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The setting
X1(R™), Xo(R") function spaces, consider the embedding

id : Xl(Rn) — XQ(RH)
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P id continuous
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but:
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no compact (let alone nuclear) embedding in general

> need to refine our setting, e.g. to spaces on (quasi-)bounded
domains, weighted spaces, ...
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The setting
X1(R™), Xo(R") function spaces, consider the embedding

id : Xl(Rn) — XQ(RH)

P id continuous
» id compact

» id nuclear

but:
> Xi,Xs ...preferably of Besov or Triebel-Lizorkin type
» no compact (let alone nuclear) embedding in general

> need to refine our setting, e.g. to spaces on (quasi-)bounded
domains, weighted spaces, ...

> here: spaces on bounded domains, weighted function spaces

Dorothee D. Haroske Nuclear embeddings in function spaces



The setting, |

X1(2), X2(£2) function spaces (of Besov or Triebel-Lizorkin type),
Q C R" a bounded Lipschitz domain

idQ . Xl(Q) — Xz(Q)
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The setting, |

X1(2), X2(£2) function spaces (of Besov or Triebel-Lizorkin type),
Q C R" a bounded Lipschitz domain

idQ . Xl(Q) — Xz(Q)

» idg continuous V'
> idg compact Vv
» idg nuclear

--» results are known essentially, serve for matter of comparison,
but essentially as inspiration for later results and settings
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The setting, Il

X1(R", w), Xo(R") function spaces, w some weight function

idy : X1 (R", w) — Xo(R")
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The setting, Il

X1(R", w), Xo(R") function spaces, w some weight function

idy : X1 (R", w) — Xo(R")

» id,, continuous Vv
» id, compact V

» id,, nuclear --» now!
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The setting, Il

X1(R", w), Xo(R") function spaces, w some weight function

idy : X1 (R", w) — Xo(R")

» id,, continuous Vv
» id, compact V
» id,, nuclear --» now!
here:
> Xi,X5 ...Besov or Triebel-Lizorkin spaces
» w ...(special) Muckenhoupt weights
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The talk is based on our joint papers:

B

D.D. Haroske, H.-G. Leopold, and L. Skrzypczak.

Nuclear embeddings in general vector-valued sequence spaces with an application
to Sobolev embeddings of function spaces on quasi-bounded domains.

J. Complexity, 69:101605, 2022.

D.D. Haroske and L. Skrzypczak.

Entropy and approximation numbers of embeddings of function spaces with
Muckenhoupt weights, I.

Rev. Mat. Complut., 21(1):135-177, 2008.

D.D. Haroske and L. Skrzypczak.

Entropy numbers of embeddings of function spaces with Muckenhoupt weights,
I1l. Some limiting cases.

J. Funct. Spaces Appl., 9(2):129-178, 2011.

D.D. Haroske and L. Skrzypczak.
Nuclear embeddings in weighted function spaces.
Integral Equations Operator Theory, 92(6):46, 2020.
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Our recent studies were motivated and rely on the papers:
(or: With a little help of our friends)

B

B

B

[

[

F. Cobos, O. Dominguez, and Th. Kiihn.
On nuclearity of embeddings between Besov spaces.
J. Approx. Theory, 225:209-223, 2018.

F. Cobos, D.E. Edmunds, and Th. Kiihn.
Nuclear embeddings of Besov spaces into Zygmund spaces.
J. Fourier Anal. Appl. 26, 9 (2020).

D.E. Edmunds, P. Gurka, and J. Lang.
Nuclearity and non-nuclearity of some Sobolev embeddings on domains.
J. Approx. Theory, 211:94-103, 2016.

A. Tong.
Diagonal nuclear operators on /, spaces.
Trans. Amer. Math. Soc., 143:235-247, 1969.

H. Triebel.
Nuclear embeddings in function spaces.
Math. Nachr., 290(17-18):3038-3048, 2017.
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Weighted spaces Weights Function spaces on R” Function

Weights and function spaces
Weights
Function spaces on R”
Function spaces on
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Weighted function spaces
Muckenhoupt A, weights

w € Llloc, positive
> wed, l<p<oo, L4l =1:

p P
1 p /9 ) 1/p'
(1 Joerae) (g fporeva) <
> we A Mw(x) < Aw(x) fora.e. xeR"

> AOC = Up>1 AP

Mf(x) = sup / dy, xeR"
() B(x,r)eB |er| (x,r) |
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Weighted function spaces
Muckenhoupt A, weights

w e Lc, positive
> we A, 1<p<oo,%+§:1:

(o) G o)<

> we A Mw(x) < Aw(x) fora.e. x€eR"
> AOO = Up>1 AP

Notation w(Q) = [, w(x)dx
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Muckenhoupt weights

Examples
» polynomial weight: «,58 > —n
[x|® if [x] <1

Wa,p\X) = .
5 x[? i x| > 1
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Muckenhoupt weights

Examples

» polynomial weight: «,58 > —n

o {7 i<
Wa,p\X) = .
7 x[? i x| > 1

admissible weight: 8> —n, (x) = (1 + |x|?)}/?
W (x) = (x)f ~ wop(x)
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Muckenhoupt weights

Examples
» polynomial weight: «,58 > —n
[x|® if [x] <1
Wq X) = )
509 {|x|ﬁ if x| > 1
admissible weight: 8> —n, (x) = (1 + |x[?)/2
w(x) = ()7 ~ wop(x)

» almost polynomial weight:
a= (a1, @), B=(B1,5) a1,f1>—n, P €R

Ix[?*(1 —log |x[)*= if |x[ <1
W(a,8)(X) = :
Ix|% (1 +log |x|)% if |x|>1
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Muckenhoupt weights

Examples
» polynomial weight: «,58 > —n
[x|® if [x] <1
Wa,8\X) = .
5 {|x|ﬁ if |x| > 1
admissible weight: 8> —n, (x) = (1 + |x[?)/2

w(x) = ()7 ~ wop(x)
» almost polynomial weight:
a= (a1, @), B=(B1,5) a1,f1>—n, P €R

Ix[?*(1 —log|x[)*= if [x] <1
W(a,8)(X) = :
Ix|% (1 +log |x|)% if |x|>1
purely logarithmic weight:  v;,7 € R
Wlog(X) _ (1 - |Og |X|)%a if |X| <1
v (I+log|x)2, if |x|]>1
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Smoothness Spaces

Besov and Triebel-Lizorkin spaces on R"
0<p,qg<oo, seR, (pj)j smooth dyadic partition of unity

Besov space: [[F1B3,4]| = || (2 [ F (e FAIL,|); 16

Triebel-Lizorkin space: [|£1F3 || = [|[| (5F (&5 0); 44| | Lo
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Smoothness Spaces

Besov and Triebel-Lizorkin spaces on R"
0<p,qg<oo, seR, (pj)j smooth dyadic partition of unity

Besov space: [[F1B3,4]| = || (2 [ F (e FAIL,|); 16

Triebel-Lizorkin space: [|£1F3 || = [|[| (5F (&5 0); 44| | Lo

Convention: A}  with A€ {B,F}, p<oowhen A=F
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Weighted spaces Weights Function spaces on R” Function spaces on

Smoothness Spaces

Besov and Triebel-Lizorkin spaces on R"
0<p,qg<oo, seR, (pj)j smooth dyadic partition of unity
Besov space: [[F1B3,4]| = || (2 [ F (e FAIL,|); 16
Triebel-Lizorkin space: [|£1F3 || = [|[| (5F (&5 0); 44| | Lo
Rem.
> (quasi-)Banach spaces, § — A} , — &'
» (classical) Besov spaces for p, g > 1 and s > 0 via differences

> p=g=o0 B ,=C° s>0 Holder-Zygmund spaces

> 1<p<oo,seR: F5,=H ie, FXy =W\, keNg
Convention: A}  with A€ {B,F}, p<oowhen A=F
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Weighted spaces of type A (R", w)

/p
1F]L,(R ||—(/ . ) L 0<p<o

0<p<oo, 0<qg<oo, seR, (g;); partition of unity, w € A
1£182.4(R". w)]| = || @ | F (@ F F)ILa(R, w)])) 6o

1175 o7, w)]| = || @ (e 7))ol |LaR, )|
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Weighted spaces Weights Function spaces on R” Function spaces on

Weighted spaces of type A (R", w) L,
L@l = ([ IreaPutax) L 0<p<o
Rn
0<p<oo, 0<qg<oo, seR, (g;); partition of unity, w € A
1£182.4(R". w)]| = || @ | F (@ F F)ILa(R, w)])) 6o

15 o(E" \—Hu @ F (e F ) lball |LalR, )|

Rem.
> Loo(R",w) = Loo(R"), w € Asc --+ assume p < oo for weighted spaces

» B R", w), we Ax

n
p,mir‘(pﬂ)(]R
> LR w) =H;(R", w), 1 <p<oo, sER, we A, in particular,

FX,(R",w) = WK(R",w), k € Ng (classical) Sobolev spaces

w) = Fp (R, w) — Bp max(p,q)

> we As Bui, Paluszynski, Taibleson, Rychkov, Bownik, Roudenko ...
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Wavelet decomposition

Qu,m cubes, centre/corner at 27V m, side length 277, v € Ny, m € Z"
&, 1 € CN1(R") with supp ¢, suppvy; C [~Na, No]", i=1,...,2" — 1,

bu.m(x) = 2242V x — m), Viwm(x) = 2""24p;(2"x — m)
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Wavelet decomposition

Qu,m cubes, centre/corner at 27V m, side length 27", v € Ny, m € Z"
&, 1 € CN1(R") with supp ¢, suppvy; C [~Na, No]", i=1,...,2" — 1,

Gum(x) =27"2P(2"x = m),  jum(x) =272 4;(2"x — m)

Proposition 1
Let 0 < p< oo, 0<g<oo s€R with N1>|s|,azs+g—g . Then
f € S’(R") belongs to B; ,(R", w), if, and only if,

2"—1

1185 o (R”, w)||*=| {(F, do.m)} |+ZH{ i) by D5 (W)
is finite. Furthermore, ||f[B; ,(R", w)||" ~ [[f|B; ,(R", w)]|.
Rem. 6wl ~ ( % 1ml” w(Qo.m)*"”

B3 ()~ 142720 5 Pomnl” 27 w(Quum)) "},
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Wavelet decomposition

Strategy of the proofs — Reduction to sequence spaces

» we may restrict ourselves to B-spaces whenever the fine index g is

not involved, as B, .., ) (R", w) = FJ (R",w) = B} ., (R, w)

Dorothee D. Haroske Nuclear embeddings in function spaces



Weighted spaces Weights Function spaces on R” Function

Wavelet decomposition

Strategy of the proofs — Reduction to sequence spaces

» we may restrict ourselves to B-spaces whenever the fine index g is
not involved, as B, ..p o) (R", W) = F5 (R",w) = B] . (R7, W)

» we may reduce our function spaces argument to sequence spaces

B o (R", w1) f bgll,ql(wl)
Idl lid
S
B o (R, w2) o1 bgzz,qz(W2)

for suitable isomorphisms S, T (wavelets)
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Weighted spaces Weights Function spaces on R” Function spaces on Q

Wavelet decomposition

Strategy of the proofs — Reduction to sequence spaces

» we may restrict ourselves to B-spaces whenever the fine index g is
not involved, as B, ..p o) (R", W) = F5 (R",w) = B] . (R7, W)

» we may reduce our function spaces argument to sequence spaces

B o (R, wa) = by g (w1) vy byt g (w1 /w2)
Idl lid lid
BSz (Rn W ) L b0'2 (W ) £ bG‘2
P2,q2 )y W2 :’ p2,q2\ "2 T’ P2,92

for suitable isomorphisms S, T (wavelets) and A (weight)

» it is sufficient to consider weighted source spaces only

Dorothee D. Haroske Nuclear embeddings in function spaces



Weighted spaces Weights Function spaces on R’ Function spaces on Q

Function spaces of type A7 (Q)
Let
» Q C R"” bounded Lipschitz domain,
> 0<p<oo(p<oowhen A=F),0<qg<o0 seR,
and A7 (2) be defined by restriction:

Af,’q(Q) ::{f eD(Q): g€ A;q(R”) D f = g\Q}
with |F 145(@)] = it AR
=gla

Rem. Q C R" bounded Lipschitz domain: £ bounded domain,
00 C ULVII By open balls, 9Q N By part of a Lipschitz function
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Compactness Bounded domains Polynomials

Compact embeddings
Spaces on bounded domains
Spaces on R"” with (almost) polynomial weights
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Compactness Bounded domains Polynomials

Compact embeddings of function spaces
The settings | & Il revisited
Q C R" bounded Lipschitz domain, w € A,
idg : A% 4 () — A2 ,(Q)

idw 1 AY g (R w) — AZ o, (RT)

s12> 5, 0< pr,po <00 (pi <oowhen A=F), 0<qi,q <0
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Compactness

Bounded domains

Polynomials

Compact embeddings of function spaces
The settings | & Il revisited

Q C R" bounded Lipschitz domain, w € A,

ido : A3 0, () — AR 0, ()

idy AIS711 a1 (R ) — Afizz G2 (Rn)

s12> 5, 0< pr,po <00 (pi <oowhen A=F), 0<qi,q <0

Notation

> )= <51 — —) (52 — —) differential dimension

» L (1L _ 1 1 _ (1 1
p* P2 prj’ q* q2 a4
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Compactness Bounded domains Polynomials

Compact embeddings of function spaces
The settings | & Il revisited
Q C R" bounded Lipschitz domain, w € A,

idg : A% ,,(Q) — A2 . (Q)

idw : AR (R, w) — AZ o, (R")

s12> 5, 0< pr,po <00 (pi <oowhen A=F), 0<qi,q <0

Notation
> 5= <51 — i) — (52 — l) differential dimension
p1 P2
> L*:<L_L) , %:(L_L)
P P2 P1 + q q2 q1 +
Rem. w € A;: never compact; concentrate on example weights
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Compactness Bounded domains Polynomials

Spaces on bounded domains

Compactness

Q2 C R" bounded Lipschitz domain, A7 () defined by restriction
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Compactness Bounded domains Polynomials

Spaces on bounded domains
Compactness
Q2 C R" bounded Lipschitz domain, A7 () defined by restriction

Proposition 2
Let s; € R, 0 < pj, q; < oo (pi < 00 if A=F), i =1,2. Then

. 51— S 1 1
idg : A2 () — A2 () compact <= — > <E - E)Jr
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Compactness Bounded domains Polynomials

Spaces on bounded domains

Compactness

Q2 C R" bounded Lipschitz domain, A7 () defined by restriction

Proposition 2
Let s; € R, 0 < pj, q; < oo (pi < 00 if A=F), i =1,2. Then

- 11
idg : A% ,(Q) = A% () compact = 2= > <F - E)+'
1

Rem.
» Edmunds/Triebel (’89, '92)

> entropy numbers e (idg) ~ k=% keN

» idg compact <= § > p%
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Compactness Bounded domains Polynomials

Compact embeddings

Polynomial weight w = wq g

xlo i x] < 1

P1,G1 P2,q2 [x]? i x| >1

idahg T A (R"., Wa_“g) — A% (Rn), o, B> —n, wug(x)= {
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Compactness Bounded domains Polynomials

Compact embeddings

Polynomial weight w = wq g

ida,ﬁ DAL (Rna Wa,ﬁ) — A2 (Rn)v o, B> —n, Wa,ﬁ(x) = {|X|a if |X| =1

P1,91 P2,q2 |X|B if |x|] >1
Corollary 3
ida,g : A o (R" Wy 5) — A2 . (R") compact if, and only if,
B n . n «
— > — and d>max | —,—|.
pr_ P p*’ py
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Compactness Bounded domains Polynomials

Compact embeddings

Polynomial weight w = wq g

x| if x| <1

idag : AG g (R7, wap) = AZ 0, (R"), . 8> —n, wap(x) = {|X|B if [x] >1
Corollary 3
ida,g : A o (R" Wy 5) — A2 . (R") compact if, and only if,

B n . n «

— > — and d>max | —,—|.

pr P P™ P1
Rem.

> general criterion: Kiihn/Leopold/Sickel/Skrzypczak (2006)
> case of the admissible weights w®(x) = (x)? ~ wo s(x)

id” ;A% (R, w’) — AZ (R") compact <= ﬁ>

n
pr = p*
» H./Skrzypczak ('08): entropy and approximation numbers

and 5>%
p

Dorothee D. Haroske Nuclear embeddings in function spaces



Compactness Bounded domains Polynomials

S1

Byt (R wa )

S1 —
1 p1
n «a
g1 — X &
1 p1 p1
n B

§1 — 2 —
1 p1 p1

N
3
=
]
=
3
3
=
B =
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Compactness Bounded domains Polynomials

Compact embeddings
Almost polynomial weight w = w(qg)
Ix|*2 (1 — log [x[)*2, |x| <1

id(a,p) : B (Rn" W, ) — B2 (Rn)v W (X) =
(a,8) P1,q1 (x,8) P2,q2 (x,8) |X|Bl(1 + log |X|)B2, x| > 1
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Compactness Bounded domains Polynomials

Compact embeddings

Almost polynomial weight w = w(q,g)
x| (1 —log [x[)*2, |x| <1

id(a,p) : B (Rn" W, ) — B2 (Rn)v W (X) =
(a,8) P1,q1 (x,8) P2,q2 (x,8) |X|31(1 + log |X|)B2, x| > 1

Proposition 4
Let g, B1 > —n, az, B2 € R. Then id, z) is compact if, and only if,

either 51 > =1 either § > max (2, 1)
P1 P and P1’ P
B _  n B2 1 o n s 1
r — — — r 5 — — - -
° P1 p*’p1>p* ° p1>p*’ p1>q*

Dorothee D. Haroske Nuclear embeddings in function spaces



Compactness Bounded domains Polynomials

Compact embeddings
Almost polynomial weight w = w(q,g)
Ix|*2 (1 — log [x[)*2, |x| <1

id(a,p) : B (Rn" W, ) — B2 (Rn)v W (X) =
(a,8) P1,q1 (x,8) P2,q2 (x,8) |X|Bl(1 + log |X|)B2, x| > 1

Proposition 4
Let g, B1 > —n, az, B2 € R. Then id, z) is compact if, and only if,

i B o i o
either [t > & o either § > max (22, 1)
B _ n B2 1 — o1 n o 1
or pr P p1 > p* or 0 P1 > p*’ p1 > q*
Rem. .
- . 1—log|x|)", if|x| <1
> purely logarithmic weight: 41,72 € R, w'%8(x) = ( ’ =
pureyioe e 70D = (L4 log xl)2, if x| > 1

idiog : Ak g (R”, W8) — AZ . (R") compact <= p1 < p2, §>0, 792 >0

»> H./Skrzypczak (2011), results on entropy numbers and F-case known

Dorothee D. Haroske Nuclear embeddings in function spaces



Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Nuclear embeddings
The concept and recent results
Spaces on bounded domains
Spaces on R" with (almost) polynomial weights
Spaces on quasi-bounded domain

Dorothee D. Haroske Nuclear embeddings in function spaces



Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

The concept and recent results
Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

e o0
Z||BJ-HX/||yJ-||y<oo and TX:ZBJ(X)yj, xeX
Jj=1 =t

Rem. Grothendieck (1955), Pietsch (1980, 1987)
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The concept and recent results

Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

oo

Z llajllxlyjlly <oo and Tx= Zaj(X)yj, xeX

=1 j=1

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

Rem. Grothendieck (1955), Pietsch (1980, 1987)
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The concept and recent results

Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

oo

Z llajllxlyjlly <oo and Tx= Zaj(X)yj, xeX

=1 j=1

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

> N(X,Y) with v(-) Banach space

Rem. Grothendieck (1955), Pietsch (1980, 1987)
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The concept and recent results
Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

e o0
Z||BJ-HX/||yJ-||y<oo and TX:ZBJ(X)yj, xeX
Jj=1 =t

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

> N(X,Y) with v(-) Banach space
> TeN(X,Y) ~ T compact

Rem. Grothendieck (1955), Pietsch (1980, 1987)
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The concept and recent results

Nuclear maps

X, Y Banach spaces, X’ dual space of X, T € L(X,Y)

» T nuclear, ie. T € N(X,Y), if there exist elements a; € X,
yi € Y, j €N, such that

oo

Z llajllxlyjlly <oo and Tx= Zaj(X)yj, xeX

=1 j=1

» nuclear norm  v(T) = inf { Z laillx|lyjlly - T= Z aj(~)yj}
j=1 j=1

> N(X,Y) with v(-) Banach space
> TeN(X,Y) ~ T compact
> T EN(X, Y), Se ﬁ(Xo,X), R e [.:(Y, Yo) ~ RTS EN(X(), Yo),

v(RTS) < [[RI/(T)IIS||

Rem. Grothendieck (1955), Pietsch (1980, 1987)
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The concept and recent results

Tong's result (1969)
Let i, € [1,00], and t(r1, r2) € [1, 0] be given by

1 - 1, if1§r2§r1§oo,
o 1- <n <.

t(r1, r2) st ifl<n

n

Dorothee D. Haroske Nuclear embeddings in function spaces
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The concept and recent results

Tong's result (1969)
Let i, € [1,00], and t(r1, r2) € [1, 0] be given by

1 1, ifi1<n
t(r17f2) 1-L4+L1 if1<n

ry r2’

I’]_SOO,

<
<rn < oo

Proposition 5
Let 1 < rn,rn <oo, 7=(15);, D : x =(xj); — (7jx;); diagonal operator

» D, nuclear <= T € ly, ), With Ly, ) = co if t(r1, ) = oo.
Moreover,
V( £f1 - efz) - ||T|€t (r1,r2) ”

> Let DT : (77 — L7 the diagonal operator DI : (x;)7; = (7x7)/L;,
m € N. Then

v(DI': EZ’ — Ern;) = H(Tj)jril'gé?mrz)

Dorothee D. Haroske Nuclear embeddings in function spaces
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The concept and recent results
Tong'’s result, continued
Examples
» D, =id <= 7=1¢{c,lp,p <00} ~ no nuclearity in £,
m if 1<rn<n<o,
» meN ~ v(id: 47 = 7)) = 1-1.1 ===
* 2 m 12 if 1<nn<nrn<oo.

In particular, v(id : €' - ™) =m, and v(id: (] = (2)=1

Rem. Tong (1969)

Dorothee D. Haroske Nuclear embeddings in function spaces
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The concept and recent results
Tong'’s result, continued

Examples
» D, =id <= 7=1¢{c,lp,p <00} ~ no nuclearity in £,

i m if 1<r2<r1<oo
» meN ~ v(id: ] = (7)) = 11,1 . PR
m 12 if 1<nn<nrn<oo.

In particular, v(id : €' - ™) =m, and v(id: 4] = 42)=1

Rem. Tong (1969)

Observation

| 4 1 —1_<1_1> >1_<1_1>
t(re, r2) n n), " r no nj),

Dorothee D. Haroske Nuclear embeddings in function spaces



Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

The concept and recent results
Tong'’s result, continued

Examples
» D, =id <= 7=1¢{c,lp,p <00} ~ no nuclearity in £,
m if 1<rn<n<oc,

> meN ~ v(id: {7 =07 = 1,1
( n n) mTa Tt if 1<rn<r<oc.

In particular, v(id : " — ¢M™)=m, and v(id: {7 —=¢7)=1

Rem. Tong (1969)

Observation

S SRS S VI A
t(re, r2) n n), " r no nj),

> t(r,n)=r"c{l,oo} <= {n,n}={1,0}

Dorothee D. Haroske Nuclear embeddings in function spaces
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The concept and recent results
Tong'’s result, continued
Examples
» D, =id <= 7=1¢{c,lp,p <00} ~ no nuclearity in £,
m if 1<rn<n<o,
» meN ~ v(id: 47 = 7)) = 1-1.1 ===
* 2 m 12 if 1<nn<nrn<oo.

In particular, v(id : " — ¢M™)=m, and v(id: {7 —=¢7)=1

Rem. Tong (1969)

Observation

S SRS S VI A
t(re, r2) n n), " r no nj),

> t(r]_,l’2) =r*e {1,00} <~ {rl,rz} = {1,00}

Rem. later: compactness --+ nuclearity corresponds to r* --+ t(ry, )

Dorothee D. Haroske Nuclear embeddings in function spaces
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The concept and recent results

Recent results: the case of bounded domains

Proposition 6

Let Q C R" be a bounded Lipschitz domain, 1 < p;, g; < o0, s5; € R.
Then idg : A% _ (Q2) — A2 _ (Q) is nuclear if, and only if,

P1,q1 P2,q2

(o 5)
S1—S>n—n|—— — .
P2 pP1/ 4

Rem. Pietsch/Triebel (1968), Pietsch (1971), Edmunds/Lang (2014),
Edmunds/Gurka/Lang (2016), Triebel (2017), H./Skrzypczak (2020)

Dorothee D. Haroske Nuclear embeddings in function spaces
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The concept and recent results

Recent results: the case of bounded domains

Proposition 6

Let Q C R" be a bounded Lipschitz domain, 1 < p;, g; < o0, s5; € R.
Then idg : A% _ (Q2) — A2 _ (Q) is nuclear if, and only if,

P1,q1 P2,q2

)
S 1—S>n—n|— — — .
b2 p1/

Rem. Pietsch/Triebel (1968), Pietsch (1971), Edmunds/Lang (2014),
Edmunds/Gurka/Lang (2016), Triebel (2017), H./Skrzypczak (2020)

Observation

idg : A% () = A2 . (Q) is compact = &> -
kl il p*

n

idg: A2 (Q)— A2 (Q) isnuclear <+<— §> ——r
“ @ @ t(p1, p2)

P1,q1 P2,q2

Dorothee D. Haroske Nuclear embeddings in function spaces



Nuclearity cept Bounded dom.

S
‘ n
7 7/ s = ,—3
s1 4
AP1yQ1 (Q) 4
S{ -

compact

_n
51 P1
1
P
S1—n
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Nuclear embeddings of weighted spaces

The polynomial case wy g

[x]® if [x] <1

ida,g : Appa (R" wa,5) = A (RT), 8> —n, wa,p(x) = {lxﬁ if x| > 1

Dorothee D. Haroske Nuclear embeddings in function spaces
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Nuclear embeddings of weighted spaces

The polynomial case wy g

. [x]* if x| <1
lda.,ﬁ : A;sﬁlj.,m (Rna Wa,S) - A?z,qz(R"): a, > —n, Wa,B(X) = {'XB if ‘Xl >1

Theorem 7
Letl1<p1 <o, 1<pp<o0o(p<xoifA=F),1<q <00, s €R,
i=1,2. Then id, g is nuclear if, and only if,

B n . < n n:)
—_ > —— and 0>max | ——,,— ).
pr t(p1, p2) t(p1, p2) 1

Dorothee D. Haroske Nuclear embeddings in function spaces
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Nuclear embeddings of weighted spaces
The polynomial case wy g

. [x]® if [x] <1
ida,g : Appa (R" wa,5) = A (RT), 8> —n, wa,p(x) = {lxﬁ if x| > 1

Theorem 7

Letl1<p1 <o, 1<pp<o0o(p<xoifA=F),1<q <00, s €R,
i=1,2. Then id, g is nuclear if, and only if,

B n . < n n:)
—_ > —— and 0>max | ——,,— ).
pr t(p1, p2) t(p1, p2) 1

Rem.
L q B n n «
> recall: id, s compact <= - > & and ¢ > max(p—*, p—l)
> as before: compactness vs. nuclearity: replace p* by t(p1, p2)

» H./Skrzypczak (2020), proof by wavelet decomposition & Tong

Dorothee D. Haroske Nuclear embeddings in function spaces



Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Strategy of the proofs — revisited

Wavelet decomposition and reduction to sequence spaces

> we may restrict ourselves to B-spaces whenever the fine index q is

not involved, as B, .., ) (R", w) = FJ (R",w) = B} ., (R, w)

Dorothee D. Haroske Nuclear embeddings in function spaces
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Strategy of the proofs — revisited

Wavelet decomposition and reduction to sequence spaces

» we may restrict ourselves to B-spaces whenever the fine index g is
not involved, as B, ..p o) (R", W) = FJ (R", W) = B] ) (R7, W)

> we may reduce our function spaces argument to sequence spaces

;
Ba q (R", w1) Ay b7t g (w1)
Idl lid
S:; i (op
Bpg,qz( , W2) o1 bpzz,qz( w2)

for suitable isomorphisms S, T (wavelets)

Dorothee D. Haroske Nuclear embeddings in function spaces
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Strategy of the proofs — revisited

Wavelet decomposition and reduction to sequence spaces

» we may restrict ourselves to B-spaces whenever the fine index g is

not involved, as B, ..p o) (R", W) = FJ (R", W) = B] ) (R7, W)

> we may reduce our function spaces argument to sequence spaces

o (R, wa) Ay b g (w1) Ay b7t ¢ (wi/w2)
Idl lid lid
Sa i T2 L T2
BPz ,q2 ( W2) ;’ bPz g2 ( ) T’ bP2 g2

for suitable isomorphisms S, T (wavelets) and A (weight)

» it is sufficient to consider weighted source spaces only
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Strategy of the proofs — revisited

Wavelet decomposition and reduction to sequence spaces

» we may restrict ourselves to B-spaces whenever the fine index g is

not involved, as B, ..p o) (R", W) = FJ (R", W) = B] ) (R7, W)

> we may reduce our function spaces argument to sequence spaces

o (R, wa) Ay b g (w1) Ay b7t ¢ (wi/w2)
Idl lid lid
Sa i T2 L T2
BPz ,q2 ( W2) ;’ bPz g2 ( ) T’ bP2 g2

for suitable isomorphisms S, T (wavelets) and A (weight)
» it is sufficient to consider weighted source spaces only

» we benefit from Tong's result on sequence spaces for nuclearity

Dorothee D. Haroske Nuclear embeddings in function spaces



Nuclearity cept Polynomials

S1 n
s Ao (R, wa 5)
Sy frrees Q- :
_
5 - P*//
e
7/
7/
4 .
n 7/ . .
S [t R R . compact

; (R")
_n_«a
1 P1 P1
o 1,8 1
npy P11 np1 P

a 1
thecase£>1>—>1——20
npy npi P1
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Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Some consequences

Limiting cases, Admissible weights, Almost polynomial weights

» limiting cases: if p* =t(p1,p2) < {p1,p2} = {1, 00}, then
id compact < id nuclear,

where id = idg or id = ida g

Dorothee D. Haroske Nuclear embeddings in function spaces
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Some consequences

Limiting cases, Admissible weights, Almost polynomial weights
» limiting cases: if p* =t(p1,p2) < {p1,p2} = {1, 00}, then
id compact <= id nuclear,

where id = idg or id = ida g

> admissible weights: w’(x) = (x)?,id” : A%

B n n

id® nuclear &— —~>— and §> —
pr t(p1.p2) t(p1, p2)

(R", w?) = AZ . (R")

Dorothee D. Haroske Nuclear embeddings in function spaces
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Some consequences

Limiting cases, Admissible weights, Almost polynomial weights
» limiting cases: if p* =t(p1,p2) < {p1,p2} = {1, 00}, then
id compact <= id nuclear,

where id = idg or id = ida g

> admissible weights: w’(x) = (x)?,id” : A%

B n n

id® nuclear &— —~>— and §> —
pr t(p1.p2) t(p1, p2)

(R", w?) = AZ . (R")

i 3 x|t (1 — log |x|)*2, |x| <1
» almost polynomial weights: w, gy(x) = Xl g )2, I
x[%1(1 + log |x[)P2, |x| > 1

nuclearity of id(, gy corresponds exactly to compactness criterion
when p* is replaced by t(p1, p2) and g* by t(q1, ¢2)

Dorothee D. Haroske Nuclear embeddings in function spaces
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Nuclear embeddings of weighted spaces

Consequence: The purely logarithmic case

1—log|x|)"*, if |x|]<1
g

idiog : A2 . (R", wi8) < AZ _(R"), w'%¥(x) =
tog * Apy.an (R, wy*) p.a2 (R) ' (X) {(lJr|og|X|)wz7 if x| >1

Dorothee D. Haroske Nuclear embeddings in function spaces
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Nuclear embeddings of weighted spaces

Consequence: The purely logarithmic case

1—log|x|)"*, if |x|]<1
g

idieg : A2 . (R", wh8) s A (R"), wi%(x) =
tog * Api.ax ( ) p2.a2 (R7) ' (X) {(lJr|og|X|)wz7 if x| >1

Corollary 8

Let 71,72 €R, 1 < py <00, 1 < pp <00 (p2 < 00 in the F-case),
1<gi<o0, s5€R, i=1,2 Then

» idjeg is compact <= §>0,7 >0, and p; < py.

» idiog is nuclear <~ 6>0,7%>0 p=1and p, = .

dom.

Dorothee D. Haroske Nuclear embeddings in function spaces
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Nuclear embeddings of weighted spaces

Consequence: The purely logarithmic case

1—log|x|)"*, if |x|]<1
g

idieg : A2 . (R", wh8) s A (R"), wi%(x) =
tog * Api.ax ( ) p2.a2 (R7) ' (X) {(lJr|og|X|)wz7 if x| >1

Corollary 8

Let 71,72 €R, 1 < py <00, 1 < pp <00 (p2 < 00 in the F-case),
1<gi<o0, s5€R, i=1,2 Then

» idjeg is compact <= §>0,7 >0, and p; < py.

» idiog is nuclear <~ 6>0,7%>0 p=1and p, = .

Rem. nuclearity of idjoz only in the limiting case, when compactness and
nuclearity coincide, that is, when p* = t(p1, p2) --+ never in F-case

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Quasi-bounded domains

Let Q C R” be unbounded, Q # R". Q is called quasi-bounded, if

lim  dist (x,00Q) =0

X€Q,|x|—o0

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Quasi-bounded domains

Let Q C R” be unbounded, Q # R". Q is called quasi-bounded, if

lim  dist (x,00Q) =0

x€Q,|x|—00
> let b;(Q) =sup{k e N: U, Qjm C Q}, j € Np, and

b(Q) = sup{t > 0 : limsup b;(Q)27/* = oo}

j—oo

box packing number of Q

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Quasi-bounded domains

Let Q C R” be unbounded, Q # R". Q is called quasi-bounded, if

lim  dist (x,00Q) =0

x€Q,|x|—00
> let b;(Q) =sup{k e N: U, Qjm C Q}, j € Np, and

b(Q) = sup{t > 0 : limsup b;(Q)27/* = oo}

j—oo
box packing number of Q
> n<bh(Q) <o

> Q<oo ~ b(Q)=n
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Spaces on quasi-bounded domains

Quasi-bounded domains

Let Q C R” be unbounded, Q # R". Q is called quasi-bounded, if

lim  dist (x,00Q) =0

X€Q,|x|—o0

v

let b;(Q) = sup{k € N: U, Qj.m C Q}, j €Ny, and

b(Q) = sup{t > 0 : limsup b;(Q)27/* = oo}

j—oo
box packing number of Q
> n<bh(Q) <o
> Q<oo ~ b(Q)=n
» Q unbounded and not quasi-bounded ~ b(Q) = 0o
>

there exist quasi-bounded Q with b(Q) = oo

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Quasi-bounded domains: examples

Examples

> Qo ={(x,y)eR?: x>1, |y|<x*}CR?® a>0

1+1, 0<a<l1
2, a>1

~ b(Q,) = {

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Quasi-bounded domains: examples

Examples

> Qo ={(x,y)eR?: x>1, |y|<x*}CR?® a>0

1+1, 0<a<l1
2, a>1

~ b(Qy) = {

> Qi s={(x,y) €eR*: x>e, |y|<x(logx)"P} CR?, B>0

a% b(Ql,g):Z >0

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Quasi-bounded domains: examples

Examples

> Qo ={(x,y)eR?: x>1, |y|<x*}CR?® a>0

1+1, 0<a<l1
2, a>1

~ b(Qy) = {

> Qi s={(x,y) €eR*: x>e, |y|<x(logx)"P} CR?, B>0

~ b(Q15)=2, >0

Rem. Leopold/Skrzypczak (2013, 2015): details, explanations, further
examples ...

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Definition of Besov spaces, and wavelet decomposition

» assumenow 1 < p,g<oo,seR QCR"

> B (Q={feD(Q): g B, (R"): f=glo . suppg e Q}
equipped with the quotient norm

Dorothee D. Haroske Nuclear embeddings in function spaces
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Spaces on quasi-bounded domains

Definition of Besov spaces, and wavelet decomposition

» assumenow 1 < p,g<oo,seR QCR"

> B (Q={feD(Q): g B, (R"): f=glo . suppg e Q}
equipped with the quotient norm

BISW(Q)7 s> 0,

Defi B (Q)=
efine pa(€) {B;q(Q), s<0.
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Spaces on quasi-bounded domains

Definition of Besov spaces, and wavelet decomposition

» assumenow 1 < p,g<oo,seR QCR"

> B (Q={feD(Q): g B, (R"): f=glo . suppg e Q}
equipped with the quotient norm

BISW(Q)7 s> 0,

Defi B (Q)=
efine pa(€) {B;q(Q), s<0.

Wavelet decomposition
If 2 C R" is quasi-bounded and uniformly E-porous, then there exists an
orthonormal basis {®1}; . in Ly(£2), sufficiently smooth, such that

oo M;
F=3"S N2730l,  feB (Q) s {N} €l (2J<S*€>e£”f)

Jj=0 r=1
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Spaces on quasi-bounded domains

Definition of Besov spaces, and wavelet decomposition

» assumenow 1 < p,g<oo,seR QCR"

> B (Q={feD(Q): g B, (R"): f=glo . suppg e Q}
equipped with the quotient norm

BISW(Q)7 s> 0,

Defi B (Q)=
efine pa(€) {B;,q(Q)v s<0.

Wavelet decomposition
If 2 C R" is quasi-bounded and uniformly E-porous, then there exists an
orthonormal basis {®1}; . in Ly(£2), sufficiently smooth, such that

o M;
F=3"S N2730l,  feB (Q) « {N} el (21'(5*;?)@24)

Jj=0 r=1
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Spaces on quasi-bounded domains

Definition of Besov spaces, and wavelet decomposition

» assumenow 1 < p,g<oo,seR QCR"

> B (Q={feD(Q): g B, (R"): f=glo . suppg e Q}
equipped with the quotient norm

BISW(Q)7 s> 0,

Defi B (Q)=
efine pa(€) {B;,q(Q)v s<0.

Wavelet decomposition
If 2 C R" is quasi-bounded and uniformly E-porous, then there exists an
orthonormal basis {®1}; . in Ly(£2), sufficiently smooth, such that

o M;
F=3"S N2730l,  feB (Q) « {N} el (21'(5*;?)@24)

Jj=0 r=1

Rem. Triebel (2008) for uniformly E-porous domains, b;(Q2) ~ M;,
above examples Q,, o > 0, and Q; 3, 8 > 0, are E-porous
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Spaces on quasi-bounded domains

Compactness of weighted vector-valued sequence spaces

using wavelet decomposition --» reduction to appropriate sequence
M; .
spaces éq (6j€p’), 0< p,g < o0, (Bj)jeNo with ﬂj >0, (/VIj)jENo CN

lq (eﬁj‘p/) = {X = (X,k)jeNosk=1,...0; 1 Xjk € C,

o0 M; g9 1
s () = (S 57 b))’ <o}
=1

Jj=0
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Spaces on quasi-bounded domains

Compactness of weighted vector-valued sequence spaces

using wavelet decomposition --» reduction to appropriate sequence
M; .
spaces éq (6j€p’), 0< p,g < o0, (Bj)jeNo with ﬁj >0, (/VIj)jENo CN

lq (eﬁj‘pj) = {X = (X,k)jeNosk=1,...0; 1 Xjk € C,

o0 M; g9 1
s () = (S 57 b))’ <o}
=1

j=0
Proposition 9

idy Lo, (8i68) = les (441)  compact = (51.*1/\/1}.%)1,61\10 €l

with /., replaced by ¢y when ¢* = oo

Rem. Leopold (2000)
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Spaces on quasi-bounded domains

Nuclearity of weighted vector-valued sequence spaces

Let 1 <pj,qg <00, i=1,2, (ﬂj)jENo with ﬂj > 0, (/\/Ij)jENo CN
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Spaces on quasi-bounded domains

Nuclearity of weighted vector-valued sequence spaces

Let 1 <pj,qg <00, i=1,2, (ﬂj)jENo with ﬂj > 0, (/\/Ij)jENo CN

Theorem 10
o M; M; BRI )
iy : o (B050) > b (1)) ruclear = (7M7) € b

with ¢ replaced by cg when t(q1, g2) =
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Spaces on quasi-bounded domains

Nuclearity of weighted vector-valued sequence spaces

Let 1 <pj,qg <00, i=1,2, (ﬂj)jENo with ﬂj > 0, (/\/Ij)jENo CN

Theorem 10

1
idg : l, (5,£,ﬁff) 5l (4,@?‘) nuclear <= (ﬁ;lle“”l-”)) € by
JENo

with ¢ replaced by cg when t(q1, g2) =

Rem.

» H./Leopold/Skrzypczak (2022)
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Spaces on quasi-bounded domains

Nuclearity of weighted vector-valued sequence spaces

Let 1 <pj,qg <00, i=1,2, (ﬂj)jENo with ﬂj > 0, (/\/Ij)jENo CN

Theorem 10

1
idg : l, (5,£,ﬁff) 5l (4,@?‘) nuclear <= (ﬁ;lle“”l-”)) € by
JENo

with ¢ replaced by cg when t(q1, g2) =

Rem.
» H./Leopold/Skrzypczak (2022)

> 5= 7-1._1, M; =1 --» Tong's result
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Spaces on quasi-bounded domains

Nuclearity of weighted vector-valued sequence spaces

Let 1 <pj,qg <00, i=1,2, (ﬂj)jENo with ﬂj > 0, (/\/Ij)jENo CN

Theorem 10

1
idg : l, (5,£,ﬁff) 5l (4,@?‘) nuclear <= (ﬁ;lle“”l-”)) € by
JENo

with ¢ replaced by cg when t(q1, g2) =

Rem.
» H./Leopold/Skrzypczak (2022)
> 5= 7-1._1, M; =1 --» Tong's result

> if {p1,p2} = {1,00} and {q1, g2} = {1,00}, i.e., t(p1,p2) = p" and
t(g1,q2) = q° ~ idg compact <= idg nuclear
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Spaces on quasi-bounded domains
Compact embedding

Q C R" uniformly E-porous and quasi-bounded domain, 1 < p;, g;i < oo,
i=1,2, 5> 5
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Spaces on quasi-bounded domains
Compact embedding
Q C R" uniformly E-porous and quasi-bounded domain, 1 < p;, g;i < oo,
i=1,2,5 >s5
Proposition 11
(i) If b(Q2) = oo, then the embedding

—s51

ldﬁ . BP17CI1(

S2

Q) — B, ,,(Q)

is compact <= p; < pp, and 51—52—”(p*11_p*12)>0'
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Spaces on quasi-bounded domains
Compact embedding
Q C R" uniformly E-porous and quasi-bounded domain, 1 < p;, g;i < oo,
i=1,2,5 >s5
Proposition 11
(i) If b(Q2) = oo, then the embedding

oat! S2

idg : Bp, 4, () — §P27CI2 ()
is compact <= py <p2 and s — 5 — ”(,Tll - ,le) >0.
(ii) If b(Q2) < oo, then idg is compact if s — s, — n(pi1 - p%) > b[(,?)

If idg is compact, then

s1—s2—n(5 — o b(Q)
P2l > r(>*)’ if p* < .

1 1){>07 if p*=o0,

Rem. Leopold/Skrzypczak (2013), in (i): p* = oo; in (ii): almost sharp
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Spaces on quasi-bounded domains
Nuclear embedding

Q C R” uniformly E-porous and quasi-bounded domain, 1 < p;, g; < oo,
i=1,2 5> s
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Spaces on quasi-bounded domains
Nuclear embedding

Q C R” uniformly E-porous and quasi-bounded domain, 1 < p;, g; < oo,
i=1,2 5> s

Theorem 12

(i) If b(Q2) = oo, then the embedding
idg : By 0, (Q) = B, ,.(Q)

is nuclear <= p; =1, pp =00, and s; — sy > n.
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Spaces on quasi-bounded domains
Nuclear embedding

Q C R” uniformly E-porous and quasi-bounded domain, 1 < p;, g; < oo,
i=1,2 5> s

Theorem 12
(i) If b(Q2) = oo, then the embedding

idg : By, ,(Q) — B, ()

P2,q2

is nuclear <= p; =1, pp =00, and s; — sy > n.

(i) If b(Q) < oo, then idg is nuclear if s —s —n(- — ) > t(lb;ig,lp)z)'
If idg is nuclear, then
> Oa if t(pla p2) = o0,

51— 5 — ”(,}7 - é) {> b(Q)

= t(p1,p2)’

if t(pl,pz) < o0.
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Spaces on quasi-bounded domains
Nuclear embedding

Q C R” uniformly E-porous and quasi-bounded domain, 1 < p;, g; < oo,
i=1,2 5> s

Theorem 12
(i) If b(Q2) = oo, then the embedding

idg : By, ,(Q) — B, ()

P2,q2

is nuclear <= p; =1, pp =00, and s; — sy > n.

(i) If b(Q) < oo, then idg is nuclear if s —s —n(- — ) > t(lb;ig,lp)z)'
If idg is nuclear, then
> Oa if t(pla p2) = o0,

51— 5 — ”(,}7 - é) {> b(Q)

= t(p1,p2)’

if t(pl,pz) < o0.

Rem. H./Leopold/Skrzypczak (2022)
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE's question:
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE’s question: What do you know about nuclear embeddings?
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.

» Second answer (2020): result in weighted function spaces
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.
» Second answer (2020): result in weighted function spaces

» Third answer (2022): result in spaces on quasi-bounded domains
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.
» Second answer (2020): result in weighted function spaces
» Third answer (2022): result in spaces on quasi-bounded domains

» Outlook: there is (some) more to come ...
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)
recall DEE’s question: What do you know about nuclear embeddings?

» First answer (2018): Nothing. So far.
» Second answer (2020): result in weighted function spaces
» Third answer (2022): result in spaces on quasi-bounded domains

» Outlook: there is (some) more to come ...

@ D.D. Haroske, H.-G. Leopold, S.D. Moura, and L. Skrzypczak.
Compact and nuclear embeddings in function spaces of generalised smoothness.

work in progress

[3] D.D. Haroske and L. Skrzypczak.
Nuclear embeddings in smoothness Morrey spaces.
Preprint

@ D.D. Haroske, L. Skrzypczak, and H. Triebel.
Nuclear Fourier transforms.
Preprint; arXiv:2205.03128.
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.
» Second answer (2020): result in weighted function spaces
» Third answer (2022): result in spaces on quasi-bounded domains

» Outlook: there is (some) more to come ...

Thank you very much for your attention!
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)

recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.
» Second answer (2020): result in weighted function spaces
» Third answer (2022): result in spaces on quasi-bounded domains

» Outlook: there is (some) more to come ...

Thank you very much for your attention!

and ...
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)
recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.
» Second answer (2020): result in weighted function spaces
» Third answer (2022): result in spaces on quasi-bounded domains

» Outlook: there is much more to come ...

Happy belated birthday, Fernando!
Thank you for all the marvellous ideas and inspiring papers

(so far) — we already wait for the next ones ...
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The end

... but orderly to end where | begun ...  (Hamlet, Shakespeare)
recall DEE’s question: What do you know about nuclear embeddings?

> First answer (2018): Nothing. So far.
» Second answer (2020): result in weighted function spaces
» Third answer (2022): result in spaces on quasi-bounded domains

» Outlook: there is much more to come ...

Happy belated birthday, Fernando!
Thank you for all the marvellous ideas and inspiring papers

(so far) — we already wait for the next ones ...

and, finally, ...
Dorothee D. Haroske Nuclear embeddings in function spaces
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22 Oct01-Oct 07, 2022
Apolda, Germany
< X

International Conference on Function Spaces and Applications
Postponed from 2020 to 2022 N

The aim of the conference is to on new and results in the
theory and its applications.

‘We intend to bring together many young and established scientists from various fields
and from countries all over the world to present their latest results, to exchange new
ideas and to step forward collaboration.

Invited speakers

* Maria Carro (Madrid, Spain} # Eero Saksman (Helsinki, Finland)
* Fernando Cobos (Madrid, Spain) * Leszek Skrzypczak (Poznari, Poland)
 Agnieszka Kalamajska (Warsaw, Poland) « Sergey Tikhonov (Barcelona, Spain)
 Eiichi Nakai (Ibaraki, Japan) * Mario Ullrich (Linz, Austria)
® Lubos Pick (Prague, Czech Republic) * Mark Veraar (Delft, The Netherlands)

—— O OIS TN
Local Organisers Scientific Committee Sponsors

7 i i B (O QB For more information and registration

Glenn Byrenheid (ena) arn SO \rean) please scan the QR-code or visit Daliihs
Dorothee D. Haroske (Jena) Dorothee D. Haroske (Jena) B httpy//fsa2020.uni-jena.de/ e
Hans-Jiirgen Schmeifter (Jena) Aicke Hinrichs (Linz) Forschungsgemeinschaft
Winfried Sicke! (Jena) Hans Triebel (Jena) Registration will start in spring 2022. DFG
Dachun Yang (Beijing) Dachun Yang (Beijing) Contact us at fsa2020@uni-jena.de
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