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Background and motivation

Definition

Given an operator T, (quasi-)normed function spaces X and Y, and C > 0,
T:X—=Y, C <= | Tflly < CJIf]lx-
Further, T is called sublinear if

IT(F+g)| <|Tf|+|Tgl| Vf. g € X.
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Background and motivation

Definition

A weight is a locally integrable function v : R" — (0, c0).

Definition (F. Riesz, 1910)
Given p > 1, the weighted Lebesgue space is

LP(v) = {f e M(R") : ||f||,_p(v) = (/]R |f(x)|Pv(x) dx>" < oo}.

If v =1, then LP(v) = LP(R").

Riesz, F. [1910], ‘Untersuchungen {iber systeme integrierbarer funktionen’, Mathematische
Annalen 69, 449-497.
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Background and motivation

Definition (G.G. Lorentz, 1950/1951)
Given p > 1, the weighted weak Lebesgue space is

o=

LP=(v) = {f € M(R?) : [|fllpee() = SL;I%M?(}/)
y

<of,

M) = v ({x € R": [F()| > y}) = /{ oy By

If v =1, then [P*®°(v) = LP®(IR") and A{(y) = A¢(y).

where

Lorentz, G. G. [1950], ‘Some new functional spaces’, Ann. of Math. (2) 51, 37-55.
Lorentz, G. G. [1951], ‘On the theory of spaces A’, Pacific J. Math. 1, 411-429.

Sergi Baena-Miret (UB) XX EARCO

28,/05,/2022



Background and motivation

Definition (G.G. Lorentz, 1950/1951)
Given p > 1,

© o1 dt
121() = { € M) : IFlsagy = [ B80T <oo}.
0
is a weighted Lorentz space where
fo(t) =inf{y >0:A{(y) < t}, t > 0.

If p=1, then LY (v) = L1(v). Further, if v =1, then LP1(v) = LP1(R") and
fr(t) = (t).

Lorentz, G. G. [1950], ‘Some new functional spaces’, Ann. of Math. (2) 51, 37-55.
Lorentz, G. G. [1951], ‘On the theory of spaces A’, Pacific J. Math. 1, 411-429.
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Background and motivation

Definition (G.H. Hardy and J.E. Littlewood, 1930)

The Hardy-Littlewood maximal function is

mr) = s (& [ 1F0)I o) xa()  Wxe R L (RY)
Qcre \ Q| Jq

Definition (B. Muckenhoupt, 1972)

u€ Al — Mu(x) < Cu(x), ae xceR",

and ||ul| 4, is the infimum of such constants C.

Hardy, G. H. and Littlewood, J. E. [1930], ‘A maximal theorem with function theoretic
applications’, Acta Math. 54(1), 81-116.

Muckenhoupt, B. [1972], ‘Weighted norm inequalities for the Hardy maximal function’,
Trans. Amer. Math. Soc. 165, 207-226.
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Background and motivation

Figure 1: Examples of A; weights for n = 1.
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Background and motivation

Let { Tg}g be a family of sublinear operators indexed in a probability measure space
(Q), A, P) such that the boundedness

To:LMu) — L"), YueA,  o]ula,).

with @ being an admissible function. The aim of this talk is to address the following
question: what can we say about the decreasing rearrangement of the average
operator

Taf(x) = / Tof(x)dP(6),  x € R,
Q
whenever is well defined? To do so, we first will see whenever

Ta: Ll(u) _>L1'°°(u), Yu € Ay, O(|lulla,)-
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Average operators: easy example

First, let 0 < 68 < 1 and set

1
f(y)dy
Tgf(X) = %X(O’l)(x), x € R.

Clearly Ty satisfies
To: LY(R") — LM*(R")
with C < 2, but

1
Taf(x) = /0 Tof(x)d0 = 00, Vx € R,
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Average operators: Fourier multipliers

Definition (Fourier transform)

7)) = /]R f)e 2™ dy,  FeR,  fell(R).

Let m € L®(R), i.e.,

[mlleo := ||| o (r) = esssup [m]| < co.

Definition (Fourier multiplier)

Taf (&) =m(@)F(&), EeR,  fel*(R),

and m is called a multiplier.
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Average operators: Fourier multipliers

Definition

m is of bounded variation if

N
V(m) = sup Zl [m(x;) — m(xi—1)| < o0,

for all possible choices of points such that —co < xp < x3 < -+ - < xpy < 9.

V(m) < co = m e L (R).
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Average operators: Fourier multipliers

Let m be a bounded variation function on IR that is right-continuous at every point
x € R and limy_;_oo m(x) = 0.

Then,

m(e) = /dm = [ Xcwpdm(®) = [ X (@ dm(e), VEER

and dm (Lebesgue-Stieltjes measure) is finite.
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Average operators: Fourier multipliers

Consider
Tf (x) = / m(@)F(@)eEdE,  xeR,
R
for every Schwartz function f. A formal computation shows that

Tmf(x):/]RHtf(x)dm(t), Vx € R,

where o
Hef (x) = Ty F(X) = / F(&)e?™edz,  x e R.
t
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Average operators: Fourier multipliers

Since !
Vp>1,VteR: H : LP(R) — LP(R), C,
we have

@ using the Minkowski's integral inequality, that is

| T ey /IR | Hef o ey dm(),

@ and the density of the Schwartz functions on LP(RR),
that
Vp>1: Tm: LP(R) — LP(R).

Duoandikoetxea, J. [2001], Fourier analysis, Vol. 29 of Graduate Studies in Mathematics,
American Mathematical Society, Providence, RI. Translated and revised from the 1995 Spanish
original by David Cruz-Uribe.
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Average operators: Fourier multipliers

However, even though we also have
H: : L1Y(R) — [Y*°(R),
we cannot deduce (at least not immediately) that
Tm: LH(R) = [V*(R),

(due to the lack of the Minkowski's integral inequality for the space L1'*(RR)).

Sergi Baena-Miret (UB) XX EARCO

28/05/2022



Average operators: Fourier multipliers

Definition (D. Hilbert, 1904)

The Hilbert transform is defined by

Hf(x)zlnm/ W) 4 xeR  fec®m).
7T e—0* ‘X—y|>£ X—=Yy

Since Hf = T,,f with

m(§) = —isgng and  X(t00)(G) = w’ V¢ ER,

then

VEeR:  Hif(x) = % [F(x) + i H(e 2T F)(x)], VxR

Hilbert, D. [1904], ‘Grundziige einer allgemeinen Theorie der linearen Integralgleichungen
Nach. Akad. Wissensch. Gottingen. ath.phys. Klasse 3, 213-259.
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Average operators: Fourier multipliers

Proposition (A.K. Lerner, S. Ombrosi and C. Pérez, 2009)

Hi:lH(u) — LY(u), Vu€ A, Cllulla, (1+log, [lulla,).

Then

VteR: He:l'(u) — LM®(u), Yue Ay, Cllulla, (1+log,|ulla,)-

T LMu) > (2°(u),  Vue Ay, Cllull, (1+log, [|ull4,)%

Lerner, A. K., Ombrosi, S. and Pérez, C. [2009], ‘A; bounds for Calderén-Zygmund
operators related to a problem of Muckenhoupt and Wheeden’, Math. Res. Lett. 16(1),
149-156.
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Extrapolation theory of Rubio de Francia

Theorem (Rubio de Francia, J. L., 1982/1984)

Let T be a sublinear operator such that
dpo >1: T:LP(v) = LP(v), Vv e Ay, q0(||v||Ap0).
Then,
Vp>1: T:LP(v) = LP(v), VveA,, <I>(||v||Ap).
Given p > 1,

€A = [[v]] / ! / 5 p_1<+
N — - [ooR
Ve viia = S”p<|0| )(|o| o )

Rubio de Francia, J. L. [1982], ‘Factorization and extrapolation of weights’, Bull. Amer.
Math. Soc. (N.S.) 7(2), 393-395.

Rubio de Francia, J. L. [1984], ‘Factorization theory and A, weights’, Amer. J. Math.
106(3), 533-547.
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Extrapolation theory of Rubio de Francia

"'

L) = 1P (v), W E A, glllvila,)

Let T be a sublinea that

S LH(R") — LY®(R").

;m;,,_,_ﬁ :
r
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Extrapolation theory of Rubio de Francia

Theorem (M.J. Carro, L. Grafakos and J. Soria, 2015)

Let T be an operator such that
dpo >1: T:LPol(v) — LPO®(v), Vv € Ap,, 4)(”V||7\p0)'

Then, for any measurable set E C R",

1

1
1 Txelme) < Cllully, ™ (nunza)u(E), Vu € Ay

Given p > 1,
Ap = {V € Lbe(R") 1 v = (Mh)!~Pu such that h € LL(R") and u € Ay },
with

1
||v||2p = inf{||u||£1 tv = (Mh)l_pu} :

Carro, M. J., Grafakos, L. and Soria, J. [2015], ‘Weighted weak-type (1,1) estimates via
Rubio de Francia extrapolation’, J. Funct. Anal. 269(5), 1203-1233.
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Extrapolation theory of Rubio de Francia

Theorem (S. B-M and M.J. Carro, 2022)

Let (f,g) be a pair of measurable functions such that

gl < @Ululla)llfll @y, Vu € Ar
Then,
Vp>1:  |lgllee) S @UIVIZ)lpa(y), Vv e Ap.

where ,
®(r) = Gop(CarP)rP7 (1 + log, r)275, r>1.

Baena-Miret, S. and Carro, M. J. [2022], ‘On weak-type (1, 1) for averaging type operators’,
Preprint.
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Average operators: Fourier multipliers

Pre-Goal

For every E C R",

| Tmxellinesquy < Cllulla, (1+logy [lullo,)?u(E), Vi€ Ap

Proof. For p > 1, LP*°(v) is a Banach function space since there exists a norm
Il - ||(p’°o’v) so that

p
1oy < 11l (o) < m||f||LP-°"(v)
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Average operators: Fourier multipliers

Proof (continuation).

VteR: He: LYu) — LY®(u), Yue€ Ay, Cllulla, (1+log,||ulla,)-
I
Forevery 1 < p <2
VteR: Hy : LPY(v) — LP>(v), Vveﬁp, C<I>(||V||;\p)v
with

@(r) = rP71(1 +log, r)?’*%, r>1.
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Average operators: Fourier multipliers

(Minkowski's integral inequality)
I
Forevery 1 < p <2,

Tmf:/Htf(~)dm(t):Lp'1(v)—>Lp'°°(v), Vv € Ay, Cﬁ@(HVHZ\p).
A -

N8
For every E C IR",

I Tmxellppew) < Cllulla, (L+logy [[ull o) ¥ (lulla,)u(E),  Vu € A,

with

p—1

p p—l
— [llulla, (1 +log., [Julla,)?] * ~ 1+ logy [|ulla,-

#(ulla) = inf P
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Average operators: Fourier multipliers

Tm:L'u) = LY®(u),  Vu€ Ay Cllullf, (1+logylullay)?.

Theorem (C. Domingo-Salazar and M.J. Carro, 2019)

Let m be a bounded variation function on R. If

VE - R™: ||TmXE||L1,oo(u) < C,_,U(E),

then
Tm: Ll(u) — L1'°°(u), 2"Cyl|ul| A, -

Carro, M. J. and Domingo-Salazar, C. [2019], ‘Weighted weak-type (1,1) estimates for
radial Fourier multipliers via extrapolation theory’, J. Anal. Math. 138(1), 83-105.
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Admissible functions

Definition

A differentiable function ¢ : [1, c0] — [1, 00] is called admissible if satisfies that
®(1) =1 and that there exist some 7g, y1 > 0 such that

For 79 > 0 and 1 > 0, then

P(x) = x7(1+log, x)™, x > 1,

is admissible.
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From weighted weak type estimates to decreasing
rearrangement

Theorem (E. Agora, J. Antezana, S. B-M, M.J. Carro, 2022)

Let T be a sublinear operator and ¢ be an admissible function. If

T: LY u) = [2°(u), Vu € A, Go(||ulla).

then for every f € L} _(R"),

(Tf)*(t)SCz(i/ F*(s) ds + (p11++llog D) o *(s) %) Vit > 0.

v

Agora, E., Antezana, J., Baena-Miret, S. and Carro, M. J. [2022], ‘From Weak-type

Weighted Inequality to Pointwise Estimate for the Decreasing Rearrangement’, J. Geom. Anal.
32(2), 56
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Average operators: Fourier multipliers

Corollary

Let m be a bounded variation function on R that is right-continuous at every
point x € R and limy_,_co m(x) = 0. Then, for every f € L} (R") and t > 0,

loc
(Tmf)"(2)

< c(% /Otf*(s) ds+/t°° (1+|og§> (1+1og (l—i—log;))zf*(s) %)
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Average operators

More generally, assuming that for a family of operators { Ty} indexed in a proba-
bility measure space (), A, P)

TAf(x) = / Tof(x)dP(6),  x € R,
is well defined, sublinear and that

VE - R": || TAXEHLLoo(u) < CUU(E) = Tx: Ll(u) — Ll’oo(u), Ch ||u||Al C,.

Corollary

If for an admissible function ¢,
To:LMu) — LM°(w),  VueA,  Co(|lulla,)
then

Ta:LH(u) — LM(u), Yue A, Go(Collulla)llulla, (1+log]lulla,).

Sergi Baena-Miret (UB)




Average operators

Under the previous conditions:

(Taf)*(2)
< c(%/otf*(s)c/w/too (1+|og(1+|og§))<p(1+|og§) f*(s)%).
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iMuchas gracias por vuestra atencion!
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