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DEE's question
The making-of . . . how it all started (for us) . . .

In 2018, David E. Edmunds (U Sussex, UK) sent us the following

question:

What do you know about nuclear embeddings in concrete

situations?

Our answer was simple:

I Nothing.

I So far.

I But now . . . ??? . . .

!
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The setting

X1(Rn),X2(Rn) function spaces, consider the embedding

id : X1(Rn)→ X2(Rn)

I id continuous

?

I id compact

?

I entropy numbers ek(id)

?

I approximation numbers ak(id)

?

I id nuclear

?

but:

I X1,X2 . . . preferably of Besov or Triebel-Lizorkin type

I no compact (let alone nuclear) embedding in general

I need to re�ne our setting, e.g. to spaces on (quasi-)bounded

domains, weighted spaces, . . .

I here: spaces on bounded domains, weighted function spaces
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The setting, I

X1(Ω),X2(Ω) function spaces (of Besov or Triebel-Lizorkin type),

Ω ⊂ Rn a bounded Lipschitz domain

idΩ : X1(Ω)→ X2(Ω)

I idΩ continuous

? X

I idΩ compact

? X

I idΩ nuclear

? X

99K results are known essentially, serve for matter of comparison,

but essentially as inspiration for later results and settings
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The setting, II

X1(Rn,w),X2(Rn) function spaces, w some weight function

idw : X1(Rn,w)→ X2(Rn)

I idw continuous

? X

I idw compact

? X

I idw nuclear

? 99K now!

here:

I X1,X2 . . . Besov or Triebel-Lizorkin spaces

I w . . . (special) Muckenhoupt weights
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The talk is based on our joint papers:

D.D. Haroske, H.-G. Leopold, and L. Skrzypczak.

Nuclear embeddings in general vector-valued sequence spaces with an application
to Sobolev embeddings of function spaces on quasi-bounded domains.

J. Complexity, 69:101605, 2022.

D.D. Haroske and L. Skrzypczak.

Entropy and approximation numbers of embeddings of function spaces with
Muckenhoupt weights, I.

Rev. Mat. Complut., 21(1):135-177, 2008.

D.D. Haroske and L. Skrzypczak.

Entropy numbers of embeddings of function spaces with Muckenhoupt weights,
III. Some limiting cases.

J. Funct. Spaces Appl., 9(2):129�178, 2011.

D.D. Haroske and L. Skrzypczak.

Nuclear embeddings in weighted function spaces.

Integral Equations Operator Theory, 92(6):46, 2020.
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Our recent studies were motivated and rely on the papers:
(or: With a little help of our friends)

F. Cobos, Ó. Domínguez, and Th. Kühn.

On nuclearity of embeddings between Besov spaces.

J. Approx. Theory, 225:209�223, 2018.

F. Cobos, D.E. Edmunds, and Th. Kühn.

Nuclear embeddings of Besov spaces into Zygmund spaces.

J. Fourier Anal. Appl. 26, 9 (2020).

D.E. Edmunds, P. Gurka, and J. Lang.

Nuclearity and non-nuclearity of some Sobolev embeddings on domains.

J. Approx. Theory, 211:94�103, 2016.

A. Tong.

Diagonal nuclear operators on lp spaces.

Trans. Amer. Math. Soc., 143:235�247, 1969.

H. Triebel.

Nuclear embeddings in function spaces.

Math. Nachr., 290(17-18):3038�3048, 2017.
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Introduction

Weights and function spaces

Weights

Function spaces on Rn

Function spaces on Ω

Compact embeddings

Spaces on bounded domains

Spaces on Rn with (almost) polynomial weights

Nuclear embeddings

The concept and recent results

Spaces on bounded domains

Spaces on Rn with (almost) polynomial weights

Spaces on quasi-bounded domain
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Weighted function spaces
Muckenhoupt Ap weights

w ∈ Lloc
1 , positive

I w ∈ Ap, 1 < p <∞, 1
p + 1

p′ = 1 :

(
1

|B|

∫
B
w(x) dx

)1/p ( 1

|B|

∫
B
w(x)−p

′/p
dx

)1/p′

≤ A

I w ∈ A1: Mw(x) ≤ Aw(x) for a.e. x ∈ Rn

I A∞ =
⋃

p>1Ap

Mf (x) = sup
B(x,r)∈B

1

|B(x , r)|

∫
B(x,r)

|f (y)| dy , x ∈ Rn

Notation w(Ω) =
∫

Ω w(x) dx
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Muckenhoupt weights
Examples

I polynomial weight: α, β > −n

wα,β(x) =

{
|x |α if |x | ≤ 1

|x |β if |x | > 1

admissible weight: β > −n, 〈x〉 = (1 + |x |2)1/2

wβ(x) = 〈x〉β ∼ w0,β(x)

I almost polynomial weight:
α = (α1, α2), β = (β1, β2), α1, β1 > −n, α2, β2 ∈ R

w(α,β)(x) =

{
|x |α1(1− log |x |)α2 if |x | ≤ 1

|x |β1(1 + log |x |)β2 if |x | > 1

purely logarithmic weight: γ1, γ2 ∈ R

w log
γ (x) =

{
(1− log |x |)γ1 , if |x | ≤ 1

(1 + log |x |)γ2 , if |x | > 1

Dorothee D. Haroske Nuclear embeddings in function spaces
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Smoothness Spaces
Besov and Triebel-Lizorkin spaces on Rn

0 < p, q ≤ ∞, s ∈ R, (ϕj)j smooth dyadic partition of unity

Besov space:
∥∥f |Bs

p,q

∥∥ =
∥∥∥(2js ∥∥F−1(ϕjF f )|Lp

∥∥)
j

∣∣`q∥∥∥
Triebel-Lizorkin space:

∥∥f |F s
p,q

∥∥ =
∥∥∥∥∥ (2jsF−1(ϕjF f )

)
j
|`q
∥∥ ∣∣∣Lp∥∥∥

Rem.

I (quasi-)Banach spaces, S ↪→ As
p,q ↪→ S ′

I (classical) Besov spaces for p, q ≥ 1 and s ≥ 0 via di�erences

I p = q =∞: Bs
∞,∞ = Cs , s > 0 Hölder-Zygmund spaces

I 1 < p <∞, s ∈ R: F s
p,2 = Hs

p , i.e., F
k
p,2 = W k

p , k ∈ N0

Convention: As
p,q with A ∈ {B,F}, p <∞ when A = F

Dorothee D. Haroske Nuclear embeddings in function spaces
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∥∥f |Bs

p,q

∥∥ =
∥∥∥(2js ∥∥F−1(ϕjF f )|Lp

∥∥)
j

∣∣`q∥∥∥
Triebel-Lizorkin space:

∥∥f |F s
p,q

∥∥ =
∥∥∥∥∥ (2jsF−1(ϕjF f )

)
j
|`q
∥∥ ∣∣∣Lp∥∥∥
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Weighted spaces of type As
p,q(Rn,w)

‖f |Lp(Rn,w)‖ =

(∫
Rn

|f (x)|pw(x) dx

)1/p

, 0 < p <∞

0 < p <∞, 0 < q ≤ ∞, s ∈ R, (ϕj)j partition of unity, w ∈ A∞∥∥f |Bs
p,q(Rn,w)

∥∥ =
∥∥∥(2js ∥∥F−1(ϕjF f )|Lp(Rn,w)

∥∥)
j
|`q
∥∥∥∥∥f |F s

p,q(Rn,w)
∥∥ =

∥∥∥∥∥(2jsF−1(ϕjF f )(·)
)
j
|`q
∥∥ ∣∣Lp(Rn,w)

∥∥∥

Rem.

I L∞(Rn,w) = L∞(Rn), w ∈ A∞ 99K assume p <∞ for weighted spaces

I Bs
p,min(p,q)(Rn,w) ↪→ F s

p,q(Rn,w) ↪→ Bs
p,max(p,q)(Rn,w), w ∈ A∞

I F s
p,2(Rn,w) = Hs

p(Rn,w), 1 < p <∞, s ∈ R, w ∈ Ap ; in particular,

F k
p,2(Rn,w) = W k

p (Rn,w), k ∈ N0 (classical) Sobolev spaces

I w ∈ A∞ Bui, Paluszy«ski, Taibleson, Rychkov, Bownik, Roudenko . . .
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Wavelet decomposition
Qν,m cubes, centre/corner at 2−νm, side length 2−ν , ν ∈ N0, m ∈ Zn

φ, ψi ∈ CN1(Rn) with suppφ, suppψi ⊂ [−N2,N2]n, i = 1, . . . , 2n − 1,

φν,m(x) = 2νn/2φ(2νx −m), ψi,ν,m(x) = 2νn/2 ψi (2
νx −m)

Proposition 1
Let 0 < p <∞, 0 < q ≤ ∞, s ∈ R with N1 > |s|, σ = s + n

2
− n

p . Then

f ∈ S ′(Rn) belongs to Bs
p,q(Rn,w), if, and only if,

‖f |Bs
p,q(Rn,w)‖∗=

∥∥ {〈f , φ0,m〉}m |`p(w)
∥∥+

2
n−1∑
i=1

∥∥{〈f , ψi,ν,m〉
}
ν,m
|bσp,q(w)

∥∥
is �nite. Furthermore, ‖f |Bs

p,q(Rn,w)‖∗ ∼ ‖f |Bs
p,q(Rn,w)‖.

Rem. ‖γ|`p(w)‖ ∼
( ∑
m∈Zn

|γm|p w(Q0,m)
)1/p

∥∥λ|bs
pq(w)

∥∥ ∼ ∥∥{2νs( ∑
m∈Zn

|λν,m|p 2νn w(Qν,m)
)1/p}

ν∈N0
|`q
∥∥
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Wavelet decomposition
Strategy of the proofs � Reduction to sequence spaces

I we may restrict ourselves to B-spaces whenever the �ne index q is
not involved, as Bs

p,min(p,q)(R
n,w) ↪→ F s

p,q(Rn,w) ↪→ Bs
p,max(p,q)(R

n,w)

I we may reduce our function spaces argument to sequence spaces

Bs1
p1,q1(Rn,w1)

T−−−⇀↽−−−
T−1

bσ1p1,q1(w1)

A−−⇀↽−−
A−1

bσ1p1,q1(w1/w2)

Id

y yid

yid

Bs2
p2,q2(Rn,w2)

S
↼−−−−⇁
S−1

bσ2p2,q2(w2)

A−1
↼−−−−⇁

A
bσ2p2,q2

for suitable isomorphisms S , T (wavelets)

and A (weight)

I it is su�cient to consider weighted source spaces only
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Function spaces of type As
p,q(Ω)

Let

I Ω ⊂ Rn bounded Lipschitz domain,

I 0 < p ≤ ∞ (p <∞ when A = F ), 0 < q ≤ ∞, s ∈ R,

and As
p,q(Ω) be de�ned by restriction:

As
p,q(Ω) :=

{
f ∈ D′(Ω) : ∃ g ∈ As

p,q(Rn) : f = g |Ω
}

with
∥∥f |As

p,q(Ω)
∥∥ = inf

f =g |Ω

∥∥g |As
p,q(Rn)

∥∥
Rem. Ω ⊂ Rn bounded Lipschitz domain: Ω bounded domain,
∂Ω ⊂ ⋃N

k=1
Bk open balls, ∂Ω ∩ Bk part of a Lipschitz function
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Introduction

Weights and function spaces

Weights

Function spaces on Rn

Function spaces on Ω

Compact embeddings

Spaces on bounded domains

Spaces on Rn with (almost) polynomial weights

Nuclear embeddings

The concept and recent results

Spaces on bounded domains

Spaces on Rn with (almost) polynomial weights

Spaces on quasi-bounded domain
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Compact embeddings of function spaces
The settings I & II revisited

Ω ⊂ Rn bounded Lipschitz domain, w ∈ A∞
idΩ : As1

p1,q1(Ω) −→ As2
p2,q2(Ω)

idw : As1
p1,q1(Rn,w) −→ As2

p2,q2(Rn)

s1 ≥ s2, 0 < p1, p2 ≤ ∞ (pi <∞ when A = F ), 0 < q1, q2 ≤ ∞

Notation

I δ =
(
s1 − n

p1

)
−
(
s2 − n

p2

)
di�erential dimension

I 1
p∗ =

(
1
p2
− 1

p1

)
+
, 1

q∗ =
(

1
q2
− 1

q1

)
+

Rem. w ∈ A1: never compact; concentrate on example weights
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Spaces on bounded domains
Compactness

Ω ⊂ Rn bounded Lipschitz domain, As
p,q(Ω) de�ned by restriction

Proposition 2
Let si ∈ R, 0 < pi , qi ≤ ∞ (pi <∞ if A=F ), i = 1, 2. Then

idΩ : As1
p1,q1(Ω)→ As2

p2,q2(Ω) compact ⇐⇒ s1 − s2
n

>
( 1

p1
− 1

p2

)
+
.

Rem.

I Edmunds/Triebel ('89, '92)

I entropy numbers ek(idΩ) ∼ k−
s1−s2

n , k ∈ N
I idΩ compact ⇐⇒ δ > n

p∗
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Compact embeddings
Polynomial weight w = wα,β

idα,β : As1
p1,q1(Rn,wα,β)→ As2

p2,q2(Rn), α, β > −n, wα,β(x) =

{
|x |α if |x | ≤ 1

|x |β if |x | > 1

Corollary 3
idα,β : As1

p1,q1(Rn,wα,β) ↪→ As2
p2,q2(Rn) compact if, and only if,

β

p1
>

n

p∗
and δ > max

(
n

p∗
,
α

p1

)
.

Rem.

I general criterion: Kühn/Leopold/Sickel/Skrzypczak (2006)

I case of the admissible weights wβ(x) = 〈x〉β ∼ w0,β(x)

id
β : As1

p1,q1(R
n,wβ) ↪→ As2

p2,q2(R
n) compact ⇐⇒ β

p1
>

n

p∗
and δ >

n

p∗

I H./Skrzypczak ('08): entropy and approximation numbers
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s1 − n
p1
− α

p1

δ = α
p1

s1 − n
p1
− β

p1

δ = β
p1

1
p1

+ β
np1

1
p1

s1 − n
p1

s
s1

δ = n
p∗

Bs2p2,q2(Rn)

idα,β

Bs1p1,q1(Rn, wα,β)

1
p
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Compact embeddings
Almost polynomial weight w = w(α,β)

id(α,β) : Bs1
p1,q1

(Rn,w(α,β))→ Bs2
p2,q2

(Rn), w(α,β)(x) =

{
|x |α1 (1− log |x |)α2 , |x | ≤ 1

|x |β1 (1 + log |x |)β2 , |x | > 1

Proposition 4
Let α1, β1 > −n, α2, β2 ∈ R. Then id(α,β) is compact if, and only if,either β1

p1
> n

p∗

or β1
p1

= n
p∗ ,

β2
p1
> 1

p∗

and

either δ > max
(
α1

p1
, n
p∗
)

or δ = α1

p1
> n

p∗ ,
α2

p1
> 1

q∗

Rem.

I purely logarithmic weight: γ1, γ2 ∈ R, w log
γ (x) =

{
(1− log |x |)γ1 , if |x | ≤ 1

(1 + log |x |)γ2 , if |x | > 1

idlog : As1
p1,q1 (Rn,w log

γ ) ↪→ As2
p2,q2 (Rn) compact ⇐⇒ p1 ≤ p2, δ > 0, γ2 > 0

I H./Skrzypczak (2011), results on entropy numbers and F -case known
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Proposition 4
Let α1, β1 > −n, α2, β2 ∈ R. Then id(α,β) is compact if, and only if,either β1

p1
> n

p∗

or β1
p1

= n
p∗ ,

β2
p1
> 1

p∗

and

either δ > max
(
α1

p1
, n
p∗
)

or δ = α1

p1
> n

p∗ ,
α2

p1
> 1

q∗

Rem.

I purely logarithmic weight: γ1, γ2 ∈ R, w log
γ (x) =

{
(1− log |x |)γ1 , if |x | ≤ 1

(1 + log |x |)γ2 , if |x | > 1

idlog : As1
p1,q1 (Rn,w log

γ ) ↪→ As2
p2,q2 (Rn) compact ⇐⇒ p1 ≤ p2, δ > 0, γ2 > 0

I H./Skrzypczak (2011), results on entropy numbers and F -case known
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The concept and recent results
Nuclear maps

X ,Y Banach spaces, X ′ dual space of X , T ∈ L(X ,Y )

I T nuclear, i.e. T ∈ N (X ,Y ), if there exist elements aj ∈ X ′,
yj ∈ Y , j ∈ N, such that

∞∑
j=1

‖aj‖X ′‖yj‖Y <∞ and Tx =
∞∑
j=1

aj(x)yj , x ∈ X

I nuclear norm ν(T ) = inf
{ ∞∑

j=1

‖aj‖X ′‖yj‖Y : T =
∞∑
j=1

aj(·)yj
}

I N (X ,Y ) with ν(·) Banach space

I T ∈ N (X ,Y ) y T compact

I T ∈ N (X ,Y ), S ∈ L(X0,X ), R ∈ L(Y ,Y0) y RTS ∈ N (X0,Y0),

ν(RTS) ≤ ‖R‖ν(T )‖S‖

Rem. Grothendieck (1955), Pietsch (1980, 1987)

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

The concept and recent results
Nuclear maps

X ,Y Banach spaces, X ′ dual space of X , T ∈ L(X ,Y )

I T nuclear, i.e. T ∈ N (X ,Y ), if there exist elements aj ∈ X ′,
yj ∈ Y , j ∈ N, such that

∞∑
j=1

‖aj‖X ′‖yj‖Y <∞ and Tx =
∞∑
j=1

aj(x)yj , x ∈ X

I nuclear norm ν(T ) = inf
{ ∞∑

j=1

‖aj‖X ′‖yj‖Y : T =
∞∑
j=1

aj(·)yj
}

I N (X ,Y ) with ν(·) Banach space

I T ∈ N (X ,Y ) y T compact

I T ∈ N (X ,Y ), S ∈ L(X0,X ), R ∈ L(Y ,Y0) y RTS ∈ N (X0,Y0),

ν(RTS) ≤ ‖R‖ν(T )‖S‖

Rem. Grothendieck (1955), Pietsch (1980, 1987)

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

The concept and recent results
Nuclear maps

X ,Y Banach spaces, X ′ dual space of X , T ∈ L(X ,Y )

I T nuclear, i.e. T ∈ N (X ,Y ), if there exist elements aj ∈ X ′,
yj ∈ Y , j ∈ N, such that

∞∑
j=1

‖aj‖X ′‖yj‖Y <∞ and Tx =
∞∑
j=1

aj(x)yj , x ∈ X

I nuclear norm ν(T ) = inf
{ ∞∑

j=1

‖aj‖X ′‖yj‖Y : T =
∞∑
j=1

aj(·)yj
}

I N (X ,Y ) with ν(·) Banach space

I T ∈ N (X ,Y ) y T compact

I T ∈ N (X ,Y ), S ∈ L(X0,X ), R ∈ L(Y ,Y0) y RTS ∈ N (X0,Y0),

ν(RTS) ≤ ‖R‖ν(T )‖S‖

Rem. Grothendieck (1955), Pietsch (1980, 1987)

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

The concept and recent results
Nuclear maps

X ,Y Banach spaces, X ′ dual space of X , T ∈ L(X ,Y )

I T nuclear, i.e. T ∈ N (X ,Y ), if there exist elements aj ∈ X ′,
yj ∈ Y , j ∈ N, such that

∞∑
j=1

‖aj‖X ′‖yj‖Y <∞ and Tx =
∞∑
j=1

aj(x)yj , x ∈ X

I nuclear norm ν(T ) = inf
{ ∞∑

j=1

‖aj‖X ′‖yj‖Y : T =
∞∑
j=1

aj(·)yj
}

I N (X ,Y ) with ν(·) Banach space

I T ∈ N (X ,Y ) y T compact

I T ∈ N (X ,Y ), S ∈ L(X0,X ), R ∈ L(Y ,Y0) y RTS ∈ N (X0,Y0),

ν(RTS) ≤ ‖R‖ν(T )‖S‖

Rem. Grothendieck (1955), Pietsch (1980, 1987)

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

The concept and recent results
Nuclear maps

X ,Y Banach spaces, X ′ dual space of X , T ∈ L(X ,Y )

I T nuclear, i.e. T ∈ N (X ,Y ), if there exist elements aj ∈ X ′,
yj ∈ Y , j ∈ N, such that

∞∑
j=1

‖aj‖X ′‖yj‖Y <∞ and Tx =
∞∑
j=1

aj(x)yj , x ∈ X

I nuclear norm ν(T ) = inf
{ ∞∑

j=1

‖aj‖X ′‖yj‖Y : T =
∞∑
j=1

aj(·)yj
}

I N (X ,Y ) with ν(·) Banach space

I T ∈ N (X ,Y ) y T compact

I T ∈ N (X ,Y ), S ∈ L(X0,X ), R ∈ L(Y ,Y0) y RTS ∈ N (X0,Y0),

ν(RTS) ≤ ‖R‖ν(T )‖S‖

Rem. Grothendieck (1955), Pietsch (1980, 1987)

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

The concept and recent results
Tong's result (1969)

Let r1, r2 ∈ [1,∞], and t(r1, r2) ∈ [1,∞] be given by

1

t(r1, r2)
=

{
1, if 1 ≤ r2 ≤ r1 ≤ ∞,
1− 1

r1
+ 1

r2
, if 1 ≤ r1 ≤ r2 ≤ ∞.

Proposition 5
Let 1 ≤ r1, r2 ≤ ∞, τ = (τj)j , Dτ : x = (xj)j 7→ (τjxj)j diagonal operator

I Dτ nuclear ⇐⇒ τ ∈ `t(r1,r2), with `t(r1,r2) = c0 if t(r1, r2) =∞.
Moreover,

ν(Dτ : `r1 → `r2) = ‖τ |`t(r1,r2)‖.

I Let Dm
τ : `mr1 → `mr2 the diagonal operator Dm

τ : (xj)
m
j=1
7→ (τjxj)

m
j=1

,
m ∈ N. Then

ν(Dm
τ : `mr1 → `mr2) =

∥∥∥(τj)
m
j=1
|`m
t(r1,r2)

∥∥∥ .
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The concept and recent results
Tong's result, continued

Examples

I Dτ = id ⇐⇒ τ ≡ 1 6∈ {c0, `p, p <∞} y no nuclearity in `r

I m ∈ N y ν(id : `mr1 → `mr2) =

{
m if 1 ≤ r2 ≤ r1 ≤ ∞,
m1− 1

r1
+ 1

r2 if 1 ≤ r1 ≤ r2 ≤ ∞.
In particular, ν(id : `mr → `mr ) = m, and ν(id : `m

1
→ `m∞) = 1.

Rem. Tong (1969)

Observation

I
1

t(r1, r2)
= 1−

(
1

r1
− 1

r2

)
+

≥ 1

r∗
=

(
1

r2
− 1

r1

)
+

I t(r1, r2) = r∗ ∈ {1,∞} ⇐⇒ {r1, r2} = {1,∞}

Rem. later: compactness 99K nuclearity corresponds to r∗ 99K t(r1, r2)
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The concept and recent results
Recent results: the case of bounded domains

Proposition 6
Let Ω ⊂ Rn be a bounded Lipschitz domain, 1 ≤ pi , qi ≤ ∞, si ∈ R.
Then idΩ : As1

p1,q1(Ω)→ As2
p2,q2(Ω) is nuclear if, and only if,

s1 − s2 > n − n

(
1

p2
− 1

p1

)
+

.

Rem. Pietsch/Triebel (1968), Pietsch (1971), Edmunds/Lang (2014),
Edmunds/Gurka/Lang (2016), Triebel (2017), H./Skrzypczak (2020)

Observation

idΩ : As1
p1,q1(Ω)→ As2

p2,q2(Ω) is compact ⇐⇒ δ >
n

p∗

idΩ : As1
p1,q1(Ω)→ As2

p2,q2(Ω) is nuclear ⇐⇒ δ >
n

t(p1, p2)
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δ = n
p∗

n

s1 − n

s1 − n
p1

s1

s
s = n

p

As1
p1,q1(Ω)

δ = n
t(p1,p2)

1

p1
1 1

p

As2
p2,q2(Ω)

compact

idΩ

nuclear
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Nuclear embeddings of weighted spaces
The polynomial case wα,β

idα,β : As1
p1,q1 (Rn,wα,β)→ As2

p2,q2 (Rn), α, β > −n, wα,β(x) =

{
|x |α if |x | ≤ 1

|x |β if |x | > 1

Theorem 7
Let 1 ≤ p1 <∞, 1 ≤ p2 ≤ ∞ (p2 <∞ if A = F ), 1 ≤ qi ≤ ∞, si ∈ R,
i = 1, 2. Then idα,β is nuclear if, and only if,

β

p1
>

n

t(p1, p2)
and δ > max

(
n

t(p1, p2)
,
α

p1

)
.

Rem.

I recall: idα,β compact ⇐⇒ β
p1
> n

p∗ and δ > max
(

n
p∗ ,

α
p1

)
I as before: compactness vs. nuclearity: replace p∗ by t(p1, p2)

I H./Skrzypczak (2020), proof by wavelet decomposition & Tong
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Strategy of the proofs � revisited
Wavelet decomposition and reduction to sequence spaces

I we may restrict ourselves to B-spaces whenever the �ne index q is
not involved, as Bs

p,min(p,q)(R
n,w) ↪→ F s

p,q(Rn,w) ↪→ Bs
p,max(p,q)(R

n,w)

I we may reduce our function spaces argument to sequence spaces

Bs1
p1,q1(Rn,w1)

T−−−⇀↽−−−
T−1

bσ1p1,q1(w1)

A−−⇀↽−−
A−1

bσ1p1,q1(w1/w2)

Id

y yid

yid

Bs2
p2,q2(Rn,w2)

S
↼−−−−⇁
S−1

bσ2p2,q2(w2)

A−1
↼−−−−⇁

A
bσ2p2,q2

for suitable isomorphisms S , T (wavelets)

and A (weight)

I it is su�cient to consider weighted source spaces only

I we bene�t from Tong's result on sequence spaces for nuclearity
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nuclear

s1 − n

compact

δ = α
p1

s1− n
p1
− α

p1

1

p1
+ β

np1
1

p1
+ α

np1
1

p1
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Some consequences
Limiting cases, Admissible weights, Almost polynomial weights

I limiting cases: if p∗ = t(p1, p2) ⇐⇒ {p1, p2} = {1,∞}, then

id compact ⇐⇒ id nuclear,

where id = idΩ or id = idα,β

I admissible weights: wβ(x) = 〈x〉β , idβ : As1
p1,q1(Rn,wβ) ↪→ As2

p2,q2(Rn)

idβ nuclear ⇐⇒ β

p1
>

n

t(p1, p2)
and δ >

n

t(p1, p2)

I almost polynomial weights: w(α,β)(x) =

{
|x |α1 (1− log |x |)α2 , |x | ≤ 1

|x |β1 (1 + log |x |)β2 , |x | > 1

nuclearity of id(α,β) corresponds exactly to compactness criterion
when p∗ is replaced by t(p1, p2) and q∗ by t(q1, q2)
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Nuclear embeddings of weighted spaces
Consequence: The purely logarithmic case

idlog : As1
p1,q1(R

n,w log
γ ) ↪→ As2

p2,q2(R
n), w log

γ (x) =

{
(1− log |x |)γ1 , if |x | ≤ 1

(1+ log |x |)γ2 , if |x | > 1

Corollary 8
Let γ1, γ2 ∈ R, 1 ≤ p1 <∞, 1 ≤ p2 ≤ ∞ (p2 <∞ in the F -case),
1 ≤ qi ≤ ∞, si ∈ R, i = 1, 2. Then

I idlog is compact ⇐⇒ δ > 0, γ2 > 0, and p1 ≤ p2.

I idlog is nuclear ⇐⇒ δ > 0, γ2 > 0, p1 = 1 and p2 =∞.

Rem. nuclearity of idlog only in the limiting case, when compactness and
nuclearity coincide, that is, when p∗ = t(p1, p2) 99K never in F -case
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Spaces on quasi-bounded domains
Quasi-bounded domains

Let Ω ⊂ Rn be unbounded, Ω 6= Rn. Ω is called quasi-bounded, if

lim
x∈Ω,|x|→∞

dist (x , ∂Ω) = 0

I let bj(Ω) = sup{k ∈ N :
⋃k

l=1
Qj,ml

⊂ Ω}, j ∈ N0, and

b(Ω) = sup{t > 0 : lim sup
j→∞

bj(Ω)2−jt =∞}

box packing number of Ω

I n ≤ b(Ω) ≤ ∞
I |Ω| <∞ y b(Ω) = n

I Ω unbounded and not quasi-bounded y b(Ω) =∞
I there exist quasi-bounded Ω with b(Ω) =∞
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Spaces on quasi-bounded domains
Quasi-bounded domains: examples

Examples

I Ωα =
{

(x , y) ∈ R2 : x > 1, |y | < x−α
}
⊂ R2, α > 0

y b(Ωα) =

{
1 + 1

α , 0 < α < 1

2, α ≥ 1

I Ω1,β =
{

(x , y) ∈ R2 : x > e, |y | < x−1(log x)−β
}
⊂ R2, β > 0

y b(Ω1,β) = 2, β > 0

Rem. Leopold/Skrzypczak (2013, 2015): details, explanations, further
examples . . .
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Spaces on quasi-bounded domains
De�nition of Besov spaces, and wavelet decomposition

I assume now 1 ≤ p, q ≤ ∞, s ∈ R, Ω ( Rn

I B̃s
p,q(Ω) =

{
f ∈ D′(Ω) : ∃ g ∈ Bs

p,q(Rn) : f = g |Ω , supp g ∈ Ω
}

equipped with the quotient norm

De�ne B
s

p,q(Ω) =

{
B̃s
p,q(Ω), s > 0,

Bs
p,q(Ω), s ≤ 0.

Wavelet decomposition
If Ω ( Rn is quasi-bounded and uniformly E -porous, then there exists an
orthonormal basis {Φj

r}j,r in L2(Ω), su�ciently smooth, such that

f =
∞∑
j=0

Mj∑
r=1

λjr2
−j n

2 Φj
r , f ∈ B

s

p,q(Ω)←→ {λjr}j,r ∈ `q
(
2j(s−

n
p )`

Mj
p

)

Rem. Triebel (2008) for uniformly E -porous domains, bj(Ω) ∼ Mj ,
above examples Ωα, α > 0, and Ω1,β , β > 0, are E -porous

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Spaces on quasi-bounded domains
De�nition of Besov spaces, and wavelet decomposition

I assume now 1 ≤ p, q ≤ ∞, s ∈ R, Ω ( Rn

I B̃s
p,q(Ω) =

{
f ∈ D′(Ω) : ∃ g ∈ Bs

p,q(Rn) : f = g |Ω , supp g ∈ Ω
}

equipped with the quotient norm

De�ne B
s

p,q(Ω) =

{
B̃s
p,q(Ω), s > 0,

Bs
p,q(Ω), s ≤ 0.

Wavelet decomposition
If Ω ( Rn is quasi-bounded and uniformly E -porous, then there exists an
orthonormal basis {Φj

r}j,r in L2(Ω), su�ciently smooth, such that

f =
∞∑
j=0

Mj∑
r=1

λjr2
−j n

2 Φj
r , f ∈ B

s

p,q(Ω)←→ {λjr}j,r ∈ `q
(
2j(s−

n
p )`

Mj
p

)

Rem. Triebel (2008) for uniformly E -porous domains, bj(Ω) ∼ Mj ,
above examples Ωα, α > 0, and Ω1,β , β > 0, are E -porous

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Spaces on quasi-bounded domains
De�nition of Besov spaces, and wavelet decomposition

I assume now 1 ≤ p, q ≤ ∞, s ∈ R, Ω ( Rn

I B̃s
p,q(Ω) =

{
f ∈ D′(Ω) : ∃ g ∈ Bs

p,q(Rn) : f = g |Ω , supp g ∈ Ω
}

equipped with the quotient norm

De�ne B
s

p,q(Ω) =

{
B̃s
p,q(Ω), s > 0,

Bs
p,q(Ω), s ≤ 0.

Wavelet decomposition
If Ω ( Rn is quasi-bounded and uniformly E -porous, then there exists an
orthonormal basis {Φj

r}j,r in L2(Ω), su�ciently smooth, such that

f =
∞∑
j=0

Mj∑
r=1

λjr2
−j n

2 Φj
r , f ∈ B

s

p,q(Ω)←→ {λjr}j,r ∈ `q
(
2j(s−

n
p )`

Mj
p

)

Rem. Triebel (2008) for uniformly E -porous domains, bj(Ω) ∼ Mj ,
above examples Ωα, α > 0, and Ω1,β , β > 0, are E -porous

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Spaces on quasi-bounded domains
De�nition of Besov spaces, and wavelet decomposition

I assume now 1 ≤ p, q ≤ ∞, s ∈ R, Ω ( Rn

I B̃s
p,q(Ω) =

{
f ∈ D′(Ω) : ∃ g ∈ Bs

p,q(Rn) : f = g |Ω , supp g ∈ Ω
}

equipped with the quotient norm

De�ne B
s

p,q(Ω) =

{
B̃s
p,q(Ω), s > 0,

Bs
p,q(Ω), s ≤ 0.

Wavelet decomposition
If Ω ( Rn is quasi-bounded and uniformly E -porous, then there exists an
orthonormal basis {Φj

r}j,r in L2(Ω), su�ciently smooth, such that

f =
∞∑
j=0

Mj∑
r=1

λjr2
−j n

2 Φj
r , f ∈ B

s

p,q(Ω)←→ {λjr}j,r ∈ `q
(
2j(s−

n
p )`

Mj
p

)

Rem. Triebel (2008) for uniformly E -porous domains, bj(Ω) ∼ Mj ,
above examples Ωα, α > 0, and Ω1,β , β > 0, are E -porous

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Spaces on quasi-bounded domains
De�nition of Besov spaces, and wavelet decomposition

I assume now 1 ≤ p, q ≤ ∞, s ∈ R, Ω ( Rn

I B̃s
p,q(Ω) =

{
f ∈ D′(Ω) : ∃ g ∈ Bs

p,q(Rn) : f = g |Ω , supp g ∈ Ω
}

equipped with the quotient norm

De�ne B
s

p,q(Ω) =

{
B̃s
p,q(Ω), s > 0,

Bs
p,q(Ω), s ≤ 0.

Wavelet decomposition
If Ω ( Rn is quasi-bounded and uniformly E -porous, then there exists an
orthonormal basis {Φj

r}j,r in L2(Ω), su�ciently smooth, such that

f =
∞∑
j=0

Mj∑
r=1

λjr2
−j n

2 Φj
r , f ∈ B

s

p,q(Ω)←→ {λjr}j,r ∈ `q
(
2j(s−

n
p )`

Mj
p

)
Rem. Triebel (2008) for uniformly E -porous domains, bj(Ω) ∼ Mj ,
above examples Ωα, α > 0, and Ω1,β , β > 0, are E -porous

Dorothee D. Haroske Nuclear embeddings in function spaces



Intro Weighted spaces Compactness Nuclearity Concept Bounded dom. Polynomials Quasi-bdd. dom.

Spaces on quasi-bounded domains
Compactness of weighted vector-valued sequence spaces

using wavelet decomposition 99K reduction to appropriate sequence

spaces `q
(
βj`

Mj
p

)
, 0 < p, q ≤ ∞, (βj)j∈N0

with βj > 0, (Mj)j∈N0
⊂ N

`q

(
βj`

Mj
p

)
=
{
x = (xj,k)j∈N0,k=1,...,Mj : xj,k ∈ C,∥∥∥x |`q (βj`Mj

p

)∥∥∥ =
( ∞∑

j=0

βq
j

( Mj∑
k=1

|xj,k |p
) q

p
) 1

q

<∞
}

Proposition 9

idβ : `q1

(
βj`

Mj
p1

)
→ `q2

(
`
Mj
p2

)
compact ⇐⇒

(
β−1j M

1

p∗
j

)
j∈N0

∈ `q∗

with `∞ replaced by c0 when q∗ =∞

Rem. Leopold (2000)
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Spaces on quasi-bounded domains
Nuclearity of weighted vector-valued sequence spaces

Let 1 ≤ pi , qi ≤ ∞, i = 1, 2, (βj)j∈N0
with βj > 0, (Mj)j∈N0

⊂ N

Theorem 10

idβ : `q1

(
βj`

Mj
p1

)
→ `q2

(
`
Mj
p2

)
nuclear ⇐⇒

(
β−1j M

1

t(p1,p2)

j

)
j∈N0

∈ `t(q1,q2)

with `∞ replaced by c0 when t(q1, q2) =∞

Rem.

I H./Leopold/Skrzypczak (2022)

I βj = τ−1j , Mj ≡ 1 99K Tong's result

I if {p1, p2} = {1,∞} and {q1, q2} = {1,∞}, i.e., t(p1, p2) = p∗ and
t(q1, q2) = q∗ y idβ compact ⇐⇒ idβ nuclear
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Nuclearity of weighted vector-valued sequence spaces

Let 1 ≤ pi , qi ≤ ∞, i = 1, 2, (βj)j∈N0
with βj > 0, (Mj)j∈N0

⊂ N

Theorem 10

idβ : `q1

(
βj`

Mj
p1

)
→ `q2

(
`
Mj
p2

)
nuclear ⇐⇒

(
β−1j M

1

t(p1,p2)

j

)
j∈N0

∈ `t(q1,q2)

with `∞ replaced by c0 when t(q1, q2) =∞

Rem.

I H./Leopold/Skrzypczak (2022)

I βj = τ−1j , Mj ≡ 1 99K Tong's result

I if {p1, p2} = {1,∞} and {q1, q2} = {1,∞}, i.e., t(p1, p2) = p∗ and
t(q1, q2) = q∗ y idβ compact ⇐⇒ idβ nuclear
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Spaces on quasi-bounded domains
Compact embedding

Ω ( Rn uniformly E-porous and quasi-bounded domain, 1 ≤ pi , qi ≤ ∞,
i = 1, 2, s1 > s2

Proposition 11
(i) If b(Ω) =∞, then the embedding

idΩ : B
s1
p1,q1(Ω) ↪→ B

s2
p2,q2(Ω)

is compact ⇐⇒ p1 ≤ p2 and s1 − s2 − n
(

1

p1
− 1

p2

)
> 0 .

(ii) If b(Ω) <∞, then idΩ is compact if s1 − s2 − n
(

1

p1
− 1

p2

)
> b(Ω)

p∗ .

If idΩ is compact, then

s1 − s2 − n( 1

p1
− 1

p2
)

{
> 0, if p∗ =∞,
≥ b(Ω)

p∗ , if p∗ <∞.

Rem. Leopold/Skrzypczak (2013), in (i): p∗ =∞; in (ii): almost sharp
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Spaces on quasi-bounded domains
Nuclear embedding

Ω ( Rn uniformly E-porous and quasi-bounded domain, 1 ≤ pi , qi ≤ ∞,
i = 1, 2, s1 > s2

Theorem 12

(i) If b(Ω) =∞, then the embedding

idΩ : B
s1
p1,q1(Ω) ↪→ B

s2
p2,q2(Ω)

is nuclear ⇐⇒ p1 = 1, p2 =∞, and s1 − s2 > n .

(ii) If b(Ω) <∞, then idΩ is nuclear if s1 − s2 − n
(

1

p1
− 1

p2

)
> b(Ω)

t(p1,p2) .

If idΩ is nuclear, then

s1 − s2 − n( 1

p1
− 1

p2
)

{
> 0, if t(p1, p2) =∞,
≥ b(Ω)

t(p1,p2) , if t(p1, p2) <∞.

Rem. H./Leopold/Skrzypczak (2022)
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The end
'. . . but orderly to end where I begun . . . ' (Hamlet, Shakespeare)

recall DEE's question:

What do you know about nuclear embeddings?

I First answer (2018): Nothing. So far.

I Second answer (2020): result in weighted function spaces

I Third answer (2022): result in spaces on quasi-bounded domains

I Outlook: there is more to come . . .

Thank you very much for your attention!

and . . .

Happy belated birthday, Fernando!

Thank you for all the marvellous ideas and inspiring papers

(so far) � we already wait for the next ones ...

and, �nally, . . .
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D.D. Haroske, H.-G. Leopold, S.D. Moura, and L. Skrzypczak.

Compact and nuclear embeddings in function spaces of generalised smoothness.

work in progress

D.D. Haroske and L. Skrzypczak.

Nuclear embeddings in smoothness Morrey spaces.

Preprint

D.D. Haroske, L. Skrzypczak, and H. Triebel.

Nuclear Fourier transforms.

Preprint; arXiv:2205.03128.
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