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e Let X be a Banach space. C'"“(X) is the space of functions F : X — R
such that F' is Fréchet differentiable in X, and DF : X — X* is uniformly
continuous with

|IDF(x) — DF(y)]|«

M, (DF) :== sup < o0.
xX,yEX; xF£y w(Hx_y”)
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such that F' is Fréchet differentiable in X, and DF : X — X* is uniformly
continuous with
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e A modulus of continuity w : [0, 00) — [0, c0) is a concave increasing
function with w(0) = 0 and w(c0) = 0.



Problem (C'“ extension of 1-jets)
Let X be a Hilbert space. Let E C X be arbitrary, let (f,G) : E — R x X be
a 1-jet, and let w be a modulus of continuity.

e Find necessary and sufficient conditions on (f, G) for the existence of an
F € C'(X) such that (F, VF) = (f,G) on E.

e Construct such extension F (if it exists), estimate the seminorm

x,YEX; xF£y w(|x_y|)

and compare it to the C'*“-trace seminorm of (f, G) on E :

|(f,G)||gw = inf {M,,(VH) : H € C"*(X), (H,VH) = (f,G) onE} .




Theorem (Whitney 1934-Glaeser 1958)

Let E C R", let (f,G) : E — R x R" be a 1-jet. There exists F € C'"*(R")
such that (F,VF) = (f, G) on E if and only if there is some M > 0 for
which

F(v) =f(2) = (G(2),y = 2)| < My = zw(ly - 2]),
1G(y) — G(z)| < Muw(|y —z)
for every y,z € E. Moreover, F can be taken so that M,(VF) < k(n)M.




We can assume that E is closed, and then consider a Whitney
decomposition {Q} ey of R" \ E and the usual Whitney partition of unity

{v0}oew associated with {Q}peyy. For a suitable sequence of points
{pPo}oew C E, the function defined by

Flx) {f(x) if xe E
>oew (F(Po) +(G(po), x — po)) wo(x) if xeR"\E

is of class C!**(R") and (F, VF) = (f,G) on E.



We can assume that E is closed, and then consider a Whitney
decomposition {Q} ey of R" \ E and the usual Whitney partition of unity
{v0}oew associated with {Q}peyy. For a suitable sequence of points
{pPo}oew C E, the function defined by

Flx) {f(x) if xe E
>oew (F(Po) +(G(po), x — po)) wo(x) if xeR"\E

is of class C!**(R") and (F, VF) = (f,G) on E.
Moreover M,(VF) < k(n)||(f, G)|

Ew, Where lim, k(n) = oo.



e J.C. Wells (1973) extended the result to Hilbert spaces for the class C!',
obtaining sharp extensions. Wells’ proof is based on a complicated
geometric construction when E is finite. When E is infinite, the proof is not
constructive and doesn’t provide any explicit formula.
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e J.C. Wells (1973) extended the result to Hilbert spaces for the class C!',
obtaining sharp extensions. Wells’ proof is based on a complicated
geometric construction when E is finite. When E is infinite, the proof is not
constructive and doesn’t provide any explicit formula.

e In 2009, E. Le Gruyer obtained, by means of a very elegant method,
another proof Wells’ theorem. This proof is shorter than Wells’, but it
doesn’t provide any explicit formula either. Zorn’s lemma is required.

e As a consequence of our solution to an extension problem for C'!
convex functions, we proved the Wells-Le Gruyer’s theorem, via simple
and explicit formulas.
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Theorem (Wells 1973, Le Gruyer 2009, Azagra-Le Gruyer-M. 2017)

Let E be a subset of a Hilbert space X, and let (f,G) : E — R x X be a jet.
There exists F € C"(X) with (F,VF) = (f, G) on E if and only if there
exists M > 0 such that

£ S FO) + 5(G0) + 6z~ ) + 2y — 2 — 7160) — Gl)P

forally,z € E. Moreover,

F = conv(g) ~ 5| P,
. M M

i) — {f<y> T (GO)x =) + L —y|2} M xex,
yeE 2 2

defines a CY'(X) function with (F,VF) = (f,G) on E, and Lip(VF) < M.J




Theorem (Wells 1973, Le Gruyer 2009, Azagra-Le Gruyer-M. 2017)

Let E be a subset of a Hilbert space X, and let (f,G) : E — R x X be a jet.
There exists F € C"(X) with (F,VF) = (f, G) on E if and only if there
exists M > 0 such that

£ S FO) + 5(G0) + 6z~ ) + 2y — 2 — 7160) — Gl)P

forally,z € E. Moreover,

)

M
F = conv(g) — Sl |

M M
s0) = g {£0) + (GO)r=3) + G k=3P | + Fh xeX,

defines a CY'(X) function with (F,VF) = (f,G) on E, and Lip(VF) < M.)

The function F can be taken so as to satisfy

Lip(VF) = inf {Lip(VH) : H e C"!(X), (H,VH) = (f,G) onE} .



¢! extensions of Jets

For g : X — R, the convex envelope of g is

conv(g)(x) = sup{h(x) : h:X — R convex, Isc, h < g}
=sup{h(x) : h:X — R affine, Isc, h < g}.



¢! extensions of Jets

Very good relation between C1! general jets and C1! convex jets.



Very good relation between C1!' general jets and Cb!' convex jets.
Let M > 0. For any jet (f, G) defined on E, denote
f,G) = (f+%|-1*>,G+ MId) . Then
(f,G) has a C"! extension F and Lip(VF) < M <
(f,G) has a C"! convex extension F and Lip(VF) < 2M.



Corollary (Kirszbraun’s theorem via an explicit formula; Azagra-Le
Gruyer-M.; 2017)

Let X, Y two Hilbert spaces, E C X and G : E — Y a Lipschitz mapping.
Define G:X—Y by:

G(x) := Vy(conv(g))(x,0) forevery x€X; where

g(x,y) = int {(G(2), )y + 5L — o} } + B} + Lin(G) bl

forevery (x,y) € X x Y. Then G =GonE and Lip((N;,X) = Lip(G, E).
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e We know how to extend jets with C!! functions in Hilbert spaces. What
about C'* extensions of jets for w arbitrary?

e Whitney-Glaeser theorem gives extensions F € C'*(R") of jets (f, G)
with [|F||cte@ny < k(n)[[(f, G)||Ew; where k(n) — oo as n — oo.

e Wells’ and Le Gruyer’s proof cannot be adapted to C*.
e Unlike for C1'!, there is no relation between C' and CL% .

e We need a different approach: paraconvex analysis.



¢ extensions of jets, arbitrary w

Definition (Paraconvexity)

Let X be a Banach space and ¢ : [0,00) — [0,00). We say that F : X — R
is (p-paraconvex if

F(Ax+ (1 =XN)y) = AF(x) = (1 = MF(y) <A1 =N ([x—yl)

forallx,y € X and all A € [0, 1].
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Definition (Paraconvexity)

Let X be a Banach space and ¢ : [0,00) — [0,00). We say that F : X — R
is -paraconvex if

F Qx4 (1= A)y) = AF(x) = (1 = N)F(y) <A1 = X ([lx = yl])

forall x,y € X and all A € [0, 1].

e Let X be a Hilbert space. If w is a modulus of continuity, and ¢ = [ w,
then F = —(p o - |) is 2¢-paraconvex.

e Fis p-paraconvex =4 F + C(po || -||) is convex (unless ©(t) = c?
and X is Hilbert).

e Let X be a Banach space, F : X — R locally bounded, and ¢ = [ w.
If F and (—F) are Cip-paraconvex, then F € C'(X) and M,, (DF) < MC,
where M is an absolute constant.
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Extension results

Let w be a modulus of continuity, p = [w, and (f,G) : E — R x X* a jet.
We define the seminorm:

ALG) = sup  VOITE0)x—3) — 1) ~ (Gl)x — 2|

XEX; y,2€E; e(llx =yl + e(llx — zl)
e—yl[+]x—2[>0



Let w be a modulus of continuity, ¢ = [w, and (f,G) : E — R x X* a jet.

We define the seminorm:
o) +(GO),x —y) —f(2) = (Glz),x — 2)

Au(f,G) : = sup
wl,G) = s A=) Fo(x =)
[lx—=y[|+[lx—z]|>0

o A, (f, G) is comparable to the smallest M > 0 for which
1G(K) — G(Z)H*)

£6) < FOH5{GOM Gz +Mplly—al) -2t (107

2
(W)

forally,z € E. Here *(t) = [yw™!(7) dt.



Let w be a modulus of continuity, ¢ = [w, and (f,G) : E — R x X* a jet.
We define the seminorm:

G(y),x —y) — f(z) — (G(z),x —
ALG) = sup ) +{G0),x —y) —f(z) = (G(z),x — )|
XXy zEE: p(llx = yl) + e(llx = zll)

[x=yll+lx—z]>0
o A, (f, G) is comparable to the smallest M > 0 for which

1 « [ IIG(Y) — G(2)]|«
F6) < PP+ (G046 =) +Mp(ly—el) -2 (152G

(Whe)

forally,z € E. Here *(t) = [yw™!(7) dt.
e A, (f, G) is comparable to the smallest M > 0 for which (f, G) satisfies
the Whitney-Glaeser conditions.



Theorem (Azagra-M.; 2019)

A 1-jet (f, G) defined on a subset E of a Hilbert space X has an extension
(F,VF) with F € C"(X) if and only if A,,(f, G) < oc. Moreover, we can
take F such that

A, (F,VF) <2A,(f,G).

In addition, when w(t) = t* with 0 < o < 1, we can arrange

A,(F,VF) <27°A,(f,G).




Theorem (Azagra-M.; 2019)

A 1-jet (f, G) defined on a subset E of a Hilbert space X has an extension
(F,VF) with F € C"(X) if and only if A,,(f, G) < oc. Moreover, we can
take F such that

A, (F,VF) <2A,(f,G).

In addition, when w(t) = t* with 0 < o < 1, we can arrange

Ay(F,VF) <2'7°A,(f,G).

The extension F can be taken so that

M.(VF) < (16/V15)||(f. G)|lpe and

My(VF) < 222 (14 1) |(£,6) g when w(r) =12
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Extension formulas

e Assume (f, G) satisfies M := A, (f,G) < co. Denote ¢ = [ w.
e Define

g(x) = ;relg{f(y) +(G(),x —y) + Mp(]x —y))}, xeX.
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e Assume (f, G) satisfies M := A, (f, G) < co. Denote ¢ = [ w.
o Define

g(x) = Inf{f(y) +{GO),x —y) + Me(lx =y}, re€X.

e The extension is defined as a 2M p-paraconvex envelope of g :

F(x) = sup{h(x) : h < g, his 2My-paraconvex }.

e We have F € C'"(X), (F,VF) = (f,G) on E, etc



Extension formulas

Forw(r) = ytand E = {—1,0,1} C R, set f(—1) = 1,£(0) = 0,£(1) = 1
and G = 0 on E. Then A, (f, G) = 3/V/2.
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Forw(r) = ytand E = {—1,0,1} C R, set f(—1) = 1,£(0) = 0,£(1) = 1
and G = 0 on E. Then A, (f, G) = 3/V/2.




Extension formulas

Forevery y € E, set g(x) :i= () + GO) (x =) + 4L e —yP/2 x e R.

g-1(x) go(z) : g1(z)




Extension formulas

Forevery y € E, set my(x) :=f(y) +G(y)(x—y) — wh—ywz,x eR.

g-1(x) go(z) : g1(z)

m_q(x) my(x)

3 25 2 is Y o5 05 1 15

mo(x) /




Extension formulas

Define g = inf(gy)yer and m = sup(my)yek.

g(z) .

m(x)

-0s

-1




Extension formulas

A suitable paraconvex envelope F of g defines a C»'/? extension of (f, G).

-05

-1




Extension formulas

Let’s find an alternate extension formula to

F(x) = sup{h(x) : h < g, his 2Mp-paraconvex }.
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n
X 3 z+—— h(z) = affine function — Z AiMo(|z = pil),

i=1

wherep; € X, \; >0,>"7 | \i=1,andn e N.



Let’s find an alternate extension formula to
F(x) = sup{h(x) : h < g, his 2Mp-paraconvex}.

Fix M > 0, and a modulus of continuity w, ¢ = [ w. Let (M, w) be the
family of functions of the form

n
X 3 z+—— h(z) = affine function — Z AiMo(|z = pil),
i=1
wherep; € X, \; >0,>"7 | \i=1,andn e N.
Then the following formula does the same job:

F(x) :=sup{h(x) : h<g, he F(M,w)}.



Extension formulas

n
X > z+—— h(z) = affine function — Z AiMo(|z = pil),

i=1

wherep; € X, \; >0,>7 | \i=1,andn e N.

03 02 ]

Az -1 a 03 -68 07 -06 05 04

ha(x) = — "
1 1
ha(x) = — 2 o+ 12 — 2 |z —1[*?
1 1 1 1
ha(@) = = 3 la+ 1772 = Za £ (/21 = Zle = (/P = Jla — 12
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The subclass of bounded and Lipschitz functions

o If (f, G) is also bounded, there are extensions F € C'*(X) with (F, VF)
bounded, and there is C > 0 absolute with

Au(F,VF) + ||Flloc + [VFlloo < C(Au(f,G) + Iflloc + [|Glloc) -
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o If the sequence of jets {(f,;, G,) }» is A, -uniformly bounded, and (f,,, G,,)
converges to (f, G) uniformly on E, then the corresponding sequence of
C'*(X) extensions (F,, VF,) converges to (F, VF) uniformly on X.



o If (f, G) is also bounded, there are extensions F € C'*(X) with (F, VF)
bounded, and there is C > 0 absolute with

Au(F,VF) + [|Fllos + [VFlso < C(Au(f,G) + [Iflloc + [|Glloo) -

o If the sequence of jets {(f,;, G,) }» is A, -uniformly bounded, and (f,,, G,,)
converges to (f, G) uniformly on E, then the corresponding sequence of
C'*(X) extensions (F,, VF,) converges to (F, VF) uniformly on X.

o If f is Lipschitz and G bounded, we can find construct extensions
F € C'(X) with F Lipschitz, and there is C > 0 absolute with

Au(F,VF) + Lip(F) < C(Au(f, G) + Lip(f) + [|Glloc) -



Results in more general Banach spaces

Results in more general Banach spaces



Results in more general Banach spaces

Let (X, || - ||) be a Banach space, and let w be a modulus of continuity. Let
¢ = [w. Assume that g o || - || € C"(X). (This implies that X is
superreflexive)



Let (X, | - ||) be a Banach space, and let w be a modulus of continuity. Let
¢ = Jw. Assume that p o || - || € C'*(X). (This implies that X is
superreflexive)
Then the previous results are true for C'**(X), with:

O Characterizations via the conditions A, (f, G) and (W!¥);

QO Absolute control on the norm of the extension operators;
O Explicit extension formulas via paraconvex envelopes;
Q

Extension formulas via supremum of convex combinations of simple
parabolas;

(&)

Versions for bounded and/or Lipschitz jets;

(&)

Continuous dependence on data.



Thank you for your attention!
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