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Degree theory, with applications and history
This course was the offspring of the teaching of Degree Theory to many generations of Ph.D. students
at the Universidad Complutense de Madrid. That experience showed possible to give a quite condensed course that exhibits the power of the theory to reach very important theorems that usually
are obtained by quite other means, and we designed a course on Degree Theory with special emphasis
on applications to topology.
By the invitation of Prof. Fabrizio Broglia, the course took place at the Pisa Ph.D. School in
2006, for three months at the pace of four hours per week.
I. The course. The final goal are several very important and deep results of General Topology
by the use of Degree Theory. The main tool being the so-called Euclidean Degree Theory. Thus the
course starts with the detailed presentation of this theory. This can require, on demand from the
potential audience, a previous up-dating of the basics of Differential Topology:
1. Manifolds: Analysis on manifolds, diffeotopies and orientation.
2. Immersions, submersions and complete intersections: Sard-Brown theorem.
3. Transversality: Density theorem.
4. Approximation: Spaces of mappings, homotopy, approximation and trasversality.
Then a recall of the classical degree theory for smooth mappings of compact manifolds will be in
order too, as motivation and preparation for later use:
5. Degree of smooth mappings of compact manifolds.
Afterwards, the more elaborated euclidean degree theory can be properly defined:
6. Degree of mappings of open sets of the euclidean space: Definition and homotopy invariance,
addition formula.
Then, we have the first characteristic result:
7. Borsuk-Ulam Theorem. Let D ⊂ Rn be a bounded symmetric open set, and f : X → Rn
a continuous function defined on its boundary X. Then:
(a) If f is odd, then so is its degree (hence, 6= 0).
(b) If f is even, then so is its degree (and 6= 0 for n odd).
Right from the Borsuk-Ulam theorem, we will deduce a very important general topology theorem:
8. Invariance of Domain. (1) Let f : U → Rn be a continuous map on an open set U ⊂ Rn .
If f is locally injective, then f is open.
(2) Let f : A → B a homeomorphism of two arbitrary sets A, B ⊂ Rn . Then f maps interior
points of A in Rn to interior points of B in Rn .
(3) Two manifolds which are homeomorphic have the same dimension.
Back to degree theory, we obtain the second essential fact:
9. Multiplication Formula: This gives a way to compute the degree of a composition of continuous
mappings. Is the key technical result of the theory, and gives way to many computations in
the flavour of the standard degree theory of smooth mappings among compact manifolds.
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Once degree theory is well established, we turn to:
10. Applications: Here we will mainly prove two famous theorems:
Jordan-Brouwer Separation Theorem. Let K, L ⊂ Rn , n ≥ 2, be two compact sets. If
they are homeomorphic, then the number of connected components of their complements are
the same.
(As a bonus, from this we get another proof of the invariance of domain.)
Hopf Homotopy Theorem.
Let X ⊂ Rn be a compact set that separates Rn into two
connected components. Then two continuous mappings X → Rn \ {0} are homotopic if and
only if both have the same degree.
And all these ten sections include comments on the historical development development of the theory
and its who is who.

II. Background and bibliography. As may be apparent from the above program, the prerequisites to follow such a course are analysis and topology on euclidean spaces, and, at least to some
elementary extent, on embedded manifolds. However, one purpose of ours is to make everything as
accesible as possible, and convince the audience these are not that difficult mathematics. In fact, for
the initial steps there are two very good references to resort to:
[ 1 ] J. Milnor: Topology from the differentiable viewpoint, University Press of Virginia, Charlottesville 1965.
[ 2 ] V. Guillemin, S. Pollack: Differential topology, Prentice Hall, New Jersey 1974.
The first book is a jewel, whose reading should be compulsory for all mathematicians. The second
one is also an extraordinary reference, for anyone interested in Differential Topology. Both (specially
the second) go far beyond our needs, but were the inspiration to write the following humbler booklet:
[ 3 ] E. Outerelo, J.M. Ruiz: Topologı́a Diferencial, Addison-Wesley, Madrid 1998.
This covers quite exactly what is to be reviewed in I.1-5. Then, for I.6 we resort to:
[ 4 ] N.G. Lloyd: Degree Theory, Cambridge University Press, Cambridge 1978.
[ 5 ] K. Deimling: Nonlinear Functional Analysis, Springer, Berlin 1985.
As additional bibliography, we cannot help mention:
[ 6 ] R. Abraham, J. Robbin: Transversal mappings and flows, Benjamin, New York 1967.
[ 7 ] E. Lima: Introdução a topologia diferencial, IMPA, Rio de Janeiro 1961.
The Abraham-Robbin book is a classic (with an appendix on real semialgebraic sets, a remarkable
feature!). The second is a wonderful book, by any measure a highly recommendable reading.
All in all, the course was largely selfcontained.

III. The actual contents of every single lesson given at Pisa were recorded and we include the
Libretto in the following pages.
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