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ABSTRACT

In this note, we study the existence and multiplicity of solutions, strictly posi-
tive or nonnegative having a dead core (where the solution vanishes) of several
nonlinear problems of eigenvalue type.
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1. Introduction

Semilinear elliptic equations of reaction-diffusion type have been used widely in the
last thirty years as models for a variety of problems arising in applications (population
dynamics, combustion, chemical reactions, etc.). They give rise to many interesting
mathematical problems. in particular for what concerns existence and (maybe) mul-
tiplicity of positive (or nonnegative) solutions, which are often the only meaningful
in the physical situation. A simple example is given by

—Au=Af(u) inQ,
u=0 on 02

where € is a smooth bounded domain in RY, A is the usual Laplacian modeling
(linear) diffusion, A is a real parameter and f is a nonlinear reaction term satisfying
usually f(0) > 0. Of course, f can also depend on z (and on Vu), other boundary
conditions, even nonlinear, can be imposed, etc. (see the books [10] and [22] and its
references).

If the nonlinearity f is C!, or at least locally Lipschitz, a simple argument involving
the Maximum Principle shows that nonnegative solutions (i.e. u > 0in Q) are actually
positive (u > 0 in Q). But if f is not Lipschitz at zero (with f(0) = 0) then it
may happen that nonnegative solutions have a “dead core”, i.e., regions of positive
measure in ) where the solution vanishes. The same situation may arise in models
with nonlinear diffusion which give rise, after a change of unknown, to problems with
non-Lipschitz nonlinearities. These free boundary problems were extensively studied
in the early eighties (see [10]).

Here we deal with a class of problems which, maybe, posses both positive and
“dead core” solutions. More precisely, in Section 2 we consider the quasilinear elliptic
one-dimensional problem

—(|u/ ") 4+ au™ = Au? in (=1,1),
'P,\,a{ u(:l:l) —0 (1.1)

where p > 1 and «, A are positive numbers and 0 < m < ¢ < p— 1, which corresponds
to the case of strong absorption with respect to the diffusion (see [10]). Hence this
includes semilinear equations with non-Lipschitz nonlinearities, as —Au + u® = Mu,
0 < a < @< 1, and quasilinear degenerate equations as as —(|u/|> ') + au = Au>.
Some comments on previous work are given below.

In Section 2 we sketch the results we have obtained and partially written in [11].
Here we use phase plane arguments for the associated ODE and get a complete picture
of the solution set. We show how these methods also work in our case and get results
close to [4], [23], [22]. There is, however, a remarkable difference, since the “lower
branch” of positive solutions “stops” at some critical value A giving rise to “dead
core solutions”. A more detailed version of these results will be given in [12].
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In Section 3 we sketch how similar ideas can be developed when ) is a smooth
bounded domain in R"V. We consider the problem

—Au=MNu?—u?) inQ,
u=0 on 0N

(see [20], [7]) and sketch a proof of the existence of at least two positive solutions for
A large which is still valid when —A is replaced by a second order linear operator not
necessarily in divergence form. The essential tool here is a result by Dancer [9] (see
also [18]) saying that in the interval between ordered sub and supersolutions [ug, u°]
there is always a solution uy < u < u° with index 1, i(u) = 1. This extends a result
by Brezis and Nirenberg [6] for operators in divergence form. Finally, in a series
of Remarks we give indications about how to modify the arguments (and results)
in order to deal with non-Lipschitz (and singular) semilinear elliptic problems and
degenerate operators involving the p-Laplacian.

2. The one-dimensional problem

To state our main result for problem (1.1) it is useful to introduce the notation
f(w) =w? —w™ and F(r):= [; f(s)ds. We also introduce rp = (q/m)*/(@=™) (the
unique zero of F(r)). Let \; > 0 be given by

oty (= DY e g TR
ALi=a ( 7 / (—F(r))1/1’> (2.1)
0

Notice that A; < oo thanks to the assumption m < g. We have

Theorem 2.1 There exists a Ao € (0, A1) such that: a) if X € (0, A\o) there is no pos-
itive solution, b) if X = Ao, there is a unique positive solution u(-, pi4(Xo)) (4 (o) :=
lullo )y ) if X € (Ao, A1], there are two positive solutions p(-,\) = u(-, u—(\)) and
a3 = ul i ) (s () 1= plloes () = llalloe). Morcover, p(-,A) < q(:, A
on (=1,41) and v'(£1,u—(A1)) = 0. d) if X > A1 there is one positive solution
q(-s A) = ul-, pr(N). e)Finally, if X > A1 there is a family of nonnegative solutions
which are generated by u(-, p—(A1)) and for A > A\ we have u_(A) = (%)1/(‘177”)0 with
C = |lu(-, p— (A1)l - More precisely, let vibe the function defined on |z| < L(c, A1),
L(a, M) = 04*(1’*1*‘7)/(‘1*7")A(lp_l_m)/(q_m) by the identity

AL

" )T u(zL (e, A) s e (W)

v1(2) = (
Then, for any y, |y| <1 —1(N\), I(A) := (A /\)P=1=m)/a=m)P=1) the function

v YT (2 — y) L, M), for o —y| <IN
r(wiy) = { O,)\for |z —y| > l()\:l; !
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is a solution of Px . In fact, if N is a positive integer and X > A N(a=m)/(p=1=m)
given a vector' y = (y1,Ya2, .., yn) with

1<y —Z(A), Yi —|—l()\) < Yit1 —Z(A), i=1,..,.N —1yn +l()\) <1

and if we define the set of solutions of Sn(\) as the one given by functions of the
form
_ [ M (2 = yi) L(a, M), for |z —yil <U(N),
T($7 y) -
0, for |z —y;| > U(N),
then the set of nontrivial and nonnegative solutions of P(X) is formed by S(\) jointly
with q(-, A) where S(A) is the set defined by S(\) = U;VZIS]-(A).

The proof will be obtained as a consequence of the study of the bifurcation diagram
for the auxiliary problem

—(W'P2 ) = vt —v™  in (=L, L),
P(L){ w(£L) = 0

in which we consider the equation on a general interval (—L, L) and take L as variable
parameter. We shall prove that

Theorem 2.2 We define
(1) = 1 /“ dr

T /=017 Jy ()~ F) 7
Then ' (1) = 0 has a unique oot g € (rp,00). We introduce the numbers Ly = ~(uo)
and Ly = v(rg). For L > Lo we denote by us (L) to the largest solution of the non-
linear equation L = ~(u), and for L1 > L > Lo let u—(L) be the smallest solution.
Then we have the following cases: i) if L € (0, Lg) there is no positive solution, ii)
if L = Ly, there is a unique positive solution v(-, uy(Lo)), ) if L € (Lo, L1], there
are two positive solutions P(-, L) = v(-,u—(L)) and Q(-, L) = v(-, u4 (L)), Moreover,
P(-,L) < Q(-,L) on (—L,L) and v'(£1,u—(L1)) = 0, iv) if L > Ly there is one
positive solution Q(+, L) = v(-, us (L)), v) for any L > Ly there is a family of nonneg-
ative solutions which is generated by v(-,u—_(L1)). In fact, for any h, |h| < L — Ly,
the function

(2.2)

| vz —h,u—(L1)) for |xr— h| <Ly,
s(x,h){ 0 for |z —h| > Lq,
s also a monnegative solution. If N is a positive integer and L > N L1, given a vector
y = Wy, yn) with —L <y;— L, yi+ Ly <yiq1—L1,i=1.,N=-1,yvn+ L1 < L
the function

s(z,y) = v(w —yi, p—(L1))  for |z —y;| < L,
24 0 for |x —y;| > Ly, fori=1,..,.N

is a nonnegative solution. We call Sy(L) the set of such solutions r(x,y). Finally,
for L > Ly let N be the integral part of L/Ly and let S(L) = U, S;(L). Then the
set of nontrivial solutions of P(L) is formed by S(L) jointly with Q(-, L).
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2.1. Proof of Theorem 2.1 from Theorem 2.2
Let uy o be a solution of Py , Then the change of variables

[e%

X Y@=y (g~ P=1=a)/ (a=m) \(p—1=m)/(g—m)) (2.3)

uxa(®) = (

—1— —1-m
transforms ujy o into a solution v of the problem P(L) with L := o™~ KN and,

conversely, any solution v of problem P(L) into a solution of Py o. We define g :=
[v(uo) a®~1t=a)/(a=m))(g=m)/(p=1=m) " From Theorem 2 we get that the bifurcation
equation L = ~(u) for the solutions of P(L) leads to the equivalent bifurcation
equation

o~ P—1=a)/(g=m) \ (p—1-m)/(a—m) _ A(

funalloe GV (2

e
for the solutions of Py . Since v(uo) is the minimum value of v we deduce that if
A < Ao equation (2.4) has no solution and for A = A\ there is only one solution. This
proves a) and b). Since the range of the branch vy is [y(uo), +00) we deduce that
for any A > g the equation (2.4) has, at least, a solution which implies the existence
of a solution of Py o, ¢(-,A). If A € (Ao, A1), from the continuity of the branch ~v_,
we deduce the existence of a second solution of the equation (2.4) which implies the
existence of the solution p(-, \). Both roots correspond to the two solutions p_ < 4
of the equation L = v(u) and then

A A

e = PN oo V™, = QA o (Y4~

for a suitable A\ which proves that |[p(-, A\)||o < [la(-, N[l
(%)1/(q*m)P(ma*(pflfq)/(q*M))\(pflfm)/(q*m) : L) and

q(-, /\)z(%)1/(‘1””)62(3307(1”17‘1)/(47”‘))\(pfl’m)/(q*m):L), using iii) of Theorem 2, we
get ¢). Part d) is proved in a similar way.

. Moreover, since p(-,\) =

Remark 2.1 Some related results in the literature are the following: The case of
m > 1 was studied in [15] in the larger class of possible changing sign solutions. Their
results are of a completely different nature to our Theorem 2.1. A closer result can be
found in Section 2 of [5] where the authors consider the same equation for p = ¢ = 2
but looking for 27-periodic solutions on R. We point out that several points of the
description made in Theorem 2.1 remain true for the same type of problems in higher
dimensions (see [12]). In this last direction it is interesting to mention the paper [8]
where the authors consider the case p=2,0<m <1< q< (N +2)/(N —2)in RV,
N > 3. Nevertheless, no multiplicity study is made there. O
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2.2. Proof of Theorem 2.2

Lemma 1. A function v is a positive solution of problem P(L) if and only if

1 a dr
[p/(p = D)7 /vm (FGe) — Fye — 7 for kel < L

where | € [rp,00) and L > 0 are related by the equation y(u) = L.
Proof. If a positive solution exists then necessarily it will have a maximum g > 0 in
some point ¢ € (—L, L). So, let us consider

C'p{ —(l'P7* ) = f(v)

v(¢€) = p, v'(¢) =0.

If w < ry (the zero of f) no solution of CP may satisfy P(L). Multiplying by v/,
integrating by parts and using the initial conditions and that v < 0 near x = ¢ we
find

—v'(2) = ATH(F (1) — F(v(2)) (2.5)

where A(r) := [(p—1)/p|rP. It is easy to see that if r5 is the (unique) positive number
such that F(rp) = 0 then if g € (ry,7r) no solution of CP may satisfy P. So, let
W € [rp,00).When p = rp the integral of the function v may have a second singularity
at r = 0 which is integrable. For a positive solution v of problem CP, v = 0 only at
r = £ L. Therefore ( = 0 and the proof holds. a

The next result shows some general qualitative behavior of the graph of ~v(u).

Proposition 2.3 We have (i) v € Clrp,00) N CY(rp,00); (i) v(n) — +oo and
v (1) — 400 as p — +oo. (iit) ' (u) — —oc as u | rE.

Proof. Tt is useful to introduce the function

B pl/p B 1 dr
M) = 25500 =0 [ G Fa
Then
pon . M) g U F(p) = TF (rp)dr
M) = pooop /0 (F(p) = F(rp))etD/p (26)

For p € (rp,00) we have that F'(u) # 0 and it is not difficult to verify that the integral
in (2.6) is convergent and that A’(u) € C(rp, ), A € C([rp, ) x [0,00)). For the
rest of the proof it is useful to introduce the auxiliary function 0(t) := pF(t) — tf(t).

Then we get
Lo L (B() — 6(r))dr
M) / (F(u) — F(r)@+D/» @7)
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The proof that A’(u) — —o0 as pu [rF uses Fatou’s lemma and that f0§ W

is not integrable. Property (iii) is proved in a similar way. a

In order to get a more precise information on the number of zeros of function v/ (u)
we need some different arguments.

Proposition 2.4 /() = 0 has a unique root pg € (rp, 00).

Proof.  'We follow closely the proof given in the nondegenerate case [23]. The following
properties hold: A) Thereis a y; € (rg, 00) such that 6(r) < 0 on (0, 1) and 6(r) > 0
on (p1,00). B) There is a ps € (0, u1) such that 6'(r) < 0 on (0,u2) and 6'(r) > 0
on (ug,00), and C) There exists a us € (0, pu2) such that (ré(r))’ < 0 on (0, uz) and
(r6(r))’ > 0 on (us3,o0). It follows from properties A and B that A’() > 0 on (p1,00)
and, if rp < po, A'(11) < 0 on (rg, pe). It is clear that necesarily A’(u) has at least
one zero in the interval J := [max(r p,p2), p1]. In fact, there can be at most one by
proving that

A (u) + CAN () >0 (2.8)

on this interval J, for some C' > 0 (notice that then A”(u) > 0 on any of such zero).
The proof uses the formula

1 /“ (820 (0.F) — (p+1/p)(6:0)(62f)}
0

" _
A (p,) (51F)(2p+1)/p

kD
where (61h)(r) = h(p) — h(r) and (82h)(r) = ph(p) —rh(r), 0 <r < pu.

0O
The crucial point in the rest of the proof of Theorem 2 is that v’(£1, u—_(L1)) = 0.
This follows from (2.5). Similar ideas can be found in Proposition 3 of [4]. |

Remark 2.2 Theorem 2 holds for a larger class of functions f (see [12]). A very
interesting situation occurs when p > 2 and, for instance of f(v) = v(1 —v)(v — a),
for some a < 1. In that case it is possible to show the existence of nontrivial solutions
taking its maximum on a positive measured subset (see Diaz and Kichenassamy [13]).

3. The case of a bounded N-dimensional domain

In this paragraph we deal with the general case of any smooth bounded domain in
RY. Except in the case of a ball, the ODE methods of Section 2 do not work any
more and should be replaced by variational or topological arguments.

In our exemple below we obtain immediately a supersolution, which provides a
very simple a priori estimate as well, and then, by a rather intrincate argument we get
a subsolution for A large. Hence the existence of a maximal positive solution will follow
from the usual argument ([1]) telling that between ordered sub and supersolutions of

—Au= f(z,u) in
{ u=20 on 0f), (3.1)
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with f smooth enough, there is always at least a solution u, ug < u < u’. Brezis and
Nirenberg [6] have proved that there is always a solution of the associated functional

J(u) = %/Q|Vu|2dx—/QF(x,u)dw,

with F(z,u) = fou f(z,s)ds. A very nice application of this result was used in [3],
together with the Mountain Pass Lemma of Ambrosetti-Rabinowitz, in order to ex-
hibit a second positive solution for the corresponding problem. Since it is known that
local minima have index 1 (a result due to Rabinowitz [21] for C? functionals and to
Amann [2] in the case C1), it seems reasonable to guess that the corresponding re-
sult should be true for general second order operators with smooth coefficients. Such
result was proved by Dancer, it is actually a corollary of a general abstract result in
Banach spaces (namely Theorem 2 or Corollary 1 in [9]) whose assumptions seem not
easy to check in concrete examples. A different proof for the case of equation (3.1),
which is still valid for singular problems (see [16], [17] and its references) can be found
in [18].
We consider now the problem
—Au=Au?—-u?) inQ,
{ u=20 on 0f). (3-2)

We have the following

Theorem 3.1 There exists a X > 0 such that for any A > X problem (3.2) has at
least two positive solutions.

Proof (Sketch). Tt is obvious that u® = 1 is a supersolution to (3.2) and,moreover,
an easy argument using the Maximum Principle shows that it provides an a priori
estimate for positive solutions as well. Then a rather intrincated argument provides
for A > 0 large enough a positive subsolution ug(\) < 1. Then, by the above mentioned
result there is a solution u()) such that ug(A\) < u(\) < 1, with i(u())) = 1if A > X,
for some \ > 0.

On the other side u = 0 is a local minimum for (3.2), and, by a simple linearization
computation around 0, i(0) = 1. But it is known ([1]) that ([0, 1]) = 1 and then the
properties of the index ([1]) and a simple counting argument show that there exists a
solution 0 < v(A) < u(A) such that i(v(A)) # 0. a

Remark 3.1 This result was proved by Rabinowitz [20] by using a combination of
variational methods and degree theory. See also the works of Clément and Sweers [7],
Gardner and Peletier [14] and its references. Problem (3.2) is not actually a particular
instance of the genral framework in the Introduction, but we prefer to illustrate the
method in this case.
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Remark 3.2 The above proof still works if we replace u? — u® by u” — u*® with

1 < r < s, and even allow 0 < 7 < s < 1, even if now the linearization around
zero cannot be performed. On the other side, —A can be replaced by a second order
uniformly elliptic linear differential operator in general form with smooth coefficients.

The first part of the proof could still work in the singular case (i.e., —1 < r < s < 0)
but zero is not a solution and the second part is meaningless, at least in this version.
The suitable tools are given in [16] and then applied in [17].

Remark 3.3 The method of sub and supersolutions also works for quasilinear prob-
lems with the p-Laplacian, but it remains the difficulty of getting a suitable subsolu-
tion (for an index result see Kichenassamy [19]).
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