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Motivation
Notation

Multipliers on Lp

Recall that a bounded measurable function m : R→ C is said to be a
p-multiplier in Mp(R), if

Tm(f )(y) =
∫
R
m(x)f̂ (x)e ixydx

defines a bounded operator from Lp(R) into Lp(R).

Recall that a bounded sequence (mn)⊂ C (respect. a bounded periodic
function m : T→ C ) is said to be a p-multiplier in Mp(Z) (respect.
Mp(T)), if

Tm(f )(t) = ∑
n∈Z

mn f̂ (n)e int

(respect.
(
Tm((αn))

)
n

=
(∫ 2π

0 m(t)(∑k αke
ikt)e int dt2π

)
n
)defines a

bounded operator from Lp(T) into Lp(T)(respect. from `p(Z) into
`p(Z).)
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Notation

Transference and restriction

Let m : R→ C be continuous and bounded. Assume that m ∈Mp(R).

Consider the periodic extension of its restriction to [0,2π), that is
m̃(t) = m(t−2π[t/2π]). Does it hold that m̃ ∈Mp(Z)?.
Let mn = m(n). Does it hold that (mn) ∈Mp(T)?.
K. DeLeeuw, (1965) YES
Tool (Use the Bohr group D, that is R with the discrete topology.
Mp(R) = Mp(D)
Aim: Similar questions for multipliers between Orlicz spaces
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Groups

Throughout the paper (G , ·) denotes a locally compact abelian group,

Ĝ
the dual group of G and mG stands for the Haar measure.
Examples to be used: R for the real line, D for the R with the discrete
topology, T for the unit circle and Z for the integers.
We write

f̂ (γ) =
∫
G
f (x)γ

−1(x)dmG (x)

for γ ∈ Ĝ whenever f ∈ L1(G ).
Given a bounded measurable function m defined on G we write

Tm(f )(γ) =
∫
G
m(x)f̂ (x)γ(x)dmG (x), γ ∈ Ĝ . (1)

for any f ∈ A(Ĝ ) = {f : Ĝ → C : f̂ ∈ L1(G )}.
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for γ ∈ Ĝ whenever f ∈ L1(G ).
Given a bounded measurable function m defined on G we write

Tm(f )(γ) =
∫
G
m(x)f̂ (x)γ(x)dmG (x), γ ∈ Ĝ . (1)
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Orlicz spaces

Given a Young function Φ : [0,∞)→ [0,∞), that is convex, Φ(0) = 0 and
limx→∞ Φ(x) = ∞, we write

ρΦ(f ) =
∫
G

Φ(|f (x)|)dmG (x).

Then the Orlicz space LΦ(G ) consists of the set of all measurable
functions f : G → C such that ρΦ(f /λ ) < ∞ for some λ > 0.
Some equivalent norms:
(Luxemburg norm) NΦ(f ) = inf{λ > 0 : ρΦ(f /λ )≤ 1}
(Orlicz norm) ‖f ‖Φ = sup{

∫
G |f (x)g(x)|dmG (x) : ρΨ(g)≤ 1} where Ψ is

the complementary Young function, i.e.
Ψ(y) = sup{xy −Φ(x) : x ≥ 0} for y ≥ 0.
(Amemiya norm) ‖|f ‖|Φ = infk>0

1
k (1 + ρΦ(kf )).
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Motivation
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∆2-condition

A Young function Φ is said to satisfy ∆2-condition (globally) if there
exists a constant K > 0 such that

Φ(2x)≤ KΦ(x), x ≥ 0. (2)

A Young function Φ is said to satisfy ∇2-condition (globally) if there
exists a constant ` > 1 such that

Φ(x)≤ 1

2`
Φ(`x) x ≥ 0. (3)
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Multipliers

Given a bounded measurable function m defined on G and f ∈ A(Ĝ ) we
write

Tm(f )(γ) =
∫
G
m(x)f̂ (x)γ(x)dmG (x), γ ∈ Ĝ . (4)

Let Φ1 and Φ2 be Young functions, and let m be a bounded measurable
function defined on G . The function m is said to be a (Φ1,Φ2)-multiplier
on G if there exists C > 0 such that

NΦ2 (Tm(f ))≤ CNΦ1 (f ) (5)

for all f ∈ A(Ĝ ).
We write MΦ1,Φ2 (G ) for the space of (Φ1,Φ2)-multipliers on G .

Whenever A(Ĝ ) is dense in LΦ1 (Ĝ ) we have that Tm extends to a
bounded operator from LΦ1 (Ĝ ) to LΦ2 (Ĝ ) for any (Φ1,Φ2)-multiplier m.
Moreover ‖Tm‖LΦ1→LΦ2 = ‖m‖(Φ1,Φ2).
If Φ is a Young function satisfying ∆2 condition then A(G ) is dense in
LΦ(G ).
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Basic Examples

As usual we denote µ̂(x) =
∫
Ĝ γ−1(x)dµ(γ) for the Fourier transform of a

regular Borel measure µ defined in Ĝ .

Proposition

Let Φ1,Φ2 and Φ3 be Young functions.
(i) Assume that there exists C > 0 such that

Φ2(x)≤ CΦ1(x), x > 0. (6)

If m(x) = µ̂(x) for some regular Borel measure µ defined on Ĝ then
m ∈MΦ1,Φ2 (G ). Moreover ‖m‖(Φ1,Φ2) ≤ C‖µ‖1.
(ii) Assume that

Φ−1
1 (x)Φ−1

2 (x)≤ xΦ−1
3 (x), x ≥ 0. (7)

If m(x) = ĝ(x) for some g ∈ L1(Ĝ )∩LΦ2 (Ĝ ) then m ∈MΦ1,Φ3 (G ) and

‖m‖(Φ1,Φ3) ≤ 2NΦ2 (g).

Proposition

Let Φ,Φi for i = 1,2 be Young functions and m ∈MΦ1,Φ2 (G ).
(i) If ϕ ∈ L1(G ) then ϕ ∗m ∈MΦ1,Φ2 (G ). Moreover

‖ϕ ∗m‖(Φ1,Φ2) ≤ ‖ϕ‖1‖m‖(Φ1,Φ2)

(ii) If ψ ∈ L1(Ĝ ) then ψ̂m ∈MΦ1,Φ2 (G ). Moreover

‖ψ̂m‖(Φ1,Φ2) ≤ ‖ψ‖1‖m‖(Φ1,Φ2).
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G = R
A bounded measurable function m defined in R is (Φ1,Φ2)-multiplier on
R if there exists C > 0 such that

Tm(f )(x) =
∫
R
m(ξ )f̂ (ξ )e2π ixξdξ (8)

satisfies NΦ2 (Tm(f ))≤ CNΦ1 (f ) for any f ∈S (R), which in case that
Φ1 satisfies ∆2 is equivalent to the fact that Tm extends to a bounded
operator from LΦ1 (R) into LΦ2 (R).

There are a lot of results known about (p,q)-multipliers corresponding to
Φ1(x) = xp and Φ2(x) = xq and denoted by Mp,q(R).

sign(ξ ) ∈Mp,p(R) for 1 < p < ∞.

|2πξ |−α ∈Mp,q(R) for 0 < α < 1,1/q = 1/p−α.

Mp,q(R) = Mq′,p′(R) where 1/p+ 1/p′ = 1.

M2,2(R) = L∞(R).

M1,1(R) = {µ̂ : µ ∈M(R)}
Mp,q(R) = {0} for p > q.
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The dilation operator Dλ

Denote Dλ (f )(x) = f (λx) for λ > 0.

CΦ(λ ) = ‖Dλ‖LΦ(R)→LΦ(R) = sup{NΦ(Dλ (f )) : NΦ(f )≤ 1}

Of course CΦ(λ ) is non-increasing, submultiplicative and CΦ(1) = 1.

α(Φ) = lim
λ→0

logCΦ( 1
λ

)

log λ
, β (Φ) = lim

λ→∞

logCΦ( 1
λ

)

log λ
.(Boyd indices)

α(Φ) > 0 implies Φ satisfies ∆2 and β (Φ) < 1 implies Φ satisfies ∇2.
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New results

Theorem

Let Φ1,Φ2 be Young functions satisfying ∆2.
If MΦ1,Φ2 (R) 6= {0} then β (Φ1)≥ α(Φ2).

Corollary

Let Φp,q(t) = max{tp, tq}. If max{p2,q2}< min{p1,q1} then
MΦp1,q1 ,Φp2,q2

(R) = {0}.
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The Bohr group

It is well-known that D̂ is the Bohr compactification of D. We use the
notation AP(R) for the set of all continuous almost periodic functions on
R, that is to say uniform limits of polynomials ∑

n
k=1 αke

2π ixk t where
xk ∈ R and αk ∈ C.

Recall now the Besicovich-Orlicz spaces for almost periodic functions: If
f ∈ AP(R) and Φ is a Young function we define

ρ̃Φ(f ) = limT→∞

1

2T

∫ T

−T
Φ(|f (x)|)dx = limT→∞

∫ 1/2

−1/2
Φ(|DT f (x)|)dx

and
‖f ‖BΦ = inf{k > 0 : ρ̃Φ(f /k)≤ 1}.

A basic fact to use for the Bohr group is that if µ is any measure defined
on R having support on a finite number of points, then µ̂ ∈ AP(R) and

‖µ̂‖BΦ(R) = ‖µ‖LΦ(D̂). (9)
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R, that is to say uniform limits of polynomials ∑

n
k=1 αke

2π ixk t where
xk ∈ R and αk ∈ C.
Recall now the Besicovich-Orlicz spaces for almost periodic functions: If
f ∈ AP(R) and Φ is a Young function we define

ρ̃Φ(f ) = limT→∞

1

2T

∫ T

−T
Φ(|f (x)|)dx = limT→∞

∫ 1/2

−1/2
Φ(|DT f (x)|)dx

and
‖f ‖BΦ = inf{k > 0 : ρ̃Φ(f /k)≤ 1}.

A basic fact to use for the Bohr group is that if µ is any measure defined
on R having support on a finite number of points, then µ̂ ∈ AP(R) and

‖µ̂‖BΦ(R) = ‖µ‖LΦ(D̂). (9)
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Multipliers for G = D

Let Φ1,Φ2 be Young functions. A bounded function m ∈MΦ1,Φ2 (D) if
there exists a constant C > 0 such that

NΦ2 (∑αtm(t)χt)≤ CNΦ1 (∑αtχt) (10)

for any α = ∑αtχt (finite sum) .

Assume that Φ2 satisfies ∇2 and m is a bounded function on R. The
following are equivalent:
(i) m ∈MΦ1,Φ2 (D).
(ii) There exists a constant K such that

|∑
t∈R

m(t)µ(t)λ (t)dx | ≤ C‖µ̂‖BΦ1
‖λ̂‖BΨ2

(11)

for any measures µ and λ on R having supports on a finite number of
points.

Oscar Blasco Transference and restriction of Fourier multipliers on Orlicz spaces



Preliminaries
(Φ1 ,Φ2)-multipliers on R
(Φ1 ,Φ2)-multipliers on D
(Φ1 ,Φ2)-multipliers on Z

Multipliers for G = D

Let Φ1,Φ2 be Young functions. A bounded function m ∈MΦ1,Φ2 (D) if
there exists a constant C > 0 such that

NΦ2 (∑αtm(t)χt)≤ CNΦ1 (∑αtχt) (10)

for any α = ∑αtχt (finite sum) .
Assume that Φ2 satisfies ∇2 and m is a bounded function on R. The
following are equivalent:
(i) m ∈MΦ1,Φ2 (D).
(ii) There exists a constant K such that

|∑
t∈R

m(t)µ(t)λ (t)dx | ≤ C‖µ̂‖BΦ1
‖λ̂‖BΨ2

(11)

for any measures µ and λ on R having supports on a finite number of
points.

Oscar Blasco Transference and restriction of Fourier multipliers on Orlicz spaces



Preliminaries
(Φ1 ,Φ2)-multipliers on R
(Φ1 ,Φ2)-multipliers on D
(Φ1 ,Φ2)-multipliers on Z

Multipliers for G = D

Let Φ1,Φ2 be Young functions. A bounded function m ∈MΦ1,Φ2 (D) if
there exists a constant C > 0 such that

NΦ2 (∑αtm(t)χt)≤ CNΦ1 (∑αtχt) (10)

for any α = ∑αtχt (finite sum) .
Assume that Φ2 satisfies ∇2 and m is a bounded function on R. The
following are equivalent:
(i) m ∈MΦ1,Φ2 (D).
(ii) There exists a constant K such that

|∑
t∈R

m(t)µ(t)λ (t)dx | ≤ C‖µ̂‖BΦ1
‖λ̂‖BΨ2

(11)

for any measures µ and λ on R having supports on a finite number of
points.

Oscar Blasco Transference and restriction of Fourier multipliers on Orlicz spaces



Preliminaries
(Φ1 ,Φ2)-multipliers on R
(Φ1 ,Φ2)-multipliers on D
(Φ1 ,Φ2)-multipliers on Z

Main results 1

Theorem

Let m be a bounded continuous function on R and let Φ1,Φ2 be Young
functions such that Φ2 satisfies ∇2 and

sup
λ>1

CΦ1 (λ )CΦ2 (1/λ ) < +∞. (12)

If m ∈MΦ1,Φ2 (D) then m ∈MΦ1,Φ2 (R).

Corollary

Let m be a bounded continuous function on R such that m ∈MΦ1,Φ2 (D)
and let Φ1,Φ2 be Young functions such that α(Φ1) > β (Φ2). Then
m ∈MΦ1,Φ2 (R).
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Main results 2

Theorem

Let m be a bounded continuous function on R and let Φ1,Φ2 be Young
functions satisfying that Φ2 has ∇2 condition and

sup
0<λ<1

CΦ1 (λ )CΦ2 (1/λ ) < +∞. (13)

If m ∈MΦ1,Φ2 (R) then m ∈MΦ1,Φ2 (D).

Corollary

Let m be a bounded continuous in R and Φ be a Young function
satisfying ∇2 and

sup
λ>0

CΦ(λ )CΦ(
1

λ
) < ∞. (14)

Then m ∈MΦ(R) iff m ∈MΦ(D).
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References

G = Z
A bounded sequence m = (mn)n∈Z is (Φ1,Φ2)-multiplier on Z if there
exists C > 0 such that

Tm(P)(t) = ∑
k∈Z

mkαke
2π ikt (15)

satisfies NΦ2 (Tm(P))≤ CNΦ1 (P) for any P(t) = ∑k∈Z αke
2π ikt ∈ P(T),

or equivalently, in case that Φ1 satisfies ∆2, extends to a bounded
operator from LΦ1 (T) to LΦ2 (T).

If Φ2 satisfying ∇2 and let m = (mn) be a bounded sequence on Z. The
following are equivalent:
(i) m ∈MΦ1,Φ2 (Z).
(ii) There exists a constant K such that

|∑
n∈Z

mnαnβn| ≤ CNΦ1 (P)NΨ2 (Q) (16)

for any P(t) = ∑n∈Z αne
2π int and Q(t) = ∑n∈Z βne

2π int in P(T).
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Main results 3

Theorem

Let m be a bounded continuous function on R and Φ1,Φ2 be Young
functions with Φ2 satisfying ∇2.
(i) Assume that

sup
0<λ<1

CΦ1 (λ )CΦ2 (1/λ ) < ∞. (17)

If m ∈MΦ1,Φ2 (R) then mn = (m(n)) ∈MΦ1,Φ2 (Z).
(ii) Assume that

sup
λ>1

CΦ1 (λ )CΦ2 (1/λ ) < ∞. (18)

If (D1/Nm(n)) ∈MΦ1,Φ2 (Z) for all N ∈ N with
supN ‖(D1/Nm)n‖(Φ1,Φ2) < ∞ then m ∈MΦ1,Φ2 (R).
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