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ABSTRACT

Motivated by the structure of the Dynamics Programming Equations relative
to Controlled Diffusions we study the Dirichlet value boundary problem gov-
erned by quasi—degenerate elliptic partial differential equations of second order.
Interior properties of the solution involved to the Maximum Principle are also
considered in the paper.
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1. Introduction

This paper is strongly motivated by some partial differential equations arising in
the study of questions of the Stochastic Optimal Control theory (see [6], [11], [16],
[19], [21]). In order to simplify, we present the ideas on the one-control case. On a
probability space (O, F,IP) we consider a M-dimensional Brownian Motion {5;}:>0
and the relative filtration, {F; }+>0 C F, involved to {B; }+>¢. So that for each couple of
bounded and Lipschitz continuous functions a : RN — RN and o : RN — M(NxM;R)
we consider the unique, in the probability sense, stochastic trajectories given by

dxyF = —a(Xr)dt +v20(XF)dB;, t>0,
(SDS) { Xy =z cRN.

*Partially supported by the project REN2003-0223 of the DGISGPI (Spain)
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Involved to two continuous functions f, ag : 2 — R, one defines the Feynman-Kac

function
U(z) = TE, UOT f(X7) exp ( /Ot ao(?ﬁf)d5> dt (1.1)

Tz _
+o (X2 ) exp <—/ adé\’f)ds)}, x €,
0
where IE, stands for the conditional expectation with respect to the event {X7 = x}
and the stochastic process

T =1inf{t > 0: X7 & Q}

is the first exit time of the trajectory X7 from an open Q of RN. Classical arguments
lead to think U as being a solution of a partial differential equation and a Dirichlet
boundary condition

u=¢ on . (1.2)

Indeed, it is proved that U verifies, in some sense to be precised, the equation
Lu+au=f inQ (1.3)

where
Lu = —trace (A(z) D*u) + (a(z), Du).

Here A(-) = (00?)(-) where o' is the transpose matrix of o.

Certainly, some assumptions on the data must be required in order to prove that
U satisfies (1.3)—(1.2) in a classical sense. An almost “unavoidable” hypothesis for
that goal is the non-degeneracy of the diffusion: o(-) must be a N x N matrix with
o(-) > Oy, for some § > 0 on Q. Unfortunately, the condition does not hold in some
important examples of the applications and consequently the regularity (even the
continuity) the Feynman—Kac function can not be guaranteed. The viscosity solutions
notion is adequate in order to remove the non-degeneracy hypothesis. We send to the
monograph by M.G. Crandall, H. Ishii and P.L. Lions [9] to understand how semi-
continuous functions can solve (1.3) in that framework. We note that linearity of the
operator £ can be lost for this kind of solutions. In Section 2 we recall this notion of
viscosity solutions.

The eventual discontinuity interferes strongly with the fact that U does not satisfy
(1.2). Furthermore, in [3] one constructs an example in which U is continuous on
Q but (1.2) does not hold. This is the reason for which (1.2) is generalized to a
boundary condition where from the control point of view the eventual behaviors of
the dynamical system and the strategy of the controller must be considered. The
generalized Dirichlet boundary conditions are

min{Lu + apu — f,u — ¢} <0 on 9N (1.4)
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and
max{Lu + apu — f,u — ¢} >0 on 9N (1.5)

in the viscosity sense. Conditions (1.4) and (1.5) arise when we pass to limit smooth
solutions of the classical Dirichlet boundary value problem in the vanishing viscosity
method (see [4] and [9] for an introduction of the so—called half-relazed limits method).
If U is continuous on € one proves that is the unique solution of the generalized
Dirichlet boundary problem, even when U # ¢ on 0f2. However we only know the
results of G. Barles and E. Roury [3] and M. Katsoulakis [15] in order to prove the
continuity of optimal value functions. We note that the eventual discontinuity of 7,
with respect to x is the main difficulty in proving the continuity of U. Clearly, the
continuity of A implies the upper semi-continuity of 7.
So that, our interest here is the study of the generalized Dirichlet value boundary
problem involved to
Lu~+ agu = f in €,
{ U= on (.

In Section 4 we obtain existence and uniqueness of solutions under the simple assump-
tion A(+) = (oo?)(-) on the leading part of £. Also this possibly degenerate elliptic
condition is the main hypothesis used in Sections 2 and 3 where Weak and Strong
Maximum Principles are derived. Certainly some results apply to a more general
problems but that will be not considered in the paper.

Our contributions on the Maximum Principle are extensions of well known results
for uniformly elliptic equations (see [13]). As in [18] we will study, in a future paper,
the behavior of the first exit time 7, function by means of the properties of the first
eigenvalue involved. We send to [5] or [20] in order to obtain a characterization of the
principal eigenvalue by the Strong Maximum Principle.

In the Appendix A we collect some results on the semi—convex and concave ap-
proach used in the paper.

2. The Weak Maximum Principle

Due to the lack of the uniformly ellipticity, in this paper we consider viscosity solu-
tions. Let IF : O x R x RN x SN — R a continuous function, where O is an arbitrary
set of RN and SN stands for the space of the real and symmetric matrices of N x N.
Then a function v : O — R is a viscosity solution of

IF(z,u, Du,D?*u) <0 on O (2.1)
if
Ir (a:o,u*(xo),DCIJ(:cO),D2<I>(xO)) <0

holds for all o € O and all ® € C%(O) such that (u* — ®) attains a maximum on O
at xg. Here u* means the relative upper semi—continuous envelope

u(x) = }ii%sup {u(y): lz—y| <r}, x€O0.
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Analogously, u is a viscosity solution of
IF(x,u,Du,D?*u) >0 on O (2.2)
if
IS (:Eo,u*(xo),DCb(xo),chb(xo)) >0

holds for all o € O and all ® € C%(O) such that (u, — ®) attains a minimum on O
at xg. Now u, is the relative lower semi—continuous envelope

us(x) = }iir(l)inf {u(y): lz—y| <r}, x€O.

Certainly, u is a viscosity solution of
IF(z,u,Du,D?*u) =0 on O (2.3)

if it is a viscosity solution of (2.1) and (2.2) simultaneously. For this reason a viscosity
solution of (2.1) (respectively (2.2)) is a subsolution (respectively supersolution) of
(2.3).

Remark 2.1 In the above definitions we may equivalently consider local or global,
strict or not strict extremes. We send to [9] for a general exposition on the theory of
viscosity solutions. O

In the paper we focuss the interest on the choice
Fr a0, f (@7, p, Z) = —trace (A(z) - Z)+ (a(z),p) + ao(x)r — f(z),

for (x,7,p,2) € O x R x RN x SN, where Q is an open set of RN. We note that for
smooth functions, u € C2(0), one has

£ a0.f (2, u(@), Du(x), D*u(x)) = Lu(x) + ag(v)u(z) — f(z)

for
Lu(z) = —trace (A(z) - D*u(z)) + (a(z), Du(z)),

where the matricial function A(-) € M(N;R) is given by
A() = (00'().

As it was pointed out in the Introduction, this choice of the leading part arises in
Controlled Diffusions.

Remark 2.2 Since

2 2 2 2 N N
Tibi + 05k 5 o
- 5 = Z 0ik0 k&G > *Zaik&a
NG =1

oik0k&il; > —
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WE

the covariance matrix, A;;(-) = » (0ikojk)(+), is elliptic possibly degenerate, i.e.

b
Il

1

N

D Ai()€g >0, ¢eRN
i,j=1
Moreover, from o # 0 it verifies
trace A(-) >0, 1<i<N,
we say then that A(-) is elliptic quasi non—degenerate. On the other hand, the property
A() = (00'())

where o : RN — M(N x M;R) is a Lipschitz continuous functions, fails, in general,
for any Lipschitz continuous positive semi—definite symmetric matricial function A.
However, we may consider the technicality: A € W2 implies that v/ A is uniformly
Lipschitz continuous (see [12] for some results of the factorization of non-negative
definite matrices). O

We will assume that the coefficients A(-) = {A;;(-) : 1 <4,j < N} and a(-) =
(a;(+) : 1 <i <N), as well as the function ay are uniformly continuous.
The main result here is

Theorem 2.1 (A Weak Maximum Principle) Let Q) be a bounded open set. As-
sume

N
D> Aij()€& >0, RN,

= (2.4)
Akr(-) >0, for some k € {1,...,N}
and
O has a positive upper bound in €. (2.5)
Ak
Then if an upper semi—continuous function u is a viscosity solution of
Lu<0 in(
one has
Sup u = sup u. (2.6)
Q o0
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Proof. From
ar(x) < MAgp(z), =€, for some M >0

(see (2.5)) one derives
LT = (—7* Ak () + yag(x)) €77 < Ak (2)(—y + M)e?™ <0

for some v > 0 sufficiently large. We claim that u 4+ ¢® can not attain a maximum
in the interior of , for ®(z) = €"* and ¢ > 0. Indeed, otherwise at any interior
maximum point g € 2 one derives the contradiction

LP(xg) >0 (by definition of viscosity solution),
0> LP(xo) (by construction).

Therefore

sup(u + e®) = sup(u + ).
Q Xy

Finally, letting ¢ — 0 one concludes (2.6). O
Corollary 2.1 Under assumptions of Theorem 2.1. If an upper semi—continuous
function u is a viscosity solution of

Lu+agu <0 in )
with ag > 0 one has

supu < suput. (2.7)
Q a0

(Here r* = max{r,0}). a
Inequality (2.7) follows arguing in QF = {z € Q: u(x) > 0}, where
Lu+au<0 inQFt = Lu<0 inQt.

The above arguments, as well as the next result, are extensions to viscosity solu-
tions of well known results for uniformly elliptic operators (see for instance [13]).

Theorem 2.2 Let Q be a bounded open set. Assume (2.4) and
ag(r) < MpAgi(z), x€Q, (2.8)

for some My, > 0. Then if an upper semi—continuous function u is a viscosity solution

of
Lu+agu < f inQ

one has

u(z) < suput + (e(M’cJFl)(Dkfdk) —_ 1) i
[519)
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whenever ag(-) >0, f: Q— R is a continuous function and
di < x < Dy, r €.
Furthermore, inequality

+ Q 2.10
ingkksgpf , wE (2.10)

u(z) < 1 suput + (e(Mk+1)(Dk_dk) _ 1)
— O\ aa

1
holds for C =1 — (eM’“(D’“_d’“) — 1) - sup ag , provided
inf A o
Q
1?2f Ark

(et (Dr=d) — 1)’ xr €. (2.11)

—ap(z) <

(Here r— = max{—r,0}).
Proof. Let us consider the non—negative function

sup f+ (e(Mk‘i’l)(Dk*dk) _ e(Mk+1)($k*dk))’ z e Q.

By straightforward computations as in the proof of Theorem 2.1, one verifies
LO(x) > f(z), =€

Again, we claim that v — ® can not attain a positive maximum in the interior of
Q. Indeed, otherwise at any interior positive maximum point xg € Q with u(zg) >
®(zg) > 0, the condition ag > 0 derives the contradiction

f(zo) < LO(m0) < LP(x0) + ao(To)u(zo) < f(20).

Therefore,

N _
- su , €N
H(lzf Ak pr

u(@) < sup(u — ®)* + ®(z) < suput + (e(Mk"rl)(Dk—dk) _ 1)
o0 o9

concludes (2.9).
For general ag functions we have

Cu—i—aarugf—i—(aar—ao)u in Q.

Since ag = af — ag , (2.9) implies

supu’ < suput + (e(Mk+1)(Dk—dk) _ 1)
Q

[sup fT+suputsupay
a9

igf Ak | o Q Q

whence (2.10) holds, provided (2.11). O

109



G. Diaz On quasi—degenerate elliptic linear equations

Remark 2.3 One deduces the estimate

sgp lu] < % salg) lu| + (e(MkJrl)(Dk*dk) — 1) i?zfilkk sgp |f] (2.12)
if u € C(Q) is a viscosity solution of
Lu+au=f inQ
for inf Agg
—ag(z) < (e(MkJrlS))(Drdk) — 1) , x €.

Therefore, one derives the estimate

inf Agp

@ (2.13)

Az > (cOh D (Pr—dn) — 1)

for the eventual first eigenvalue of the operator £ on Q with Dirichlet boundary
condition.

3. The Strong Maximum Principle

As usually we follow the classical argumental lines by E. Hopf. So, we begin with

Lemma 3.1 (The boundary point lemma) Assume (2.4) and

|a|

—— has an upper bound in . (3.1)
Ak

Let u be a wviscosity solution of
Lu<0 in .
Let xg € 0S) be such that

i) w attains a strict mazimum on QU {zo},
it) 3 Br(xo— Rii(zg)) C Q, (00 satisfies an interior sphere condition at xg).

Then if we denote u(xg) = limsupu(x) one has

z—xQ

zeQ
lim inf u(wo) = ulwo = A)
A—0 A

>C >0, (3.2)

where 1 stands for the outer mormal unit vector of 02 at xg and C is a positive
constant depending only on the geometry at xq.
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Proof. From (3.1) we may assume
ar(x) > —M A (z), z €, for some M > 0.
Let us introduce the function
O(x) = ek — 7R e Bg = Br(y), y = o — Rii(xo), (3.3)
where 7, =z — yr and « is a positive constant to be chosen later. Since
Irikl <R and  ag(z)ry > —MRAke(z), €9,

straightforward computations lead to

LO(x) = 2ae ™"k [—20 Ak (2)r} + Ari(z) — ar(z)ry]
o2 | aR?
< 2ae” ¥k | — lIglzf AkkT + (1 4+ MR) sup Agk (3.4)
Q

< 0, if % <r<R,
for some a > 0 large enough. Moreover, by construction
u(z) —u(zg) <0, z€dBr = u(@)—u(z)+ecP(zr) <0, z€IBx,
for € > 0 small enough. Here we claim the inequality ,
(u—u(zg) +e®)(z) <0, €0 (3.5)
whence for O = Bg \ Br. Indeed, if u—u(zg)+e® attains a maximum at some point

2
7 € O one derives the contradiction

LO(T) >0 (by definition of viscosity solution),
0> L&(7) (by construction).

Therefore, (3.5) leads to

u(xo) — u(xo — ART) < Dz — M2)

1
) >e 3 , A<1)
whence -

lim in w@o) —ulzo = M) o g,

Remark 3.1 In fact, above result implies

lim inf u(zo) — u(z)
Cecar |aj - .I0|

>C > 0.
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Then we get to the main result here

Theorem 3.1 (Hopf’s Strong Maximum Principle) Assume (2.4) and (3.1). Let
an upper semi—continuous function u be a viscosity solution of

Lu<0 inQ,

where £ is not necessarily bounded. Then u cannot achieve a local mazimum at some
zo €  unless u is constant in a neighborhood of x.

Proof. By simplicity we only consider the case
A=A M(N;R) and a(-) =ac RN

Assume that u is non—constant and achieves a maximum value u(xg) = M on some
ball B C 2. Then we consider the semi-convex approach of u, i.e.

15 - |l’7y|2
u®(x) = sup § u(y) — 522 , x€B. (e >0),
yeN €

where B, = {z € B : dist(z,0B > ey/1+ 4supg |u|}. For € small enough we may
assume g € B.. Then «® attains M, as a maximum value, in B., with u(xzg) =
u®(xzg) = M. Moreover, u® satisfies

Lu® <0 on B..

A short exposition about the semi—convex and semi—concave approach can be found
in the Appendix A below.
By classic arguments, if we denote

B_ ={z € B.: v (z) <M},

there exists the largest ball Br(y) € B (see [13]). Certainly there exists some
zo € 0Br(y) N B. for which u(zp) = M. Then, as in the proof of Lemma 3.1 the
contradiction

0 =Duc(z9) by the DMP property (see Lemma A.2)
0 # Duf(zp) by Lemma 3.1

appears. Therefore, u® is constant on B C €2, i.e.
u(y) = u(zo) = u(zo), ye€B.
As in (A.3), for every y € B there exists § such that

A~

€ 1 -~
u(y) = (@) - 550y - P
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whence
£ 5 1 ~12 ]- ~12 ~
u(o) = (o) = v (y) = u(y)— 55 ly—T° < ulzo) 55 ly—G Sulwo) = F=v.
So that, one concludes
u(y) = u(y) = u(z9) = u(xo), yE€B. |

Finally, we may adapt [1, Theorem 1] and to obtain

Proposition 3.2 (Weak Comparison Principle) Assume (2.4) and (3.1). Let an
upper semi—continuous function v and a lower semi—continuous function V be viscosity
solutions of

Ly+aw < f inQ

and
LV +a)V > f inQ,

where f is a uniformly continuous function and ag satisfies ag(-) > 0. Then

(u—v)(x) <sup(u—v)T, z€Q,
o

provided that 2 is a bounded open set. O

4. The boundary value problem
Now we focuss the attention on the Dirichlet boundary value problem

Lu+ agu = f in Q,
U= on €.

For simplicity we will assume f and ¢ continuous. As it was pointed out above, by a
subsolution we mean a function v : 2 — R verifying

Lu+agu < f in Q,
min{Lu + agu — f,u* — p} <0 on 09,

in the viscosity sense. Analogously, v : Q — R is a supersolution if

Lu+agu > f in €,
max{Lu + apu — f,us —p} >0 on 012,

holds in the viscosity sense. Certainly, u is a viscosity solution if it is a subsolution
and it is a supersolution simultaneously.
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Remark 4.1 As it is well known, we note that u is a solution of the classical Dirichlet
value problem if the above boundary conditions is replaced by

u* < ondQ

and
Ux > on 0f)

respectively. O

Here we use simple adaptations of relative results of [10]. In order to characterize
the function U (see (1.1)) we use a classical argument. Indeed, as in [2] or [10] we
may prove

Theorem 4.1 (Dynamics Programming Principle)
For every t > 0 one satisfies

U)= E, [/Otm FXT) exp <— /0 ao(X;”)dr> ds

U e (- [ o) (1)

1, <np(X]) exp (—/ ” adz’\’f)dS)}, z € Q.0
0

So the arguments of [1] (see also [10]) lead to

Theorem 4.2 Assume
fy ap : RN — R are continuous functions. (4.2)

The function U, given in (1.1), is a viscosity solution of

Lu+ agu = f in €,
U= on €.

Remark 4.2 In our argument the distance function d(-) = dist(-, 9Q) plays an im-
portant role. As it is well known, d € C*, with |Dd| = 1, near 99 whenever (2, is a C*
open set of RN. Moreover, 7i(zo) = —Dd(zg), xo € JQ, is the unit outward normal
vector at g (see [13, Lemma 14.16]). a

In order to understand generalized Dirichlet boundary conditions (see (1.4) and
(1.5)) a first question arises. How the equation holds on the boundary? Here we
adapt a result of [2, Proposition 1.1] involving the geometry.
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Proposition 4.3 Let Q be a C? open set of RN. Let u a viscosity solution of
Lu+apu < f in Br(zo) NQ, x9 € 0, R >0,

assumed that f and ag are Lipschitz continuous functions and

N

ZAU()&fJ >0, Ve RN, in Br(zo) N Q.

i,
Then = .

A(zg) - 1i(xo) @ Ti(x0) =0

and (4.3)
trace (A(zo) - D*d(z0)) + (a(zo), ii(z0)) >0

holds. With the same properties on the coefficients if u is a viscosity solution of
Lu+apu > f in Br(zo) NQ, x9 € 0, R >0,
then (4.3) also holds.
Proof. Assume ¢ > 0 so small than d € C?(QF), for
OF = {z € Br(zo) N Q : d(x) < e} # 0.
Let us consider the upper semi—continuous function

4
-l A 4] cgn
) 9

that attains on QF a maximum at some z. for which

£ ;45€0|4 ~ d(;s) [1 _ M], (4.4)

u*(20) = ¢=(20) < Pe(z:) = u*(2:) —
Then
o= wolt | dlee)  (d))?
o4 o2 23 &
By d(z.) < ¢ inequality

e — @o[* d(z.) 1— d(zc)
et 7 g2

Ogmax{

holds, therefore

{zc}e 290 ase—0
u(xo) <limsupu®(z:) <u*(zg) (see (4.4)).
e—0
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Moreover, as € — 0 one has

4
ool =oe) (b 0 o)

q d (4.6)
d(z:) = o(¢?) (by d(z.) < 2¢ = (;;8) [1 - (23“;8)] — o) ,
From
¢5($5) > Qbs(l'), S Q?,

function | |4 i) i)

T —x T T

(1)6(17): 540 + -2 |:1— 9% :|, $€Q§,

verifies

(u* — @) (xo) > (u* — ) (x), =€ Q.

Replacing ® by R
O(z) = D(z) + (u" — )(20) + |2 — zo|®

if necessary, we may assume
0=(u*—®)(z.) > (u* —®.)(zx), =
Since d(z.) = o(g?), z. is also a local maximum on ), consequently
—trace (A(z.) D?*®.(z.)) + (a(z.), DP.(z.)) + ao(z:)v* (z.) < f(z2), (4.7)
From

Dd(z.) d(ze)
g2 g3

4
D®,(z.) = €—4|l‘€ — 330|2(375 —x9) +

property (4.6) implies
2D®,(z.) = Dd(x.) + o(1)

and
e (). Do) (alaoh PG )| < alan) ~ aleo), D (o)
(ate). Do (22) - 22 )

= |a(xo)| - [Dd(z:) — Dd(x0)| + o(1)

+ €2

(4.8)
(by the regularity of function a). On the other hand
2 8 4 2
D*® (z.) = 6—4(308—x0)®(x5—x0)+€—4|x5—x0\ In

—Eis (Dd(z.) ® Dd(zc) 4 (d(z<) — e)D*d(x.)),
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and the property (4.6) implies
1
2D?*®_(z.) = —~Dd(z.) ® Dd(x.) + D3d(z.) + o(1),
3

and

Dd(xo)iDd(a:O) n D%iéx@))‘

e? [trace (A(z.) D?*®.(z.)) — trace <A($o) : (—
< &? [trace ((A(ze) — A(zo)) - D@ (x.))]|
Dd(xo) ® Dd(.To) _ DQd(l‘o) >> ‘

g3 g2

+¢? |trace (A(aco)- (D2<I>E(9c5) +

<Dd(x5) ® Dd(z.) — Dd(zg) ® Dd(x¢)
5

= |trace A(xo) -

+D%d(z.) — D2d(x0)> ‘

+o(1)

(4.9)
(by the regularity of function o and 9). So that, if we multiply inequality (4.7) by
2 (4.8) and (4.9) imply

frace (A(xo) - (Dd(m") @ Dd(zo) _ Dzd(mo)>) + (a(zo), Dd(z0)) < o(1).

€

Finally, if we multiply this inequality by €, and then we send € to 0 we obtain

{ trace (.A( ) d(zo) ® Dd(a:o)) =0
—trace (A(wo) x0)) + (a(zo), Dd(z0)) <

For supersolutions one replaces ¢. by the lower semi—continuous function

|z —xo|* | d(2) d(z) R
Ve () = us(z) + = +—=-[1- 0 | z e Q.
Then analogous arguments end the proof. ]

Remark 4.3 Obviously, (4.3) is a necessary conditions for the existence of equations
on the boundary. We note that they are independent of the zeroth term of the
equation. Therefore, denoting

OgbeQ = {zo € 0 : (4.3) holds},
the generalized boundary conditions like

min{Lu + apu — f,B(z,u,Du)} <0 on 9N
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and
max{Lu + apu — f,B(z,u,Du)} >0 on 9
are, in fact, classical boundary conditions
B(z,u,Du) =0 on 09,

whenever 9,2 = 0. Finally, we also note that (4.3) is used to characterize the regular
points from the probabilistic point of view (see [12]). O

Theorem 4.4 (Existence and uniqueness) Assume (2.4), (3.1) and
ap() >0 in Q. (4.10)

Then if OgpcQ = 0, whenever J and ag are Lipschitz continuous functions, there exists
unique viscosity solution in C() of the classical Dirichlet problem involved to

Lu+ agu = f n Q,
U= on £,

provided Q) is a bounded open and ¢ € C(0).
Proof. Since
G = {w: w is a subsolution of the relative generalized Dirichlet boundary} #
(see Theorem 4.2), inequality (2.10) enables us to define the Perron function
up(x) =sup {w(z): weg}, =z (4.11)
Obviously, by definitions of semi—continuous envelopes one has
(up).(2) < up(2) < (up)'(z), wEQ.

Arguing as in [9] one proves that (up)* and (up). are sub and supersolutions, respec-
tively. Moreover, by 0452 = () one deduces

(up)™(z) < @(x) < (up)«(z), =z €00
(see Proposition 4.3). By comparison results, this inequality implies
(up)*(z) < (up)u(z), =€Q,

whence up € C(Q) and up = ¢ on 9.
Uniqueness relies again on comparison results. Indeed, by 942 = @) one satisfies

v(x)"(2) < p(x) < Vi(z), =€dQ
if v and V' are sub and supersolutions, respectively. Then comparison results imply
v(@)*(z) < Vi(z), z€Q

and uniqueness follows. O
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Remark 4.4 The Lipschitz continuity of f and ag can be relaxed to the mere uni-
formly continuity. O

Remark 4.5 Complementary regularity can be obtained for the non—degenerate case

N

D A& > 0lE” >0, ¢ e RN\ {0}

7,j=1

as in [8]. O

Appendix

A. The semi—convex and concave approach.

As it is well known the classical maximum principle is an usual key in obtaining com-
parison and uniqueness results. There are several versions. The Jensen’s maximum
principle for semi—convex functions is the main step in obtaining uniqueness results
for viscosity solutions.

We recall that a function ¢ : O — R is semi—convex if z +— ¥(x) + K|x|? is convex
for some positive constant K. Consequently, by straightforward computations 1 is
convex if and only if

Y(pz + (1 —p)y) — wh(x) — (1= p(y) < Kp(l—p)lz -y, z,y€0, 0<p<1.

On the other hand, ¥ : O — R is semi-concave if — is semi—convex. Next we collect
some properties of these functions (for the details we send to [1], [9], [11], [14] or [17]).
We begin with a classical result.

Theorem A.1 (Aleksandrov Theorem (see [9])) If¢: O — R is semi—convex
then 1 is twice differentiable almost everywhere on O. O

The next properties concern with the differentiability of the semi—convex functions

Lemma A.1 (The partial continuity of the gradient (PCG) property) Let
P O — R be a semi—convex or a semi—concave function ¢ : O — R. If x, — z, as
n — oo, then DY(x,) — DY(z), as n — oo, provided that these gradients exist. O

Lemma A.2 (The differentiability at maximum points (DMP) property) If
a semi—convex (respectively semi—concave) function 1 : O — R achieves an local
mazimum (respectively minimum) at some xo € O then 1) is differentiable at x¢ and

D¢($0) =0.
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Proof. Obviously, we only consider the semi—convex case. By simplicity we may take
zo = 0 € O. Then by applying the separation theorem for the convex function

D(w) = () + Kol
there exists p € RN such that
V(@) 2 9(0) + (p,x) = $(0) + (p,a), z€O
(see [7]). Since 0 is a maximum point of ¢ on a small ball B C O centered at 0 we

have R
() iMthPZM®+m@*KW2 (A1)

> (CU)+<p,CC>—K|ZL’|2, IL'€B,

whence
(p) < Klal’, z€B.

For ¢ > 0 sufficiently small we may choose z = ep € B for which
elp]* < Ke2|pf?,
therefore it implies p = 0. Finally, (A.1) leads to
0<9(0) —9(z) < Klz]?, zeB

and the result follows. O

Remark A.1 It is cleat that the DMP property also holds for ¢p — W if ¢y : O — R

is semi—convex and ¥ : O — R is semi—concave. O

Lemma A.3 (Jensen Lemma) If ¢ : O — R is semi—conver and xq is a strict
local mazximum of ¢ then for r, o > 0 the set

M = {z € B,(x0) : Ip € B,(0) for which 1, has a local mazimum at x}
has positive measure, where
Up(x) = P(x) + (p,z), €O,

Sketch of the Proof. We may assume that zo is the unique strict maximum point of
1 on B, (zp), if 7 > 0 small. So, for ¢ > 0 small all maximum points of ¢, on B, (z)
are interior points. Then from

Dy(xz) = —p at all these maximum points of 1,

we deduce B,(0) C Dy(M).
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Assume 1 € C? for the moment. Since v(x) + K|z|? is convex, the construction
of M implies
—2KT<D%*(z) <0 inSN, ze M,

whence |det D?p(z)| < 2K)N, x € M, and
meas (B,(0)) < meas (Dy(M)) < / |det D2p(z)|dz < meas (M)(2K)N.
M

The general case of 1 the result follows from the fact that any mollification to a smooth
function 1), is also semi—convex with the same constant K and converge uniformly to
v on B,.(zp). Then if M. is the relative set to 1., the inclusion

N U MLcm
n=1m=n
concludes the proof. O

Next we present the semi—convex, concave approach. Let v : O — R be a bounded
upper semi—continuous function on an arbitrary open set O C RN. For ¢ > 0 we

define at z € O .
() = {us) - gzlo 9P s v €O

Analogously, if v: O — R is a bounded lower semi—continuous function we define

1 _
ve(z) = inf {v(y) + @Lﬁ —yl?: ye (9}.

We also introduce a slight extension to unbounded Lipschitz continuous functions.

Proposition A.4 Letv: O — R be a bounded upper semi—continuous function or a
unbounded Lipschitz continuous function. Then any mazimum point, xo, of v is also
a mazimum point of v¢ and v(xg) = v*(xg). Moreover v¢ is semi—convex on O and

sup(v® —v) \, 0, ase—0
(9

(for v unbounded Lipschitz continuous this convergence is uniform).

Proof. For all n > 0 there exists z,, € O such that

o(@) < 07 (2) < vley) — 5ogle — g 4o (A2)

1
57|
If v is bounded upper semi—continuous one has then

|z — x,* < 2ne® + 4e? sup [v|
o
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Since

|z, < |z + \/27)62 + 4e? sup |v|
o

there exists & = lim «,, for which

n—0

1
v (x) = v(T) — @p@ —2]* and |z —7] <2 /sgp [v]. (A.3)

For the unbounded case. Let L > 0 be a positive constant such that
o) —v(y)| < Ll —yl, w,y€0.
Then (A.2) implies
|z — zy|? < +2ne? + 22
i.e.
|x — x| < Le® + /L2 + 2ne.
Since
|z < 2| + Le® + \/L2e* + 2ne?
there exists 7 = lir% x,, for which
n—
€ = 1 =12 T 2
v¥(z) = v(T) — ﬁ|x —Z|° and |r—72| <2Le". (A4)
13
Now, both (A.3) and (A.4) lead to

0 < v (2) - v(z) < (@) - v(a),

hence
sup(v® —v) — 0, ase— 0.
[

For the both cases, we claim that

1
z = v (z) + 2_52‘56'2

is convex in every convex subset of O. Let us consider x + z, x — z, x € O, for which

v (x £ 2) > v(Z) lv+ 222

22

1
holds. Then the function w®(x) = v (x) + ——|z|* satisfies

2¢2
€ € € 1 =12 =12 =12
we(z+ z) + w(x — 2) — 2w (z) > —2—2[|x+z—x\ + |z —z— 7> - 2|z — 2]
3
1
Jr@ [z + 2|* + |z — 2|* — 2|z|?]
= 0.
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Finally, if v(x) < v(zg), = € O, one has

~ 1 ~
v(xo) < vE(z) < 0(To) — @WO — Zo]? < (o),
ve(z) < v(zy) — 2—62|x - :c,,|2 +n<v(zg)+n
whence one concludes the proof. O

Remark A.2 Analogously, one proves that if v : O — R is a bounded lower semi—
continuous function or a unbounded Lipschitz continuous function. Then any mini-
mum point, zg, of v is also a minimum point of v, and v(xg) = v.(xp). Moreover v,
is semi—concave on O and

sup(ve —v) /0, ase—0
[e]

(for v unbounded Lipschitz continuous this convergence is uniform). ad

Proposition A.5 Fiz e > 0. Let x € O with dist(x,00) > ey/1+ 4supy |v| if v
is bounded upper semi-continuous or dist(x,d0) > 2Le? if v is unbounded Lipschitz
continuous. Let ® € C2(O) such that for which v¢ — ® attains a local mazimum at x.
Then w — ® also attains a local maximum at x for

w(z) =v(@+ 2z — ),
where T is given by (A.3) or (A.4).

Proof. We only consider the unbounded Lipschitz continuous case. The point T
satisfies |z — 7| < 2Le? (see (A.4) above).
Next, by construction if z is near x, the point Z + z — x belongs O, whence

v (z) >v(@+z—1x)— |z — x|

2
Then, if for ® € C?(0) the function v* — ® attains a local maximum at z, i.e.
(v* — ®)(z) > (v° — ®)(2) for z near x
one has
~ 1 =2 = Lo 2
v(Z) — 2—x—w| —P(x)>v@+z—2)— —|T—z|"— D(2)
5 €
for z near x. Therefore, the function
w(z)=v(@+2z—1x)

satisfies
(w—®)(z) > (w— P)(z) for z near z. O
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Remark A.3 Proposition A.5 also holds whenever we replace upper semi—continuous
by lower semi—continuous, local maximum by local minimum and v* by v., respec-
tively. O

Relative to nonlinear partial differential equations governed by general operators
]FGC(OXRXIRNXSN),wehave

Theorem A.2 Assume that
r—F(y,7,p, 2)

is non—decreasing for every (x,p, Z) and v is a viscosity solution of
IF (x, u, Du, D*u) < (respectively >) 0 on O.
Then v¢ (respectively ve) is a viscosity solution of

]F:(x,u,Du, D?u) < (respectively F_ (z,u,Du,D?*u) >) 0 on O,
where O = {z € O : dist(z,00) > /1 + 4supy, |v|} and

! (2,r,p, Z) = inf {F(y,r,p, £) : |z — | < ey/T+Isupo o]}
F7 (@m0, Z) = sup {F(y,r,p, Z) : |0~ y| < ey/T+ dsupg o]}

if v is a bounded upper semi-continuous function and O = {z € O : dist(z,00) >
2Le?} and

IF;'(:c,r,p,Z) = inf {IE‘(y,r,p, Z): |lza—y| < 2L52} ,
F_ (z,r,p, Z) = sup {F(y,r,p, 2) : |x—y| <2Le’},

if v is an unbounded Lipschitz continuous.

Proof. Again, we only consider the unbounded Lipschitz continuous case. Assume
that v is a viscosity solution of

IF(x,u, Du,D%*u) <0 on O,

then if x € O, the function w(z) = v(Z + z — x) is also a viscosity solution of
IF(x,u, Du,D?*u) <0 on O,

for |x — Z| < 2Le?, therefore
IF(zZ,v(Z),D®(x), D?®(z)) < 0

if v° — ® attains a local maximum at z for ® € C?(0) (see Proposition A.5). Then
by construction of Z and IF‘;r (z,7,p, Z) we obtain that v¢ is a viscosity solution of

]F;'(x,u,Du,Dzu) <0 onO:.

The property of v. one proves by an analogous way. O
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