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1. Introduction

The main topic of this survey is the study of rational projective plane curves on the
complex two dimensional projective space. We are mostly interested in two aspects:
their geometrical and topological properties and their relationship with the theory of
singular complex analytic spaces. These two aspects are strongly related.

An irreducible plane curve is said to be rational if its normalization has genus 0. If
the degree is greater than 2, then the curve must have singular points. It is important
to decide whether a curve with prescribed degrees and topological types exists. A lot
has been produced on this subject, mainly in the case of cuspidal curves (i.e., curves
homeomorphic to P1).

The simplest rational curve is a line. Arrangements of lines are a main subject in
the theory of hyperplane arrangements. An important problem is to decide whether
or not a line arrangement with a prescribed intersection pattern exists and, in case
it does, to which extend topological properties can be derived from such intersection
pattern. We will study this question in 3.3 and 3.4.

A natural generalization of line arrangements is the concept of rational arrange-
ments, i.e., curves such that all their irreducible components are rational. We study
some topological properties in §3; in §2 we show the relationship with the theory of
surface singularities in C3. We will show some surprising properties of non-existence
which come from arithmetical invariants of the singularities of surfaces. Along the
paper we will review and propose some interesting open problems.
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2. Plane curves and singular complex analytic spaces

2.1. Singularities of complex hypersurfaces

Let f : (C"*1,0) — (C,0) be a germ of a holomorphic function and let (V,0) :=
(£71(0),0) C (C™*1,0) be the germ of hypersurface singularity defined by the zero
locus of f. The Milnor fibration of the holomorphic function f at 0 is the C'*° lo-
cally trivial fibration f| : B-(0) N f~*(D;) — D}, where B.(0) is the open ball of
radius € centered at 0, D, = {2z € C : [2] < n} and D} is the open punctured
disk (0 < n < € < 1). The Milnor fiber F' of f at 0 is any fiber of f|; F is a
2n-dimensional C'*° manifold. The monodromy transformation h : F' — F is the well-
defined (up to isotopy) diffeomorphism of F' induced by a small loop around 0 € I;,.
The complex algebraic monodromy of f at 0 is the corresponding linear transformation
hy : H(F,C) — H,(F,C) on the homology groups.

If (V,0) defines a germ of isolated hypersurface singularity then H,;(F,C) = 0
except for 7 = 0,n. In particular the non-trivial complex algebraic monodromy will
be denoted by h : H,(F,C) — H,(F,C) and A(t) will denote its characteristic
polynomial which has the following well-known properties:

(a) A(t) is a product of cyclotomic polynomials.
(b) If N is the maximal size of the Jordan blocks of h then N <n + 1.

One of the main tools in singularity theory is the resolution of singularities. Es-
sentially one replaces the singular variety by a non-singular space in such a way that
there is an isomorphism outside a dense open subset. Let us introduce some defini-
tions in the hypersurface case. An embedded resolution of (V,0) is a proper analytic
map 7 : (Y, D) — (C"*1,0) from a non-singular complex manifold Y such that:

(i) The analytic subspace D := 7~ !(Sing(V)) of YV is the union of non-singular
n-dimensional manifolds in Y which intersect transversally, that is in a neigh-
borhood of any point of D there exists a local system of coordinates yqg, ..., Yn
such that fonm(yo,...,yn) = yévo ooy Nn,

(ii) The map 7|y\p is an analytic isomorphism: ¥\ D — C"*!\ Sing(V).

Let 7 : Y — C"! be an embedded resolution of the hypersurface V defined
by the zero locus of f. Let E;,i € I, be the irreducible components of the divisor
7 1(f71(0)). For each subset J C I we set

EJ = m EJ and EJ = EJ\ U EJU{J}
jeJ Ji¢J

For each j € I, let us denote by N; the multiplicity of E; in the divisor of f o m and
by v; — 1 the multiplicity of E; in the divisor of 7*(w) where w is a non-vanishing
holomorphic (n + 1)-form in C**1,
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The invariant we are interested in is the local topological zeta function Zy,, o(f,s) €
Q(s), which is an analytic (but not topological, see [12]) subtle invariant associated
with any germ of an analytic function f : (C"*1 0) — (C,0). This rational function
was first introduced by J. Denef and F. Loeser as a sort of limit of the p-adic Igusa
zeta function, see [22]. Its former definition was written in terms of any embedded
resolution of its zero locus germ (V,0) = (f~1(0),0) C (C**,0) (although it does
not depend on any particular resolution). In [23], J. Denef and F. Loeser gave an
intrinsic definition of Z;,p o(f, s) using arc spaces and the motivic zeta function, see
also the Séminaire Bourbaki talk of E. Looijenga [35].

Definition 2.1. The local topological zeta function of f is:

1

— €
vy +Nj8 Q(S%

Ziopo(fr8) =Y _x(E;na () []

JcI jeJ
where y denotes the Euler—Poincaré characteristic.

Each exceptional divisor of an embedded resolution 7 : (Y, D) — (C"1,0) of the
germ (V,0) gives a candidate pole of the rational function Z;.p o(f,s). Nevertheless
only a few of them give an actual pole of Ziop o(f, s). There are several conjectures
related to the topological zeta functions. We focus our attention on the Monodromy
Congecture, see [21, 22].

Local Monodromy Conjecture. If sy is a pole of the topological zeta function
Ziop,o(f,s) of the local singularity defined by f, then exp(2imsy) is an eigenvalue of
the local monodromy at some complex point of f~1(0).

Note that if f defines an isolated hypersurface singularity, then exp(2imsg) has
to be an eigenvalue of the complex algebraic monodromy of the germ (f~1(0),0).
There are three general problems to consider when trying to prove (or disprove) the
conjecture using resolution of singularities:

(P1) Explicit computation of an embedded resolution of the hypersurface (V,0) C
(C"*10).

(P2) Elimination of the candidate poles which are not actually poles of Z;,, o(f,s)-

(P3) Explicit computation of the eigenvalues of the complex algebraic monodromy in
terms of the resolution data.

The Monodromy Conjecture, which was first stated for the Igusa zeta function,
has been proved for curve singularities by F. Loeser [33]. F. Loeser actually proved
a stronger version of the Monodromy Conjecture: any pole of the topological zeta
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function gives a root of the Bernstein polynomial of the singularity. The behavior of
the topological zeta function for germs of curves is rather well understood once an
explicit embedded resolution 7 : (Y, D) — (C2%,0) of curve singularities is known, e.g.
the minimal one. Basically any irreducible component E of the exceptional divisor
D = 71(0) which intersects the total transform 7=1(V) in at most two points has no
contribution to the residue of Zi,p, 0(f,s) at the candidate pole. This was proved in
consecutive works by Strauss, Meuser, Igusa and Loeser for Igusa’s local zeta function,
but the same the proof works for the topological zeta function. W. Veys later gave
a much simpler and more conceptual proof of this in [46] and proved in [45] that all
other E actually do give poles.

In [14], E. Artal, Pi. Cassou-Nogués, I. Luengo and A. Melle have proved the
Monodromy Conjecture for the local Igusa and topological zeta functions of a quasi-
ordinary polynomial of arbitrary dimension defined over a number field. Instead of
using the method (P1)-(P3) we avoid embedded resolution of singularities by applying
Newton’s method, obtaining a much smaller set of candidate poles which turn out to
induce eigenvalues of complex monodromy.

There are other classes of singularities where the embedded resolution is known.
For example, for any hypersurface singularity defined by an analytic function which is
non-degenerated with respect to its Newton polytope, problems (P1) and (P3) above
are solved. Nevertheless the problem (P2) seems to be a hard combinatorial problem
and was partially solved by F. Loeser adding some extra technical conditions [34].

Let us consider the simplest cases where f has non-isolated singularities, namely
the case of homogeneous surfaces. In this case problems (P1) and (P3) are easily
solved; using it B. Rodrigues and W. Veys proved in [43] the Monodromy Conjecture
for any homogeneous polynomial f; € Clzy,zo, 23] satisfying

X(P?\ {fa=0}) #0. (*)

For any degree d and any homogeneous polynomial f; € C[z1, 22, 23] a candidate
pole is s) = —2 (it can be seen when one blows up once at the origin) and then (P2)
presents new difficulties. A sufficient condition for the candidate pole sg = f% of
Ziop,o(f, s) to verify the Monodromy Conjecture is (*), and this is the reason why the
above authors should add this condition. This problem has been solved in [13].

An embedded resolution is also known for superisolated surface singularities, SIS
for short, see [3]. This class “contains” in a canonical way the theory of complex
projective plane curves, which gives a series of nice examples and counterexamples.
They were introduced by I. Luengo in [36] in order to show that the p-constant stratum
in the semiuniversal deformation space of an isolated hypersurface singularity, in
general, is not smooth. Later E. Artal in [3] used them to provide a counterexample for
S.S.—T. Yau’s conjecture (showing that, in general, the link of an isolated hypersurface
surface singularity and its characteristic polynomial do not determine the embedded
topological type of the singular germ).

JFrom now on, we will consider the case of surface singularities, i.e. n = 2.
A hypersurface singularity f : (C3,0) — (C,0), f = fa+ fat1 +--- (where f; is
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homogeneous of degree j) is superisolated if the projective plane curve Cy := {f; =
0} C P? is reduced with isolated singularities, and these points are not situated on
the projective curve {f;11 = 0}. In this case the embedded topological type (and the
equisingular type) of f does not depend on the choice of f;’s (for j > d, as long as
fa+1 satisfies the above requirement), e.g. one can take f; = 0 for any j > d+ 1 and
far1 = 1971 where [ is a linear form not vanishing at Sing(Cy).

The main achievement of [13] is to prove the Monodromy Conjecture for SIS, see
Theorem 3.1. We will review some of the results contained in this paper and how
they can be applied to study some arrangements of rational plane curves.

The germ (V,0) C (C3,0) is an isolated surface singularity. Hence Hy(F,C) and
Hy(F,C) are the only non-vanishing homology vector spaces on which the monodro-
my acts (we denote the Milnor fiber by F'). The only eigenvalue of the action of the
monodromy on Hy(F,C) is equal to 1. The characteristic polynomial of the action of
the complex monodromy on Ha(F,C) is given by the formula

(td — 1)X(F*\Ca)

AV(t) = (t — 1)

H AP(td+1),

PeSing(Cq)

where A”(t) is the characteristic polynomial (or Alexander polynomial) of the action
of the complex monodromy of the germ (Cy, P) on Hy(F,r,C) and g” denotes the
local equation of Cy at P, see [3]. Its local topological zeta function satisfies the
following equality, see [13, Corollary 1.12]:

2 -
ZuopolV5) = X0 G _ﬁ(>?§)+ '
1 1 1
P (7+ 0 (Goarm 1) Zenrta” ).

where ¢ := 3+ (d + 1)s.
The following properties can be easily described from the previous equalities:

Proposition 2.2. Let P be the set of poles of Ziopo(V,s).

3+

(i) Pc{-1, _%} U UPESing(Cd) {_m | to pole of Ztop,P(gpvt)}'

(ii) If—% # sp € P then exp(2imsg) is an eigenvalue of the monodromy zeta function
of V.

(i) Let so = —2. If so is a pole of Ziop,p(Ca,s) at some point P € Sing(Cy) and
either x(P2\ Cy) > 0 or x(P?\ Cy) = 0, then exp(2imsg) is an eigenvalue of the

monodromy zeta function of V.
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(iv) If so = =3 is a multiple pole of Zyopo(V, s) then exp(2imsg) is an eigenvalue of
the local monodromy zeta function at some singular point of Cy.

(v) If so = —% is not a pole of Ziop p(Ca, s), then the residue of Ziopo(V,s) at —%
equals dp(Cyq) where

p(Ca) := x(P*\ Cy) + X(C’d)d f s+ S Zipr(Ca, ,3)_

PeSing(Ca)

Following Proposition 2.2, the Monodromy Conjecture for SIS is proved in all but
two cases:

(N-1) x(P?\ Cyq) =0, so = —2 is not a pole for the local topological zeta function at
any singular point in Cy and p(Cy) # 0.

(N-2) x(P?\ Cy) < 0.

Definition 2.3. We say that a degree d effective divisor D on P? (d > 3) is a bad
divisor if x(P?\ D) < 0 and sg = f%Dis not a pole of Z;.p p(gh, ), for any singular
point P in its support D,.q, where g, is the local equation of the divisor D at P.

In the case of curves, if an exceptional divisor F; satisfies x(F;) = 0 (E; = E; \
U, E;) then E; does not contribute to the candidate pole 7t of Zyopo(f,s). This
question is more complicated in the case of surfaces. W. Veys proved in [44] for many
such configurations that F does not contribute to the candidate pole —v/N, assuming
that E doesn’t intersect any other component with the same ratio of numerical data
(this is the general case).

In [13], E. Artal, Pi. Cassou—Nogués, I. Luengo and A. Melle find that some can-
didate poles which appear only on exceptional divisors F; of the resolution verifying
X(Ez) = 0 are actual poles of the topological zeta function. This is the case for the
first exceptional component of the resolution of a SIS singularity whose tangent cone
D is a bad divisor with residue p(D) # 0 at the pole —3.

Example 2.4. Let D C P? be the union of two smooth conics C; and C» which meet
at only one point { P} = C1NCs. Let m : X — P? be the minimal embedded resolution
of the singularity of D at the point P. The rational surface X has the configuration
of curves and the corresponding associated invariants shown in Figure 1.

Below we compute Ziop.0(Vp, s) and Ay (¢) for a SIS singularity (Vp,0) C (C3,0)
whose tangent cone is D. In this case x(P? \ D) = 0, and so = —% is not a pole of
Ziop,p(D, s) for the germ of curve D at P. Hence D is a bad divisor on P2. Since the
residue p(D) # 0, so = —% is a simple pole of Z;,,0(Vp,s) and, as one can easily
check, exp(—2ir2) is a root of Ay (¢).

35s+5

Zron D0 = G+ )
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. E, c, (Niyvi) | wi | B}
1
W o 22 | 3 |2
E, E, c, Ey (4,3) 0 | -2
Ey (8,5) -1 | -1
C1,Cy | (1,1) 110
Figure 1: Minimal embedded resolution.
130s + 20s2 + 87
Z Vi =
top0(VD: ) (14 s)(3 + 45)(29 + 40s)’
> -1 —1)
Ay(t) = —————=.
v =T -
When the tangent cone Cjy is a bad divisor, sg = f% is a simple pole of Z;p 0(f, s)

if and only if p(Cy) # 0.

The main part of [13, §2] is devoted to determining bad divisors D on P2 such that
p(D) # 0. Note that the Euler—Poincaré characteristic condition on a bad divisor D
implies that D has at least two irreducible components, all of them rational curves,
see [15]. Next result of [13] is equivalent to the Monodromy Conjecture for SIS.

Corollary 2.5. Let D be a bad divisor of degree d on P2. If p(D) # 0 then D has
only one singular point and exp(?zﬁr(—%)) is an eigenvalue of the complex monodromy
at that singular point.

2.2. Rational arrangements of plane curves

We explain now how to use the results of [13] to prove the non-existence of rational
arrangements in P?. Therefore, we restrict ourselves to arrangements whose comple-
ment in the plane has null Euler—Poincaré characteristic.

Definition 2.6. An rational arrangement D = |J;_,C; of plane curves is a reduced
plane curve such that each irreducible component is rational. The dual graph of the
minimal embedded resolution of D is determined by the following data:

(1) The degrees d; of the irreducible components of D,

(2) The list of the topological types of the local singularities of D,
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(3) The irreducible component of D which contains each branch I" of D at a singular
point.

We call these data the combinatorial type of the curve D in P2. We also call the data
in (2) together with the total degree d of D the local combinatorial data of D in P2.

Given a divisor D on P? and a point P € D, the local topological zeta function
Ziop,p(D, s), the residue p(D) and the eigenvalues of the complex algebraic mon-
odromy of (D, P) are determined by the local combinatorial data of D. Hence the
Corollary 2.5 gives necessary conditions on the local combinatorial data for D to
exist.

Question. Is there any set of combinatorial data for a possible, but non-ezisting,
divisor D on P? such that D is a bad divisor with p(D) # 0 satisfying the statement
of Corollary (2.5) ¢

Let us present some few examples. We will use the standard Arnold notation for
singularities, see e.g. in this volume Theorem 1.3 in [28].

Example 2.7. Let D consist of two conics which only meet at one point and a line
which is tangent to each conic in different points. Using elementary properties of
pencils of conics it is easy to see that D does not exist. In this case, the residue p(D)
would be —3/5 (different from 0) but there would be three singular points. Thus it
would contradict to Corollary 2.5.

Example 2.8. Consider a rational curve C of degree six with only one singular point
P which is a simple singularity. Then P can be either an A9 or Ayy singularity. It
is known that the A9 case exists, e.g. see [48]. The double covering of P? ramified
along C' is a K3-surface. Using K 3-surface theory one shows that the Ay case is not
possible. Let’s see how to prove this with our construction.

Assume such a curve exists. Let D = C' U Cs be the curve whose components are
the sextic C' with the Ay singularity at P and Cs, where the latter is the unique
conic passing through the first five infinitely near points of C' at P. We suppose that
this conic in fact passes through the sixth infinitely near point of C' at P. Hence the
conic only meets C' at its singular point. The residue p(D) would be different from 0
and the characteristic polynomial of the monodromy of (D, P) would turn out to be

(t—1D)(7 = 1) - 1)
@ - -1

Ap,p(t) =
Hence D does not exist because exp(2im(—3/8)) is not an eigenvalue of the complex
monodromy of D at P.

Example 2.9. Consider C' a rational curve of degree 10 with only one singular point
P whose multiplicity sequence is [4,4,4,4,4,4,1,1,1,1] = [4¢], (this curve exists and
it appears in the classification of H. Kashiwara, see [13, Appendix]).
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Let D = C'U 3 be the curve whose components are C' and C5, where the latter
is the unique conic passing through the first five infinitely near points of C' at P. In
this case the residue p(D) = —3 and exp(2im(—3/12)) is a root of the characteristic
polynomial of the monodromy of D at P. Its Alexander polynomial is the following;:

(t—1)(t? —1)(#120 - 1)
(7 —1)(30 - 1)

The following is a list of several possible cuspidal rational curves of degree 10
which might exist. We describe each singularity as a sequence of multiplicities.

Ap p(t) =

[45, 26}7 [45, 25] + 1Ao, [45, 24] + 2Ao, [45, 24] + 1Ay,

[457 23] + 3A,, [45, 23] + 3Ao, [457 23] + 1A5 + 1Ay, [45, 23} + 1Ag,

[45,23] + 1As, [45,22] + 4As, [45,22] +2A2 + 1Ay,  [45,22] + 24y,

s, 2] + LAo + 1Ag, [d5,20] + 1Ao + 1Eg, [45,3] + 1Ao + 1A4,  [45,3] + 1As,
[45,3] + 1Ag, [45,3] + 1Ag, [45,22] + 1As.

For each possible curve in the list, one considers the curve D as the union of such a
curve of degree 10 and the conic as before, then anyl of them define a bad divisor with
residue p(D) # 0. Thus all of them but the first one do not exist because they have
more than one singular point. In fact, the first one would also give a counter-example
to Corollary 2.5. The invariants for an SIS (V,0) whose tangent cone is a curve with
such properties are

93547584s* + 43624214453 + 29423914652 + 71173441s + 5854275
7(1 4 s)(1 + 45)(59 4 2345) (81 + 325s) (175 + 702s) ’

Ztop,O(VVv S) =

t819 + 1)(t364 _ t351 + t13 _ 1)(t260 + t195 + t130 + t65 + 1)
(t—1)
Therefore sy = —1/4 should be a pole of the topological zeta function but —i =

exp(2im =) is not an eigenvalue of the complex monodromy. Hence such a curve does
not exist.

Ay (t) = (

2.3. Superisolated singularities whose link is a rational homology sphere

In [38] L. Nicolaescu and A. Némethi formulated the following SW C-conjecture (as
a generalization of the “Casson invariant conjecture” of Neumann and Wahl [41]): If
the link of a Q-Gorenstein normal surface singularity (V,0) is a rational homology
sphere then

py = sw(M) — (K2 + 5)/3.

Here, p, is the geometric genus of (V,0), sw(M) is the Seiberg-Witten invariant of
the link M of (V,0) associated with its canonical spin® structure, K is the canonical
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cycle associated with a fixed resolution graph T' of (V,0), and s is the number of
vertices of I" (see [38] for more details).

The SW (C-conjecture was verified succesfully for many different families, see e.g.
[38, 39, 40]. But recently I. Luengo, A. Melle and A. Némethi in [37] found some
counterexamples based on superisolated singularities. For an SIS f : (C3,0) — (C,0),
f = fa+ fax1 + -+ (where f; is homogeneous of degree j) with tangent cone the
reduced projective plane curve C := { f; = 0} C P2 with isolated singularities {p;}}¥ |,
its link M is a rational homology sphere if and only if C' is a cuspidal rational curve,
i.e. if all the germs (C,p;) are locally irreducible. In the sequel we also will assume
this fact.

In [37] the authors have shown that an SIS with N = #Sing(C) > 2 tipically
does not satisfy the above Seiberg-Witten invariant conjecture. On the other hand,
even after an intense search of the existing cases, the authors were not able to find
any counterexample with N = 1.

To understand the case N = 1, J. Fernidndez de Bobadilla, I. Luengo, A. Melle
and A. Némethi have started the study of uni-cuspidal rational plane curves. Recall
that the characteristic polynomial A of (C,p) C (P?,p) is a complete (embedded)
topological invariant of this germ, similarly as the semigroup I'(c ;) C N (generated
by all the possible intersection multiplicities i({g = 0}, C) at p for all g € Op2 1)). By
[16], A(t) = (1 —t) - L(t), where L(t) = Zker(c,m t* is the Poincaré series of T'(c ).
This leads us to formulate the following conjecture, see [27].

Conjecture. The compatibility property (CP) of the semigroup. Assume
that an irreducible rational plane curve C' of degree d has only one singular point p,
which is locally irreducible. Let I'(¢ ;) be the semigroup of the germ (C,p). Then

gija) _ 1=t oP
) =0T (cP)
kel (c,p)

The conjecture has been settled in many cases, see [27]. Let us review one of the
casses. An irreducible plane curve C' is said to be of Abhyankar—Moh—Suzuki type
(AMS type for short) if there exists a line L C P? such that C'\ L is isomorphic to C.
In our case N = 1, this means that C' N L = {p}.

Not any rational curve with N = 1 is of AMS type, e.g. the curve in Example 2.9
is not. The simplest AMS curve is {zx¢~! + y? = 0}. In this case T'c,p) is generated
by two elements, d — 1 and d, and (C'P) can be easily verified.

In fact (CP) is satisfied by any AMS curve. The idea is to identify C? with
P2\ L and consider an algebraic automorphisms ¢ : C> — C? with components (f, g).
Recall, that by [1], a curve C is of AMS type if and only if it is the compactification in
P2 of the zero locus of a component of a certain automorphism ¢. The embedding of
C? into P? allows us to view any automorphism of C? as a birational transformation of
P2. The point is that the combinatorics of the minimal embedded resolution of (C, p)
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is closely related to the combinatorics of the minimal resolution of the indeterminacy
of ¢ as a birational transformation of P2, and this last one can be described precisely.
For details see the papers of J. Ferndndez de Bobadilla [25, 26]. Using these minimal
resolutions the computation is carried on in a very combinatorial way.

3. Topology of rational arrangements of curves

Let C C P? be a projective curve whose irreducible components Cy,Cs,...,C, are
rational curves . In this situation, we will call C a rational arrangement. For simplicity
we will assume that Cp is a (non necessarily transversal) line so that one can naturally
identify C? with P2\ Cy and refer to C,s := CNC? as the affine part of C. In this survey,
we will concentrate on the study of four of the main invariants of the topological pair
(P2,C). We will briefly describe them.

3.1. Cohomology ring

The ring structure of H*(X¢), X¢ := P? \ C was first considered by Arnold for line
and hyperplane arrangements. He proved its structure was determined by the com-
binatorics of the line arrangement in the special case of the discriminant hyperplane
arrangement {x; = x; | ¢ # j}. An abstract line combinatorics can be defined as a
pair (£,P), where L is a finite set and P C P(L) satisfies:

(C1) For all P € P, #P > 2;
(C2) For any ¢1,05 € L, {1 # {5, 3'P € P such that ¢1,¢5 € P.

Further studies by Brieskorn and Orlik-Solomon generalized this result for any
line arrangement as follows:

Theorem 3.1. Let L be a line arrangement and X :=P?\ L, then H'(X[) is a free

group generated by the meromorphic forms o; := 27rj%e- and H*(X ) is a quotient

of the graded exterior algebra \* HY(X ) given by the following presentation:

g; A (Tj = Uij,
H*(X;) = (0,01 0i Nojr=0ij Nog =0 ), (3.1)
Tivig + Oigig + Tigiy =0

where i, 7,k € {1,...,n} and £;; N L;, N L;, # 0.

In particular, this ring depends only on the combinatorics of the arrangement. We
have proved a generalization of this result for rational arrangements. The cohomol-
ogy ring of a rational arrangement is not a quotient of the graded exterior algebra
A°® H'(X /) anymore, but it still depends only on the combinatorics, see Definition 2.6.
One has the following result:
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Theorem 3.2. Let R = CoUCy U...UC, be a rational arrangement where Cy is a
transversal line at infinity. The set of local branches of R at P will be denoted by
Ap(R). Then there exists a set of 1-forms

v1(R) = {ai = dci}
& i€{l,...,r}

and a set of 2-forms

5,8’ i, ki -
'UQ(R) = {¢P } PeSing(C;UC;), U {"/’éok }kié{l,...,di—l}v 1,] € {17 ~“7T}7

5€EAP(Cy),6'€Ap(Cy)

such that the ring H*(Xg;C) is generated by v(R) = v1(R) Uwva(R). Moreover, the
following is a complete system of relations

di d;
oinoy= D (68)p iy Yy i —d Y,

Pec;ne;, ki=1 kj=1
s€ApP(Cy),8'eap(Cy)

g; /\O’j /\O'k = 0,
v’ = -y,
U Ao =pAYS =0 Ypeu(R),
oiNpe=pNo; =0 Yo € v2(R)

and
61,62 62,03 63,61 __
p YR Y =0

VP eC; ﬁCj NC, 61 € Ap(ci),éz S AP(CJ) and 63 € Ap(ck),

where (6,6")p denotes the multiplicity of intersection of 6 and §' at P.

3.2. Characteristic varieties

Definition 3.3. Let us denote by G the fundamental group of the complement of the
curve C in P2. The quotient MZ := G’/G” has a natural structure of Z[H;]-module
(where the action is given by conjugation) called Alezander Invariant of C. Note that
Z[H1] = Z|Z"]. Tensoring both group ring and module by C, M¢ := MZ ® C becomes
a A-module over the ring of Laurent polynomials (A = C[Z"] = C[t{', ..., tF']). The
k-th characteristic variety is the support of the k-th exterior power of the module
Me, that is, the set of prime ideals p of A such that /\k Mp¢ becomes trivial when
localizing at p. We will denote the k-th characteristic variety of C by Charg(X¢) or
simply by Chary(C).
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Note that Chary(C) is a subvariety of
Spec A = (C*)" =: T,. (3.2)

In fact, by defining Charg(C) = T,, the sequence of characteristic varieties of C
produces a stratification of T, by considering their set of zeroes. Another stratification
of T, = Hom(G,C*) (the space of rank one representations on X¢) is given by the
cohomology support locus X, of C, that is,

Y%(C) = {p € Hom(G,C*) | dime¢ H'(X¢;C,) > k}.

E. Hironaka [29] and A. Libgober [32] have studied the relation between 3 (X¢) and
Charg(C). Both stratifications coincide, as sets points, outside 1, = (1,1, ...,1). More
specifically, ¥ (C) \ 1, = Charg(C) \ 1, as sets of points.

The structure of ¥ (C) is known to be a finite union of translated tori by torsion
points [2]. The tangent cone of ¥;(C) at 1, has a combinatorial description by means
of a classical object called Aomoto complex. Let w € H'(X.) be a 1-cochain. Note
that Theorem 3.1 allows one to define a complex on H*(X) by multiplication by w:

Aw Aw

0 — HYX.) = H*X) =

Such a family of complexes is parametrized by H'(X[), each complex is known as
Aomoto complex and will be denoted by (A,w). One can define the stratification

Vk = {w S Hl(XL) | dimCHl(Avw) Z k}

Each space Vy is known as resonance variety of order k of C. Cohen-Suciu [19] and
Libgober [32] have shown that V} are the tangent cone of ¥ (L) at 1,. The same
holds for rational arrangements (Cogolludo [18]).

In order to study the components of Charg(C) not passing through 1,. one needs
to distinguish two kinds of components. Consider the coordinate hypertorus T¢ :=
{(t1,....,t;) € T, | t; = 1}. Any component of Chary(C) contained in T¢ is called
coordinate component. The study of non-coordinate components is closely related to
the study of position of singularities of a curve [32] and thus, rational arrangements
with the same combinatorics might have different non-coordinate components [11].

Also, suppose that C’ C C is another curve obtained from C by removing an
irreducible component, say C;. Then it is easy to see that Chary(C') C T%N Chary(C).
If a component of Chary(C) can be seen as Chary(C’) for some C’, then it is called
non-essential component, otherwise it is an essential component. Hence non-essential
components are coordinate components, but not conversely [8].

Question. Is there any algebraic condition on the position of singularities of C, for
the existence of essential coordinate components of Chary(C)?
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3.3. Fundamental group

The fundamental group of the complement X¢ := P? \ C of any algebraic curve is
a finitely presented group [50] and a presentation can be obtained from the braid
monodromy of C. Fundamental groups of curves with only nodes as singularities is
Abelian [20], rational curves with only cusps as singularities have a braid group as
fundamental group [49] and simple examples of curves have free groups as fundamental
groups, for example the fundamental group of the complement of r + 1 incident lines
is IF,., the free group on r generators.

The first example of rational arrangements with the same combinatorics but non-
isomorphic fundamental groups was published by Artal-Carmona in [5]. The arrange-
ments involved were curves of degree 7 with three irreducible components: two smooth
conics and a nodal cubic. Their Alexander polynomials being both trivial, the way
to prove this result was directly checking that the groups were not isomorphic.

For some time, the question about the dependence of the fundamental group of
line arrangements (or rational arrangements) only on their combinatorics had been
open. In 1994, in a preprint, Rybnikov [42] claimed to have found an example of
two line arrangements having the same combinatorics but non-isomorphic fundamen-
tal groups. Most probably due to the difficulty of verification this paper was never
published. Keeping his main ideas and developing techniques on derived series and
combinatorics, we were able to present a new proof of this very important result [10]
which also leads to some new problems on combinatorics and fundamental groups.
In particular, note that if C is a rational arrangement, then there is a canonical basis
of H1(X¢) given by boundaries of small disks transversal to each irreducible compo-
nent. Such generators are called meridians. So, in a way, a basis of H;(Xc¢) only
depends on the combinatorics (in fact, only on the number of irreducible compo-
nents) and hence we will denote it by Hy. Some automorphisms of H; come from
“rearranging” the canonical basis, those automorphisms are called geometric auto-
morphisms (Geom(H;) C Aut(Hp)). Now assume that C; and Cs are two rational
arrangements with the same combinatorics. Any isomorphism ¢ : G; — G2 (G;
the fundamental group of X¢,) induces an automorphism ¢; : H; — Hjp, but not
necessarily geometric. If the automorphisms are necessarily geometric, that is, if
{p1 € Aut(Hy) | ¢ € Isom(G1,G2)} C Geom(H;), then the combinatorics is called
homologically rigid. The question arises

Question. What combinatorics are homologically rigid?

The Alexander Invariants MCZ1 and MCZ2 defined in Section 3.3 are modules over
Z[H,]. Hence, if the combinatorics is homologically rigid, then any isomorphism
¢ € Isom(Gy,G2) induces a morphism of modules ¢ : Mg, — Mc,. The modules
Me, are finitely generated. Proving that M¢, and Mg, are non-isomorphic modules
over Z[H;] proves that G; and G5 are not isomorphic. Note that M, and H; are
extremities of a short exact sequence having G; /G in the middle; we say that Me, and
Me, are strongly isomorphic if there exist an isomorphism which extends to G;/GY.
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In Rybnikov’s example, the combinatorics is homologically trivial and the Alexan-
der Invariants are not strongly isomorphic over Z[H;], but they are strongly isomor-
phic over C[Hy].

3.4. Braid monodromy

Let P € Cy \ Sing(C) and Hp be the pencil of lines in P2 having P as base point. The
pencil Hp defines a map ¢ : C> — C, and the image of a line ¢ in Hp will be refer
to as the parameter of . Except for a finite number of lines £ := {¢1,...,4,} in Hp,
any ¢ € Hp intersects C in as many as d different points, where d is the degree of C.
Such a pencil induces a map ¢ : (C2\ UL,Cat) — C\ {a1,...,an}, where a; is the
parameter of ¢;, which is a locally trivial fibration.

Let us consider ¢ € Hp \ £) and let us denote by a its parameter. This locally
trivial fibration induces an action 71(C \ {a1, ..., an},a) — By_1(£ N Cys) from the fun-
damental group of the base, on the group of automorphisms of the fiber ¢ preserving
both £ N Cys and P (that is, fixing the complement of a big enough disk in £), such
group of automorphisms can be identified with the braid group on #/ NCyr =d — 1
strings. Such a map is called the generic braid monodromy of C,;. Generic braid
monodromies determine the homotopy type of C2\ Cat ([31]) and recently, J.Carmona
has proved this object to determine the isotopy class of (P%,C) [17]. Also, as a con-
verse, orientation-preserving-homeomorphisms of (IPQ,C N U E)) are proved to pre-
serve braid monodromies [7]. Some of these results can be extended to non-generic
braid monodromies ([17, 7]). In particular, if C only admits one non-generic braid
monodromy so that the non-generic lines in the pencil Hp are contained in C, then
one has that CN (| £) = C and hence the non-generic braid monodromy becomes an
invariant of orientation-preserving-homeomorphisms. Such curves are called fibered
curves.

Considering a special kind of bases of 71 (C \ {az, ...,a,},a) as in Figure 2,

Figure 2: Geometric Basis

called geometric basis, braid monodromy can be regarded as an equivalence class of
r-tuples of braids.

Braid monodromy can be used to distinguish embeddings of conjugated curves.
Suppose that C; and Cy are two curves with conjugated equations in a number field
(that is, a Galois transformation on the number field sends one equation to the other).
Therefore all the finite index normal subgroups of their fundamental groups coincide,
and hence, the profinite completion of both groups coincide. The profinite completion
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of the fundamental group of an algebraic curve is also known as the algebraic funda-
mental group, mas. Hence, if C; and Cy are conjugated, then mas(Xe,) = mag(Xe,).
In practice, all the effective topological invariants of curves only depend on the al-
gebraic fundamental group. Another approach to study the embedding of a curve is
to find invariants of the braid monodromy. A simple corollary of the main theorem
in [7] states that,

Corollary 3.4. Let C be a real fibered curve, then its non-generic braid monodromy
is a topological invariant of (P2,C).

In [6] we use Corollary 3.4 to find two real conjugated arrangement of rational
curves with non-homeomorphic pairs, that is, (P2,C;) % (P2,Cy). Recently, we use the
same technique to find two real conjugated line arrangements with non-homeomorphic
pairs [9]. Note that non-homeomorphic pairs does not imply non-isomorphic funda-
mental groups; in fact the complements may be isomorphic.

Problem. Find an example of real conjugated line arrangements with non-isomorphic
fundamental groups. More in general, give an example of curves with isomorphic
algebraic fundamental group, but non-isomorphic fundamental groups.

The braid monodromy method is also useful to understand the topological prop-
erties of tame polynomial mappings f : C2 — C, using the discriminant of the polar
map associated to a generic direction. The author M. Escario has obtained results in
two directions.

In the first one, he has been able to find tame polynomials (having a rational
arrangement as special fiber) which have conjugate coeflicients in a number field and
which are not topologically equivalent; the so-called discriminant method allows to
compute the Seifert form of the link at infinity in terms of a distinguished basis of
vanishing cycles. With these data, it is possible to compute the monodromy action
on the homology of the generic fiber and to check that they are not conjugated.

In the second one, using discriminant method and the work of Gabrielov [24]
(aade la referencia que est abajo), it is possible to compute the intersection form
of the Milnor fiber of an SIS in a distinguished basis of vanishing cycles. This new
results provide new tools to study SIS and obtain new results concerning rational
arrangements and rational cuspidal curves as it has been shown in sections 2.2 and
2.3.
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