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ABSTRACT

In this paper we apply the generalized degree introduced by Geba, Massabo
and Vignoli, in [3], to extend the notion of complementing maps defined by
Fitzpatrick, Massabo and Pejsachowicz, in [1] and [2]. On the other hand, we
obtain, in low dimension, a bifurcation result in terms of the linking number of
some 1-dimensional manifolds. We also present a global theorem that improves
a Rabinowitz’s type result contained in [3] concerning the generalized degree.
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Introduction

P.M. Fitzpatrick, I. Massabo and J. Pejsachowicz, in [1] and [2], proved some theorems
whose only assumption is that the Leray—Schauder degree of a given compact vector
field is nonzero and whose conclusions allow to obtain information about the struc-
ture and dimension of the set of solutions of some nonlinear equations with several
parameters.

The aim of this paper is to generalize the idea of complementing maps (introduced
in [1] and [2]) via the generalized degree presented by K. Geba, I. Massabo and A.
Vignoli in [3]. In [3] it is defined a degree theory for continuous maps f : (U,0U) —
(R™,R™\{0}) where U is an open and bounded subset of R"** k ¢ NU {0}. The
authors used algebraic topology methods (homotopy groups of spheres). In order
to solve essentially the additivity property problem, we gave, see [11] and [14], a
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differential version of this degree based on cobordism theory (see [10]). We extract
here some of these notions that we will use consistently:

Let M* C R"** be a smooth (C°°) closed manifold of dimension k and let F =

{uy,uz,--- ,u,} be a family of smooth sections of the normal vector bundle, v(M*),
of M* C Rk,
Fis a frame for M* if {u;(z),us(x), -+ ,un(x)} is a linearly independent system

for every x € M* . A k-framed manifold of R"** (k — FM) (k € NU{0}) is a pair
(M*,F), where M* is a closed manifold of dimension k and F is a frame for M*.
Two k — FM (M, Fy) and (M, F;) are said to be homologous, written (MF, Fy) ~
(M}, Fy) | if there exists a compact (k + 1)-dimensional smooth submanifold, M*+1,
of R"* x I and there exists a frame F for M*+1 such that:

a) OMIHL = M+ A (RPHE % {0}) U ME1 () (R x {1}),

b) It exists 1/2 > & > 0 such that M*T1 0 (R"F x {t}) = MF x {t} for every
t €10,6) and M1 0 (R** x {t}) = M} x {t} for every t € (1 —6,1].

¢) Flarxoy = F1 and Flyey 1y = Fa.

Now we consider F*(R™*+*) the set of homology classes of k — F M of R"**. Take
a C®-map f:S"t* — 8" Let ¢’ and p’ be Let ¢’ (¢) and p’ (p) be respectively the
north and south poles of S"*F* ().

Let ¥, qp : RPTF — SR\ L4/} (3, : R® — S™\{q}) be the inverse of the projec-
tion from ¢’ (q). Take any regular value of f ((r.v)(f)) s € S™ such that s # f(¢),
and V = {vy,v9, - ,v,} any positive basis of T55™ (we assume that S™ has the
usual orientation). Then f o 1,1 is a C®-map and s € (r.v.)(f o ¥nix). From
f.s and V, we can define the k — FM (M}“,Ff), where MJ’E = (f o thpsr)~1(s) and
FJY = {u1, ug, -+, up} is the frame such that T, ( fovhp4r) (u;(x)) = v;, 5 € {1,--- ,n}.
[(Mjlf, F}/)] only depends on the homotopy class of f and the map IT¥ : TI,, 1 (S"*F) —
FE(R™F) | defined by TIE([f]) = [(Mf, F})] is an isomorphism (see [10]).

Let f : (U,0U) — (R™, R™"\{0}) be a C*°-map (i.e. f has an extension to an
open set V, containing U, which is C°°) and assume that 0 € (r.v.)(f|y). In this
situation, we assign to f the element (Mf, Fy) € FE(R"*), where M}’f =f"10)cU
and F = {uj,ug, - ,u,} is a frame for MJ’? such that Df(z)(u;(z)) = e; for any
jeA{l,---,n} and z € M}“ ({e1,--- ,en} denotes the canonical basis of R™). We
define the generalized degree of f on U by d(f,U) = (Hﬁ)*l([(M}“,Ff)]) If fisa
continuous map we define d(f,U) by considering an adequate smooth approximation

of f ([11)).

The structure of the present work is the following: after this introduction, Section
1 is devoted to introduce G-complementing maps and to check the relations between
complemented and G-complemented maps (Remark 2 and Example 3). Later we
essentially prove Proposition 1.7 which contains Theorem 2.1 of [1] as a particular case.
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We also show how to apply G-complementing maps in order to obtain similar results
to Theorem 1.1 of [1], when U is bounded, using 0-epi maps ([8]). Finally, Proposition
2.6 in Section 2 presents an application to bifurcation problems in the spirit of [3]
that improves a global Rabinowitz’s type theorem where we make no dimensional
assumptions (see [4]). The results of [11] where we give sufficient conditions for
the degree’s additivity property to hold are useful in the proof of the mentioned
Proposition 2.6.

On the other hand, we obtain, in low dimension, a bifurcation result in terms of
the linking number of some 1-dimensional manifolds (Corollary 2.5).

1. G-complementing mappings

Definition 1.1 Let E be a normed vectorial space, let U C R™ x E be an open subset
such that the first projection p1(U) C R™ is bounded. Consider f : U — E to be a
continuous map of the form f(\,z) = x — F(\,x) where F : U — E is a compact
map in the sense that F is continuous and F(U) has compact closure. We will say
that a compact map g : U — R¥, k < m, is a generalized complement (simplified
G-complement) for f : U — E provided the map (g, f) : U CR™ x E — R¥ x E does

not vanish on OU and has nonzero generalized degree.

Obviously if f can be complemented then f also can be G-complemented.

Notice that the generalized degree theory can be extended to compact perturba-
tions of the py projection. It is not necessary F to be a Banach space neither U to
be bounded. It is sufficient that the above assumptions hold (see [7]).

Remark 1.2 There exist maps f : U — E that can be complemented but not G-
complemented by any g : U — R* where k < m. Indeed, if h : (EmH(O),Sm) —
(R R"TI\{0}) is a continuous map and one defines the map hg : S™ — S™ by
ho(x) = h(z)/||h(x)||, using the suspension property, [3] page 65, one obtains that
d(h, B"T1(0)) = ([ho]) (T : 1L, (S™) — Iy 1(S™L) denotes the suspension ho-
momorphism). Therefore if we take f : ES(O) — R, defined by f(x1,x9,23) = x3,
it is clear that g : ES(O) — R? defined by g(x1,22,23) = (v1,22), is a comple-
ment of f. However there is no h : §3(O) — R such that (h, f)(S?) C R?2\{0} and
d((h, f), B3(0)) # 0 because Hz(S*) = 0 and then d((h, f), B3(0)) € Im% = {0}.

G-complementing maps are of interest because there exist open subsets U and
maps f : U — E that admit no complement using the classical degree but they can
be G-complemented. Now we will construct such an example.

Example 1.3 We will find an open and bounded subset U of R5 and a continuous
map f : U — R® that can be G-complemented but no complemented. It suffices to
construct an open and bounded set U C R® and f : U — R3 G-complemented such
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that f~1(0) N OU = U;ZPS’;-1 where St N S;-l =0 ifi#j and S;l is homeomorphic
to S* for every j € {1,2,---,r}. In fact, if f : U — R®, satisfying the previous
assumptions, could be complemented, there would exist a continuous map g : U — R2,
such that d((g, f),U) # 0. Using Prop. 3.1 of [1] (page 784) one obtains that g :
(ffl(()),nglS;L) — (R2,R?\{0}) would induce nontrivial homomorphisms in Cech
cohomology groups

9" H*(R* R*\{0}) — H*(f71(0),Uj_, 57).

On the other hand, since I14(S') = 0 we deduce that the restriction of g : U;-'zlS;1 —
R?\{0} is homotopic to a constant map and therefore g* is trivial.

We will make the construction as follows:

i3}

Take a smooth map h : (B (0),5%) — (R* R*\{0}) such that d(h, B(0)) # 0.
By the homotopy invariance property there is no loss of generality on assuming that
h(z) = (g3(z), ha(x)) € R? x R where g3 is a C*°-map and 0 € (r.v.)(g3|g1). It is
clear that g3 is G-complemented by hy and g;l(O) NSt = Uy M, where M; is a
smooth manifold of S* diffeomorphic to S* for every j € {1,---,r}.

Now we consider local coordinates {c; : j € {1,--- ,r}} of B (0), as a submanifold
of R®, ¢; = (V;, ¢;), such that for any j:

a) ViNV; =0ifi# j.

b) 0 € ¢;(V;) and ¢(V;) is an open, bounded and convex subset of R?.

©) 6;(V; NB"(0)) = 6;(V;) N R},

For every j € {1,---,r}, we define S} = {z = (21,22,0,0,0) € R® : 27 + a3 =
65} C ¢;(V;) (we choose §; to be small enough such that S} C ¢;(V;)). Let S7 be a
two-dimensional sphere contained in [({0,0} x R3) N ¢;(V;))]\R5.

Consider S} * S = {ix+ (1 —t)y : t € I,x € S},y € S7}. Then S} x 57 is
homeomorphic to S* and (S} * S7) NRS. = S}.

As a consequence of the Jordan Separation Theorem, there exists an open and
bounded subset U; of R® such that dU; = S 57, U; C ¢;(V;) N R (Uj is the
bounded component of R?\ (S} 5%)). Thus, qﬁ;l(SJl*S?) = 8¢;1(UJ—) (homeomorphic
to S%).

Let D; = ¢; ' (U;), using that ¢;(V; N B"(0)) = ¢;(V;) NR%. and TU; NR3 = S} it
follows that D; N B(0) = ¢;*(S2).

There exists a C>-isotopy H : S*x I — S* such that Hy = Id and Hl(gbj_l(Sjl)) =
M;,j € {1,---,r}. Now we extend the map H : ((55(0) x {0}) U (S* x 1)) — §5(0)
defined by H(z,0) = z if z € §5(0) and H(z,t) = H(z,t) if (z,t) € S* x I, to a
continuous map G : (EB(O) x I,8*x I)— (FS(O),S4).

Let hoG: (B (0) x I, 8* x I) — (R, R\{0}).

Then,

d(h o Gy, B%(0)) = d(h o Gg, B*(0)) = d(h, B*(0)) # 0.
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Therefore, writing (hoG1)(x) = ((g30G1)(2), (haoG1)(z)) € R? x R, we deduce that
g3 o G1 can be G-complemented. Moreover ((g3 o G1)|s4)"1(0) = U;Zlqﬁj_l(S}).

We define f : B°(0) U (Uj_, D;) — R3 by
fl)=0 if zeU;_;D; and f(z)=(g30G1)(z) if z€ ES(O).

Since §5(0) NnD; = d)j_l(S}) for every j € {1,---,r}, it follows that f is a
continuous map.

On the other hand, (hg o G1)

Thus, (hg o G1)|¢f1(51_) has constant sign. Then, we can obtain a non vanishing
J J

- does not vanish.
Ui_195 ' (S))

extension L; of (ha o G1)|y-1(g1y to D;.
Let L : §5(0) U (Uj_;D;j) — R be the continuous map defined by L(x) = L;(x) if
x € Dj and L(z) = (hy o G1)(z) if x € FS(O).

Take (f,L) : B (0) U (U_,D;) — R4, then (f,L)~1(0) C B*(0). It follows
that d((f, L), B°(0) U (U_,D;)) = d((f,L),B’(0)) # 0. Therefore, f can be G-

complemented.
However f~1(0) ﬂ8(§5(0) Ui Dy)) = U;Zl(b;l(S} +57) and each (/5;1(5} *57)
is homeomorphic to S%. O

Notice that the above construction works by starting with a nontrivial class [¢] €
I,,(S™ 1) (n > 3). Thus we obtain that for every n > 3, there exist an open and
bounded U ¢ R™*! and a continuous map f : U — R"~! that can be G-complemented
but not complemented.

Next we will obtain some results for G-complementing maps extending Theorems
2.1 and 1.1 of [1], when U is bounded.

In order to carry out our first purpose we need a generalized degree theory for
maps g : M™% — M™ where M™% and M™ are compact n + k and n-manifolds
respectively. We are going to recall briefly here the most important concepts and
propositions contained in [12] that we will use later. The reader is referred to the text
of [9], [10] and [11] for more information about this point of view of considering the
generalized degree, and the necessary differential topology machinery.

A k-framed manifold of a oriented riemannian manifold M"** is a pair (M*, F)
where M* is a compact k-submanifold of M"** without boundary, contained in
Int(M"™+F) = MR\ OM"** and F = {uy, -+ ,u,} is a frame for M* in M"+F
(see the introduction).

Observe that if (M*, F) is a framed manifold then it is clear that the normal
vector bundle of M* C M"** denoted by v(M¥), is trivial. Let k — FM(M"+k) =
{(M*,F) : (M*, F)is a k-framed manifold of M™**}. By following the same ideas
exposed at the beginning of the paper one can define a homology relation between
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two framed manifolds of M™% of course one must require the (k + 1)-manifold
that achieves the homology to be contained in Int(M"**) x I. We will denote by
FE(M™* 9M™ ") the corresponding quotient set of homology classes.

Denote the set of homotopy classes of the maps f : (M™+* gM"+F) — (S™, q) by
[Mntk gMTHE: S g]. Now we are in a position to introduce the following general-
ization of Pontryagin’s theorem (see the introduction).

Let M"™** be a compact (n + k)-manifold satisfying the above assumptions.

Define P} : [Mm+k, 9Mm+k; 57 g] — FE(Mm+k 9M++) by PE((h]) = [(MF, Fy)]
where f : (M™F OM"™ %) — (S™ q) is a smooth map such that [h] = [f], p €
(rv)(f), M}’f = f~Y(p) and Fy = {us,--- ,u,} is the frame for M* in M"™** such
that T, f(u;(z)) = ©%(e;) for every j = 1,--- ,n and z € M]’? (e : R" — T,5™
denotes the isomorphism induced by the local coordinates ¢’ = (U, ¢, 1), p € U).
Theorem 1.4 The map PF : [M"F oM"+F: 5" q] — FF(M™F 0M"**) is an iso-
morphism.

Next proposition give us a description in terms of framed manifolds of the cobound-
ary map on cohomotopy groups that we shall use later. Observe that boundary map
has an important role when Theorem 2.1 is proved in [1].

Proposition 1.5 Consider M™% as in Theorem 1.4. Let
5 Hn—l(aMn—i-k) N Hn(Mn—i-k, 8Mn+k)

be the coboundary mapping. Let (U, H) be a collared neighborhood of OM™* H :
U — OM"F % [0,1).

Consider

[(M*, F)] € F*(@M"*F)
and
[(M* x {1/2},6F)] € FF(OM™* x [0,1),0M™"* x {0}),

where 6F = {F, @il/?l)} ={u1, s un—1,un} (c1 =1[0,1),10,1))-

Define

S([(M*, F))) = [(H™H (M x {1/2}, H* (6F)] € II"(M" %, 0M™*F)

where H*(6F) = {v1, - ,vn} is such that T, H(vi(x)) = w;(H(z)) for any i =
1,...,n. Then the following diagram

Hn—l(aMn+k) 6 Hn(Mn+k78Mn+k)

| s |

Fk(aMnJrk) 5 Fk(M"Jrk,aM"HC)
commutes.
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We will work hereafter with m-manifolds. We will say that a manifold M is a =-
manifold if there is an embedding f : M — R™ such that the normal bundle v(f(M))
is trivial.

Let M™% be a compact m-manifold, n > k + 2. Let f : M"tk — RHF+s e
any embedding such that v(f(M"**) is trivial. Take any frame for f(M"™+*), U =
{ug, -, us}h.

We define a homomorphism U : F¥ (M5 M™ ) — FF(RTE+S) = pr(gnthts)
(see [10] and [9]) by U}‘([(Mk,F)]) = [(M* {F,U})], where {F,U} denotes the sec-
tions of frame F followed by the sections of U.

A result about the behavior of the maps U} that we will need later is the following
proposition ([12]).

Proposition 1.6 Let M"™* be a compact m-manifold, f : M™% — R*F+s pe an
embedding such that v(f(M™*%)) is trivial and U a frame for f(M"*). Ifn > k+2
the homomorphism Ug is onto.

Now we are ready for our announced generalization of Theorem 2.1 of [1].

Proposition 1.7 Let U C R"*+™ be an open bounded such that OU is a (n-+m-+k—
1)-submanifold of R"T*+™ Let f : U — R™ be a smooth map such that 0 € (r.v.)(f)N
(r0)(Flo) and £1(0) 19U £ 0. If Thpram(S™™) £ 0, 8 : I (07-1(0)) —
o (f=1(0),0f1(0)) is onto and n > k + 2 then f is G-complemented by a map

g:U—R".

Before proving this proposition it is useful to state the following lemma.

Lemma 1.8 In the previous hypothesis, d((g, f),U) = d((gor, f), W) where W is a
tubular neighborhood of f=(0) in U and r : W — f~1(0) is the usual retraction.

Proof. By the excision property d((g, f),U) = d((g, f), W).
Let v(f~1(0)) be the normal vector bundle of f~1(0) C U, D be an open neigh-
borhood of the zero section and exp : D — W be the exponential diffeomorphism.
Define H : D x I — R by

H(z,vs,t) = ((g 0 exp)(w, tv), (f o exp)(w,vz)).
It follows that

d(Hyoexp ™, W) = d(Hy o exp ', W) =d((g, f), W).

Since Hyoexp~t = (gor, f) the proof is complete. O

Proof of Proposition 1.7. Since 0 € (r.v.)(f) N (rv.)(flav), f~1(0) is a (n + k)-
submanifold of U. We will denote f~1(0) by M™** and M™% = f=1(0) N U # 0.
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Let V = {v1, -+ , v} be a frame for M™+* (in R**" k) such that D f(z)(v;(z)) = e,
for every j =1,---,m and x € M™+F,
Consider g : (M"™+* 9M"*F) — (R™, S"~1) to be a smooth map, 0 € (r.v.)(g).
Associated to g, one has M* = ¢~!(0), a submanifold without boundary of
Mk c Int(M™F) c U, F, = {wy, -+ ,w,} a frame for M* (in M"*) such
that [(M*, F,)] € FE(M"tk gMmHF).

Let g : U — R™ be a continuous extension of g. First we will prove that

d((g, £),U) = (I 1,,) " o VF)((MF, Fy)]) € Ty pm gk (S™F™).
It suffices to see that

d((gor f),W) = ((I,,) " o V)([(M", Fy))).

Indeed, since gor = gor it is clear that gor is a smooth map and T, (gor) = T'(gor) :
TW — TR". We know that T% f(vi(z) = ©F (e;) for every i € {1,---,m} and
€ M"* (¢, = (R™, 1gm)) and that Tpg(w;(z) = OF (e;) for every j € {1,--- ,n}
and z € M* (c, = (R, 1gn)).

Then it is easy to see that the normal frame F(go,, ;) for M* is {F,,V}, therefore
A(gor, )W) = (Th,.) " o Vo)([(M, F,)]).

There exists [(MF, F)] € FF(M™* dM"+*) such that V*([(MF, F)]) # 0 (see
Proposition 1.6). As a consequence, if we find a smooth map g : (M™% gM"+k) —
(R™, S"~1) such that 0 € (r.v.)(g) and [(g~1(0), F,)] = [(MF, F)], by extending g to
a continuous map g : U — R™ we will have that g is a G-complement for f and the
proof will be completed.

Since 6 : "1 (OM™+F) — "(M™k 9M"+*) is onto, there is [(MF, Fy)] such
that 6([(MF, Fy)]) = [(MF, F)] (Proposition 1). Then, there exists a smooth map g :
(M HRQM™HF) — (R™, S"~1) such that 0 € (r.v.)(g) and [(g71(0), F,)] = [(MF, F)].

U

Remark 1.9 Obviously the hypothesis Uy, i (S™T™) # 0 in the previous proposi-
tion is essential, the assumption that 6 : TI""L(OM"+F) — TI"(M"™F OM"+F) ) to
be an epimorphism, not imposed in the case k =0 in [1], automatically holds if k =0
because of the fact that for any m € Z there exists a map g : (M™,0M) — (ETL(O)7 S™)
such that d(g) = m. Thus the additional hypothesis that we request are quite natural.
Notice also that we actually used the fact Imd is not completely contained in
KerV* . Then this assumption may substitute the hypothesis that § to be onto.

G-complementing maps, besides of showing some aspects about the generalized
degree, can be used as a tool to find out if a given map is 0-epi on a given subset (see
[8]) and consequently to obtain information about the structure and dimension of the
set of solutions of some nonlinear equations.

As a example, from 0-epi maps theory one has a direct generalization of Theorem
1.1 of [1] (in the bounded case) once one checks the following proposition.
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Proposition 1.10 Let U be an open subset of R™ x E such that p1(U) is bounded
in R™. Let h: U — E be a continuous map of the form h(\,x) = x — hi(\, z) where
hy : U — E is a compact map and h(0U) C E\{0}. If d(h,U) # 0 then h is 0-epi on
U and U (consequently is O-essential on U and U ).

Corollary 1.11 Let U be an open subset of R™ x E such that p1(U) is bounded in
R™. Let f : U — E be a continuous map of the form f(\,x) = x — F(\, ) where
F:U — E is a compact map and let g : U — R*, s < m, be a G-complement for
f.- Then g is O-epi on f~1(0)NU and f~2(0)NU (and f is O-epi on g~ (0)NU and
g 1(0)NU). Consequently, we have:

a) dim(f~1(0)NU) > s and dim(f~1(0)NOU) > s — 1.

b) dim(g=1(0)NTU) = dim(g~1(0) N OU) = oo (if dimE = c0).

Moreover, if U is bounded there exists a closed and connected subset ¥f~1(0) such
that g is 0-epi on XNU thus dim(XNU) > s, dim(SNOU) > s—1 and g is 0-essential
on XNU.

2. Some results on bifurcation

In what follows F is a Banach space, U is an open subset, not necessarily bounded,
of R¥ x E such that U N (R* x {0}) # 0.

Let f: U — E be a continuous map and assume that f(\,0) = 0 for any A € R¥
such that (A, 0) € U.

Consider the equation f(\ z) = 0. The set {(A,0) € U} is called set of trivial
solutions of the equation. The remaining solutions are called nontrivial.
_ Now let f:S*1x "1 — R™\{0} be a continuous map. Consider ¢ : Fk(O) X
B"(0) — R to be any continuous map such that

a) ¢(z,y) < 0if (z,y € BF(0) x S"~1.

b) ¢(x,y) > 0if (z,y) € SF=1 x B™(0).

(thus ¢(z,y) = 0 if (z,y) € SF~1 x §771).

Extend f to a map f : Ek(()) x B"(0) — R™ and define

F: (B"(0) x B"(0),0(B"(0) x B"(0))) — (R"*!, R"*1\{0})

by F(x,y) :(f(x,y),¢(a:,y)) .

The homotopy class of F' does not depend on the extension f of f neither on the
choice of ¢ (whenever ¢ satisfies a) and b)).

The equality X([f]) = d(F, B¥(0) x B"(0)) defines a map

X1 [SF 7 x SnmLR™M{0}] — I, 4(S™ 1) (see [3] page 66).

Definition 2.1 Let f be a map as above. Let \g € R¥ such that (\g,0) € U. If

every neighborhood of (Ao, 0) contains nontrivial solutions of f(A,x) =0, Ag is called
a bifurcation point of the equation.
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Next proposition is a remark motivated by the proof of Proposition 4.2 of [3] where
one can observe that the assumption X([f]) # 0 implies the existence of a sequence

{€m} — 0 and G-complements g, : Fk(O) X E?m (0) — R for f. It shows that one can
obtain the same conclusion even though ¢ has image in R? .

Proposition 2.2 Let f : U — E be a continuous map of the form f(\,z) = x —
F(\ ), where F' : U — E is a compact map. Assume that f(A,0) = 0 for any
A ERF | (X 0) €U, and that there exist (\g,0) € U and o > 0 such that f(\,z) # 0

if (A z) € SE=1(X\g) x (Ei (0\{0}) C U (SE-1(Xo) ={X € R* : |]A=Xo|| = €0}) is the
boundary of Bfo()\g) ={AeR": A= Xo|| < e0}) and Bi 0)={z e E:|z|| <e})-
Consider the restriction of f to Efo (Mo) % EeEO (0). If there is a sequence {€n} — 0
where €, < €y for every m € N, such that for every m € N f has a G-complement
Gm onto either R if k =2 or R? if k > 3, then there exists \* € Efo()\o) a bifurcation
point of the equation f(\,0) = 0.

We are interested on finding conditions that allow us to assert that X([f]) # O,
without using the auxiliary map ¢.

In order to do that let us consider a map f : S¥=1 x §7~1 — R\ {0} and take any
continuous extension f : S¥=1 x B"(0) — R® of f.

Let H : S5~ x B"(0) — S"t*~1\{¢} be defined by H(z,y) = (z,y)/||(z,v)].
Note that H is a homeomorphism onto its image and H(S*~! x B"(0)) is an open
set of S"**~1 with boundary H(S*~1 x Sn~1).

Let U = (1/);41«—1 o H)(S*~1 x B"(0)). Thus U is an open set of R"*¥~1. Consider
the map fo H ' ot x_y: (U,0U) — (R*,R%\{0}).

We define (S(f) = d(?o H'o wn—i-k:—la U) S Hn+k_1(SS).

The reader can show easily that 6(f) just depends on the homotopy class of f.
Consequently, given a map f : S¥=1 x S»~1 — R*\{0}, in order to compute &(f)
we can assume that f(S¥~1 x §7~1) C §571 because 6(f) = §(f/||f) (analogously

XD = XAF/1A10) if s = n).

Proposition 2.3 For any f : S¥=1 x S"=t — R™\{0} it follows that X([f]) =
%(6(f))-

Proof. There is no loss of generality on assuming that Imf C S®~!. Observe that
H : S*1 x B"(0) — Sk~ ig restriction to S¥~1 x B"(0) of the homeomorphism,
that we will continue denoting by H, H : Ek(O) x §n=ty §h=1 x B"(0) — §ntk-t
defined again by H(z,y) = (z,y)/||(z, v)|.

Write BV = {(x1,22, -+ ,&pnq1) € S™ ¢ Tpy1 > 0} and E” is defined on the
obvious way.

Extend f to a map f : Ek(O) x §7=1 U §F=1 x B"(0) — S™ such that f(B¥(0) x
Sn=1y ¢ EP\S" ! and f(S*! x B"(0) c E"\S" L.
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Therefore §(f) = [f o H71].

We consider the obvious extension W : (Ek(O) xB"(0)\{0} — S"TF=1 (W (z,y) =
(@, 9)/1l(z, y)l) Of H.

Take fo H 'o W (B"(0) x B"(0))\B"*(0) — S".

Let F: B" (0) x B"(0) — R™*! be a continuous extension of fo H~!o W. If we
write F(z,y) = (9(x,y), —¢(x,y)) € R" x R, it follows that F|gi-1ypn (o) = f, thus
¢(x,y) > 0 for every (z,y) € ¥~ x B"(0). On the other hand, F|gk(g)xgn—1 = f,

S
thus ¢(z,y) < 0 for every (z,y) € B¥(0) x S~ 1. Consequently, F|gt-1,gn-1 = (f,0)

and ¢ is an extension of f.
__ Therefore X([f]) = d(F, B¥(0)) x B"(0)). Since F(z,y) # 0 for all (z,y) € (Ek(O) x

B (0))\B"**(0) we have that x([f]) = d(F, B"**(0)).
Finally,

X([f]) = 2([Flgn+r1]) = B([f o H' o Wlgnsra]) = B([f o H™']) = B(6(f)).
0

Corollary 2.4 Let f : R* xR™ — R™ be a map such that f(X,0) = 0 for every A € R¥
and f(S*1xB"(0)\{0})) € R™\{0}. If6(f) # O then there exists a bifurcation point
of the equation f(A\,x) =0, provided k =3 andn >2 orn > k+ 2.

Computation of §(f) instead of X([f]) presents the advantages of working in a
lower dimension without the auxiliary map ¢ defined above. Therefore it is in low
dimension when this advantage is better appreciated. As a consequence of Proposition
2.3 we obtain next nice corollary.

Corollary 2.5 Let f : R? x R? — R? be a map such that f(\,0) = 0 and f(S* x
Ez(O)\{O})) C R?\{0}. Let H : S* x Fz(O) — S3 be as above, U = 93" o H)((S* x
B%(0) C R and e = 3dist(f o H~' 013)(dU),0). Let g : (U,oU) — (R?,R?\{0})
be a smooth map e-near to f o H~' o3 and ag,a; € B%(0) be two regular values
of g. If the linking number L(g~(ag),g *(a1)) is odd, then there exists Ao € B%(0)
bifurcation point of the equation f(\,x) = 0.

Proof. From Proposition 2.3, we have
X([f]) = 2(8(f)) = B(d(f o H" 043, U)) = £(d(g,U)) € ILs(S?).

Since a map h : S® — S? satisfies that E([ 1) # 0 if and only if the Hopf invariant
of h, y(h), is odd ([10]), we have that L(g~'(ao), g *(a1)) = v(d(g,U)) is odd if and

only if X([f]) = £(d(g,U)) # 0. O

Now let us consider f : R*F x R® — R™ to be a smooth map such that

367



F.R. Ruiz del Portal Generalized complementing maps

a) f(A,0) =0 for any \ € R¥,

b) A={\eR*: D,f()\0) ¢ GL(R")} is discrete.

Let S be the closure of the nontrivial solutions subset of the equation f(A,z) = 0.

Let Ay € A and C(A1) be the connected component of S containing (A1,0). We
assume C()\;) to be bounded (compact). Hence C'(A;) N (RF x {0}) = {A1,-- , A} X
{0}, where \; # \; for i # j.

Proposition 4.2 of [3] can be improved. By applying Theorem 4.2 of [8] one obtains
as a consequence that there is Ay € A\{A;} such that (A2,0) € C(\1). Nevertheless
this result is a direct corollary of next global proposition. Note that we won'’t require
any dimensional condition, compare to [4], In the proof we can suppress the assump-
tion n > k 4 4 by using the sufficient conditions for the degree’s additivity property
to hold given in [11].

Proposition 2.6 Let f : R¥ x R™ — R" to be a smooth map satisfying a) and b) as
above. If Ay € A and C(\1) is bounded it follows that Y . Xx. ([f]) =0 (Xa. ([f])
denotes X([f|sr(n)xsn]) € g (S™T1)).

Proof. Let U be an open and bounded subset of R¥ x R™ r > 0 and p > 0 such that
C(M) CU,dUNS =0, UN(RFx BI(0)) = U™, B¥(\;) x B2(0), By (\)NBL(A;) = 0
for i # j and F(UP, S5 (A) x BL(0)\{0}) < R™\{0}.

Consider ¢ : Uglﬁi()\i) x B, (0) — R to be a continuous map such that

S(Uy By(Ar) x S271(0)) € (—00,0) and p(U, S5 (\) x BE(0)) C (0,00).

Let H be the compact subset of U defined by

H = C() N (U By () x 5"1(0) = C(An) N (U2 BE(A) x Sp1(0)). B

o(H) C (foo,m] for some m < 0. Thus ¢ admits a continuous extension ¢ :
CAm) U (UQIEI;(/\Z) x B.(0)) — R such that S(C(M)\(UL BE(X;) x Br(0))) C
(7007 m] o _

Finally take ¢1 : U — R any continuous extension of ¢.

Then the degree d((f, ¢1),U) € ;4 £(S™) of

(f,¢1) : (U,0U) — (R™1, R"1\{0})
is well defined.
Moreover (f,¢1)~1(0) C U™ 1Bk()\') x BI'(0), then
((f7¢1) U) = ((fad)l)lum \B" P (M) xB(0)’ ngS()V) XB:'L(O))
)

Since the sets B¥();) x B”( )) are separated in the sense of [11], the additivity
property holds and

d((f,¢1),U) = d((f, ¢1)|Um Ek(,\,)XEZf(O)nglB,ﬁ()‘i) x B'(0)) =
= S A 00l o BEON) X BEO) = S o, (1))

It only remains to prove that d((f,¢1),U) = 0.
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If d((f,¢1),U) # 0 ¢ : (f710)NT,f1(0) NOU) — (R,R\{0}) is O-epi on

S71(0) N U which is contradictory because f~(0) N OU = U™, SF~1(X;) x {0} and
there the sign of ¢; is constant. O
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