Transference and restriction of Fourier
multipliers on Orlicz spaces

OSCAR BLASCO
joint work with Ruya Uster (Istanbul University)

Universidad Valencia

XX EARCO
Encuentros de Analisis Real y Complejo
28 Mayo, 2022

Oscar Blasco Transference and restriction of Fourier multipliers on Orlicz spaces



Preliminaries

Motivation

Notation

Multipliers on LP

Recall that a bounded measurable function m: R — C is said to be a
p-multiplier in .Z,(R), if

Tml(F)(y) = /R m(x)F(x)e™ dx

defines a bounded operator from LP(R) into LP(R).
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Recall that a bounded measurable function m: R — C is said to be a
p-multiplier in .Z,(R), if

Tml(F)(y) = /R m(x)F(x)e™ dx

defines a bounded operator from LP(R) into LP(R).
Recall that a bounded sequence (m,) C C (respect. a bounded periodic
function m: T — C ) is said to be a p-multiplier in .#,(Z) (respect.
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Recall that a bounded measurable function m: R — C is said to be a
p-multiplier in .Z,(R), if

Tml(F)(y) = /R m(x)F(x)e™ dx

defines a bounded operator from LP(R) into LP(R).
Recall that a bounded sequence (m,) C C (respect. a bounded periodic
function m: T — C ) is said to be a p-multiplier in .#,(Z) (respect.
Mp(T)), if

Tm(F)(t) = Y mpf(n)e™

neZ

_ 2 ikt pint dt :
(respect. (Tm((an)))n = ( m(t)(Xx oe™ e 2ﬂ)n)deﬁnes a
bounded operator from LP(T) into LP(T)(respect. from ¢P(Z) into
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Let m: R — C be continuous and bounded. Assume that m € .Z,(R).
Consider the periodic extension of its restriction to [0,27), that is
m(t) = m(t —2x[t/2x]). Does it hold that m € .#,(Z)?.
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Let m: R — C be continuous and bounded. Assume that m € .Z,(R).
Consider the periodic extension of its restriction to [0,27), that is
m(t) = m(t —2x[t/2x]). Does it hold that m € .#,(Z)?.
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Tool (Use the Bohr group D, that is R with the discrete topology.
Mo(R) = .4,(D)
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Transference and restriction

Let m: R — C be continuous and bounded. Assume that m € .Z,(R).
Consider the periodic extension of its restriction to [0,27), that is
m(t) = m(t —2x[t/2x]). Does it hold that m € .#,(Z)?.

Let m, = m(n). Does it hold that (m,) € .#,(T)?.

K. DelLeeuw, (1965) YES

Tool (Use the Bohr group D, that is R with the discrete topology.
Mp(R) = ,(D)

Aim: Similar questions for multipliers between Orlicz spaces
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Throughout the paper (G,-) denotes a locally compact abelian group, G
the dual group of G and m¢ stands for the Haar measure.

Examples to be used: R for the real line, D for the R with the discrete
topology, T for the unit circle and Z for the integers.
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Throughout the paper (G,-) denotes a locally compact abelian group, G
the dual group of G and m¢ stands for the Haar measure.

Examples to be used: R for the real line, D for the R with the discrete
topology, T for the unit circle and Z for the integers.

We write

i = [y (x)dma ()

for y€ G whenever f € L1(G).
Given a bounded measurable function m defined on G we write

TN = [ meF(¥()dms(x). 7€ C. 1)

forany fe A(G)={f: 6> C:felY(G)}).
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Orlicz spaces

Given a Young function @ : [0,e0) — [0,0), that is convex, ®(0) =0 and
limy 00 ®(x) = o0, we write

po(f) = [ ®(IF()))dma(x).
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Then the Orlicz space L®(G) consists of the set of all measurable
functions f : G — C such that pe(f/A) < oo for some A > 0.

Some equivalent norms:

(Luxemburg norm) Ne(f) =inf{A > 0: pe(f/1) <1}

(Orlicz norm) ||f||e = sup{ ¢ |f(x)g(x)|dmg(x) : pw(g) < 1} where W is
the complementary Young function, i.e.
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Given a Young function @ : [0,e0) — [0,0), that is convex, ®(0) =0 and
limy 00 ®(x) = o0, we write

po(f) = [ ®(IF()))dma(x).

Then the Orlicz space L®(G) consists of the set of all measurable
functions f : G — C such that pe(f/A) < oo for some A > 0.

Some equivalent norms:

(Luxemburg norm) Ne(f) =inf{A > 0: pe(f/1) <1}

(Orlicz norm) ||f||e = sup{ ¢ |f(x)g(x)|dmg(x) : pw(g) < 1} where W is
the complementary Young function, i.e.

V(y) =sup{xy — ®(x) : x > 0} for y > 0.

(Amemiya norm) |||f||le = infx=0 % (1 + po(kf)).
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As-condition

A Young function @ is said to satisfy Aj-condition (globally) if there
exists a constant K > 0 such that

d(2x) < Kd(x), x>0. (2)

A Young function ® is said to satisfy V,-condition (globally) if there
exists a constant ¢ > 1 such that

1
d(x) < QCD(KX) x > 0. (3)
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Oscar Blasco Transference and restriction of Fourier multipliers on Orlicz spaces



Motivation

Notation

Multipliers

Given a bounded measurable function m defined on G and f € A(G) we
write

PN

To(N)(1) = [ mGF(rx)dma(x), 7€ C. *)

Let ®; and ®, be Young functions, and let m be a bounded measurable
function defined on G. The function m is said to be a (®1,$,)-multiplier
on G if there exists C > 0 such that

No, (Tim(f)) < CNo, (f) (5)

for all f € A(G).

Oscar Blasco Transference and restriction of Fourier multipliers on Orlicz spaces



Motivation

Notation

Multipliers

Given a bounded measurable function m defined on G and f € A(G) we
write

PN

To(N)(1) = [ mGF(rx)dma(x), 7€ C. *)

Let ®; and ®, be Young functions, and let m be a bounded measurable
function defined on G. The function m is said to be a (®1,$,)-multiplier
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Given a bounded measurable function m defined on G and f € A(G) we
write

PN

To(N)(1) = [ mGF(rx)dma(x), 7€ C. *)

Let ®; and ®, be Young functions, and let m be a bounded measurable
function defined on G. The function m is said to be a (®1,$,)-multiplier
on G if there exists C > 0 such that

No, (Tim(f)) < CNo, (f) (5)

for all f € A(G).

We write .#¢, »,(G) for the space of (®1,d,)-multipliers on G.
Whenever A(G) is dense in Lf’l(é) we have that T, extends to a
bounded operator from L®1(G) to L®2(G) for any (®1,®,)-multiplier m.
Moreover || Tinl| 01 0, = [[Ml(01,0,)-

Oscar Blasco Transference and restriction of Fourier multipliers on Orlicz spaces



Motivation

Notation

Multipliers

Given a bounded measurable function m defined on G and f € A(G) we
write

PN

To(N)(1) = [ mGF(rx)dma(x), 7€ C. *)

Let ®; and ®, be Young functions, and let m be a bounded measurable
function defined on G. The function m is said to be a (®1,$,)-multiplier
on G if there exists C > 0 such that

No, (Tim(f)) < CNo, (f) (5)

for all f € A(G).

We write .#¢, »,(G) for the space of (®1,d,)-multipliers on G.
Whenever A(G) is dense in L®1(G) we have that T, extends to a
bounded operator from L®1(G) to L®2(G) for any (®1,d,)-multiplier m.

Moreover || Tinl| 01 0, = [[Ml(01,0,)-
If ® is a Young function satisfying A, condition then A(G) is dense in
L*(G).
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Basic Examples

As usual we denote fi(x) = [z *(x)du(y) for the Fourier transform of a

regular Borel measure 1 defined in G.
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Basic Examples

As usual we denote fi(x) = [z *(x)du(y) for the Fourier transform of a
regular Borel measure 1 defined in G.

Proposition

Let 1,9, and ®3 be Young functions.
(i) Assume that there exists C > 0 such that

®y(x) < CPy(x), x>0. (6)
If m(x) = fi(x) for some regular Borel measure p defined on G then
m € Ms, 6,(G). Moreover ||m||(o;.0,) < Cllul]1.
(ii) Assume that
P11 ()92 (x) < x@37(x), x=0. (7)
If m(x) = g(x) for some g € L1(G)NL*2(G) then m € Mo, ¢,(G) and

ml(o, 0a) < 2No
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More Examples

Proposition

Let ®,®; for i =1,2 be Young functions and m € Mo, o,(G).
(i) If € L}(G) then ¢ xm € Mo, v,(G). Moreover

1@ ml|(0y,0,) < @l1][mll(0;,0,)
(i) If w € L1(G) then ym € Mo, o,(G). Moreover

¥ mll(e;.05) < [[Wll1llmll(0r.0,)-
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A bounded measurable function m defined in R is (®1,P,)-multiplier on
R if there exists C > 0 such that

Ta(N)() = [ m(&)F(E)e 4 d ®)

satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
®; satisfies A, is equivalent to the fact that T,, extends to a bounded
operator from L®1(R) into L®2(R).
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satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
®; satisfies A, is equivalent to the fact that T, extends to a bounded

operator from L®1(R) into L®2(R).

There are a lot of results known about (p, g)-multipliers corresponding to
®1(x) = xP and P5(x) = x9 and denoted by .Z, ¢(R).
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R if there exists C > 0 such that
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satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
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There are a lot of results known about (p, g)-multipliers corresponding to
®1(x) = xP and P5(x) = x9 and denoted by .Z, ¢(R).

o sign(&) € Mpp(R) for 1 < p < co.
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A bounded measurable function m defined in R is (®1,P,)-multiplier on
R if there exists C > 0 such that

Ta(N)() = [ m(&)F(E)e 4 d ®)

satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
®; satisfies A, is equivalent to the fact that T, extends to a bounded
operator from L®1(R) into L®2(R).
There are a lot of results known about (p, g)-multipliers corresponding to
®1(x) = xP and P5(x) = x9 and denoted by .Z, ¢(R).

o sign(&) € Mpp(R) for 1 < p < co.

o 2né| *e Mpq(R) for0<a<1,1/g=1/p—a.
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A bounded measurable function m defined in R is (®1,P,)-multiplier on
R if there exists C > 0 such that

Ta(N)() = [ m(&)F(E)e 4 d ®)

satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
®; satisfies A, is equivalent to the fact that T, extends to a bounded
operator from L®1(R) into L®2(R).
There are a lot of results known about (p, g)-multipliers corresponding to
®1(x) = xP and P5(x) = x9 and denoted by .Z, ¢(R).

o sign(&) € Mpp(R) for 1 < p < co.

o 2né| *e Mpq(R) for0<a<1,1/g=1/p—a.

© Mpq(R)= My y(R) where 1/p+1/p' =1.
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A bounded measurable function m defined in R is (®1,P,)-multiplier on
R if there exists C > 0 such that

Ta(N)() = [ m(&)F(E)e 4 d ®)

satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
®; satisfies A, is equivalent to the fact that T, extends to a bounded
operator from L®1(R) into L®2(R).
There are a lot of results known about (p, g)-multipliers corresponding to
®1(x) = xP and P5(x) = x9 and denoted by .Z, ¢(R).

o sign(&) € Mpp(R) for 1 < p < co.

o 2né| *e Mpq(R) for0<a<1,1/g=1/p—a.

© Mpq(R)= My y(R) where 1/p+1/p' =1.

(] %272(R) = LN(R)
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A bounded measurable function m defined in R is (®1,P,)-multiplier on
R if there exists C > 0 such that

Ta(N)() = [ m(&)F(E)e 4 d ®)

satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
®; satisfies A, is equivalent to the fact that T, extends to a bounded
operator from L®1(R) into L®2(R).
There are a lot of results known about (p, g)-multipliers corresponding to
®1(x) = xP and P5(x) = x9 and denoted by .Z, ¢(R).

o sign(&) € Mpp(R) for 1 < p < co.

o 2né| *e Mpq(R) for0<a<1,1/g=1/p—a.

© Mpq(R)= My y(R) where 1/p+1/p' =1.

(] %272(R) = LN(R)

o Mi(R)={l:pneMR)}
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A bounded measurable function m defined in R is (®1,P,)-multiplier on
R if there exists C > 0 such that

Ta(N)() = [ m(&)F(E)e 4 d ®)

satisfies No, (Tm(f)) < CNo, (f) for any f € .#(R), which in case that
®; satisfies A, is equivalent to the fact that T, extends to a bounded
operator from L®1(R) into L®2(R).
There are a lot of results known about (p, g)-multipliers corresponding to
®1(x) = xP and P5(x) = x9 and denoted by .Z, ¢(R).

o sign(&) € Mpp(R) for 1 < p < co.

e |2n&| % e //lpq( JforO<a<1,1/g=1/p—a.

© Mpq(R)= My y(R) where 1/p+1/p' =1.

(

] .%272 R) = [[* ( )
o M a(R)={t:peMR)}
@ Mpq(R)={0} for p>gq.
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(®1.Pp)-multipliers on R

The dilation operator D;

Denote D, (f)(x) = f(Ax) for A > 0.

Co(A) = 1 Dallor)— o) = suP{No(Da(f)) : No(f) <1}

Of course Ce(A) is non-increasing, submultiplicative and Co(1) = 1.
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(®1.Pp)-multipliers on R

The dilation operator D;

Denote D, (f)(x) = f(Ax) for A > 0.

Co(A) = 1 Dallor)— o) = suP{No(Da(f)) : No(f) <1}

Of course Ce(A) is non-increasing, submultiplicative and Co(1) = 1.

. logCe(3) _—
; ﬁ(¢)_)!|m W.(Boyd indices)

—yo0

. logCo(3)
(@)= fim —cgn
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(®1.Pp)-multipliers on R

The dilation operator D,
Denote D, (f)(x) = f(Ax) for A > 0.

Co(A) = 1 Dallor)— o) = suP{No(Da(f)) : No(f) <1}

Of course Ce(A) is non-increasing, submultiplicative and Co(1) = 1.

. logCe(3) _—
; ﬁ(¢)_)!|m W.(Boyd indices)

—yo0

. logCo(3)
(@)= fim —cgn

o(®P) > 0 implies ® satisfies A, and B(P) < 1 implies ® satisfies V.
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(®1.Pp)-multipliers on R

_

Let ®1,P, be Young functions satisfying As.
If Mo, o,(R) #{0} then B(P1) > a(P2).

Let &, o(t) = max{tP,t9}. If max{ps,q2} < min{p1,q1} then
‘%‘DPMH »¢P2,q2 (R) = {0}
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Preliminaries

(P1,95)-
(®1,%,)-multipliers on D
(®7,95)-multiplier:

The Bohr group

It is well-known that D is the Bohr compactification of D. We use the
notation AP(R) for the set of all continuous almost periodic functions on
R, that is to say uniform limits of polynomials Y.7_; oy €2kt where

xx € R and oy € C.
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(®71,%p)-multipliers on D

(@1, ®7)-multipliers on

The Bohr group

It is well-known that D is the Bohr compactification of D. We use the
notation AP(R) for the set of all continuous almost periodic functions on
R, that is to say uniform limits of polynomials Y.7_; oy €2kt where

xx € R and oy € C.

Recall now the Besicovich-Orlicz spaces for almost periodic functions: If
f € AP(R) and ¢ is a Young function we define

1/2

_ _ /
Bo(f) = |immw% /_TT O(|F(x)])dx = |immw/1/2¢(|DTf(x)|)dx

and
Ifllge =inf{k >0: po(f/k) <1}
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The Bohr group

It is well-known that D is the Bohr compactification of D. We use the
notation AP(R) for the set of all continuous almost periodic functions on
R, that is to say uniform limits of polynomials Y.7_; oy €2kt where

xx € R and oy € C.

Recall now the Besicovich-Orlicz spaces for almost periodic functions: If
f € AP(R) and ¢ is a Young function we define

1/2

_ _ /
Bo(f) = |immw% /_TT O(|F(x)])dx = |immw/1/2¢(|DTf(x)|)dx

and
Ifllge =inf{k >0: po(f/k) <1}

A basic fact to use for the Bohr group is that if @ is any measure defined
on R having support on a finite number of points, then I € AP(R) and

12118 @) = ]l o0)- )
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Multipliers for G =D

Let ®1,®, be Young functions. A bounded function m € #s, o,(D) if
there exists a constant C > 0 such that

N, (Y 0tem(t)x:) < CNo, (Y e 1) (10)

for any o =Y o) (finite sum) .
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(®1,%,)-multipliers on D

Multipliers for G =D

Let ®1,®, be Young functions. A bounded function m € #s, o,(D) if
there exists a constant C > 0 such that

N, (Y 0tem(t)x:) < CNo, (Y e 1) (10)

for any ot =Y o %+ (finite sum) .

Assume that ®, satisfies V> and m is a bounded function on R. The
following are equivalent:

(I) m e %¢17¢2(D).

(ii) There exists a constant K such that

Y m(e)u(DA(E)dx] < Clalley, I1A]l6y, (11)
teR

for any measures i and A on R having supports on a finite number of
points.
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Multipliers for G =D

Let ®1,®, be Young functions. A bounded function m € #s, o,(D) if
there exists a constant C > 0 such that

N, (Y 0tem(t)x:) < CNo, (Y e 1) (10)

for any ot =Y o %+ (finite sum) .

Assume that ®, satisfies V> and m is a bounded function on R. The
following are equivalent:

(I) m e %¢17¢2(D).

(ii) There exists a constant K such that

Y m(e)u(DA(E)dx] < Clalley, I1A]l6y, (11)
teR

for any measures i and A on R having supports on a finite number of
points.
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(®71,%p)-multipliers on D

(@1, ®7)-multipliers on

R

Theorem

Let m be a bounded continuous function on R and let ®1,$, be Young
functions such that ®, satisfies Vo and

iu;iC¢1(7L)C¢2(1/7L)<+oo. (12)

If me Mo, 0,(D) then m € Mo, o,(R).
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(®q, ¢,_; )-multipli

(@1, ®7)-multipliers on

Theorem

Let m be a bounded continuous function on R and let ®1,$, be Young
functions such that ®, satisfies Vo and

iupC¢1(7L)C¢2(1/7L)<+oo. (12)
>1

If me Mo, 0,(D) then m € Mo, o,(R).

Let m be a bounded continuous function on R such that m € .#s, »,(D)

and let ®1,®, be Young functions such that o(®1) > B(P,). Then
m e .///¢17¢2 (R)
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(®1,%,)-multipliers on D

(@1, ®7)-multipliers on

Theorem

Let m be a bounded continuous function on R and let ®1,$, be Young
functions satisfying that ®, has V, condition and

sup Cq;l()u)Cq)z(l/)u) < o0, (13)
0<A<1

If m € Mo, o,(R) then m € Mo, o,(D).
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(01.05 )-multi

(@1, ®7)-multipliers on

Theorem

Let m be a bounded continuous function on R and let ®1,$, be Young
functions satisfying that ®, has V, condition and

sup C¢1(A)C¢2(1/)~) < o0, (13)
0<A<1

Ifme Ho, 0, (R) then m e L//¢1,<I>2(D)'

Corollary

|

Let m be a bounded continuous in R and ® be a Young function
satisfying Vo and
sup C¢(A)C¢(I
A>0
Then m € Mo(R) iff m € Ms(D).

A\
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A bounded sequence m = (mp) ez is (P1,P2)-multiplier on Z if there
exists C > 0 such that

Tm(P)(1) = Y meoye®™™ (15)
keZ

satisfies No, (Tim(P)) < CNo, (P) for any P(t) = ¥ ez axe?™t € P(T),
or equivalently, in case that ®; satisfies A,, extends to a bounded
operator from L®1(T) to L®2(T).

v
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A bounded sequence m = (mp) ez is (P1,P2)-multiplier on Z if there
exists C > 0 such that

Tm(P)(t) = kZkaakeZ”’“ (15)

satisfies No, (Tim(P)) < CNo, (P) for any P(t) = ¥ ez axe?™t € P(T),
or equivalently, in case that ®; satisfies A,, extends to a bounded
operator from L®1(T) to L®2(T).

If &, satisfying V, and let m = (m,) be a bounded sequence on Z. The
following are equivalent:

(i) me Mo, 0,(Z).
(ii) There exists a constant K such that

| Y 0Bl < Clo, (P) N, (Q) (16)

nez

for any P(t) = ¥ ez 0,2 and Q(t) = X pez Bre?™ ™ in P(T).
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(<D1 <I>7) multlpllers onZ

Theorem

Let m be a bounded continuous function on R and ®1,®, be Young
functions with ®, satisfying V.
(i) Assume that
sup Co,(1)Co,(1/A) < oo. (17)
0<A<1
If me Mo, o,(R) then m, = (m(n)) € Mo, 0,(Z).
(ii) Assume that
/slup Coy (1) Copy(1/1) < oo (18)
>1

If (Dyyym(n)) € Mo, 0,(Z) for all N € N with
supy |\(D1/Nm),,||(¢17¢2) < oo then m € Mo, »,(R).
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