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Black–Scholes(–Merton) equation

Black–Scholes(–Merton) equation

ut = x2uxx + xux = Bu, t, x > 0. (BS)

where (Bu)(x) = x2u′′(x) + xu′(x).

F. Black and M. Scholes. The pricing of options and corporate liabilities.
J. Polit. Econ., 81:637–654, 1973. Cited by 43863.
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Black–Scholes equations in interpolation spaces


u ∈ C 1((0,∞); E ), u(t) ∈ D(B), t > 0,

u′(t) = Bu(t), t > 0,

limt↓0 u(t) = f ∈ E ,

(ACP0)

Well-posedness ⇐⇒ existence & uniqueness of solution

⇐⇒ B
generates a C0-semigroup T (t), u(t) = T (t)f .
A (L1 − L∞)-interpolation space E is said to have an order continuous
norm if ‖fn‖E → 0 for every sequence of functions E ⊃ |fn| ↓ 0 a.e.

Theorem (Arendt, de Pagter 2002)

Let E be an (L1 − L∞) interpolation space. Then ACP0 is well-posed if
and only if E has order continuous norm.
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Role of J

Set
(Ju)(x) := −xu′(x), JE := J|E .

JE generates the exponentially bounded group
u(t, x) = (SE (t)f )(x) = f (e−tx) on any (L1 − L∞) interpolation space E .

Let

η
E

:= − lim
t→∞

log ‖SE (−t)‖
t

, ηE := lim
t→∞

log ‖SE (t)‖
t

,

0 ≤ η
E
≤ ηE ≤ 1.

Theorem (Arendt, de Pagter 2002)

1 σ(JE ) = {λ | η
E
≤ <λ ≤ ηE}.

2 TE is strongly continuous if and only if E has order continuous norm.

B = J2 =⇒ B generates a holomorphic semigroup TB .

Jesús Oliva Maza (Unizar - IUMA) Generalized Black–Scholes 26/05/2022 4 / 25



Role of J

Set
(Ju)(x) := −xu′(x), JE := J|E .

JE generates the exponentially bounded group
u(t, x) = (SE (t)f )(x) = f (e−tx) on any (L1 − L∞) interpolation space E .
Let

η
E

:= − lim
t→∞

log ‖SE (−t)‖
t

, ηE := lim
t→∞

log ‖SE (t)‖
t

,

0 ≤ η
E
≤ ηE ≤ 1.

Theorem (Arendt, de Pagter 2002)

1 σ(JE ) = {λ | η
E
≤ <λ ≤ ηE}.

2 TE is strongly continuous if and only if E has order continuous norm.

B = J2 =⇒ B generates a holomorphic semigroup TB .
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Generalized Cesàro operator

Connection with Cesàro operator C1 and its adjoint C∗1

J = 1− C−1
1 = (C∗1)−1

(C1f )(x) :=
1

x

∫ x

0
f (y) dy , (C∗1 f )(x) :=

∫ ∞
x

f (y)

y
dy , x > 0.

For α > 0, one can define the generalized Cesàro operator Cα, C∗α,

(Cαf )(x) :=
α

xα

∫ x

0
(x − y)α−1f (y) dy =

Γ(α + 1)

xα
(D−αf )(x),

(C∗αf )(x) := α

∫ ∞
x

(x − y)α−1

yα
f (y) dy = Γ(α + 1)(W−α(y−αf ))(x).
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Generalized Black–Scholes equations

B = (1− C−1
1 )2 = (C∗1)−2 = (C∗1)−1(1− C−1

1 ).

With an arbitrary α > 0, one obtains the following PDEs

ut =
1

Γ(α + 1)2
Dα(xαDα(xαu))− 2

Γ(α + 1)
Dα(xαu) + u =: B1,αu,

ut =
1

Γ(α + 1)2
xαW α(xαW αu) =: B2,αu,

ut = − 1

Γ(α + 1)2
Dα(x2αW αu) +

1

Γ(α + 1)
xαW αu =: B3,αu,

where Dα and W α stand for the Riemann-Liouville and Weyl fractional
derivatives of order α, respectively.
Objective:

Bi ,α = gi ,α(J)?
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Jesús Oliva Maza (Unizar - IUMA) Generalized Black–Scholes 26/05/2022 6 / 25



Sectorial operators

A ∈ C(X ) is said to be a
sectorial operator (of angle ϕ) if

1 σ(A) ⊂ Sϕ
for some ϕ ∈ [0, π).

2 Fix ϕ′ ∈ (ϕ, π). Then

‖λR(λ,A)‖L(X ) ≤ Kϕ′ , λ ∈ C \ Sϕ′ ,

for some Kϕ′ > 0.
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Bisectorial operators

BSω,a := (−a + Sπ−ω)∩ (a−Sπ−ω)
for ω ∈ (0, π/2], a ≥ 0.

We say that
A is bisectorial, A ∈ BSect(ω, a),
if both a + A, a− A are
sectorial operators of angle π − ω.
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Primary functional calculus of unbounded operators

Idea (Bade, 1953, McIntosh, 1986, Haase 2005): For A ∈ BSect(ω, a) set

E(A) :=

{
f ∈ H∞(BSϕ,a) :

∫
Γ

∣∣∣∣ f (z)

min{|λ− a|, |λ+ a|}

∣∣∣∣ |dz | <∞, ϕ < ω

lim
z→a

f (z) = lim
z→−a

f (z) = lim
z→∞

f (z) = 0.

}
,

and set

f (A) :=
1

2πi

∫
Γ

f (z)R(z ,A) dz ∈ L(X ), f ∈ E(A).
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Natural functional calculus of bisectorial operators

Definition (Haase, 2005)

Let A ∈ BSect(ω, a) and ϕ < ω. Let f ∈M(BSϕ,a) be such that there
exists e ∈ E(A) for which

1 ef ∈ E(A).

2 e(A) is injective.

Then we say that f is regularizable, f ∈M(A) and set

f (A) := e(A)−1(ef )(A) ∈ C(X ).
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Generalized Black–Scholes through functional calculus

The generalized Black–Scholes equations

ut = B1,αu =
1

Γ(α + 1)2
Dα(xαDα(xαu))− 2

Γ(α + 1)
Dα(xαu) + u,

ut = B2,αu =
1

Γ(α + 1)2
xαW α(xαW αu),

ut = B3,αu = − 1

Γ(α + 1)2
Dα(x2αW αu) +

1

Γ(α + 1)
xαW αu

can be respectively written as

B1,α = (1− (αB(I − J, α))−1)2 =: g1,α(J),

B2,α = (αB(J, α))−2 =: g2,α(J),

B3,α = (αB(J, α))−1(1− (αB(I − J, α))−1) =: g3,α(J),

where B denotes the Beta-Euler function.
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Transfer results

The functions of our generalized BS satisfy that

gi ,α(z) ∼


(−z)2α if i = 1,

z2α if i = 2,

zα(−z)α if i = 3,

as z →∞.

1 (Kato, 1960) Scaling property. If A is a sectorial operator of angle

β, then Aα is a sectorial operator of angle αβ for α ∈
(

0, πβ

)
.

2 (Baeumer, Haase, Kovács, 2009) Let α ∈ R+ \ {1, 3, 5, ...}. If A
generates a bounded group, then (−1)nAα is a quasi-sectorial
operator of angle |α− 2n|π2 for α ∈ (2n − 1, 2n + 1).

3 (Arendt, Zamboni, 2010), (Gomilko, Tomilov, 2015),...
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Main result

Theorem (O.-M., M. Warma)

Let ω ∈ (0, π/2], a ≥ 0 and β ∈ [0, π). Let A ∈ BSect(ω, a), g ∈M(A).
If

1 g is quasi-regular at MA = {−a, a,∞} ∩ σ̃(A).

2 For any ε > 0, one can find ϕ ∈ (0, ω) for which
g(BSϕ,a) ⊂ Sβ+ε ∪ {∞}.

3 g has exactly fractional limits at MA ∩ g−1({0,∞}).

Then, g(A) is a sectorial operator of angle β.

We say that f has exactly fractional limit at d if

|z − d |α . |f (z)| . |z − d |α, as z → d , d 6=∞,
|z |α . |f (z)| . |z |α, as z →∞, d =∞,

for some α ∈ R \ {0}.
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Extension of the scaling property

(Auscher, McIntosh, Nahmod, 1997)

Sketch of the
problem: Let λR(λ,Aα) =

(
λ

λ−zα
)

(A),

with λ
λ−zα ∈ E .

∥∥∥ λ
λ−Aα

∥∥∥ ≤ ∫Γ

∣∣∣ λ
λ−Aα

∣∣∣ ‖R(z ,A)‖ |dz |
is not uniformly bounded on λ.

Idea:∥∥∥∥ λ

λ− Aα

∥∥∥∥ ≤ ‖λ′R(λ′,A)‖+
∫

Γ

∣∣∣∣ λ

λ− Aα
− λ′

λ′ − z

∣∣∣∣ ‖R(z ,A)‖ |dz |.
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Extension of the scaling property

(Auscher, McIntosh, Nahmod, 1997)

Sketch of the
problem: Let λR(λ, g(A)) =

(
λ

λ−g(z)

)
(A)

with gλ(z) = λ
λ−g(z) ∈ E .∥∥∥ λ

λ−g(z)

∥∥∥ ≤ ∫Γ

∣∣∣ λ
λ−g(z)

∣∣∣ ‖R(z ,A)‖ |dz |
is not uniformly bounded on λ.

Idea:∥∥∥∥ λ

λ− g(z)

∥∥∥∥ ≤ ‖λ′R(λ′,A)‖+
∫

Γ

∣∣∣∣ λ

λ− g(z)
− λ

λ− zα

∣∣∣∣+∣∣∣∣ λ

λ− zα
− λ′

λ′ − z

∣∣∣∣ ‖R(z ,A)‖ |dz |.
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Extension of the scaling property

(Auscher, McIntosh, Nahmod, 1997)

Sketch
of the problem: Let λR(λ, g(A)) = gλ(A)
with gλ(z) = λ

λ−g(z) ∈ E .

‖gλ(A)‖ ≤
∫

Γ |gλ(z)|‖R(z ,A)‖ |dz |
is not uniformly bounded on λ.

Idea:

‖gλ(A)‖ ≤ ‖hλ(A)‖+
∫

Γ
|gλ(z)− hλ(z)| ‖R(z ,A)‖ |dz |.
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Consequences

Corollary (O.-M., M. Warma)

Let A, g as before. In addition, assume that β < π
2 . Then, g(A) generates

a bounded holomorphic semigroup of angle π
2 − β.

Corollary (O.-M., M. Warma)

Let a ≥ 0, A ∈ BSect(π/2, a), and let α ∈ R+ \ {1, 3, 5, ...}. Then
(−1)n(A + aI )α is quasi-sectorial operator of angle π

∣∣α
2 − n

∣∣ for
α ∈ (2n − 1, 2n + 1).
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Domain properties

Proposition (O.-M., M. Warma)

Let A, g be as above. If g−1(∞) ∩MA = ∅, then D(g(A)) = X .
Otherwise,

D(g(A)) =
⋂

d∈g−1(∞)∩MA

R(dI − A),

where R(∞− A) := D(A).

Theorem (O.-M., M. Warma)

Let β,A, g be as above with β ∈
(
0, π2

)
. Then exp−w ◦g ∈MA and

Tg (w) = (exp−w ◦g)(A), w ∈ Sπ/2−β.
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Generalized Black–Scholes equation on order continuous
norm interpolation spaces

Theorem (O.-M., M. Warma)

Let E be a (L1 − L∞)-interpolation space with order continuous norm and
let n ∈ N and α > 0. Then the following assertions hold.

1 If ηE < 1 and α ∈
(
n − 1

2 , n + 1
2

)
, then (ACP0) is well-posed with the

operator (−1)n+1B1,α.

2 If η
E
> 0 and α ∈

(
n − 1

2 , n + 1
2

)
, then (ACP0) is well-posed with the

operator (−1)n+1B2,α.

3 If ηE < 1 and η
E
> 0, then (ACP0) is well-posed with the operator

B3,α.

In any case, identifying u(t, x) = u(t)(x), we obtain that
u ∈ C∞((0,∞)× (0,∞)).

[ADP02, BHK09, Haa06, OMW22]
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Explicit solutions

(
T(−1)n+1gα1 (AE )(w)f

)
(x) =

1

2π

∫ ∞
0

f (s)

s

∫ ∞
−∞

( s

x

)iu
exp

(
(−1)n+1w

(
1− 1

αB(1− iu, α)

)2
)

duds,

(
T(−1)n+1gα2 (AE )(w)f

)
(x) =

1

2π

∫ ∞
0

f (s)

s

∫ ∞
−∞

( s

x

)iu+δ

exp
(

(−1)n+1w (αB(iu + δ, α))−2
)

duds,(
Tgα3 (AE )(w)f

)
(x) =

1

2π

∫ ∞
0

f (s)

s

∫ ∞
−∞

( s

x

)iu+δ

exp

(
w

αB(δ + iu, α)

(
1− 1

αB(1− δ − iu, α)

))
duds,
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Classical Black–Scholes

(TBE
(w)f ) (x) =

1

2π

∫ ∞
0

f (s)

s

∫ ∞
−∞

( s

x

)iu
exp

(
−wu2

)
duds

=
1√

4πw

∫ ∞
0

exp

(
−(log x − log s)2

4w

)
f (s)

s
ds, x > 0,
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Regularity conditions and spectral inclusion

1 We say that a function f is regular at d ∈ {−a, a} if
limz→d f (z) =: cd ∈ C exists and, for some ε > 0, ϕ < ω,∫

∂(BSω′,a∩{|z−d |<ε}

∣∣∣∣ f (z)− cd
z − d

∣∣∣∣ |dz | <∞, for all ω′ ∈
(
ϕ,
π

2

)
.

2 We say that f is regular at ∞ if limz→∞ f (z) =: c∞ ∈ C exists and,
for some R > 0, ϕ < ω,∫

∂BSω′,a,|z|>R

∣∣∣∣ f (z)− c

z

∣∣∣∣ |dz | <∞, for all ω′ ∈
(
ϕ,
π

2

)
.

3 We say that f is quasi-regular at d ∈ MA if f or 1/f is regular at d .

Proposition

Let A ∈ BSect(ω, a), and take f ∈MA to be quasi-regular at MA. Then

σ̃(f (A)) ⊂ f (σ̃(A)).
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Köthe dual

Theorem above does not hold for a (L1 − L∞)-interpolation space E which
has no order continuous norm. Consider the Köthe dual E ? of E , given by

E ? :=

{
g : (0,∞)→ C measurable and

∫ ∞
0
|f (x)g(x)| dx <∞ for all f ∈ E

}
.

Every g ∈ E ? defines a bounded (order continuous) linear functional ϕg on
E , given by

〈f , ϕg 〉E ,E? :=

∫ ∞
0

f (x)g(x) dx for all f ∈ E .
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