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Motivation
Motivation

Problem

Given 2 < ¢ < p, Ly — L, as metric spaces?

[Mankiewicz, 1972] No (differentiation argument)

[Naor, Schechtman, 2016] Metric invariant: metric X,, inequality
m L, is a metric X, space,
m L, is NOT a metric X, space

= L, =* L, as metric spaces

[Naor, 2016] Sharp metric X, inequalities via Fourier analysis
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X, inequality for Rademacher chaos

Let ne N, ke [n] and pe [2,00). For any f e L,({—1,1}") with
zero mean, it holds

() 2 IBnsf I ¢ raymy S Zna g+ (5" s

Sc[n]
S|=k
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X, inequality for Rademacher chaos

Let ne N, ke [n] and p € [2,00). For any f e L,({—1,1}") with
zero mean, it holds

(k) > 1B IR iy S ZHMHP (5" 1r1g

S<(n]
S|=k

Fourier analysis on the group {—1,1}"

m Walsh functions: Wy(e) = [ ] ¢;
JEA

P P

m f(A) =E(f-Wa) and f(e) = (A) Wale).

m Fourier truncations Ep,nsf(e) = >, f(A) Wa(e).
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X, inequality for Rademacher chaos

Let ne N, ke [n] and p € [2,00). For any f e L,({—1,1}") with
zero mean, it holds

k\p/2
@ 2 Bl 5 Zna il + () I

Sc[n]
|S|=k
f f s linear, f(e) = 3 F({i} W) = 3 FID e
YR YR
then it holds
Z | YD) el
Sc[n] je€S
|5| k:
k’ n

3

—i Aty () I S G e
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Two questions
Two questions

If fis linear, f(e) = FGH £; , then it holds

1<g<n

Z HZf i} 5]HL S({—1,1}1)

Sc| J€S

|S|
A P2, s o

S = D IFGDe+ ()1 FWh =i

"ia " j=1
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Two questions
Two questions

If fislinear, f(¢) = >, x;¢;, then it holds

1<y<n

m H Z%’ 5j‘|lzp({_1,1}n)
k/ Sc[n] jeS

E & k\P/2, &
Sp = 0 lwjeslh + (—) | 2. &5l
n “ n -

[Johnson, Maurey, Schechtman, Tzafriri, 1979]
TRUE when z; € R (C).

Does Linear X), hold for operator-valued sequences {z;}"_;? \
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Two questions
Two questions

If fislinear, f(¢) = >, =z ¢;, then it holds

1<y<n

1

() DI
k/ Sc[n] jeS
S| =k

E & k\P/2, &
Sp = 2 lzjeilh + (—) | 2 &5l
n “ n -

[Johnson, Maurey, Schechtman, Tzafriri, 1979]
TRUE when z; € R (C).

Does Linear X), hold for operator-valued sequences {z;}"_;? \

[Junge, Xu, 2008] TRUE if z; € S, and even when z; € L,(M).
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If fis linear, f(e) = ({]}) , then it holds
1<5<
7N Z ”Zf {Ji}) ngLp({_l,l}n)
Sc| ] JES
|5|

%i i e+ ()1 X ey
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If fis linear, f(e) = ({]}) , then it holds
1<5<
1 ~
m Z | Zf({]}) ngZl?;p({_l,l}n)
k k|S:gC_|£n]3 jJES

Z (1) iy

74\
=
S| =
1=
/-\>
~—
.
=
Q)
=
She
/\
\_/

Does X, inequality for chaos hold when replacing ¢; by some
‘variables’ over a different group?

Replacing Walsh functions Wx(e) = [ ] € by ... ‘characters’?
JEA
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Two questions

Brief review: Fourier Analysis on groups

Let I" be a compact abelian topological group.

Dual group of T

' =: G is the discrete abelian group of characters Xg: T — Sh

xg(’ww’) = xg(w)xg(w'), Xg(w) = Xg(’w_l)

Example
(Toz o Z™EW Y 5 neZ

{e2mmY ) 7 orthonormal basis of Ly (T)
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Noncommutative tools Noncommutative integration

Noncommutative integration
Let I' = {—1,1}" so G = {Wa}ac[n) =~ Z5
m Wa(-) = e™¢42 ONB of Lo(T),
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Noncommutative tools Noncommutative integration

Noncommutative integration
Let I' = {—1,1}" so G = {Wa}ac[n) =~ Z5
m Wa(-) = e™¢42 ONB of Lo(T),

- ewi(-,g) ~ )\(g) : ewi{-,h} . 67Ti<-,g>67m'<-,h> _ 67ri<-,g+h>

Set G noncommutative? Problem: we do not have characters. |
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Noncommutative tools Noncommutative integration

Noncommutative integration
Let I' = {—1,1}" so G = {Wa}ac[n) =~ Z5
m Wa(-) = e™¢42 ONB of Lo(T),

- ewi(-,g) ~ )\(g) : ewi{-,h} . 67Ti<-,g>67m'<-,h> _ 67ri<-,g+h>

Set G noncommutative? Problem: we do not have characters. |

Let G be a discrete group.
u gQ(G) = W{éh . he G},

m left regular representation operators

A(g)6p = 64, for any g, h € G.
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Noncommutative tools Noncommutative integration

Noncommutative integration
Let I' = {—1,1}" so G = {Wa}ac[n) =~ Z5
m Wa(-) = e™¢42 ONB of Lo(T),

- ewi(-,g} ~ )\(g) : ewi{-,h} . 67Ti<-,g>e7m'<-,h> _ 67Ti<-,g+h>

Set G noncommutative? Problem: we do not have characters. |

Let G be a discrete group.
u gQ(G) = W{éh . he G},

m left regular representation operators

A(g)6p = 64, for any g, h € G.

Group von Neumann algebra for G

LG =span{A(g) : g€ G}w*
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Noncommutative tools Noncommutative integration

Group von Neumann algebra for G

He = Sl § eEn

m LG = w*—closure of trigonometric polynomials

m LG ~ Ly (') whenever G commutative
Example: LZ" ~ Ly (T")
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Noncommutative tools Noncommutative integration

Group von Neumann algebra for G

He = Sl § eEn

m LG = w*—closure of trigonometric polynomials

m LG ~ Ly (') whenever G commutative
Example: LZ" ~ Ly (T")

T(A(g)) = CA(9)de; ey (a) = (Og, Oe)es(G)-
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Noncommutative tools Noncommutative integration

Group von Neumann algebra for G

He = Sl § eEn

m LG = w*—closure of trigonometric polynomials

m LG ~ Ly (') whenever G commutative
Example: LZ" ~ Ly (T")

T(A(g)) = CA(9)de; ey (a) = (Og, Oe)es(G)-

8 Ly(£G) = LG where ||, = 7(|[")"”
m(1<p<oo) (Ly(LG))* = Ly(LG) where 1/p+1/p’ =1.

m Holder, Minkowski, duality formulas, interpolation, etc.
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Noncommutative tools Noncommutative integration

Group von Neumann algebra for G

He = Sl § eEn

m LG = w*—closure of trigonometric polynomials

m LG ~ Ly (') whenever G commutative
Example: LZ" ~ Ly (T")

T(A(g)) = CA(9)de; ey (a) = (Og, Oe)es(G)-

n Ly(LG) = LG where | f], = 7(|f|?)/?
m(1<p<ow) (Li(LG))* = LG where 1/p+1/p' =1.

m Holder, Minkowski, duality formulas, interpolation, etc.
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Noncommutative tools Noncommutative integration

X, inequality for Rademacher chaos

Let ne N, ke [n] and pe [2,00). For any f e L,({—1,1}") with
zero mean, it holds

() 2 IBnsf I ¢aymy S Zna g+ (5" s

Sc[n]
S|=k

¢ lny-rayy = Bl FPYP = (D g1y [FE)P)”.
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Noncommutative tools Differential structures

Differential structures

Let G be a discrete group.

Left cocycle (H, a, B)
m 7 real Hilbert space with basis {e;},=>1,
m 3:G—H,
m orthogonal action o : G — O(H) satisfying

B(gh) = ay4(B(R)) + B(g).
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Noncommutative tools Differential structures

Differential structures

Let G be a discrete group.

Left cocycle (H, a, B)
m 7 real Hilbert space with basis {e;},=>1,
m3:G—-oH,
m orthogonal action o : G — O(H) satisfying
Bgh) = ag(B(h)) + B(g).
Length function ¢ : G — [0, )

Cocycles <= Length functions

(H, B, a) « ¥P(g) =<B(g), B(9))x
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Let G be a discrete group.

Left cocycle (H, a, B)
m 7 real Hilbert space with basis {e;},=>1,
m0:G—H,
m orthogonal action o : G — O(H) satisfying

B(gh) = ay(B(h)) + B(g).

Length function ¥(g) = {(B(9), B(g9))n

Differential operators on LG
m Derivatives 0;\(g) = 2mi (8(9g),e;) A\(g)
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Let G be a discrete group.

Left cocycle (H, a, B)
m 7 real Hilbert space with basis {e;},=>1,
m0:G—H,
m orthogonal action o : G — O(H) satisfying

B(gh) = ay(B(h)) + B(g).

Length function ¥(g) = {(B(9), B(g9))n

Differential operators on LG
m Derivatives 0;\(g) = 2mi (8(9g),e;) A\(g)

m Laplacian AX(g) = ¥(g9) A(g)
m Riesz transforms

RiMg) = ;A2 \(g) = 2mi ¥(9) "% (B(g), e A(g)
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Noncommutative tools Differential structures

Differential operators on LG

m Derivatives 0;\(g) = 2mi {B(9),ej) A\(g)
m Laplacian AX(g) = ¥(g9) A(g)

Example: G = Z", LZ™ ~ Lo (T")
- aj 627Ti<33,9> = 271 gj 627T’i<xag> — 2711 <g7 ej>]R” 627Ti<x,g>

- A627Ti<m79> — _471-2(9% 4+ 97%) 627m'<a:,g>

® ? ®
€9 H — R?’L
Blg) =g
o O —0
e ag = id
¥(9) = 189l = lg3
® ° e = g% + ...+ g%
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Noncommutative tools Differential structures

Differential operators on LG

m Derivatives 0;\(g) = 2mi (5(g),e;) A(g)
m Laplacian AX(g) = ¥(g) A(g)

Example: G =73, L7Z5 ~ Lo ({—1,1}")

m0; Wa(e) = Wal(e) — Wale — 2¢5¢e5)
=20;caWa(e) = 2ea,ej) Wal(e)

B AWy = |A] Wy

75 _ m™n
2 x o H =R
. H =R" B(A) = ea
o =0 A = id
€1
(A) = |B(A) g = leals
= |A|
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Noncommutative tools Differential structures

X, inequality for Rademacher chaos

Let ne N, ke [n] and pe [2,00). For any f e L,({—1,1}") with
zero mean, it holds

() 2 IBnsf I ¢aymy S Zna g+ (5" s

Sc[n]
S|=k

¢ lny-rayy = Bl FPYP = (D g1y [FE)P)”.

v ajf(g) = f(g) T f(gla ey €51, 7E5,E541y - - 7871)'
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Noncommutative tools

Bounded truncations

Bounded truncations

Let G be a discrete group. We say that G is equipped with a family
of

L,-bounded truncations

if there exists a family {Bg} g, such that the maps

Eppsf = ), f(9) Mg)

g€Bg

are bounded on L,(LG).
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Noncommutative tools Bounded truncations

Bounded truncations

Let G be a discrete group. We say that G is equipped with a family
of

L,-bounded truncations

if there exists a family {Bg} g, such that the maps

Eppsf = ), f(9) Mg)

g€Bg

are bounded on L,(LG).

Example: G = Z3

Eppsf(e) = Y. f(A) Wale) = Y] flg) e
ACS

and [Epups fI1Z, (—1,0m) < WL, -1,y
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Noncommutative tools Bounded truncations

X, inequality for Rademacher chaos

Let ne N, ke [n] and pe [2,00). For any f e L,({—1,1}") with
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Main result
Main result

Theorem [C-M, Conde-Alonso, Parcet, 2022]

Let p € [2,00). Let G be a discrete group with a cocycle (H, 3, «)
such that there exists { Bs} [, satisfying

m {Ep,\s}scpn) are completely bounded maps on L, (LG),
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Main result
Main result

Theorem [C-M, Conde-Alonso, Parcet, 2022]

Let p € [2,00). Let G be a discrete group with a cocycle (H, 3, «)
such that there exists { Bs} [, satisfying

m {Ep,\s}scpn) are completely bounded maps on L, (LG),
m for some decomposition H = @,_; H, it holds

B(Bs) € Hs = P He.
leS

Antonio Ismael Cano Marmol Xp inequalities on groups



Main result
Main result

Theorem [C-M, Conde-Alonso, Parcet, 2022]

Let p € [2,00). Let G be a discrete group with a cocycle (H, 3, «)
such that there exists { Bs} [, satisfying

m {Ep,\s}scpn) are completely bounded maps on L, (LG),
m for some decomposition H = @,_; H, it holds

B(Bs) € Hs = P He.

esS
Then, for any k € [n], it holds
1

> |EppsfIP
(k?) Sc[n]

15| =k

k< . k\ /2
S = DY 1P+ R+ (2)7 111,
/=1 ejGHg
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Example. G =73, L7Z5 ~ Ly ({—1,1}")
= 1 =R"=@;_span{e;},
m Bs={Ac S} ~{ea: Ac S} cspanfe;:je S} =™Hs.
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Example. G =73, L7Z5 ~ Ly ({—1,1}")

= 1 =R"=@;_span{e;},

m Bs={Ac S} ~{ea: Ac S} cspanfe;:je S} =™Hs.

Example. G = Z" with length ¥ (g) = i |9/]
m H =R[Z"]/Ker({-,-)) = span{dy : h € Z"} where
(89200 = 5 (6(g) + Y(h) =Yg = W)

m H =@, Hj=D;_,5pan{dye; : gj € Z}.
m Bs =7+ (3(Bs) ={d,: g€ Z°} = Hs.
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If there exists {éj}?zl such that

8%:8660@ forany ep e H;, j=1,...,n,

then
1 kG- — k\P/2
@ 2 B/l 5 D IGLE+ 10070+ (5) 1915
k Sc[n] Jj=1
|S|=k
SR
[ /#b [
0
P

Antonio Ismael Cano Marmol Xp inequalities on groups



If there exists {éj}?zl such that

8%:8660@ forany ep e H;, j=1,...,n,

then
1 k- = e k\ /2
@ 2 B/l 5 D IGLE+ 10070+ (5) 1915
k f’S%'[nél 7=1
Example. G =F,, g = gfll . .gf: +
- K aa e

= Word length ¢(g) = > |¢}]

/#b
j=1 ! [ a [ :
m Cocycle derivatives {0y} ger,,\ e} - )

m OA\(w) = 2mi 5, <4 Aw). L
m Ep,pg : truncations on Fg or Hilbert Figure 1: Wikipedia:
transforms Free group
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Thanks for your attention.
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