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Black—Scholes(—Merton) equation

Black—Scholes(—Merton) equation
Ur = x° Uy + xuy = Bu, t, x > 0. (BS)

where (Bu)(x) = x?u"(x) + xu'(x).
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Black—Scholes(—Merton) equation

Black—Scholes(—Merton) equation
Ur = x° Uy + xuy = Bu, t, x > 0. (BS)

where (Bu)(x) = x?u"(x) + xu'(x).

F. Black and M. Scholes. The pricing of options and corporate liabilities.
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Black—Scholes equations in interpolation spaces

uec CH(0,00); E), u(t)eD(B), t>0,
u'(t) = Bu(t), t >0, (ACPy)
limeou(t)=1f€E,

Well-posedness <= existence & uniqueness of solution
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uec CH(0,00); E), u(t)eD(B), t>0,
u'(t) = Bu(t), t >0, (ACPy)
limeou(t)=1f€E,

Well-posedness <= existence & uniqueness of solution <— B
generates a Cp-semigroup T(t), u(t) = T(t)f.
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Black—Scholes equations in interpolation spaces

uec CH(0,00); E), u(t)eD(B), t>0,
u'(t) = Bu(t), t >0, (ACPy)
limeou(t) =f € E,

Well-posedness <= existence & uniqueness of solution <— B
generates a Cp-semigroup T(t), u(t) = T(t)f.

A (L' — L>)-interpolation space E is said to have an order continuous
norm if ||f,||e — O for every sequence of functions E D |f,| L 0 a.e.

Theorem (Arendt, de Pagter 2002)

Let E be an (L' — L) interpolation space. Then ACPy is well-posed if
and only if E has order continuous norm.
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Role of J

Set
(Ju)(x) := —xu'(x), Je = J|E.
Je generates the exponentially bounded group
u(t,x) = (Se(t)f)(x) = f(e~tx) on any (L' — L°°) interpolation space E.
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Role of J

Set
(Ju)(x) := —xu'(x), Je = J|E.
Je generates the exponentially bounded group
u(t,x) = (Se(t)f)(x) = f(e~tx) on any (L' — L°°) interpolation space E.
Let
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Theorem (Arendt, de Pagter 2002)

@ o(Je) = {Aln, < RA <7l

@ Tg is strongly continuous if and only if E has order continuous norm.
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Role of J

Set
(Ju)(x) := —xu'(x), Je = J|E.
Je generates the exponentially bounded group
u(t,x) = (Se(t)f)(x) = f(e~tx) on any (L' — L°°) interpolation space E.
Let

im log ||Se(—1)|| - log |1Se(t)]]

ne = i
t—00 t e t—o00

0<n.<me<l

77,:—::_

)

Theorem (Arendt, de Pagter 2002)

@ o(Je) = {Aln, < RA <7l

@ Tg is strongly continuous if and only if E has order continuous norm.

A lZJniversidad
. . Al Zaragoza
B = J> = B generates a holomorphic semigroup Tg.
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Generalized Cesaro operator

Connection with Cesaro operator C; and its adjoint Cj

J=1-Gl= (et

(C1H)(x) ::>1</0X f(y)dy, (Cif)(x):= /OOf(yy)dy, x > 0.
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Generalized Cesaro operator

Connection with Cesaro operator C; and its adjoint Cj

J=1-¢t=@cp!

T )
y

(C1H)(x) := >1</0X f(y)dy, (Cif)(x):= / dy, x>0.

For o > 0, one can define the generalized Cesaro operator Cq,C},

Ma+1

(€A = 5 [ e i)y = T 0wy,

N6 =a [ (yy)af(m dy = M+ 1) (W2 (y~F))(x).
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Generalized Black—Scholes equations

B=(1-C'Y2=(c) 2= ()t —-ch).
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Generalized Black—Scholes equations

B=(1-Ci' =)= -c)
With an arbitrary @ > 0, one obtains the following PDEs

1 2
— T DYxDY(x™ - D¥(x“ =: By U,
U= Fla gl D) = gy P e =2 Brau
1
= XWX W) =: By au,
U= Fra e’ WKW = Brau
— Y papeeweyy s b e, B
Uy = o+ 1) X u r(a+1)X u=: B3 u,

where D% and W stand for the Riemann-Liouville and Weyl fractional
derivatives of order «, respectively.
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Generalized Black—Scholes equations

B=(1-Ci' =)= -c)
With an arbitrary @ > 0, one obtains the following PDEs

1 2
— T DYxDY(x™ - D¥(x“ =: By U,
U= Fla gl D) = gy P e =2 Brau
1
= XWX W) =: By au,
U= Fra e’ WKW = Brau
— Y papeeweyy s b e, B
Uy = o+ 1) X u r(a+1)X u=: B3 u,

where D% and W stand for the Riemann-Liouville and Weyl fractional
derivatives of order «, respectively.
Objective:

Bio = gia(J)? T Yiyerided

goza
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Sectorial operators

A € C(X) is said to be a
sectorial operator (of angle ¢) if

sup [[AR(N, A)|| < o
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Sectorial operators

A € C(X) is said to be a
sectorial operator (of angle ¢) if

@ o(A)CS, \
for some ¢ € [0, 7). \

Q@ Fix (P/ S (9077")- Then sup [AR(A, A)]| < o

H)‘R(AvA)”E(X) < K@’, reC \ 54)0/7

for some K, > 0.
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Bisectorial operators

BSus = (—a+Sr—0)N(a— Sr_w)

for w € (0,7/2], a> 0. \
We say that
A is bisectorial, A € BSect(w, a), \

if both a+ A, a— A are \
sectorial operators of angle m — w.
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Primary functional calculus of unbounded operators

Idea (Bade, 1953, Mclntosh, 1986, Haase 2005): For A € BSect(w, a) set

f(2)
min{|A — a|, |\ + a|}

|dz| < 00, p <w

E(A) ::{f € H>(BS,,,) : /
-

z—a z——a Z—00

lim f(z) = lim f(z) = lim f(z)zO.},
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Primary functional calculus of unbounded operators

Idea (Bade, 1953, Mclntosh, 1986, Haase 2005): For A € BSect(w, a) set

f(2)
rImin{|A —a|, |\ + a|}

E(A) ::{f € H>(BS,,,) :

‘|dz|<oo,<p<w

by (0= i 16) = i ) 0.}
and set

f(A) = — f(z)R(z A)dz € L(X), fe&(A).

2mi
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Natural functional calculus of bisectorial operators

Definition (Haase, 2005)
Let A € BSect(w,a) and ¢ < w. Let f € M(BS, ,) be such that there
exists e € £(A) for which
Q of € E(A).
@ e(A) is injective.
Then we say that f is regularizable, f € M(A) and set

f(A) := e(A)"L(ef)(A) € C(X).

Jests Oliva Maza (Unizar - IUMA) Generalized Black—Scholes 26/05/2022
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Generalized Black—Scholes through functional calculus

The generalized Black—Scholes equations

1 2

Ut:BLaU:mD (X D (X U))—mD (X U)+U,
Uy = 827(1[.] = mxa Wa(XOé W(XU),
1 1
=B o e — 2aWa VY Y V2
e = Byt = =gy DO OTWI) + o x W
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Generalized Black—Scholes through functional calculus

The generalized Black—Scholes equations

1 (0% o o (0% 2 o (0%
“t_Blva”_ir(ale)zD (x*D*(x*u)) r(a+1)D (x%u) + u,
= Byt = =X W (x* W),
Uy 2ol F(a—|—1)2x (x u)
1 1
= B3 u=—— - D¥x**W* VY Y V2
e = B30l Mo+ 1)2 (x u) + r(a+1)X “

can be respectively written as

Bio=(1—(aB(l — J,0)) )2 = g1..(J),
Bro = (aB(J,a))? = g2a(J),
B3 = (aB(J,a)) H1 — (aB(l — J,0))™) =: g3.4(J),

s Universidad
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Transfer results

The functions of our generalized BS satisfy that

(—z)% ifi=1,
gia(z) ~ § z2@ if i =2, as z — oo.
z%(—z)” if i =3,
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Transfer results

The functions of our generalized BS satisfy that

(—z)% ifi=1,
gia(z) ~ § z2@ if i =2, as z — oo.
z%(—z) if i =3,

O (Kato, 1960) Scaling property. If A is a sectorial operator of angle

B, then A% is a sectorial operator of angle af3 for a € (O,%

@ (Baeumer, Haase, Kovécs, 2009) Let o € R\ {1,3,5,...}. If A
generates a bounded group, then (—1)"A% is a quasi-sectorial
operator of angle | — 2n|7 for o € (2n —1,2n + 1).
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Transfer results

The functions of our generalized BS satisfy that

(—z)% ifi=1,
gia(z) ~ § z2@ if i =2, as z — oo.
z%(—z) if i =3,

O (Kato, 1960) Scaling property. If A is a sectorial operator of angle
B, then A% is a sectorial operator of angle af3 for a € (O,%

@ (Baeumer, Haase, Kovécs, 2009) Let o € R\ {1,3,5,...}. If A
generates a bounded group, then (—1)"A% is a quasi-sectorial
operator of angle | — 2n|7 for o € (2n —1,2n + 1).

@ (Arendt, Zamboni, 2010), (Gomilko, Tomilov, 2015),...
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Main result

Theorem (O.-M., M. Warma)
Let w € (0,7/2],a>0 and B € [0,7). Let A € BSect(w, a), g € M(A).
If
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Main result

Theorem (O.-M., M. Warma)

Let w € (0,7/2],a>0 and B € [0,7). Let A € BSect(w, a), g € M(A).
If

Q g is quasi-regular at Ma = {—a, a,c0} N (A).

@ For any £ > 0, one can find ¢ € (0,w) for which
8(BSy,a) C Sgte U {o0}.

© g has exactly fractional limits at Ma N g~1({0,00}).

We say that f has exactly fractional limit at d if

iz—d* <|F(2)| < |z—d|*, asz—d, d# oo,

2" S1F(2)] < 121 as z — 00, d = oo,
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Main result

Theorem (O.-M., M. Warma)

Let w € (0,7/2],a>0 and B € [0,7). Let A € BSect(w, a), g € M(A).
If

Q g is quasi-regular at Ma = {—a, a,c0} N (A).
@ For any e > 0, one can find ¢ € (0,w) for which
g(BSp,a) C Spe U {00}
© g has exactly fractional limits at Ma N g~1({0,00}).
Then, g(A) is a sectorial operator of angle 3.

We say that f has exactly fractional limit at d if

iz—d* <|f(2)| < |z—d|”, asz—d,d# oo,

21" S 1f(2)] S [2I% as z — 00, d = 0,
T Yy

for some a € R\ {0}.
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Extension of the scaling property

(Auscher, Mclntosh, Nahmod, 1997)

Sketch of the
problem: Let AR(), A%) = ( . Za) A,

. A
Wlth Nz € 5

°

10 15 20

T Umversniad
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Extension of the scaling property

(Auscher, Mclntosh, Nahmod, 1997)

Sketch of the
problem: Let AR(), A%) = ( . Za) (A),

. A
Wlth Nz € g

|52 < Jr |52 | IRG A e a.
is not uniformly bounded on A.

°

10 15 20
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Extension of the scaling property

(Auscher, Mclntosh, Nahmod, 1997)

Sketch of the
problem: Let AR(), A%) = ( . Za) (A),

. A
Wlth Nz € g

|2 < e |2 1R Az -
is not uniformly bounded on A.

°

10 15 20

Idea:
==

)\/
R(z, A)|| |dz|.
o | IRGz A 12|

A
< |INR(N,A —
< INROC A |52

T Umversniad
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Extension of the scaling property

(Auscher, Mclntosh, Nahmod, 1997)

Sketch of the
problem: Let AR()\ g(A)) = (/\ 2@ ) (A)

with g\(z) = m €f.

|=2e) < Fl=2e| IR Al
is not uniformly bounded on A.

°

10 15 20

Idea:

A

_g(Z)H < ||XR(A’,A)II+/r ‘A_Ag(z) e

A N
A

- |

T Umversniad
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Extension of the scaling property

(Auscher, Mclntosh, Nahmod, 1997)

Sketch
of the problem: Let AR(), g(A)) = g\(A)

1ex(A) < Jr lex(2)[IIR(z, A)ll |dz|
is not uniformly bounded on A.

°
5
8

Idea:

(A < HhA(A)IIJr/r &x(2) = h(2)| [|R(z, A)ll |dz].
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Consequences

Corollary (O.-M., M. Warma)

Let A, g as before. In addition, assume that 3 < 5. Then, g(A) generates
a bounded holomorphic semigroup of angle 5 — 3.
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Consequences

Corollary (O.-M., M. Warma)

Let A, g as before. In addition, assume that 3 < 5. Then, g(A) generates
a bounded holomorphic semigroup of angle 5 — 3.

v

Corollary (O.-M., M. Warma)

Let a >0, A € BSect(r/2, a), and let o« € R \ {1,3,5,...}. Then
(=1)"(A + al)™ is quasi-sectorial operator of angle m|$ — n| for
a€(2n—1,2n+1).
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Domain properties

Proposition (O.-M., M. Warma)

Let A, g be as above. If g=1(c0) N Ma = (), then D(g(A)) = X.
Otherwise,

Dg(A)= () R(d-A),
deg=1(c0)NMa

where R(oco — A) := D(A).
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Domain properties

Proposition (O.-M., M. Warma)

Let A, g be as above. If g=1(c0) N Ma = (), then D(g(A)) = X.
Otherwise,

D(g(A) =[] R(d-A),
deg=1(c0)NMa

where R(oco — A) := D(A).

Theorem (O.-M., M. Warma)

Let B, A, g be as above with 3 € (0,5). Then exp_,, og € Ma and

Tg(W) = (exp—w Og)(A)7 w € Sﬂ’/2—/5"

i "Zaragoza
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Generalized Black—Scholes equation on order continuous
norm interpolation spaces

Theorem (O.-M., M. Warma)

Let E be a (L' — L*)-interpolation space with order continuous norm and
let n € N and o > 0. Then the following assertions hold.

v
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Generalized Black—Scholes equation on order continuous
norm interpolation spaces

Theorem (O.-M., M. Warma)

Let E be a (L' — L*)-interpolation space with order continuous norm and
let n € N and o > 0. Then the following assertions hold.

Q Iffg<landa€ (n—24 n+1), then (ACPy) is well-posed with the
operator (—1)"1By .

v
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Generalized Black—Scholes equation on order continuous
norm interpolation spaces

Theorem (O.-M., M. Warma)
Let E be a (L' — L*)-interpolation space with order continuous norm and
let n € N and o > 0. Then the following assertions hold.

Q Iffg<landa€ (n—24 n+1), then (ACPy) is well-posed with the
operator (—1)"1By .

@ Ifn.>0and a € (n—3,n+3), then (ACPy) is well-posed with the
operator (—1)"1B, ,.

v

3
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Generalized Black—Scholes equation on order continuous
norm interpolation spaces

Theorem (O.-M., M. Warma)

Let E be a (L' — L*)-interpolation space with order continuous norm and
let n € N and o > 0. Then the following assertions hold.

Q Iffg<landa€ (n—24 n+1), then (ACPy) is well-posed with the
operator (—1)"1By .

@ Ifn.>0and a € (n—3,n+3), then (ACPy) is well-posed with the
operator (—1)"1B, ,.

© /fng <1andn, >0, then (ACPy) is well-posed with the operator
Bz q.

v
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Generalized Black—Scholes equation on order continuous
norm interpolation spaces

Theorem (O.-M., M. Warma)

Let E be a (L' — L*)-interpolation space with order continuous norm and
let n € N and o > 0. Then the following assertions hold.

Q Iffg<landa€ (n—24 n+1), then (ACPy) is well-posed with the
operator (—1)"1By .

@ Ifn.>0and a € (n—3,n+3), then (ACPy) is well-posed with the
operator (—1)"1B, ,.

© /fng <1andn, >0, then (ACPy) is well-posed with the operator
B3 .

In any case, identifying u(t,x) = u(t)(x), we obtain that
u e C*>((0,00) x (0,00)).

v
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The End
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(Tevrgaar) () =5 [~ [~ (2

exp ((—1)"+1w <1 — MY) duds,

(T(—l)"“gf‘(As)(W)f> () =5 /oo f(s)/ :u+5
exp (1) w (aB(iu + 6, 0))2) duds,

(Tg (ag) (W) )(x) 21/ s)/oo (§>:u+<§

exp <W (1 - . )) du
OCB((S + 1u, Oé) OLB(]. —0— Iu‘"%)| fersidad

Zaragoza
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Classical Black—Scholes

(Tee(w)f) (x) = > /OO (s )/_Oo <§>iuexp (—Wuz) duds

S X

_ 2
exp< (log x — log s) ) f(s) s, x>0,

dw s

Vi
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Regularity conditions and spectral inclusion

@ We say that a function f is regular at d € {—a, a} if
lim,_,q f(z) =: cg € C exists and, for some ¢ > 0, ¢ < w,

f(z) —cq

z—d

|dz| < 0o, forallw e (go, E) )

/8(Bsw/’aﬂ{z—d|<a} 2
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Regularity conditions and spectral inclusion

@ We say that a function f is regular at d € {—a, a} if
lim,_,q f(z) =: cg € C exists and, for some ¢ > 0, ¢ < w,

f(z) —cq

z—d

|dz| < 0o, forallw e (go, g) )

/B(Bswl7an{z—d|<a}
@ We say that f is regular at oo if lim,_, f(2) =: cx € C exists and,
for some R > 0, ¢ < w,

™
. |dz| < oo, forall ' € <<,0, —) .

2

|z|>R

% Universidad
A8y Zaragoza

Jests Oliva Maza (Unizar - IUMA) Generalized Black—Scholes 26/05/2022 24 /25



Regularity conditions and spectral inclusion

@ We say that a function f is regular at d € {—a, a} if
lim,_,q f(z) =: cg € C exists and, for some ¢ > 0, ¢ < w,

f(z) —cq

z—d

|dz| < 0o, forallw e (go, g) )

/B(Bswl7an{z—d|<a}
@ We say that f is regular at oo if lim,_, f(2) =: cx € C exists and,
for some R > 0, ¢ < w,

™
. |dz| < oo, forall ' € <<,0, —) .

2

|z|>R

© We say that f is quasi-regular at d € My if f or 1/f is regular at d.
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Regularity conditions and spectral inclusion

© We say that a function f is regular at d € {—a, a} if
lim,_,q f(z) =: cg € C exists and, for some ¢ > 0, ¢ < w,

f(z) —cq

z—d

|dz| < 0o, forallw e (go, E) )

/8(BSW/7aﬁ{z—d|<a} 2

@ We say that f is regular at oo if lim,_, f(2) =: cx € C exists and,
for some R > 0, ¢ < w,

|dz| < oo, forall ' € (go, E) .
o z 2

|z|>R

© We say that f is quasi-regular at d € My if f or 1/f is regular at d.

Proposition
Let A € BSect(w, a), and take f € M4 to be quasi-regular at Ma. Then

a(f(A)) C f(a(A)).
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Kothe dual

Theorem above does not hold for a (L — L>)-interpolation space E which
has no order continuous norm. Consider the Kothe dual E* of E, given by

E* = {g : (0, 00) — C measurable and

/00 |f(x)g(x)] dx < oo forall f € E}.
0

Every g € E* defines a bounded (order continuous) linear functional ¢z on
E, given by

(f,0g)EE 2:/ f(x)g(x) dx forall fe€E.
0
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