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Preface

The aim of these notes is to cover the basic algebraic tools and results behind the
scenes in the foundations of Real and Complex Analytic Geometry. The author
has learned the subject through the works of many mathematicians, to all of whom
he is indebted. However, as the reader will immediately realize, he was specially
influenced by the writings of S.S. Abhyankar and J.-C. Tougeron. In any case, the
presentation of all topics is always as elementary as it can possibly be, even at the
cost of making some arguments longer. The background formally assumed consists
of:

1) Polynomials: roots, factorization, discriminant; real roots, Sturm’s Theorem,
formally real fields; finite field extensions, Primitive Element Theorem.

2) Ideals and modules: prime and maximal ideals; Nakayama’s Lemma; localiza-
tion.

3) Integral dependence: finite ring extensions and going-up.

4) Noetherian rings: primary decomposition, associated primes, Krull’s Theorem.

5) Krull dimension: chains of prime ideals, systems of parameters; regular systems
of parameters, regular rings.

These topics are covered in most texts on Algebra and/or Commutative Algebra.
Among them we choose here as general reference the following two:

• M. Atiyah, I.G. Macdonald: Introduction to Commutative Algebra, 1969,
Addison-Wesley: Massachusetts; quoted [A-McD].

• S. Lang: Algebra, 1965, Addison-Wesley: Massachusetts; quoted [L].

Even quotations to these two books are kept to a minimum, avoiding them when-
ever a reasonably self-contained explanation could be provided. In this way many
deep results can be obtained for rings of power series almost from scratch, giving
them a highly geometrical meaning. Two examples of this are that localizations
preserve regularity or that integral closures are finite. In fact, that is one of the
goals of this book: to review the commutative algebra of power series in geometrical
terms. The guidelines for this review are the Local Parametrization Theorem, the
Nullstellensatz, and Zariski’s Main Theorem. Furthermore, all the work is carried
out both in the complex and the real case, showing the additional difficulties and
the peculiarities of the latter.

All in all, the final hope is that this book will be of some help to those not
acquainted with either the geometry behind local commutative algebra or the algebra
behind local analytic geometry.
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The notes are based on courses and seminars given by the author during many
years, organized by the Departments of Algebra, Geometry, and Topology, at the
Universidad Complutense de Madrid, with the support of the D.G.I.C.Y.T.. Several
people have made these activities possible and enthralling, and have contributed to
the actual writing of the book. First of all, Tomás Recio, who led the author into the
beauty of Analytic Geometry. Also, Carlos Andradas, MariEmi Alonso, and José
Manuel Gamboa, who provided enjoyable and fruitful discussions on the teaching
and learning of power series, and Capi Corrales, who read word by word the first
draft of the manuscript and suggested all kind of accurate corrections.

The final thanks are for MariPaz, to whom this book, and everything else, is
dedicated.

Majadahonda, October 1992

Note to the revised edition: Since publication, this book has been most often used
as text or reference in various courses and seminars by the author and colleagues.
This experience has provided many minor and some major modifications and addi-
tions to the 1993 version. Besides misprints, typos and others, there are two main
improvements worth to mention. First, the inclusion of a converse to Rückert’s
Parametrization Theorem, which was a central topic here; second, a full proof of
Shiota’s theorem that every power series can be made polynomial in at least two
variables.

Majadahonda, October 2006
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I Power Series

Summary. In this chapter we study in detail convergent and formal power series.
We start by recalling the notion of convergence and its main properties: absolute
convergence and reordering of convergent series. We then introduce formal and
convergent series and discuss the operations with them: sum, multiplication, sub-
stitution and derivation. In particular we get the Identity Principle for functions
associated to convergent power series. Finally we state and prove three essential re-
sults of the theory: Rückert’s Division Theorem, Weierstrass’s Preparation Theorem
and Hensel’s Lemma.

1 Series of Real and Complex Numbers

We will denote by
∑
ν aν or

∑
aν a series of elements of the field K = R or C.

Here the indices ν = (ν1, . . . , νn) are elements of Nn, and we will use the standard
notations |ν| = ν1 + · · ·+ νn and ν! = ν1! · · · νn!.

Definition 1.1 The series
∑
aν converges to the element c ∈ K if for every real

number ε > 0 there is a finite set Iε ⊂ Nn such that |
∑
ν∈I aν − c| < ε for every

finite set of indices I ⊃ Iε. In that case we say that c is the sum of the series and
we write c =

∑
aν .

Remarks 1.2 a) For series with indices in N the convergence in the sense of Defini-
tion 1.1 implies the classical one, but not conversely:

∑
(−1)k/k does not converge

according to 1.1, nevertheless the limit limp→∞
∑

1≤k≤p(−1)k/k does exist.
b) If

∑
aν converges to c ∈ K, then c = limp→∞

∑
|ν|≤p aν .

c) Let
∑
aν ,

∑
bν converge to c, d ∈ K respectively, and consider λ, µ ∈ K. Then∑

(λaν + µbν) converges to λc+ µd.
d) Let

∑
aν ,

∑
bν be two convergent series of real numbers such that

∑
ν∈I aν ≤∑

ν∈I bν for every finite set of indices I. Then
∑
aν ≤

∑
bν .

Proposition 1.3 A series
∑
aν of non-negative real numbers converges if and only

if there is M > 0 such that
∑
ν∈I aν < M for every finite set of indices I ⊂ Nn. In

this case the sum of the series is the supremum of all those finite sums.

Proof. If there is such an M , then the supremum c = sup{
∑
ν∈I aν | I finite} exists.

Let us see that the series converges to c. Indeed, for every ε > 0 there is a finite set
of indices Iε such that c−

∑
ν∈I aν < ε, and for every finite set I ⊃ Iε we have

c ≥
∑
ν∈I

aν ≥
∑
ν∈Iε

aν ,
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Lemma 3.1 Let f ∈ Fn, f 6= 0. After a linear change of coordinates, f becomes
regular of order ω(f) with respect to xn.

Proof. Set f =
∑
aνxν , p = ω(f). Then fp =

∑
|ν|=p aνx

ν 6= 0, and there
are c1, . . . , cn−1 ∈ K with c = fp(c1, . . . , cn−1, 1) 6= 0 (otherwise the homogeneous
polynomial fp would be divisible by xn−1). We now make the change of coordinates
xi = yi+ciyn, 1 ≤ i < n, xn = yn to get g(y) = f(y1 +c1yn, . . . , yn−1 +cn−1yn, yn).
Clearly g(0, . . . , 0, yn) = f(c1y1, . . . , cn−1yn−1, yn) consists of the monomial cypn plus
terms of higher degrees. �

Proposition 3.2 (Rückert’s Division Theorem) Let Φ ∈ On a convergent power
series, regular of order p with respect to xn. For every f ∈ On there exist Q ∈ On and
R ∈ On−1[xn] with degree of R < p such that f = QΦ+R. This conditions determine
Q and R uniquely. Furthermore, if Φ is distinguished in xn and f ∈ On−1[xn], then
Q ∈ On−1[xn], too.

The same result holds true when substituting On by Fn and On−1 by Fn−1.

Proof. Since Φ is regular of order p with respect to xn we can write

Φ = ϕ+ cxpn, ϕ =
p∑
i=0

ai(x′)xp−in + xp+1
n b(x),

where a0, . . . , ap ∈ On−1 = K{x′}, x′ = (x1, . . . , xn−1) and c ∈ K. Up to multiplica-
tion by 1/c we may assume c = 1.

Let ρ = (ρ1, . . . , ρn), ρi > 0. For f =
∑
aνxν ∈ On we will denote by ‖f‖

the sum of the series
∑
|aν |ρν when this sum exists and ‖f‖ = +∞ otherwise. Let

X be the set of all series f ∈ On with ‖f‖ < +∞. Clearly, if ρ is small enough,
X contains any prescribed finite collection of convergent power series; in particular
f, ϕ, b, ai ∈ X.

We define a map T : X → X as follows: if Q ∈ X set

f − ϕQ = R+ xpnT (Q),

where R ∈ On−1[xn], and the degree of R is < p. This map T is contractive, that is,

dist(T (Q), T (Q′)) < c dist(Q,Q′)

for any Q,Q′ ∈ X, where 0 < c < 1 (dist stands for the distance associated to the
norm ‖ · ‖). Indeed, let

f − ϕQ = R+ xpnT (Q), f − ϕQ′ = R′ + xpnT (Q′).

Then
ϕ(Q′ −Q) = R−R′ + xpn(T (Q)− T (Q′)).



16

II Analytic Rings and Formal Rings

Summary. We devote this chapter to the description of the categories of analytic
and formal rings over R and C. First, we develop Mather’s formalism of finite
and quasifinite homomorphisms. Then, we obtain Noether’s Projection Lemma and
further algebraic properties of these rings. Thus, we come to one fundamental con-
struction: Abhyankar’s and Rückert’s Parametrization. Afterwards, we introduce
the regularity ideals and prove Nagata’s Jacobian Criteria. Finally, we discuss com-
plexification, an essential tool to understand the differences between the real and
the complex categories.

1 Mather’s Preparation Theorem

Again we set K = R or C. Given a ring A and a prime ideal p of A, we will denote
by κ(p) the residue field of p, that is, the quotient field of the ring A/p; if A is local,
we will denote by mA its maximal ideal.

Definition 1.1 An analytic (resp. a formal) ring over K is a ring isomorphic to
K{x}/I (resp. K[[x]]/I) with x = (x1, . . . , xn); we will usually not specify “over
K”. If A,B are two analytic (resp. formal) rings, an analytic (resp. a formal)
homomorphism A→ B is a homomorphism of K-algebras. The field K is called the
coefficient field.

Proposition 1.2 Every analytic (resp. a formal) ring is a noetherian local ring.
The canonical homomorphism K→ A/mA is an isomorphism, and A = K + mA.

Proof. We will only give the proof in the analytic case, that of the formal case being
analogous with the obvious changes. This will be done systematically all through
this chapter.

First of all, since there is a certain surjective homomorphismOn → A, the general
case follows immediately from the case A = On. Hence we suppose A = On.

We argue by induction on n. If n = 0 the result is trivial, so we let n > 0
and I an ideal 6= 0 of On. Choose Φ ∈ I, Φ 6= 0. By Lemma I.3.1, we may
assume that Φ is regular of order, say, p with respect to xn. By Rückert’s Division
Theorem (Proposition I.3.2), the ring On/ΦOn is generated by 1, xn, . . . , xp−1

n as an
On−1-module. Since On−1 is noetherian by induction hypothesis, we deduce that
On/ΦOn is a noetherian On−1-module ([A-McD 6.5, 6.2]). Thus I/ΦOn is finitely
generated as an On−1-module, say by the classes of f1, . . . , fs ∈ I. In this situation
f1, . . . , fs,Φ generate I.

Finally, the assertions concerning the coefficient field K are immediate. �
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In particular δ = c2, and from Cramer’s Rule we obtain

δbi = cDi(y1, . . . , yp, t1, . . . , tp),

where Di is a polynomial with coefficients in Z. We now recall that the tj ’s are
integral over A as θ is, and note that analogously the yj ’s are integral over B as y is.
But since A→ B is finite, B is integral over A ([A-McD 5.1]), and the conclusion is
that all those elements are integral over A. Whence every δbi ∈ K is integral over
A and, since A is integrally closed in K, δbi ∈ A. Thus we get

δy = δb0 + δb1θ + · · ·+ δbp−1θ
p−1 ∈ A+Aθ + · · ·+Aθp−1.

�

Corollary 3.3 The ring B is a finitely generated B-module.

Proof. In fact, δB is a sub A-module of M = A+Aθ+ · · ·+Aθp−1, which is finitely
generated over A. Since A is noetherian, M is noetherian, too, and δB is finitely
generated over A. Finally, if δg1, . . . , δgm ∈ δB generate δB over A, then g1, . . . , gm
generate B over A, and, consequently, over B. �

Now we come back to the situation of Noether’s Projection Lemma:

Proposition 3.4 (Rückert’s Parametrization) Let p a prime ideal of On of height
r, and put d = n − r. After a linear change of coordinates the following conditions
hold:

a) The canonical homomorphism Od = A→ B = On/p is injective and finite.

b) The class θd+1 = xd+1 mod p is a primitive element of the quotient field L of
B over the quotient field K of A.

c) The irreducible polynomial over K of θj = xj mod p ∈ mB is a distinguished
polynomial Pj ∈ Od[xj ] of degree pj (d < j ≤ n).

d) For every j = d + 2, . . . , n, there is a polynomial Qj ∈ Od[xd+1] of degree
< pd+1 such that

δxj −Qj ∈ p,

where δ ∈ Od \ (0) is the discriminant of Pd+1.

e) For every integer q ≥ max{pd+2, . . . , pn,
∑n
j=d+2(pj − 1)} we have

δqp ⊂ I = {Pd+1, δxd+2 −Qd+2, . . . , δxn −Qn}On ⊂ p.

As usual, there is an analogous statement in the formal case.
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III Normalization

Summary. This chapter is devoted to the study of integral closures in the categories
of analytic and formal rings. The main goal is the description of normalizations.
We then give two applications: uniformization of 1-dimensional rings, introducting
quadratic transforms, and Newton-Puiseux’s Theorem.

1 Integral Closures

We will denote by K′ ⊃ K either of the extensions: C = C, C ⊃ R, R = R. First of
all we prove:

Lemma 1.1 Let A be an analytic (resp. a formal) ring over K and B ⊃ A an
integral domain, which is a finite A-module. Then B is an analytic (resp. a formal)
ring over K′ ⊃ K.

Proof. By Noether’s Projection Lemma (Proposition II.2.6) we may assume A =
K{x}, x = (x1, . . . , xd); since B is a finite A-module, it is an integral extension of
A. Let now n be any maximal ideal of B. By the properties of integral extensions
([A-McD 5.8]) the ideal n ∩A is the maximal ideal mA of A.

Consider an element z ∈ B. There is a monic polynomial H ∈ A[z] such that
H(z) = 0. By the Preparation and Division Theorems we have H = H ′ ·H ′′, where
H ′ is a distinguished polynomial and H ′′ a polynomial which is a unit in the ring of
power series. This means

H ′(x, z) = ap + · · ·+ a1z
p−1 + zp ∈ A[z], a1, . . . , ap ∈ mA

and
H ′′(x, z) = bq + · · ·+ b1z

q−1 + zq ∈ A[z], bq /∈ mA.

Since B is a domain, there are two possibilities:

• H ′(z) = 0. Then zp = −(ap + · · ·+ a1z
p−1) ∈ mAB ⊂ n.

• H ′′(z) = 0. Then z(b2 + · · · + zq−1) = −bq is a unit in A, which implies that
z is a unit in B.

This shows that B is a local ring, and n is its maximal ideal. On the other hand the
residue field K′ = B/n is a finite extension of A/m = K, and K′ ⊃ K is either C = C
or C ⊃ R or R = R. We now
Claim. B contains K′{x} and is a finite K′{x}-module.
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2-real, which is false. Consider now a series h(t1/p) ∈ C{t∗} with h ∈ C{x}. We
write h = f +

√
−1g with f, g ∈ R{x} and get h(t1/p) = f(t1/p) +

√
−1g(t1/p).

�

Proposition 4.4 (Newton-Puiseux’s Theorem) We have:

a) The field C({t∗}) (resp. C((t∗))) is algebraically closed.

b) The field R({t∗}) (resp. R((t∗))) is real closed.

Proof. By Lemma 4.4
√
−1 /∈ R({t∗}), and C({t∗}) = R({t∗})[

√
−1]. These two

conditions imply that the two assertions in the statement are equivalent (general
theory of formally real fields [L XI.2]) Hence we will only prove a).

We have to see that every polynomial P ∈ C({t∗})[y] of degree p ≥ 1 has some
root. Multiplying by a common denominator of the coefficients we may assume that
P ∈ C{t∗}[y]. Then, by considering the polynomial

ap−1P (y/a),

where a is the coefficient of the monomial of maximal degree p, we can suppose that
P is monic. We have hence

P = yp + a1(t1/q)yp−1 + · · ·+ ap(t1/q),

with a1, . . . , ap ∈ C{x}. We set now

P ∗ = yp + a1(x)yp−1 + · · ·+ ap(x) ∈ C{x, y}.

Let c ∈ C be a root of multiplicity, say, q ≥ 1 of the polynomial P ∗(0, y) ∈ C[y].
After the change y = y + c we are reduced to the case c = 0, and from Hensel’s
Lemma (Proposition I.3.4) we get a factorization P ∗ = QQ′, where Q,Q′ are monic
polynomials of C{x}[y], Q has degree q and Q(0, y) = yq. In particular, Q is a
distinguished polynomial. By Remark II.2.2 we can factorize Q into irreducible dis-
tinguished polynomials Q1, . . . , Qs which are irreducible as series in C{x, y}. Pick
Q1 for instance, and put A = C{x, y}/Q1. This analytic ring is a domain of di-
mension 1, because Q1 is irreducible, and its normalization is isomorphic to C{z}
(Proposition 3.2). Thus we get an injective analytic homomorphism A→ C{z}, and
from this another

ϕ : C{x, y} → C{z}

whose kernel is Q1C{x, y}. Then ϕ(x) 6= 0, since otherwise x would belong to
Q1C{x, y} and Q1 would divide x. Thus ϕ(x) ∈ C{z} is a series of order m > 0, and
by II.4.7 we can compose ϕ with an automorphism of C{z} to get

ϕ(x) = zm.
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IV Nullstellensätze

Summary. This chapter is devoted to the real and complex Nullstellensätze. In the
complex case the Nullstellensatz is a direct consequence of Rückert’s Parametriza-
tion. In the real case two other results are essential, the Homomorphism Theorem
and the solution to Hilbert’s 17th Problem. We consider only the analytic case,
remarking that everything can be done analogously in the formal one.

1 Zero Sets and Zero Ideals

According to Definitions and Notations III.4.1, let K{t∗} be the ring of convergent
Puiseux series over K = R or C, K({t∗}) its quotient field and m∗ its maximal ideal.
We will also use the notations

W = K{t∗}, U = m∗, F = K({t∗}).

(1.1) Fix an integer n ≥ 0 and put D = U × · · · × U ⊂ Fn. Let f ∈ On. Then
for every x(t) = (x1(t), . . . , xn(t)) ∈ D the substitution f(x(t)) is a well defined
convergent Puiseux series. Indeed, up to an isomorphism τp (III.4.1) this is only a
substitution of ordinary convergent power series. An associated function can thus
be defined by

D = U × · · · × U →W ⊂ F : x(t) 7→ f(x(t)).

An intuitive way to see this construction is the following. The field F is an extension
of K which contains an infinitesimal t, that is, an element which belongs to every
neighborhood of 0 in K. Then D is a neigborhood of the origin in Fn which is small
enough to be contained in the convergence domain D(f) of any series f ∈ On.

Definition 1.2 Let I be an ideal of On. The zero set of I is the set

Z (I) = {x(t) ∈ D | f(x(t)) = 0 for all f ∈ I}.

The familiar properties of this operator are:

Proposition 1.3 Let I, J be two ideals of On. Then:

a) Z (I) ⊂ Z (J) if I ⊃ J .

b) Z (I · J) = Z (I ∩ J) = Z (I) ∪ Z (J).

c) Z (I + J) = Z (I) ∩ Z (J).
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5 Hilbert’s 17th Problem

Let W = R{t∗} be the ring of convergent Puiseux series, F = R({t∗}) its quotient
field and U = m∗ its maximal ideal. Fix n ≥ 1 and consider the set D = U×· · ·×U ⊂
Fn (1.1)

Definition 5.1 Let Y be a subset of D. A power series f ∈ R{x}, x = (x1, . . . , xn),
is called positive semidefinite on Y if f(x(t)) ≥ 0 for every x(t) ∈ Y .

Now Hilbert’s 17th Problem makes sense for power series with real coefficients, and
its solution is, as expected, that a positive semidefinite power series is always a sum
of squares. But this has to be formulated in a suitable way.

Proposition 5.2 Let I be an ideal of R{x}, x = (x1, . . . , xn), and f ∈ R{x}. Then
the following assertions are equivalent:

a) f is positive semidefinite on Z (I).

b) There are p ≥ 1 and h1, . . . , hr, g1, . . . , gs ∈ R{x} such that

f
(
f2p + h2

1 + · · ·+ h2
r

)
= g2

1 + · · ·+ g2
s mod I.

c) There are h, g1, . . . , gs ∈ R{x} such that

fh2 = g2
1 + · · ·+ g2

s mod I

and Z (h) ⊂ Z (f).

Proof. a)⇒ b) If f(0) 6= 0, then a) implies f(0) > 0, and f is a square in R{x}.
Thus we can assume f(0) = 0. Consider a new indeterminate z and the canonical
inclusion R{x} ⊂ R{x, z}. Let f1, . . . , fm ∈ R{x} be generators of I. We claim that

z ∈ J
(
Z
(
f + z2, f1, . . . , fm

))
.

Indeed, if (x(t), z(t)) ∈ Z
(
z2 + f, f1, . . . , fm

)
, then fi(x(t)) = 0 for all i, so that

x(t) ∈ Z (I) and by a) f(x(t)) ≥ 0. Moreover z(t)2 +f(x(t)) = 0 and consequently
z(t) = 0. Thus our claim is proved. Now, by Risler’s Nullstellensatz (Proposition
4.1), there are q ≥ 1 and α, βj , Fi ∈ R{x, z} such that

z2q +
∑
i

Fi(x, z)2 = α(x, z)(z2 + f(x)) +
∑
j

βj(x, z)fj(x).

Furthermore, multiplying by z2 if necessary, we may assume that q is odd: q = 2p+1
with p ≥ 1.

We next note that every series F ∈ R{x, z} can be uniquely written in the form

F (x, z) = G(x, z2) + zH(x, z2);



91

V Approximation Theory

Summary. The central result of this chapter is M. Artin’s Approximation Theorem
of formal solutions of analytic systems, which we obtain in Section 3. To prove it we
need a generalization of the classical Implicit Functions Theorem due to Tougeron
(Section 1). This generalization has its own independent interest, which we illustrate
in Section 2 with several consequences concerning the equivalence of power series
and polynomials. Next we deduce (Section 4) the excellent behaviour of analytic
rings under completion. Finally, we introduce in Section 5 the Nash rings, which are
the smallest subrings of analytic rings that share with them all the nice properties
proved so far.

1 Tougeron’s Implicit Functions Theorem

Set x = (x1, . . . , xn), y = (y1, . . . , yp), and

A = K{x} (resp. K[[x]]), B = K{x, y} (resp. K[[x, y]]).

We fix an element F = (F1, . . . , Fq) ∈ Bq with F (0, 0) = 0, and look for a solution
y1 = y1(x), . . . , yp = yp(x) of the system

F (x, y1, . . . , yp) = 0,

under assumptions milder than the ones of the classical Implicit Functions Theorem.
Of course those conditions will involve the Jacobian matrix

λ =
(
∂Fi
∂yj

(x, 0)
)
.

(1.1) The matrix λ defines a homomorphism of A-modules λ : Ap → Aq. Namely,
let {ε1, . . . , εp} and {e1, . . . , eq} be the canonical bases of Ap and Aq. Then,

λ(εj) =
q∑
i=1

∂Fi
∂yj

(x, 0)ei =
(
∂F1

∂yj
(x, 0), . . . ,

∂Fq
∂yj

(x, 0)
)
.

Furthermore, we consider the A-module

M = Aq/Im(λ).

With these notations, an element δ ∈ A belongs to the annihilator Ann(M) of M if
and only if there are power series αij ∈ A such that

δei = λ

 p∑
j=1

αijεj

 = λ(αi1, . . . , αip);
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Proposition 2.7 (Shiota) Every power series f ∈ K{x1, . . . , xn}, n ≥ 2, is equiva-
lent to a polynomial in two indeterminates g ∈ K{x1, . . . , xn−2}[xn−1, xn].

In particular, every power series in two indeterminates is equivalent to a poly-
nomial.

Proof. We will use another different jacobian ideal. To define it, fix a factoriza-
tion f = fα1

1 · · · f
αp
p into irreducible power series, and let If denote here the ideal

generated by the (p+ 1)-minors of the matrix
∂f1
∂x1

· · · ∂f1
∂xp

f1 · · · 0
...

...
...

. . .
...

∂fp
∂x1

· · · ∂fp
∂xp

0 · · · fp
0 · · · 0 α1 · · · αp


We will need later the fact, easily checked by direct computation, that linear changes
of coordinates are compatible with this definition of If . Also, consider f∗ = f1 · · · fp.
Now, we claim

f∗,
∂f∗

∂x1
, . . . ,

∂f∗

∂xn
∈
√
If .

Indeed, by complexification (II.5.3) we can suppose K = C. Then, by Rückert’s
Nullstellensatz (Proposition IV.2.1) we must see that

f∗(x(t)) =
∂f∗

∂x1
(x(t)) = · · · = ∂f∗

∂xn
(x(t)) = 0

for x(t) ∈ Z(If ). To that end, denote by hi ∈ If the minor corresponding to the
i-th column and the last p columns. An easy computation gives:

±hi =
p∑
j=1

αjf1 · · ·
∂fj
∂xi
· · · fp.

Hence, ∂f/∂xi = fα1−1
1 · · · fαp−1

p hi ∈ If , and (∂f/∂xi)(x(t)) = 0. This holds for
1 ≤ i ≤ n, and, by Corollary IV.2.5, we deduce f(x(t)) = 0, so that fj(x(t)) = 0
for some j = 1, . . . , p. From this we already get f∗(x(t)) = 0. Furthermore, when
we substitute x = x(t) in hi and in the derivatives of f∗ all summands containing
fj vanish, and we obtain

0 = hi(x(t)) = αjf1(x(t)) · · · ∂fj
∂xi

(x(t)) · · · fp(x(t)) = αj
∂f∗

∂xi
(x(t)).

Whence, our claim is proved.
Our second claim is that ht(If ) ≥ 2, which is proved using the trick of Remark

IV.2.6 c). Suppose ht(If ) = 1, so that there is a height 1 prime ideal p ⊃ If . Since
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VI Local Algebraic Rings

Summary. We study in this chapter some local properties of real and complex
algebraic varieties. This study consists of the comparison of the so-called local
algebraic rings and their completions. In Section 1 we define the local algebraic
rings and their Nash, analytic and formal completions, and check the typical flat
behaviour. In Section 2 we prove Chevalley’s Theorem concerning completions of
local algebraic domains. Section 3 is devoted to Zariski’s Main Theorem stating
that the completion of a local algebraic normal domain is normal. In Section 4 we
describe the completion of the normalization of a local algebraic domain. Finally,
we obtain in Section 5 Efroymson’s Theorem, which deals with the implications of
adding reality assumptions to Chevalley’s and Zariski’s statements.

1 Local Algebraic Rings

We introduce in this section several local rings attached to a point of an algebraic
subset of the affine space. These local rings are the suitable tools to study and
compare algebraic and analytic properties at a given point. Clearly, we can assume
without loss of generality that the point is the origin, and we will do so from now
on.

Let K = R or C, and consider indeterminates x = (x1, . . . , xn). We denote byRn,
K0[x] or K0[x1, . . . , xn] the localization of the polynomial ring K[x] at the maximal
ideal generated by x1, . . . , xn. Clearly

Rn = {f/g | f, g ∈ K[x], g(0) 6= 0}.

This is a local regular ring of dimension n with maximal ideal

{h ∈ Rn |h(0) 6= 0},

and the canonical inclusions

Rn ⊂ Nn ⊂ On ⊂ Fn

are local homomorphisms.

Definition 1.1 A local algebraic ring over K is a ring isomorphic to K0[x]/I with
x = (x1, . . . , xn); usually we will not specify “over K”. If A,B are two local algebraic
rings, a local algebraic homomorphism A → B is a homomorphism of K-algebras.
The field K is called the coefficient field.
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Proposition 5.4 Let < be an ordering of A. The following assertions are equiva-
lent:

a) < is a local ordering.

b) < extends to some A∗i = A∗/qi.

If this is the case, qi corresponds via the bijection of Proposition 4.4 to the unique
maximal ideal ni of the normalization B of A which is convex with respect to <.

Proof. The implication b) ⇒ a) is an immediate consequence of Proposition 5.3.
For the converse implication it is enough to prove the case of the Nash completion,
by Proposition V.4.9 c), and to do it, we start with the particular case A = Rd,
A∗ = Nd.

We will use Serre’s Criterion as stated in the proof of Proposition V.4.9 c): let
f1, . . . , fm ∈ Rd be positive in < and let us see that the equation

f1y
2
1 + · · ·+ fmy

2
m = 0 (1)

has in Nd only the trivial solution.
Indeed, for every real number ε > 0 the polynomial

hε = ε− (x2
1 + · · ·+ x2

d)

is positive in < (because hε(0) > 0 and < is local). Then, by E. Artin’s Specialization
Theorem ([L XI.3 Lem.2]), we have

{x ∈ Rd |hε(x) > 0, f1(x) > 0, . . . , fm(x) > 0} 6= ∅.

As this holds for every ε > 0 we deduce that the origin is adherent to the open set

Z = {x ∈ D | f1(x) > 0, . . . , fm(x) > 0},

where D ⊂ Rd is an open polycylinder centered at the origin on which f1, . . . , fm
are well defined analytic functions (such a D exists because the fi’s are rational
functions whose denominators do not vanish at the origin).

Let now g1, . . . , gm ∈ Nn ⊂ On be a solution of the equation (1), and consider
the associated functions

agi : D(gi)→ R, 1 ≤ i ≤ m

(see I.2). Since f1g
2
1 + · · ·+ fmg

2
m = 0 in Od, this holds the same for the associated

functions on some non-empty open neighborhood of the origin

U ⊂ D ∩D(g1) ∩ · · · ∩D(gm).

It follows that each agi vanishes on the open set U ∩ Z ⊂ D(gi). But Z is adherent
to the origin, so that U ∩Z 6= ∅, and from the Identity Principle (Proposition I.2.9)
we deduce gi = 0. This ends the proof of the particular case.

We next apply to p Noether’s Projection Lemma for polynomials ([A-McD §5
Ex.16]), and can assume the following conditions:
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J.-C. Tougeron: Idéaux des fonctions différentiables, Ergebnisse der Mathematik (2)
71, Springer-Verlag: Berlin-Heidelberg-New York 1972.

R.J. Walker: Algebraic curves, Springer-Verlag: Berlin-Heidelberg-New York 1978.

O. Zariski, P. Samuel: Commutative Algebra I, II, Graduate Texts in Mathematics
28, 29, Springer-Verlag: New York-Heidelberg-Berlin 1980.



140

Index
Abhyankar’s Parametrization, 30
Algebraic power series, 112
Algebraicity of an isolated hypersur-

face singularity, 96, 97
Analytic completion of a local alge-

braic ring, 118
Analytic completion of a Nash ring,

116
Analytic curve germ, 83
Analytic homomorphism, 16
Analytic ring, 16
Analyticity of integral closures, 50
Analyticity of the function associated

to a convergent power series,
10

Annihilator of a module, 40
Arithmetic-Geometric Identity, 88
Artin-Schreier’s Criterion, 82

Birational equivalence to a hypersur-
face, 31

Branches of a 1-dimensional reduced
analytic ring, 54

Chain Rule, 9
Chevalley’s Theorem, 119
Classical Implicit Functions Theorem,

38
Classical Inverse Function Theorem,

38
Coefficient field, 16, 116, 117
Completion of a local ordering, 134
Completion of the normalization of a

local algebraic domain, 129
Completion of the normalization of an

analytic ring, 111
Complexification, 40
Conjugation, 41
Contractive map, 12
Convergent power series, 4
Convergent Puiseux series, 60
Converse to Parametrization, 31

Convex ideal, 133
Curve Selection Lemma, 72, 83

Derivatives of a power series, 9
Derivatives of an algebraic power se-

ries, 114
Distinguished polynomial, 11
Domain of a power series, 4

Efroymson’s Theorem, 136
Equidimensionality Jacobian Criterion,

39
Equivalent power series, 95

Factorization of a distinguished poly-
nomial, 22

Finite homomorphism, 18
Finiteness of integral closures, 27
Fixed Point Theorem, 13
Flatness, 106, 119
Formal completion of a local algebraic

ring, 118
Formal completion of a Nash ring, 116
Formal completion of an analytic ring,

106
Formal homomorphism, 16
Formal power series, 4
Formal Puiseux series, 59
Formal ring, 16
Formally real domain, 75
Function associated to a convergent

power series, 5, 66

Generic changes of coordinates, 26
Geometric characterization of dimen-

sion in the complex case, 73
Geometric characterization of finite-

ness in the complex case, 73

Height of an ideal, 22
Hensel’s Lemma, 15
Hessian matrix, 75




