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A C ℋA ℋC

ℋAC = ℋA ⊗ ℋC

and the space of observables

𝔄AC = ℒ(ℋAC) ≡ ℒ(ℋA) ⊗ ℒ(ℋC) = 𝔄A ⊗ 𝔄C

We can canonically identify

   ,   𝔄A ↪ 𝔘AC Q ⟼ Q ⊗ 1C

Every state  on   induces a state (marginal) on each subsystemΦ 𝔄AC = 𝔄A ⊗ 𝔄C

 ,  ΦA : 𝔄A ⟶ ℂ Q ↦ Φ(Q ⊗ 1C)

If  and  is the density operators of   and , respectively,  then     .ρ ρA Φ ΦA ρA = (IdA ⊗ TrC)(ρ)
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1. Quantum spin systems 
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This allows to consider the algebra of local observables, and the algebra of quasi-local observables (its 
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  self-adjoint    ,    h⟨x,y⟩ ∥h⟨x,y⟩∥ ≤ 1

For every pair of neighboring sites  let us fix a 
local interaction

⟨x, y⟩ ⊂ ℤD

For each finite  the associate HamiltonianX ⊂ ℤD  HX = ∑
⟨x,y⟩⊂X

h⟨x,y⟩ ⊗ Idrest

and the  Gibbs or thermal state: for each   (a.k.a. inverse temperature    )β > 0 β =
1

TkB

σX = σX(β) :=
e−βHX

Tr(e−βHX)          ,   ψX(Q) := TrX(σXQ) Q ∈ 𝔘X

          ψX : 𝔄X ⟶ ℂ Minimizes the Gibbs 
Free energy: 
ρ ↦ Fβ,X(ρ)



A

C
X ⊂ ℤD

X

Gibbs or thermal state at (inverse) temperature   β > 0

σX = σX
β :=

e−βHX

Tr(e−βHX)          ,   ψX(Q) := TrX(σXQ) Q ∈ 𝔘X

          ψX : 𝔄X ⟶ ℂ

Motivation:  Describe the correlation properties of Gibbs states between distant subregions  and A C
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Operator Correlation Function
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Interesting consequences if correlations decay exponentially fast.

≤ K(β) e−α(β) dist(A,C)
????
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          ψX : 𝔄X ⟶ ℂ (expectation)
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Example: Ising model 1D

ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2

j j + 1 N N + 11 2 … …

      HX = −
N

∑
j=1

Zj ⊗ Zj+1

 X = [1 , N + 1] ⊂ ℤ

 ℋX ≡ (ℂ2)⊗X

Zj ⊗ Zj+1 : ℂ2 ⊗ ℂ2 ⟶ ℂ2 ⊗ ℂ2
Z : ℂ2 ⟶ ℂ2

|0⟩ ↦ |0⟩
|1⟩ ↦ − |1⟩

|0⟩ ⊗ |0⟩ ↦ |0⟩ ⊗ |0⟩

Pauli -operatorZ

|1⟩ ⊗ |1⟩ ↦ |1⟩ ⊗ |1⟩

|0⟩ ⊗ |1⟩ ↦ − |0⟩ ⊗ |1⟩

|1⟩ ⊗ |0⟩ ↦ − |1⟩ ⊗ |0⟩



Example: Ising model 1D

      HX = −
N

∑
j=1

Zj ⊗ Zj+1

 ℋX ≡ (ℂ2)⊗X

ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2 ℂ2

… … …1 N + 1

 =      σX
β

e−βHX

Tr[e−βHX]
=

1
2N+1

      ∑
S⊂{1,…,N}

tanh(β)#S ∏
j∈S

Zj ⊗ Zj+1

ZcZa

  ψX(ZaZc) − ψX(Za) ψX(Zc) = (tanh(β))|a−c|

Source: wikipedia

Correlations decay exponentially fast with dist(a, c)

 X = [1 , N + 1] ⊂ ℤ
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   set of edgesE =

      HX = − ∑
(x,y)∈E

Zx ⊗ Zy

Example: Ising model 2D

   set of edgesE =

Harrow, Mehraban, Soleimanifar (2019)

 =   σX
β

e−βHX

Tr[e−βHX]

  ψX(ZaZc) − ψX(Za) ψX(Zc) ≤ K(β) e−α(β) ∥a−c∥ , 0 < β < βc

Thermal phase transition!!



A

CσX =
e−βHX

Tr(e−βHX)
    ,   ψX(Q) := TrX(σXQ) Q ∈ 𝔘X

X

Exponential Uniform Clustering - arbitrary dimension

Theorem (Kliesch, Gogolin, Kastoryano, Riera, Eisert, 2014) At any dimension and for high-
temperatures, correlations decay exponentially fast. More formally, there exists  (depending on the lattice 

) such that for every   there are constants ,  satisfying for every finite  and 
any  we have that

β*
ℤD 0 < β < β* K(β) α(β) > 0 X ⊂ ℤD

A, C ⊂ X

Can we improve this in 1D???

CorrσX (A : C) := sup
∥QA∥,∥QC∥≤1

ψX(QAQC) − ψX(QA) ψX(QC) ≤ K(β) min{ |∂A | , |∂C |} e−α(β) dist(A,C)
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satisfies the above property.

β > 0 Ψℤ

ψℤ(Q) = lim
I↗ℤ

ψI(Q) Theorem (Bluhm, Capel, P.H, 2021)
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Definition. Let  be full-rank states on a finite-dimensional Hilbert space . Their Umegaki 
relative entropy id given by

ρ, σ ℋ

  D(ρ∥σ) = Tr[ ρ (log ρ − log σ)]

Mutual information

     ,        D(ρ∥σ) ≥ 0 D(ρ∥σ) = 0 ⇔ ρ = σ
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Corrσ (A : C) := sup
∥QA∥,∥QC∥≤1

Tr(σQAQC) − Tr(σQA) Tr(σQC)

X

A

C= sup
∥QA∥,∥QC∥≤1

Tr((σAC − σA ⊗ σC) QA ⊗ QC)

Hölder ineq≤ ∥σAC − σA ⊗ σC∥1

Pinskner ineq≤ 2 ⋅ D(σAC | |σA ⊗ σC)

Iσ (A : C) = D(σAC ∥ σA ⊗ σC)

Definition. Let  be a bipartite quantum system and let  be a full-rank state. The 
mutual information of  between  and  is defined as

ℋAC = ℋA ⊗ ℋC σAC
σAC A C



There are states with small operator correlation and large mutual information in quantum data hiding.

             
1
2

Corrσ(A : C)2 ≤
1
2

∥σAC − σA ⊗ σC∥2
1 ≤ Iσ(A : C)

(Hayden, leung, Shor, Winter, 2004)

Hence, Decay of MI    Decay of operator correlation function⇒

In other words

Mutual information
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Definition. Let  be a bipartite quantum system and let  be a full-rank state. The 
mutual information of  between  and  is defined as

ℋAC = ℋA ⊗ ℋC σAC
σAC A C



Iσ (A : Ac) ≤ 2 β ∥H∂∥∞ ≲ β |∂A | (Wolf, Verstraete, Hastings, Cirac, 2008)

  HX = HA + HAc + H∂A

Also for variants of the mutual information replacing relative entropy 
with Rényi divergences. (Scalet, Alhambra, Styliaris, Cirac, 2021)

σX = e−βHX /Tr(e−βHX)

Iσ (A : Ac) ≲ β2/3 |∂A | (Kuwahara, Alhambra, Anshu, 2020)
AcA

X

Area Law
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Mutual information

Theorem (Kuwahara, Kato, Brandao, 2020) There is  (depending on ) such 
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  and every  

β* ℤD
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e−βHX

Tr(e−βHX)X

A

C
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Tr(e−βHX)X

A

C

Theorem (Bluhm, Capel, A.P.H., 2022)  In 1D and if the interactions are translation-invariant, then the above 
property actually holds for every . β > 0

I = ABC

Iσ (A : C) = D(σAC ∥ σA ⊗ σC)

Definition. Let  be a bipartite quantum system and let  be a full-rank state. The 
mutual information of  between  and  is defined as

ℋAC = ℋA ⊗ ℋC σAC
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   D(ρ∥σ) = Tr[ ρ (log ρ − log σ)]

Upper bounds on the relative entropy
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-geometric Rényi divergence,   α α > 1

̂D α(ρ∥σ) =
1

α − 1
log Tr[σ1/2 (σ−1/2 ρ σ−1/2)ασ1/2]

   if   ̂D α (ρ∥σ) ≤ ̂D γ (ρ∥σ) α < γ

 lim
α→1+

̂D α(ρ∥σ) = ̂D (ρ∥σ)

≤ ̂D α (ρ∥σ)



̂D α(ρ∥σ) =
1

α − 1
log Tr[ρ (ρ1/2 σ−1 ρ1/2)α−1 ]

≤
1

α − 1
log ∥(ρ1/2 σ−1 ρ1/2)α−1∥∞

≤ log ∥ρ1/2σ−1ρ1/2∥∞

= log ( ∥ρ1/2σ−1ρ1/2 − 1 + 1∥∞)

≤ ∥σ−1ρ − 1∥∞

≤ ∥ρ1/2σ−1ρ1/2 − 1∥∞

   D(ρ∥σ) = Tr[ ρ (log ρ − log σ)]
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Mutual information

     
1
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Corrσ(A : C)2 ≤ Iσ(A : C) ≤ ∥ σ−1
A ⊗ σ−1

C σAC − 1 ∥∞

Definition. Exponential Decay Mixing Condition at : There exist ,  such that for every finite 
interval  and  :

β K(β) α(β) > 0
I = ABC σ = e−βHI /Tr[e−βHI]
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C ) σAC − 1∥∞ ≤ K(β) e−α(β) |B|

CBA

Iσ (A : C) = D(σAC ∥ σA ⊗ σC)

Definition. Let  be a bipartite quantum system and let  be a full-rank state. The 
mutual information of  between  and  is defined as

ℋAC = ℋA ⊗ ℋC σAC
σAC A C



Mutual information
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Corrσ(A : C)2 ≤ Iσ(A : C) ≤ ∥ σ−1
A ⊗ σ−1

C σAC − 1 ∥∞

Definition. Exponential Decay Mixing Condition at : There exist ,  such that for every finite 
interval  and  :

β K(β) α(β) > 0
I = ABC σ = e−βHI /Tr[e−βHI]

∥(σ−1
A ⊗ σ−1
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Theorem (Bluhm, Capel, P.H., 2021) The following assertions are equivalent for a fixed temperature :β > 0
(i) Exponential Uniform Clustering
(ii) Exponential Decay of Mutual Information 
(iii) Exponential Decay Mixing Condition 

Iσ (A : C) = D(σAC ∥ σA ⊗ σC)

Definition. Let  be a bipartite quantum system and let  be a full-rank state. The 
mutual information of  between  and  is defined as

ℋAC = ℋA ⊗ ℋC σAC
σAC A C



2. Operator correlation function 

3. Mutual Information

4. Approximate recoverability

1. Setting 

3.1 Application: mixing time in 1D thermalization



Mixing time in 1D thermalization

 ℋn ≡ ℂd ⊗ … ⊗ ℂd

  observables𝔄n = ℒ(ℋn)

 local HamiltonianHnSystem size:  quditsn

ρ



Mixing time in 1D thermalization

 ℋn ≡ ℂd ⊗ … ⊗ ℂd

  observables𝔄n = ℒ(ℋn)

 local HamiltonianHnSystem size:  quditsn

Thermal bath at fixed 
temperature β > 0

ρt = et𝒟n(ρ) ⟶ σβ
t → ∞

Davies semigroup



Mixing time in 1D thermalization

 ℋn ≡ ℂd ⊗ … ⊗ ℂd

  observables𝔄n = ℒ(ℋn)

 local HamiltonianHn

ρt = et𝒟n(ρ)

Thermal bath at fixed 
temperature β > 0

⟶ σβ
t → ∞

Davies semigroup

   tmix(ε) ≤ C log(n) (log(1/ε) + log(n))

System size:  quditsn

Definition (Mixing time)  tmix(ε) = inf{t ≥ 0: ∀ρ , ∥et 𝒟n(ρ) − σβ∥ < ε }

(Barden, Capel, Gao, Lucia, Pérez 
García, Rouzé 2022)
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Condicional Mutual information

Definition. Let  be a tripartite quantum system and let  be a full-rank 
state. The conditional mutual information is given by:

ℋ = ℋA ⊗ ℋB ⊗ ℋC σ = σABC

					where				 		Iσ(A : C |B) := S(σAB) + S(σBC) − S(σABC) − S(σB) S(ρ) = − Tr(ρ log ρ)
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Quantum Markov chains:
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		There is a CPTP map   such that	⇔ ℛB→BC
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Condicional Mutual information

Theorem (Bluhm, Capel, P.H. 2021) For each 
 there is a positive function    

which decays faster than any exponential such 
that: for every finite interval  the Gibbs 
state    satisfies

β > 0 ℓ ↦ δβ(ℓ)

I = ABC
σABC = e−βHABC /Tr(e−βHABC)

∥σABC − σAB σ−1
B σBC∥1 ≤ δβ( |B | )

(Kato, Brandao, 2019) 
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Definition. Let  be a tripartite quantum system and let  be a full-rank 
state. The conditional mutual information is given by:
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