L. Fernandez, and Marcus Vinicius de Andrade Neves.
? A spectral theorem for bilinear compact operators in Hilbert spaces.” Banach Journal of
Mathematical Analysis 15.2 (2021): 1-36.

[5] da Silva, Eduardo Brandani, Dicesar Lass Fernandez, and Marcus Vinicius de Andrade
Neves. ”Schmidt representation of bilinear operators on hilbert spaces.” Indagationes Mathe-
maticae 33.2 (2022): 494-516.

[6] Erdogan, Ezgi and Enrique A. Sanchez Perez. ” Eigenmeasures and stochastic diagonalization
of bilinear maps.” Mathematical Methods in the Applied Sciences 44.6 (2021): 5021-5039.

[7] Erdogan, E.; Sanchez Pérez, E.A. Approximate Diagonal Integral Representations and
Eigenmeasures for Lipschitz Operators on Banach Spaces. Mathematics 2022, 10, 220.
https://doi.org/10.3390/ math10020220

[8] Kirszbraun, M. D. (1934). ”Uber die zusammenziehende und Lipschitzsche Transformatio-
nen”. Fund. Math. 22: 77-108.

[9] Fremlin, D. H. (2011). ”Kirszbraun’s theorem” (PDF). Preprint. Available in
https://en.wikipedia.org/wiki/Kirszbraun theorem

[10] Furi, M., Martelli, M. and Vignoli, A. Contributions to the spectral theory for nonlinear
operators in Banach spaces. Annali di Matematica 118, 229-294 (1978).

[11] McShane, E. J. (1934). Extension of range of functions. Bulletin of the American Mathe-
matical Society, 40(12), 837-842.

[12] Phillips, John Richard. ”Eigenfunction expansions for self-adjoint bilinear operators in
Hilbert space. PhD. Thesis. Oregon St. U. 1966.

[13] H. Whitney: Analytic extensions of differentiable functions defined in closed sets, Trans.
Amer. Math. Soc. 36, 1934, no. 1, 63-89.

[14] Calabuig, J. M., H. Falciani, and Enrique Alfonso Sdnchez-Pérez. ” Dreaming machine learn-
ing: Lipschitz extensions for reinforcement learning on financial markets.” Neurocomputing 398
(2020): 172-184.

[15] Falciani, H., and E. A. Sdnchez-Pérez. ” Semi-Lipschitz functions and machine learning for
discrete dynamical systems on graphs.” Machine Learning (2022): 1-33.

[16] Anil, C., J. Lucas, and R. Grosse. ”Sorting out Lipschitz function approximation.” Inter-
national Conference on Machine Learning. PMLR, 2019.

[17] Asadi, Kavosh, Dipendra Misra, and Michael Littman. ” Lipschitz continuity in model-based
reinforcement learning.” International Conference on Machine Learning. PMLR, 2018.

[18] Cohen, Jeremy EJ, Todd Huster, and Ra Cohen. ”Universal lipschitz approximation in
bounded depth neural networks.” arXiv preprint arXiv:1904.04861 (2019).

[19] Fuéik, S., Necas, J. Soucek, V., Soucek, J., (1973). Spectral analysis of nonlinear operators,
Springer-Verlag Berlin
[20] Husslein, T., Fettes, W., and Morgenstern, I. (1997). Comparison of calculations for the
Hubbard model obtained with quantum-Monte-Carlo, exact, and stochastic diagonalization.
International Journal of Modern Physics C, 8(02), 397-415.



14 R. ARNAU, J. M. CALABUIG, E. ERDOGAN, E. A. SANCHEZ PEREZ

[21] Lee, Dean, Nathan Salwen, and Daniel Lee. ” The diagonalization of quantum field Hamil-
tonians.” Physics Letters B 503.1-2 (2001): 223-235.

[22] von Luxburg, Ulrike, and Olivier Bousquet. ”Distance-Based Classification with Lipschitz
Functions.” J. Mach. Learn. Res. 5.Jun (2004): 669-695.

[23] Williams, M. M. R. ” A method for solving stochastic eigenvalue problems.” Applied math-
ematics and computation 215.11 (2010): 3906-3928.

[24] Williams, M. M. R. ”A method for solving stochastic eigenvalue problems II.” Applied
Mathematics and Computation 219.9 (2013): 4729-4744.

[25] Liu, Hao and Shaoyuan Xu. ”Cone metric spaces with Banach algebras and fixed point the-
orems of generalized Lipschitz mappings.” Fixed point theory and applications 2013.1 (2013):
1-10.

[26] Németh, S. Z. ”Iterative methods for nonlinear complementarity problems on isotone pro-
jection cones.” Journal of mathematical analysis and applications 350.1 (2009): 340-347.

[27] Papageorgiou, N. ”Nonsmooth analysis on partially ordered vector spaces. II. Nonconvex
case, Clarke’s theory.” Pacific Journal of Mathematics 109.2 (1983): 463-495.

[28] Jiang, S. and Li, Z. Order-Lipschitz mappings restricted with linear bounded mappings in
normed vector spaces without normalities of involving cones via methods of upper and lower
solutions. Filomat 32:19 (2018), 6691-6698.

EZGI ERDOGAN. DEPARTMENT OF MATHEMATICS, FACULTY OF ART AND SCIENCE, UNI-
VERSITY OF MARMARA, 34722, KADIKOY, ISTANBUL, TURKEY.
Email address:  ezgi.erdogan@marmara.edu.tr

ROGER ARNAU, JOSE M. CALABUIG, ENRIQUE A. SANCHEZ PEREZ, *CORRESPONDING AU-
THOR. INSTITUTO UNIVERSITARIO DE MATEMATICA PURA Y APLICADA, UNIVERSITAT POLITECNICA
DE VALENCIA, CAMINO DE VERA S/N, 46022 VALENCIA, SPAIN.

Email address: ararnnot@posgrado.upv.es, jmcalabu@mat.upv.es, easancpe@mat.upv.es



