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@ K C R" is called a convex body if it is convex and compact.
@ The closed unit ball of any norm in R” is a symmetric convex body.

@ Conversely, any centrally symmetric convex body K with non-empty
interior is the unit ball of a norm in R":

x|l = inf{A >0 : x € AK}

@ We will not assume that K has non-empty interior.



The Minkowski sum

The Minkowski sum of two sets is defined as

A+B:{x+y:x€A,y€B}:U(x+B)
XEA

A A+ B
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The Steiner polynomial

n
o |K+1tBj|,= Z (7) Wi(K)t' (Steiner’s polynomial)

i=0

o A(K+tB3)= A+ Lt + 7t2.
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The quermaBintegrals

Given a convex body K C R" with non-empty interior

n
o Ik + 1831, =3 () itk

i=0
o Wo(K) = |K|n Volume
o nWi(K) = |0K|n-1 Surface area
o W,_1(K) = |BI|,w(K) Mean width
o Wa(K) = (B3l
o Wi(K)= U3|£B_£:::_,/Gn B |Pr(K)|n—idv(F)  (Kubota’s formula)
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Intrinsic volumes

@ Given a convex body K C R”

n

K+ tBJln = (7) Wi(K)t'.

i=0

o If KC E € Gy and Be = BJ N E then

k
k .
K+ tBelk =Y ( > W (K)t.

: ]
i=0

@ Insuchcase W; =0for0<i<n-—k—1and

@W(k)K—MW (K 0<i<k
Bl T g et 0SS



Intrinsic volumes and the Wills functional

@ The j-th intrinsic volume of K is
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Intrinsic volumes and the Wills functional

@ The j-th intrinsic volume of K is

()

2

e The Wills functional (Wills, 1973) of K is
W(K) =Y Vi(K)
i=0
@ Forany A >0

WOK) =1+ Z N Vi(K).

i=1
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Log-concave functions

f:R" — [0, 00) is log-concave if

f(x) = e “®) with u: R" — (—o0, 00] convex.

If £ is integrable in R” then ()l = e~v0) with v : R” — [0, 00] convex
and -
/ fix) dx:/ et|Kt|dt:/etdtdx,
o ||l 0 L
where

Ke={x €R" : f(x) > e [|f]loc}

L = epi(v)={(x,t) e R™ : v(x) <t}
= {(x,t) eR™ 1 f(x) > e*||flloc}

N
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Log-concave functions

Given a convex body K C R
® Xk is log-concave and |K]| :/ Xk (x)dx :/ e dtdx
R" K

x[0,00)
Xk (x) et
R" R"
K K
o If 0 cintK e IIxllx js log-concave and,
1 1
K| = I/ e IXllk gy = — e 'dtdx
n: Jrn n= Jepi(||1x)
[N
-

Rn
K
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Log-concave functions

Assume that K C R" is a convex body and E € G «
@ PgK is a convex body in E.
o If u is the uniform measure on K the projection of p is not the
uniform measure on PgK. It is a measure with a log-concave density.

@ The class of log-concave functions is the smallest class, closed under
limits, that contains the densities of the marginals of uniform
probabilities on convex bodies.

@ Many geometric inequalities have been extended to the setting of
log-concave functions, recovering the geometric inequalities when
applied to yx(x) or e~ lIxl«.
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Translation of notation

convex bodies log-concave functions

K XK f

K] Jro XK (x)dx = |K]| Jro F(x)dx

K+L XK * XL = XK+L fxg
(Fxg(z) = zil)J(E_y f(x)g(y) Asplund product)

KN (x = L) xkxxi(x)=|KN(x-L) fxg

(f * g(x) = [gn f(2)g(x — z)dz convolution)

PuK supy eyt Xk(X +¥) = XPuk (X)PHT := sup,epyr f(x +y)
(x e H)
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Two key observations

o First observation (Hadwiger, 1975)
t
K+,/—BJ
7T

/e—mﬂ(x,K)dX:/ ot
Rn 0

— /Ooo efg (7) Wi(K) (;)2 dt = Z:; Vi(K) = W(K).

dt




Two key observations

o First observation (Hadwiger, 1975)
t
K+,/—BJ
7T

/ne_”dz(X’K)dx: /OOO et
RS AYICIORE IR

@ Second observation (A-G, Hernidndez Cifre, Yepes, 2021): e~ (x:K)
is log-concave and

dt

e TR = (eI w x4 ) (x)

nd?(x, K) || x[I5

AN A

K R” R" K R?
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o |K+LJn>|K|n+|L|7
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The three forms of the inequality are equivalent.
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Prékopa-Leindler inequality (1971)

Let f,g,h: R" — [0,00) be measurable functions and let A € [0, 1].
Assume that for any x,y € R”

h((1 = X)x + Ay) > F(x)' g ()™

/n )k = (/ f(x)dx)l_/\ (/Rng(y)dy))\.

Given K, L C R" convex bodies and A € [0, 1], taking

Then,

f(x) = xk(x), g(y) = xu(y), h(z) = X(l—A)K+)\L(Z)»

we obtain Brunn-Minkowski inequality

(1= MK + AL > KPP



Brunn-Minkwoski type inequality for the Wills functional

Given K, L C R" convex bodies and A € [0, 1], taking

f(x) _ e_”dZ(X’K), g(y) — e—7rd2(y,/_)7 h(z) _ e—7rd2(z,(1—)\)K+)\L)’

we obtain

Theorem (A-G, Herndndez Cifre, Yepes (2021))

Let K, L C R" be convex bodies and X € (0,1)

W((1 = N)K + AL) > W(K) w0




Brunn-Minkwoski type inequality for the Wills functional

Taking

f(x)=e ™ NIXE  g(y) = yi(y), h(z)=e "hyg(z) = e ™=K
A

we obtain

Theorem (A-G, Herndndez Cifre, Yepes (2021))

Let K C R" be convex bodies and A € (0,1)

1 S
Wik) = <AA(1—A)1‘2*> K™
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Rogers-Shephard inequality

Theorem (A-G, Gonzilez, Jiménez, Villa (2016))

Let £ : R" — [0, 00) be an integrable log-concave function and
f(x) = f(—x). Then
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Rogers-Shephard inequality

Theorem (A-G, Gonzilez, Jiménez, Villa (2016))

Let £ : R" — [0, 00) be an integrable log-concave function and
f(x) = f(—x). Then

/n f o F(x)dx < (2:) 1Flloo /R F(x)dx.

Taking f(x) = xk(x) we obtain Rogers-Shephard inequality

2
K-kl < (7).
n
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Rogers-Shephard inequality for the Wills functional

Taking f(x) = e ™ (cK) = e=I3 x y(x) we have that

Fof = (e My« (e wx k()
= (e 2w eIy o (i (+) + x—k ()

—T 12
— e 2” ”2 *XK*K(')
efgdz(x,KfK)

and we obtain

Theorem (A-G, Herndndez Cifre, Yepes (2021))

Let K C R” be a convex body. Then

W (K\;§K> . (;n'g’) W(K).
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...and many more

Let K, L C R" be convex bodies and \ € [0, 1]. Assume that 0 € K and
let H € Gy . Then

o W(KN L)W (535) < 2nw(K)w(L)
o W(K — K) < 2"W(2K)
W(PH(K))W(K N HY) < (D)W(K)
W(PH(K))W(K N HY) < 22W(V2K)

If K is symmetric and in John's position

WOAK) < W(A[-1,1]")

o eVi(K)-TR(K? < y(K) < eVi(K)

W((1 = MK +AL)7 > —L((1 = AW(K)7 + AW(L)7)

nl)n

—
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