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Preface

The aim of these notes is to cover the basic algebraic tools and results behind the
scenes in the foundations of Real and Complex Analytic Geometry. The author
has learned the subject through the works of many mathematicians, to all of whom
he is indebted. However, as the reader will immediately realize, he was specially
influenced by the writings of S.S. Abhyankar and J.-C. Tougeron. In any case, the
presentation of all topics is always as elementary as it can possibly be, even at the
cost of making some arguments longer. The background formally assumed consists
of:

1) Polynomials: roots, factorization, discriminant; real roots, Sturm’s Theorem,
formally real fields; finite field extensions, Primitive Element Theorem.

2) Ideals and modules: prime and maximal ideals; Nakayama’s Lemma; localiza-
tion.

3) Integral dependence: finite ring extensions and going-up.
4) Noetherian rings: primary decomposition, associated primes, Krull’s Theorem.

5) Krull dimension: chains of prime ideals, systems of parameters; regular systems
of parameters, regular rings.

These topics are covered in most texts on Algebra and/or Commutative Algebra.
Among them we choose here as general reference the following two:

e M. Atiyah, I.G. Macdonald: Introduction to Commutative Algebra, 1969,
Addison-Wesley: Massachusetts; quoted [A-McD].

e S. Lang: Algebra, 1965, Addison-Wesley: Massachusetts; quoted [L].

Even quotations to these two books are kept to a minimum, avoiding them when-
ever a reasonably self-contained explanation could be provided. In this way many
deep results can be obtained for rings of power series almost from scratch, giving
them a highly geometrical meaning. Two examples of this are that localizations
preserve regularity or that integral closures are finite. In fact, that is one of the
goals of this book: to review the commutative algebra of power series in geometrical
terms. The guidelines for this review are the Local Parametrization Theorem, the
Nullstellensatz, and Zariski’s Main Theorem. Furthermore, all the work is carried
out both in the complex and the real case, showing the additional difficulties and
the peculiarities of the latter.

All in all, the final hope is that this book will be of some help to those not
acquainted with either the geometry behind local commutative algebra or the algebra
behind local analytic geometry.



viii PREFACE

The notes are based on courses and seminars given by the author during many
years, organized by the Departments of Algebra, Geometry, and Topology, at the
Universidad Complutense de Madrid, with the support of the D.G.I.C.Y.T.. Several
people have made these activities possible and enthralling, and have contributed to
the actual writing of the book. First of all, Toméas Recio, who led the author into the
beauty of Analytic Geometry. Also, Carlos Andradas, MariEmi Alonso, and José
Manuel Gamboa, who provided enjoyable and fruitful discussions on the teaching
and learning of power series, and Capi Corrales, who read word by word the first
draft of the manuscript and suggested all kind of accurate corrections.

The final thanks are for MariPaz, to whom this book, and everything else, is
dedicated.

Majadahonda, October 1992

Note to the printed 2nd edition: Since publication, this book has been most often
used as text or reference in various courses and seminars by the author and col-
leagues. This experience has provided many minor and some major modifications
and additions to the 1993 version. Besides misprints, typos and others, there are
two main improvements worth to mention. First, the inclusion of a converse to
Riickert’s Parametrization Theorem, which was a central topic here; second, a full
proof of Shiota’s theorem that every power series can be made polynomial in at least
two variables.

Majadahonda, October 2006

Note to the online version: Starting in july 2023, the book is available in pdf format.
This 3rd edition is in progress, without explicit description of the changes made,
most often suggested by colleagues and students. The author thanks them all their
contributions.

Majadahonda, July 2023
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I Power Series

Summary. In this chapter we study in detail convergent and formal power series.
We start by recalling the notion of convergence and its main properties: absolute
convergence and reordering of convergent series. We then introduce formal and
convergent series and discuss the operations with them: sum, multiplication, sub-
stitution and derivation. In particular we get the Identity Principle for functions
associated to convergent power series. Finally we state and prove three essential re-
sults of the theory: Riickert’s Division Theorem, Weierstrass’s Preparation Theorem
and Hensel’s Lemma.

1 Series of Real and Complex Numbers

We will denote by > a, or ) a, a series of elements of the field K = R or C.
Here the indices v = (v1,...,v,) are elements of N, and we will use the standard
notations |v| =vy + -+ v, and vl = 14!l

Definition 1.1 The series Y a, converges to the element ¢ € K if for every real
number € > 0 there is a finite set I. C N™ such that |}, ;a, —c| < € for every
finite set of indices I D I.. In that case we say that ¢ is the sum of the series and
we write ¢ =Y ay,.

Remarks 1.2 a) For series with indices in N the convergence in the sense of Defini-
tion 1.1 implies the classical one, but not conversely: > (—1)*/k does not converge
according to 1.1, nevertheless the limit lim,,_, o, Zl<k<p(—1)k/k does exist.

b) If > a, converges to ¢ € K, then ¢ = lim,,_, Z\VISP ay.

c)Let > a,, > b, converge to ¢,d € K respectively, and consider A, 4 € K. Then
> (Aay + pb,) converges to Ac + ud.

d) Let Y a,, ) b, be two convergent series of real numbers such that ) ., a, <
> e by for every finite set of indices I. Then ) a, < b,.

Proposition 1.3 A series Y a, of non-negative real numbers converges if and only
if there is M > 0 such that ), ;a, < M for every finite set of indices I C N". In
this case the sum of the series is the supremum of all those finite sums.

Proof. If there is such an M, then the supremum ¢ = sup{}_ ., a, | I finite} exists.
Let us see that the series converges to c. Indeed, for every € > 0 there is a finite set

of indices I. such that ¢ — > .;a, <¢, and for every finite set I O I. we have

=Y a, > a,

vel vel,
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so that

Ogc—Za,jgc—Zal,<5.
vel vel.

Conversely, supose that Y a, converges to c¢. Then ¢ = lim,_, ZIVI <p Qv (Remark
1.2 b)), and the a,’s being non-negative, we can take M = c. |

Proposition 1.4 A series Y a, of real numbers converges if and only if the series
> lay| converges. In this case | > ay| <> lay|.

Proof. For every v we set p, = max{a,,0}, ¢, = max{—a,,0}.

If the series Y |a,| converges, so do > p, and Y ¢, by Proposition 1.3. Hence
also the series Y (p, — ¢,) converges (Remark 1.2 ¢)), and since p, — ¢, = a,, the
series > a, converges, too.

Now suppose that > a, converges to c. Take e = 1 and consider the set of indices
1. provided by the definition of convergence. For every L C N™ write

LT ={velLla, >0}, L~ ={velLl|a, <0}

With these notations, for every finite set of indices I we put J = It U I, and since

the p,’s are all non-negative, J D I. and J~ = I we have
D=2 pSY p= ) w=) - ) as
vel velt veJ veJt veJ veJ—
S\ZaV—CH—\ Z a, —c| <e+] Z a, — c|.
velJ veJ— vel:

Hence by Proposition 1.3 the series Y p, converges. Analogously, > g, converges,
and by Remark 1.2 ¢) so does the series Y (p, + ). As |a,| = p, + ¢, we are done.
The last inequality of the statement follows from Remark 1.2 b). |

We will denote by R(z) (resp. $(z)) the real (resp. imaginary) part of a complex
number z € C. We clearly have

2] < [R(2)|+ 1S [R(2)] < [z, [S(2)] < |zl
From these inequalities and the preceding propositions one easily gets:
Proposition 1.5 Let Y a, be a series of complex numbers. Then:
a) > a, converges if and only if the two series > R(a,) and > S(a,) converge.

b) > |a,| converges if and only if the two series > |R(a,)| and Y |S(a,)| con-
verge.
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¢) > a, converges if and only if Y |a,| converges. In this case, | a,| <> |ayl.

Proposition 1.6 Let > a, be a convergent series and consider a permutation T of
{1,...,n}. Then the sum of the iterated series ), o ey () v COTIVETGES and

coincides with the sum of > a,.

Proof. We will suppose for simplicity that 7 is the identity, and argue by induction
on n. For n = 1 the assertion is trivial, so that we assume n > 1, and the result is
true for series with indices in N*~1.

For every v, € N the series ), a,,,+ converges. Indeed, let us see that ) , |a,, .|
converges. Consider a finite set of indices I’ € N*~! and note that

Do lawl= D0 vl

vel’ ve{vipxI’

By Proposition 1.5 the series of non-negative real numbers >_ |a,| converges, and
consequently it verifies the criterion of Proposition 1.3. By the above equality, the
series Y, |ay,,/| also verifies that criterion, and hence converges. It follows that
>, Gy converges, too, and we write b,, = > ,ay,,». Now, by the induction
hypothesis, b, is also the sum of the iterated series >, --->_, a,.

To conclude the proof, we have to show that the series > b,, converges to ¢ =
>_a,. Thuslet € > 0. We pick a finite set of indices I. /o C N such that |} ., a, —
c| < &/2 for every finite set I O I/, (convergence of ) a, ), and we let IV be the set

of all the first components of the indices in I. /5. Then for every finite set [ ™5 Is(l)

with m elements we choose a finite set I’ € N”~! such that I.5 C IM % I and

1
| Z Ay’ —bl,1| < %5

v'el’

for every v; € IV, We then have:

[ b=l =1 D b= > D et YD anw —cl<

v el v eI el v el el vel
< E |b,, — E Ay |+ E a, —c| <m(e/2m)+¢e/2 =e¢.
viel® v'el’ velW) x1’
This shows that the series > b,, converges to ¢, as wanted. ]

From the preceding results we see that given two series »_ a, and »_ b, such that
> a, converges, if |b,| < |a,| for all v, also > b, converges.
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2 Power Series

The affine space K" (where K =R or C) will always be endowed with the usual eu-
clidean topology. As is well known, each point xg = (xo1, . - ., ZTon) € K" has a neigh-
borhood basis that consists of the polycylinders A of polyradius p = (p1,...,pn),
pi > 0, centered at zg:

A={rcK"||z; —zo| < p;s for 1 <i <n}.

Definitions and Notations 2.1 A formal power series in the indeterminates
X1,...,Xp IS an expression f = ) _yn ayxy*---xj7, in short ) a,x” or ) a,x",
where a, € K for every v; the a,’s are the coefficients of > a,x”, and the first of
them a(o,... o) is denoted by f(0). The set of all these formal power series will be
denoted by F,,, K[[x1,...,%4]] or K[[x]].

The order of a formal power series Y a,x”, denoted by w(f), is the smallest
integer p > 0 such that a, # 0 for some v with |v| = p, provided that some a, is
# 0. Otherwise, that is, if f =0, we write w(f) = +o0.

Let f = > a,x” be a formal power series. If x € K" and the series ) a,z”
of elements of K converges to ¢ € K, we say that f converges at x to ¢, and write
f(x) =c. Now let D C K™. We say that f converges uniformly on D if:

a) f converges at every point of D, and

b) for every e > 0 there is a finite set o C N" such that | }_ o, a,z” — f(z)| <e
for every finite set of indices I D I. and every point = € D.

Let f be a formal power series. The domain of f, denoted by D(f), is the interior of
the set of points at which f converges. The series f is called convergent if D(f) # 0.
The set of all convergent power series will be denoted by O,,, K{x1,...,x,} or K{x}.

For the time being we will use the following notation: Given a point z* =
(x7,...,2%) € K" whose coordinates are none zero, A(z*) will stand for the poly-
cylinder of polyradius p = (|27],...,|x}|) centered at the origin.

Proposition 2.2 Let f = > a,x” be a convergent power series and D*(f) the set
of points at which f converges and whose coordinates are none zero. The set D(f)
is the union of the A(x*), x* € D*(f). In particular D(f) is an open connected
neighborhood of the origin. Furthermore, f converges uniformly on every compact
subset of D(f).

Proof. Tt is enough to show that for 0 < r» < 1 and z* € D*(f), the series f
converges uniformly on A(rz*). To that end, note first that > |a,x*”| coverges
because so does Y a,x*” (Proposition 1.5 ¢)). Then there is M > 0 such that
la,2*| < M for all v (Proposition 1.3). Now, if z € A(rz*) and I C N” is finite we

have
Z la,z¥| < Z |,z |r! < MZT"".

vel vel vel
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But since

5 < (Z ) ( 5 )
vel vi€l vp€ln
where Iy C N is the set of the /-th components of all the indices of I, and the
series ) 7, 1 < £ < n, converge for 0 < 7 < 1, so do the two series ) .; rlv!
and Y |a,x¥| (Proposition 1.3 again). We hence conclude that the series ) a,a”
converges.

It remains to see that this convergence is uniform on A(rz*). Thus consider
€ > 0 and a finite set . C N" such that >_ .; rlVl < e/M for every finite set of
indices I D I.. From one of our preceding inequalities we get

1Y aat — @) <3 laat| < MY <,

vel vl vl
which concludes the proof. |
We now consider new indeterminates yi,...,y, and for every p € N" the formula

(x1+y)" (X +ya)i = Z le(x)y”,

!

where P, (x) = XMV and py > vy, ..., fby > V. Then:

vi(p—r)!

Proposition y Definition 2.3 Let f =Y a,x” be a convergent power series. Then
the associated function
“U:D(f) > K:z— f(x)

is continuous, and for every xo € D(f) it holds:
a) For every v the series 3, a,Pu (7o) converges, say b, =3, a, P (2o).

b) The power series g = > b,x” is convergent, and g(x — xg) = f(x) for z close
enough to xg.

Proof. For every integer p > 0 let f,, stand for the polynomial ZM <p awx”. Now fix
0 <r < 1andz* € D*(f). By Proposition 2.2 the sequence of polynomials (f,)y>0
converges uniformly to %f|A(rz*) on A(rz*). Hence *f|A(rz*) is continuous and,
D(f) being the union of all the A(rz*)’s, ¢f is continuous.

To prove a) and b) note that if y € K™ is close enough to the origin, the point
z = (|lzo1| + w1, .-+, |xon| + |yn|) belongs to D(f) (Proposition 2.2 again), and it
follows then that the series }°, ) auPuw(20)y” converges. Indeed, if I, J are finite
sets we have

> lapPu o)y’ < laul Y Pullzoil,- - zonl)ly”| = Y a2,

(p,v)elxJ nel nel
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and our assertion follows from Proposition 1.3, and the fact that f converges at z.
Thus, the iterated series

Zzaupw(ﬂfo)y"7 ZZCLMPM,,(JJO)Z/V,
v uwoov

exist and their sums coincide (Proposition 1.6). Whence we have proved a) and that
the series g of b) is convergent. Finally, if z is close to xg, then y = © — x¢ is close
to the origin, and by the remark above

glx —xg) = Z (Z CLMPMV(:E())> Y’ =

v

- Z (Z aMPW(xO)y”) = flzo +y) = f(2).

"

(2.4) Operations with power series. Let f = > a,x” and f = > b,x” be two
formal power series. We define their sum by

f+g= Z(au + bu)XV

and their product by

fg:Z Z axb, | x”.

Apu=v

One easily checks that

(I=x1)---(1—x,) > x" =1

=
Clearly, it holds
w(f +g) 2 min{w(f),w(g)}, w(fg) =w(f)w(g).

In particular, if f # 0 and g # 0, then fg # 0. If f and g converge at the point
z € K", then f + g and fg converge at that point, and

(f+9)(@) = f(x) +9(z), (f9)x) = f(z)g(x).

In particular, if f and g are convergent power series,

D(f+49) > D(f)ND(g) #0, D(fg) > D(f) N D(g) #0,

which implies that the series f 4+ g and fg are also convergent.
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In this way, F,, (resp. O,) is a commutative ring with unit, which contains the
field of coefficients K, and hence it is a K-algebra. Furthermore, it is an integral
domain.

A family {fx |\ € A} of formal power series

fr=) anx’

is called summable if for every integer p > 0 the subfamily of the series of order < p
is finite. In that case, for every v € N™ set of \’s with ay, # 0 is finite (if ay, # 0
then w(fx) < |v[), and the sum ,_, ay, is finite. Consequently, the formal power
series Y (30, ca @av) x” is well defined: it is called the sum of the family {fx | A € L}
and denoted by > fi.

If two families {fy|A € A} and {gx |\ € A} are summable, and a,b are two
formal power series, the family {afx 4+ bgx | A € A} is summable, and its sum is the
series a Y fx + 5> ga.

(2.5) Substitution. Let f = >  a,x",g1,..., g, be formal power series with orders
w(g1) > 1,...,w(gn) > 1. Then for every v,

wlangy" -~ gy") Z niw(gr) + -+ + vnw(gn) = [V,

and so the family

{avgy* ---g; [v e N"}
is summable. The sum of this family is called the substitution of g1, ..., g, in f and

denoted by f(g1,...,9n)-
It is a straightforward computation to check that for any other formal power

series h it holds

a) (h+ f)(g1,--- gn) = (g1, 9n) + fg1,- - gn), and
b) (hf)(glavgn) = h<gl>agn)f(glvvgn)

As an application, consider the identity

(1 *X1)lef =1.

Then for every f € F,, with f(0) =a # 0, we get

)z )

and consequently there exists the formal power series

1 1 1\
e ()
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It follows that F,, is a local ring whose maximal ideal m,, consists of the formal
power series with order > 1. Clearly this ideal is generated by the indeterminates:
m, = {x1,...,%xn }Fn.

Concerning convergence we have

Proposition 2.6 If f,g1,...,g9, are convergent, then f(gi1,...,g,) is convergent.
More explicitely, if x € K™ is close to the origin, then g1,...,9n, f(91,--.,9n) con-
verge at x, [ converges at (g1(x),...,gn(x)) and

f(grs--90)(@) = fgr (@), -, gn(2))-

Proof. Let f = ayx", gi =Y, bypx”,1 <i<n,and write gf = > |b;|x",1 <
i < n. By Proposition 2.3 and since g7 (0) = --- = ¢;:(0) = 0, it follows that if x is
close to the origin, the series g7, ..., g} converge at (|z1],...,|Tn|), say to t1,...,tn
respectively, and ¢ = (t1,...,t,) € D(f). We thus suppose that x verifies those con-
ditions. Then g1, ..., g, also converge at x, and we write g(x) = (g1(x), ..., gn(z)).
As |g;(z)] < t; (remember the definition of gf) for 1 < i < n, we conclude that
g(x) € D(f) (Proposition 2.2). It remains to show that f(g1,...,gn) converges at x

to f(g()).

To that end, for every integer p > 0 we consider the series

fp: Z a,x", hp:fp(glv~-~7gn)'
\

v|<p
By 2.4 we have hy, = f,(g(x)), and since f converges at g(z) this implies

lim f,(9(z)) = f(g9()).

p—0o0

Thus we have to prove that f(g1,...,¢n) converges at = to lim,_, hy(z). By 2.5
a),b)
FGrsegn) =y = (F = f)(91,--190) = Y avgi' - g

lv|>p
for every p; we will denote this series by > c,ux”. Also, let Y dp,x” be the series
obtained by substitution of g7,...,g; in 37,,., lay[x”. We claim that >, dp,x"

converges at x and
de,,|x|” < Z la,t”].
1%

[v[>p

Indeed, if I C N is finite and ¢ = max{|v| |v € I} it holds
V1 Vn
Sdulxl < Y al (Z |b1um”|) (Z |waﬂ|) _
vel p<|v|<q
= 2 lat< ) lat)

p<|v|<q p<|v|
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where the first inequality follows from 2.5 a),b). Now our claim is a consequence of
Proposition 1.3, since the series Y |a,t”| converges.
On the other hand, it is clear that |cp,| < dp,, and so

[(F(g1s- o gn) = hp) () D 2’| < D fant”].

p<|v|

All this means that f(g1,...,9n) converges at x and that, the last inequality being
valid for all p’s, f(g1,...,9n)(z) = limy_,o0 hp(x), as wanted. [ ]

A first consequence of the preceding result is the following: if f is a convergent power
series with f(0) = a # 0, then the formal power series

1 1 1\
()

constructed above is convergent. Whence O, is a local ring whose maximal ideal m,,
consists of the convergent power series with order > 1. Again, this ideal is generated
by the indeterminates: m,, = {x1,...,%,}Op.

(2.7) Derivatives. Let 1 < i < n. The derivative with respect to x; of a formal
power series f =Y a,x” is the formal power series

of J0x; = of _ Z Via, X3! -~-x§'i71 RS SH

X;
8 v v; >0

If {fa| A € A} is a summable family of formal power series, the family {9 f\/0x; | A €
A} is also summable, and its sum is (> fi)/0%;. In the same way, the usual
properties of derivatives hold true in this formal setting. The Leibnitz Formula:

a(fg)
3xi

dg of .
8xi + g 8}(1' ’

=f
the Chain Rule:

8—}(i_ Z 87}(1(91’7.9”)87}(17

1<j<n

) <8f D (8f)
9x; axg')_@xj Oxi )

This last formula gives way to the definition by induction of the derivatives of higher
order

the Schwartz Rule:

ol f

Xl/

oMl fjox" =



10 I. POWER SERIES

where 9x” stands for 0x7* - -- 9x». In particular we get the Taylor Expansion:
1 9l f

f Z vl (9X”

More generally, for x = (x1,...,%,),y = (y1,-..,yp) and f € K[[x,y]] we have

[v|
fey =3 220 g

v! Ox¥

Indeed, the family {2 agxlyf (0,y)x” | v € N} is summable, and if we denote by h its

sum, a straightforward computation shows that w(f —h) > m for any integer m > 0,
that is, f = h.

For convergent power series we have:

Proposition 2.8 Let f be a convergent power series. Then the associated function
of . D(f) = K is analytic, that is, *f is smooth and for every xo € D(f):

vl lvia
a) The series 86 L converges at zq to o & (x0), and

b) The power series

1 9lv If w
Tmo'f Z lau

is convergent, and for x close enough to xo it holds f(x) = Ty, f(x — xo).

Proof.  Let us see first that the partial derivative =~ of ~(z) exists and that %
converges at xg to that derivative. Without loss of generahty assume ¢ = 1. Using
the notations of Proposition 2.3, we put (1) = (1,0,...,0), and so

g=bmx1+x101 +92; 91(0) Z xH

Note that g; and gy are parts of the expansion of g, and consequently both are
convergent. Now for small ¢ # 0 it is

ag(t707”~70) - ag(o)
t

= b(l) +agl(t,0,...,0),

and since % is continuous and g1 (0) = 0, we deduce that the derivative 3—2(0) exists

and 0%
3}(1 = by = Zau (1) (o).

We also have

vi—1_va 1%
P,y =vix{' Ty x0,

_of
ZGVP (1 8}(1

whence
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and we conclude that the latter series converges at xg to b(;y. Thus

af 0%
87}(1(1:0 = axl (O)

Finally by Proposition 2.3 b) we conclude that the derivative g—af(xo) exists and

x1
coincides with —g 9(0), that is
X1

of _of
. (w0) = 871(%)'

It follows easily by induction from this both that *f is smooth and the assertion a)
in the statement. But then b) also follows, since the series T, f is exactly the series
g above. [ ]

Proposition 2.9 (Identity Principle) Let f be a convergent power series. The fol-
lowing assertions are equivalent:

a) f=0.
b) °f vanishes on a non-empty open subset of D(f).
¢) f and all its derivatives of all orders vanish at some point of D(f).

Proof.  Let A C D(f) be the set of all x € D(f) such that w(T,f) = +oo.
By Proposition 2.8 the set A is both open and closed, and since D(f) is connected
(Proposition 2.2), A is either empty or equal to D(f). Now if ¢) holds, A # ), and by
the preceding remark A = D(f), that is, f = 0. The other implications are trivial.
[ |

This generalizes the fact that the zeros of an analytic function (Proposition 2.8) in
one variable are all isolated, an easy exercise which is left to the reader.

Corollary 2.10 Let f € K[x1,...,%,] be a non-zero polynomial. Then the open set
{x e K" | f(x) # 0} is a dense subset of K™.

3 Rickert’s and Weierstrass’s Theorems

A formal power series f € F, = K[[x]], x = (x1,...,%x), is called regular of order

p with respect to x, if f(0,...,0,%,) = xPg(x,) with ¢g(0) # 0. A polynomial

xP +a;xP~t 4 -+a, with coefficients a1, ..., a, € F,,—1 is called distinguished if it is

aregular series of order p with respect to z, or equivalently if a; (0) = - - - = a,(0) = 0.
The following lemma will be often useful:
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Lemma 3.1 Let f € F,, f # 0. After a linear change of coordinates, f becomes
reqular of order w(f) with respect to %, .

Proof.  Set f = Y a,x”, p = w(f). Then f, = ZIV\=p a,x’ # 0, and there
are ci1,...,cp—1 € K with ¢ = f,(c1,...,¢,-1,1) # 0 (otherwise the homogeneous
polynomial f, would be divisible by x,, —1). We now make the change of coordinates
X =Viteiyn, 1 <i<n, x, =yntoget g(y) = f(y14+c1¥ns--sTn-1+Cn-1Yn,Tn)-
Clearly g(0,...,0,y,) = f(c1¥1, -+ -, Cn—1Yn—1, ¥n) consists of the monomial cy?, plus
terms of higher degrees. |

Proposition 3.2 (Riickert’s Division Theorem) Let ® € O, a convergent power
series, reqular of order p with respect to x,. For every f € O, there exist Q € O,
and R € O,_1[xy] with degree of R < p such that f = Q® + R. These conditions
determine @ and R uniquely. Furthermore, if ® € O,_1[x,] is distinguished and
f € On_1[xn], then Q € Op_1[xy].

The same result holds true when substituting O, by F,, and Onp_1 by Fp_1.

Proof. We set x' = (x1,...,%,_1). Since ® is regular of order p with respect to x,
we can write

P
o= Z ai(x)xP 7 4 ag(x')xP 4 b(x)xP ! = Z a;(x)xP~ 4 (ag(x') + b(x)x,)xP
i=1 i=1

with a;(0) =0 for 1 <4 < p and ag(0) # 0. Then the series ag(x’) + b(x)x, is a unit
and we denote u(x) its inverse to write

P
Pu = o+ xP, where p = Z a; (x")xE " u(x).
i=1

Clearly division by ¥ = ®v is equivalent to division by ®, hence we focus on V.
Let p = (p1,-.-,pn), pi > 0. For f => a,x” € O, we will denote by || f|| the

sum of the series Y |a,|p” when this sum exists and || f|| = +oo otherwise. Let X
be the algebra of all series f € O,, with ||f|| < +o00. One readily checks that | - || is
a norm on X. Note this: since f is convergent, lim,_,q || f|| = |f(0)|.

Clearly, if p is small enough, X contains any prescribed finite collection of con-
vergent power series; in particular a;, u, hence ¢, and any fixed f which we want to
divide by U.

We define a map T : X — X as follows: if Q € X set

f=9Q=R+xT(Q),
where R € O,,_1[x,], and the degree of R is < p. This map T is contractive, that is,

dist(T(Q), T(Q")) < ¢ dist(Q, Q")
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for any @, Q" € X, where 0 < ¢ < 1 (dist stands for the distance associated to the
norm || - ||). Indeed, let

f=eQ=R+xT(Q), f—-¢Q =R +xT(Q).
Then
p(Q - Q)=R-R +x(T(Q) - T(Q)).

Computing norms in this equality, and taking into account that R — R’ is a polyno-
mial in O,,_1[x,] of degree < p, we get

I (T(Q) = T(@)] < 1R = Rl + [[x(T(Q) = T(Q))Il =
=[IR = R +x3(T(Q) - T(@))] = lle(@ = ) < lellll@ — Q-

But <} (T(Q) = T(Q))]| = plT(Q) = T(Q)], and we obtain

dist(T(Q), T(Q")) < ”;‘;”disu@,cz').

We have
Bl ¢ g o
pn = Ph

Now, since lim, o [Jull = [u(0)], [[ul] < [u(0)]+1 for every p = (¢, py) small enough.
On the other hand, lim, ¢ ||a;|| = |a;(0)| = 0 and fixed p,,, we can take p’ so that

Hai||‘u(g# < i for 1 <4 < p. All in all, we conclude

dist(T(Q), T(Q")) < 5 dist(Q, Q")
We claim that (X, || - ||) is a Banach algebra, to apply the classical

(Fized Point Theorem) Let X be a complete metric space and T : X — X a
contractive map. Then T has a unique fized point Q.

It follows from the very definition of T' that
f=Qp+xb)+R=QV+R.

Thus we have shown the existence of the division. And actually also its uniqueness:
if f=Q'¥+ R with Q # Q' € O,, R € O,_1[x,] with degree of R’ < p, we can
always choose p so that ', R’ € X and then @’ would be a second fixed point of T,
which is impossible.

This settles the first part of the theorem, except for our claim, whose proof we
postpone still a little. Suppose now that f,® € O,,_1[x,] and ® is distinguished.
Then we can divide f by the monic polynomial ® in the ring of polynomials O,,_1[x,],
say f = Q'® + R with Q', R’ € O,_1[x,] and degree of R’ < p. By the uniqueness
already proved Q = @Q’, R=R/'.
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We finally come to the
Proof of the claim: The key fact here is that (X, || - ||) is complete. To see this
we consider a Cauchy sequence (gs)s>o of X, where g5 = > as,x” for s > 0. Then
every sequence (as,)s>o is a Cauchy sequence of K with a limit a,, € K. It follows
that g = > a,x” belongs to X, and g = limg_, gs.

To prove this we need to show that for any given € > 0 and large enough s

Z|au —asv|p” =1lg—gsll <e
v

holds. Furthermore, since the series in this inequality is a series of non-negative real
numbers, it is enough to see that

Z |ay — asy|p” < /2

vel

for any finite set of indices I. We notice that since (gs)s>o is a Cauchy sequence, we
have for r, s large

Z |ary, — as|p” < /2.

Consequently
Z lar, — asy|p” < e/2
vel

and taking the limit in this finite sum as r — oo, we get

Z |CL,, - asu|py S 5/27

vel

as wanted.

Thus we have finished the convergent case. The proof of the formal case is similar,
even simpler. We describe it succinctly. For f € F,, we define || f|| = e=*(), where
v(f) stands for the greatest m > 0 such that f € {x1,...,xp—1}"Fn (m = +oo if
and only if f = 0). This is a norm on the algebra X = F,, except that [|Af|| = | f]|
for A € K. But still || — f|| = ||f|| which is enough to define the distance dist(f, g) =
Ilf — gll and go ahead.

Now, T is contractive. Indeed, we have

IT(Q) = T(@)] < IR - R+ x5(T(Q) — T(Q")l
= lle(@ =) < llelllQ — ',

the first inequality because v(T(Q) — T(Q’)) = v(R— R' + xE(T(Q) — T(Q"))) (we
recall that R — R’ is a polynomial in x,, of degree < p). Furthermore

p
ol < | aute)x lux)]l < & <1,
=1
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since a;(0) = 0 implies v(>_, a;(x")x2~") > 1 and u(0) # 0 implies v(x2""u) = 0.
Finally, X is complete with this distance. Let (fs) be a Cauchy sequence. Then
for every m > 0 there is s, such that ||fs — fs,, || < e™™ for all s > s,,. Write
fs = >, csi(x/)xl,. Then the inequality says that for all s > s, the series cg;(x')
coincide all till order m. This gives a formal power series which is the limit of the
sequence. |

Proposition 3.3 (Weierstrass’s Preparation Theorem) Let ® € O,, be reqular of
order p with respect to x,,. Then there exist a distinguished polynomial P € O,,_1[x,]
of degree p and a unit Q of O, such that P = Q®. These conditions determine P
and Q uniquely.

The same result holds true when substituting O, by Fpn and Op_1 by Fp_1.

Proof. By the Division Theorem (Proposition 3.2) there exist Q € Oy, a1,...,a, €
O,,—1 such that

P
X =Q— > axh .
i=1
But ©(0,x,) = xPg(x,) with ¢g(0) # 0, and consequently

P
X = Q(0,%0)xhg(xn) — > ai(0)xh".
i=1
Thus we see that a;(0) =--- = a,(0) =0, Q(0,0) # 0, and so

P:xﬁ—l—alxﬁ_l—i-“'—FGp

is the distinguished polynomial we sought. The uniqueness of the division implies
the uniqueness of P.
The proof in the formal case is the same. |

Proposition 3.4 (Hensel’s Lemma) Let ® € O,[z] be a monic polynomial and
a € K a root of multiplicity p of ®(0,z) € K[z]. Then there exist monic polynomials
P,U € O,]z] such that ® = PU and

a) P has degree p and P(0,z) = (z — a)?;
b) U(0,a) # 0.

These conditions determine P and U uniquely.
The same result holds true when substituting O, by Fn and Op_1 by Fp_1.
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Proof. Up to the change z’ = z — a we may assume a = 0, and then our hypothesis
implies that ® is regular of order p with respect to z. We thus can apply Weierstrass’s
Preparation Theorem (Proposition 3.3) to get P and U = Q~!. We notice that a)
means precisely that P is distinguished. Moreover, as P is distinguished and ® a
polynomial, U is a polynomial, too (last part of Riickert’s Division Theorem). Finally
the uniqueness follows from the uniqueness of Weierstrass’s Preparation Theorem.
The same proof works in the formal case. |
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II Analytic Rings and Formal Rings

Summary. We devote this chapter to the description of the categories of analytic
and formal rings over R and C. First, we develop Mather’s formalism of finite
and quasifinite homomorphisms. Then, we obtain Noether’s Projection Lemma and
further algebraic properties of these rings. Thus, we come to one fundamental con-
struction: Abhyankar’s and Riickert’s Parametrization. Afterwards, we introduce
the regularity ideals and prove Nagata’s Jacobian Criteria. Finally, we discuss com-
plexification, an essential tool to understand the differences between the real and
the complex categories.

1 Mather’s Preparation Theorem

Again we set K =R or C. Given a ring A and a prime ideal p of A, we will denote
by k(p) the residue field of p, that is, the quotient field of the ring A/p; if A is local,
we will denote by m4 its maximal ideal.

Definition 1.1 An analytic (resp. a formal) ring over K is a ring isomorphic to
K{x}/I (resp. K[[x]]/I) with x = (x1,...,%,); we will usually not specify “over
K”. If A,B are two analytic (resp. formal) rings, an analytic (resp. a formal)
homomorphism A — B is a homomorphism of K-algebras. The field K is called the
coefficient field.

Proposition 1.2 Every analytic (resp. a formal) ring is a noetherian local ring.
The canonical homomorphism K — A/my is an isomorphism, and A =K+ my4.

Proof. We will only give the proof in the analytic case, that of the formal case being
analogous with the obvious changes. This will be done systematically all through
this chapter.

First of all, since there is a certain surjective homomorphism O,, — A, the general
case follows immediately from the case A = O,,. Hence we suppose A = O,,.

We argue by induction on n. If n = 0 the result is trivial, so we let n > 0
and I an ideal # 0 of O,,. Choose ® € I, & # 0. By Lemma [.3.1, we may
assume that ® is regular of order, say, p with respect to x,,. By Riickert’s Division
Theorem (Proposition 1.3.2), the ring O,,/®0,, is generated by 1,x,,...,x2~! as an
O,,—1-module. Since O, _; is noetherian by induction hypothesis, we deduce that
0,,/®0,, is a noetherian O,,_1-module ([A-McD 6.5, 6.2]). Thus I/®0,, is finitely
generated as an O,,_1-module, say by the classes of fi,..., fs € I. In this situation
fi,..., fs, ® generate I.

Finally, the assertions concerning the coefficient field K are immediate. |
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Proposition 1.3 FEvery analytic (resp. formal) homomorphism ¢ : A — B is local,
that is, p(my)B C mp.
Let A= 0O,/ (resp. F,/I), and consider the correspondence

I':o— (p(x; mod I),...,¢(x, mod I)) Emp X -+~ x mp =mpz".

from the set of all analytic (resp. formal) homomorphisms A — B into my". We
have:

a) I' is an injective map.
b) If I = (0), then I' is a bijective map.

Proof.  First of all, if p(my)B ¢ mp there would be some f € my such that
o(f) =a+gwith0#a €K, g€ mg. Then ¢(f —a) = g would not be a unit,
while f — a is one.

a) We have to show that if ¢, : A — B are two analytic homomorphism such
that ¢(x; mod I) = ¢(x; mod I)=1b;, 1 <i<n,then ¢ = ¢.

To see this, we note that any f € O,, can be written in the form

f=g+h geKxy,...,x,], wh)>s,

for every integer s > 0. Consequently

¢(f mod I) —¢(f mod I)=¢(h mod I)—¢(h mod I) € my.

Indeed,
e ¢ and ¢ coincide on x; mod I,...,x, mod I, and both are K-algebra homo-
morphisms; hence they coincide on K[x; mod I,...,x, mod I].

e h mod I € m% and our homomorphisms are local.
This being valid for every s > 0, we may conclude
¢(f mod I) - ¢(f mod I) € (| my = (0)
s>0

(Krull’s Theorem [A-McD 10.19]).

b) Suppose now that I = (0). To show that I" is surjective fix any b1, ..., b, € mp.
By the definition of an analytic ring, there is a surjective analytic homomorphism
7 : O, — B, and we pick g1, ..., g, € Op such that w(g;) = b;, 1 <i <n. We define
¢ : A — B by substitution:

f'_> f(gl77gn) = @(f) = ﬂ-(f(gla"'agn))a
and so I'(¢) = (by,...,by). [ ]
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Definitions 1.4 Let ¢ : A — B be a local homomorphism of local rings.

a) ¢ is called quasifinite if B/@p(m4)B has finite dimension as linear space over
K=A/m4 (via ).

b) ¢ is called finite if B is a finite A-module (via ).

Obviously every finite homomorphism is quasifinite. In our setting the converse is
also true, as we see in the next result:

Proposition 1.5 (Mather’s Finiteness Theorem) Let ¢ : A — B be an analytic
(resp. a formal) homomorphism. If M is a finite B-module and M/p(ma)M has
finite dimension as linear space over K = A/my (via @), then M is a finite A-module
(via ¢ ).

In particular, if ¢ is quasifinite, it is finite.

Proof. Choose two surjective analytic homomorphisms 7 : O,, - A, 7’ : O, — B,
where

O, =K{zx}, O, =K{y}, Ontp =K{x, v}, x=(x1,..-,%0n), Y= (¥1,---,¥p)-

We consider the inclusion j : O,, = O,4, and power series g1,...,g9n € Op such
that om(x;) = 7'(g;) for 1 < i < n. We then have the analytic homomorphism
@ : Onyp = O defined by

¢(X1) =4g1,-- '7¢(X’I’L) = gn7¢(y1) =7¥i,-- 7¢(YP) =Yp

(Proposition 1.3). We finally set 7" = 7’ o ¢ : O,y — B, which is surjective.
Clearly pm(x;) = n”(x;) for 1 < i < n, and again by Proposition 1.3, we see that
pom=m7". Hence we obtain the commutative diagram

OTLL OTH‘P iﬁ' OP

1"
®

A B

From this diagram one easily deduces that it suffices to prove the proposition for
the homomorphism j, which by induction is reduced to the case p = 1.

Consequently we set z = y; and consider generators mq,...,ms of M, as O, 41-
module, whose classes mod m,, M generate M /m,, M as linear space over K = O,, /m,,.
Then

for suitable ¢;; € K, h;; € m,Op41. We now have the power series

b = det(zéij — Cij — h”) S On+1
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(where as usual 0;; =1 if ¢ = j, d;; = 0 otherwise). But then
©(0,2) = det(zd;; — cij) =2° + »_ cjz" * € K[z],
k=1

since h;;(0,z) = 0. Hence ® € O,,4; is regular of order < s with respect to z. On
the other hand ® is the determinant of the homogeneous system above, the m;’s
seen as unknowns, and so we get

@mlz...:@mszo'
We finally consider m € M. From Riickert’s Division Theorem we get
S S S
m = Zfzmz = Z(Qz(b + Zuijzp_])mi = Z ui;z" " my,
i=1 i=1 j=1 1<i,j<s

with fi, Qi € Ont1, uij € O,. Thus the products zP~7m;, 1 <i,j < s, generate M
as Op,-module, which ends the proof. |

Example 1.6 Every non-trivial analytic homomorphism ¢ : A — K{t} (resp. for-
mal homomorphism ¢ : A — K][t]]) is finite.

Proof.  Indeed, I = p(m4)K{t} is an ideal # 0. Then, if 0 # f € I with
w(f) = d < +oo, we can write f = t%u(t), where u is a unit. Thus t¢ € I and
consequently I contains all power series of order > d. Hence, the homomorphism

K¢ — K{t}/I: (ag,-..,a4-1) — ap+ -+ ag—1t%1 mod I

is surjective. Consequently
dimg (K{t}/I) < d,

and by Mather’s Finiteness Theorem, ¢ is finite. |

This example is a very particular instance of a useful finiteness criterion that follows
from Mather’s:

Proposition 1.7 Let ¢ : A — B be an analytic (resp. a formal) homomorphism.
The following assertions are equivalent:

a) ¢ is finite.

b) mp = \/o(muy)B.
Proof. Set I = p(ma)B and Ny = m$; + I for s > 0; clearly Ny D Ngyq1. Then, by
means of any surjective analytic homomorphism ¢ : O, — B, we obtain a surjective

homomorphism
s s+l
ms /m ! — N /N



1. MATHER'S PREPARATION THEOREM 21

Now note that m;/mffl is the space of all homogeneous linear forms of degree
exactly s, which has finite dimension as vector space over K. Hence we also have

dimg (Ng/Ng41) < 400.
After this preparation, suppose ¢ finite. Then dimg(B/I) < 400 and the chain
B=NyO>N D3N, DNys1 DI

must be finite, that is, Ny = Ngy1 for some s. It follows Ny = mpNg + I and
applying Nakayama’s Lemma ([A-McD 2.7]) to N, as B-module we conclude

I =Ng=mjz+1Dmj.

As mp is the maximal ideal of B the above inclusion means that mp = VI, as
wanted.

Conversely, suppose b). Then, since the ring B is noetherian, I D m% for some
s. Hence

dimg (B/T) <> dimg (Ng/Ngyq) < +00,
£=0

and ¢ is quasifinite. By Mather’s Finiteness Theorem, ¢ is finite. |

Another consequence of Proposition 1.5 is:

Proposition 1.8 Let A = O,, (resp F,) and ¢ : A — B be an analytic (resp. a
formal) homomorphism with ¢(x;) = b; € mp for 1 <i <mn. Then @ is surjective if
and only if the b;’s generate mp.

Proof. The only if part is clear, since ¢ ~(mp) C m4 and

w(ma)B ={o(x1),...,0(xp)}B = {b1,...,bp}B.

Conversely, if the b;’s generate mpg, then ¢(m4)B = mp. Hence ¢ is quasifinite and,
by Mather’s theorem, it is finite. Thus, we can apply Nakayama’s Lemma to B as a
finite A-module, and since

©(A) +o(my)BDOK+mp=DB
we conclude ¢(A) = B, and ¢ is onto. [ |

Finally, dimension theory can be applied to analytic and formal rings (for dimension
theory we refer to [A-McD §11]). The following fact will we often used:

Lemma 1.9 An analytic (resp. a formal) ring is reqular of dimension n if and only
if it is isomorphic to O, (resp. Fy).
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Proof. Firstly, O,, has dimension > n, since we have the chain
(O) - (Xl) c---C (Xl,...,Xn) =m,.

On the other hand, the ideal m,, is generated by the n elements x1,...,x,, and this
implies that O, is regular of dimension exactly n ([A-McD 11.14, 11.22]).

Now, let B be an analytic ring of dimension n. If B is regular, mp is generated
by n elements by, ...,b,, which define an analytic homomorphism ¢ : O,, — B. By
Proposition 1.8 this homomorphism is onto, and it remains to see that it is injective.
To that end, we put I = ker(p) and consider the isomorphism O,,/I ~ B induced
by . We get dim(O,,/I) = dim(B) = n, which clearly implies I = (0). Whence, we
are done. |

2 Noether’s Projection Lemma
We start this section by studying factorization in power series rings.

Proposition 2.1 The ring O,, (resp. F,) is factorial and, consequently, integrally
closed in its quotient field.

Proof. Since the ring O,, is a noetherian integral domain, it is enough to see that
any irreducible element ® € O, generates a prime ideal ®O,,. We will do this by
induction. For n = 0 the assertion is trivial, so we assume n > 0 and the result to be
known for less than n indeterminates. After a linear change of coordinates we may
suppose that ® is regular of some order with respect to x,, (Lemma 1.3.1) and then,
by Weierstrass’s Preparation Theorem (Proposition 1.3.3), that ® is a distinguished
polynomial of O,,_1[x,]. By induction hypothesis the ring O,,_; is factorial, and by
Gauss’s Lemma ([L V.6 Th.10]), the ring O,,_1[x,] is also factorial.

Let us see now that ® is irreducible in O,,_1[x,]. Suppose & = &1 P, for some
Py, P, € O,,_1. Since P is irreducible in O,,, one of those factors, say ®; is a unit
in Oy, and ®3 = (1/®1)® in O,. Then by Riickert’s Division Theorem (Proposition
1.3.2), since @ is a distinguished polynomial and ®, a polynomial, the quotient 1/®,
must be a polynomial, too. Thus ®; is a unit of O,,_1[x,], and we conclude that ®
is irreducible in Oy, _1[x,).

We finally show that ®0,, is a prime ideal. Let ® divide the product of two
power series f,g € O,,. By Riickert’s Division Theorem we can write

f=Q2+R, g=QP+R.

It follows RR' = Q*® for some Q* € O,,. Arguing as above, we now also conclude
Q* € Op—1[xn], and @ being irreducible in the factorial ring O,,_1, ® divides either
R or R'. Hence ® divides either f or g.
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Finally, the ring O,, is integrally closed in its quotient field. Actually, any facto-
rial domain has this property, and the proof is the elementary one given for the ring
of integers Z. |

Remark 2.2 The preceding proof further shows that any distinguished polynomial
® € O0,,_1[x,] has a unique factorization ® = P;** - .- P® where the P;’s are distin-
guished polynomials, irreducible both in O, _1[x,] and O,,.

We recall that the height ht(p) of a prime ideal p of a ring A is the maximal length
of a chain of distinct prime ideals contained in p, that is, ht(p) = dim(A,), and this
height is finite if A is noetherian. For an arbitrary ideal I the height ht(I) is defined
to be the minimal height of a prime ideal containing I. If A is noetherian, then v/T
is a finite intersection of prime ideals: VI =p; N---Np,, and we get

ht(I) = ht(vT) = min{ht(py), ..., ht(p,)}.

Note also that if p € I and ht(p) = ht([), then p = I. For instance, suppose
that A is factorial, I = fA and fi,..., f, are the irreducible factors of f. Then
VI=piN---Np,, where p; = fiA and ht(p;) =1 (1 < i < 7).

(2.3) Transversal changes of coordinates. We describe here a construction that
works the same for formal and convergent power series; as usual, we only discuss the
convergent case.

a) Let I be an ideal of O,,. After a linear change of coordinates there are distin-
guished polynomials P; € TN Op_i[xn—it1], 1 <i < r, whose degrees coincide
with their orders as power series, and such that I N O,_, = (0).

We will construct the linear change by induction. First we pick Py € I\ (0),
and after a linear change as in Lemma [.3.1 and an application of Weierstrass’s
Preparation Theorem (Proposition 1.3.3) this P; is the first polynomial we seek in
INO,_i[x,]. Then, having obtained P; for 1 < i < 4, if I N Op_j1 # (0), we
choose P; € INOp_j11 \ (0). We again use Lemma 1.3.1 to make P; regular with
respect to x,_j41, but note that the linear change used only involves the indetermi-
nates xi,...,Xp—j+1, and consequently does not affect the property that the already
constructed polynomials are distinguished with respect to the other variables. We
then apply Weierstrass’s Preparation Theorem and may assume P; is a distinguished
polynomial, too. In that way, after say r steps we are done. |

b) After the linear change above, O, /I is a finite O, _,.-module.

Indeed, let p; denote the degree of P; for 1 < i <r. Any f € O, can be succesively
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divided by P4, ..., P, as follows

p1

p1—k _

QP+ > apxlrF =
k=1

P1 P2
QP+ Z (Qkp2 + Z bkgxsz’__le) xP1=k —
k=1

(=1

= HP+HyPy+ Z bkgxff__lgxfblfk =...
k.

and in the end f will be written as an element Z:=1 H,;P; € I plus something
generated by the monomials

Vn—r+41 12
xYn

X, et 0< v g1 <
This proves b). ]
¢) We have ht(I) =r.
First of all we deduce from b) that
dim(O,,/I) > dim(O,,—,) =n —r,

and consequently
ht(I) < dim(0,,) — dim(O,,/I) < r.

Now, to get the opposite inequality, it is enough to show that
h({Py,...,P-}O,) >,
and for this it suffices to see that
Wt({P;,...., P }Oy) > Wt({Pj_1,..., P }Oy)

for 1 < j < r (note that ht(P.O,,) > 0 since P, # 0). To make notations clearer we
will prove the case j = 1, that is, we will see that

ht({P.,...,P}0,) > ht({Ps,..., P }O,).

Consider the the ideal

J=/{Ps,...,P.}O,_1.

Since O,,_1 is noetherian, we have a decomposition

J=pi0---Nps,
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where the p;’s are prime ideals of O,,_1. Now, every f € O,, can be uniquely written
in the form ), -, arpx® with ay € O,,_1, and using Krull’s Theorem ([A-McD 10.18])
one sees that

qi; = onn = pi[[xn]];

that is, an element f as above is in q; if and only if all the ax’s are in p;. Using
this description one easily deduces that qi,...,qs are prime ideals and again using
Krull’s Theorem that

guN--Ngs=+{Ps,...,P.}O,.

We suppose now that
ht({Py,...,P-}O,) = ht({Ps,..., P.}O,).

Then both ideals share some associated prime among the q;’s, say q1, and in par-
ticular P; € q; = p1[[xx]]. This is however impossible: P; being monic of degree py,
the coefficient 1 of xP! does not belong to p;. |

We have actually proved that ht(I) 4+ dim(O,,/I) = dim(O,,), a formula that is
valid in a more general situation:

Proposition 2.4 Let A be an analytic (resp. a formal) ring which is a domain,
and p a prime ideal of A. Then

ht(p) + dim(A/p) = dim(A).

Proof. We have (up to isomorphism) A = O,,/I, and by the preceding construction
we get a finite homomorphism O, — A, where d = dim(O,,/I). By the general
properties of integral dependence ([A-McD 5.9, 5.16]):

ht(p) = ht(p N Og); dim(A/p) = dim(Oa/p N Og),

and since the formula of the statement holds for Oy, it also holds for A. |

Corollary 2.5 Let p D p’ be two prime ideals of an analytic (resp. a formal) ring
A. Then all mazimal chains of prime ideals in between p and p’ have the same
length.

Proof. Apply Proposition 2.3 to the ideal p/p’ of the domain A/p’. |

We thus come to the main result of the section.

Proposition 2.6 (Noether’s Projection Lemma) Let I # (0) be an ideal of heigth r
of Oy,. Then:

a) After a linear change of coordinates the canonical homomorphism Opn_, =
A — B=0,/I is finite and injective.
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b) Setting 0; =x; + 1 forn—r < j <n, we have B = Al0p_r41,...,6].

c) Suppose that I is prime and let K (resp. L) denote the quotient field of A
(resp. B). After an additional linear change of coordinates involving only
the last r indeterminates Xp—r41,...,%Xpn, the element 0,_,11 is a primitive
element of L over K, that is, L = K[0,_,41].

All these linear changes can be done simultaneously for any given finite family of
ideals of the same height.

The same result holds true in the formal case, that is, when replacing O,, by Fy
and Opn_y by Fr_r.

Proof.  The first two statements follow from the construction 5.2, which can be
applied to several ideals at a time. Now, if I is prime, we use the

(Primitive Element Theorem [L VIL.6]) Let K be a field of characteristic zero
and C C K an infinite subset. If u,v are algebraic over K, there is c € C such
that K (u,v) = K(u+ cv).

By induction we find ¢;,—4+1 =1,..., ¢, € K such that

n

Z CrXE mod [

k=n—r+1

is a primitive element of L over K. We thus finish with the linear change

n

Vi=x fori#Fn—r+1; yu 1= Z CiX.
k=n—r+1

Finally, we claim also that this last change of coordinates can be done simultaneously
for several ideals. Indeed, by the formulation of the Primitive Element Theorem
chosen above, the set

C'={ceC|K(u,v)=K(u+cv)}

is infinite. Consequently, in the application of the theorem to any other field K’
containing C' and two elements u’, v’ algebraic over K’, there is ¢’ € C’ such that
K'(v,v") = K'(u/ + ¢v'). From this remark and by induction, our claims follow
clearly. |

Remarks 2.7 a) A by-product of the preceding constructions is the following char-
acterization of the dimension d of an analytic ring O,,/I: d is the smallest number
of independent homogeneous linear forms hq, ..., hg such that

(h17"'ahd)+1:(Xla"'axn)'



3. ABHYANKAR'S AND RUCKERT’S PARAMETRIZATION 27

For, suppose such linear forms are given. Then by Proposition 1.7 the homomor-
phism
O4— On/I:x1,...,%g+> h1,...,hq

is finite. Hence dim(O,,/I) < d. Conversely, if d is the dimension of O, /I, after
a transversal change of coordinates (2.3) the canonical homomorphism Oy — O,,/I
is finite, and by Proposition 1.7 we would be done again. We can also argue di-
rectly as follows. By 2.3 a), there are distinguished polynomials P; € O,_;[t],
1 <4 <r=n-—d, such that P;(x,—;+1) € I. Using these P;’s, we will see that

Xn—it1 € \/(x1,...,%q) +I. For i = r all coefficients of P, belong to (x1,...,%q),

and consequently the highest degree monomial of P,.(x4+1) belongs to (x1,...,x4)+1.
This highest degree monomial is a power of x441, and so X441 € \/(x1,...,%x4) + 1.
Repeating this, we end by descending induction on 3. |

b) The linear changes in all this section are generic, in the sense that they can
be chosen arbitrarily close to the identity, and consequently to any other fixed linear
change.

Indeed, the linear changes coming from Lemma 3.1 have coefficients arbitrarily
small off the diagonal, and this consists of 1’s. If we are given a linear change other
than the identity, we make it first, and then another one close to the identity. |

¢) The linear changes in the preceding results can be chosen with coefficients in
any fixed infinite subset C' C K. For instance, we can choose integer coefficients, or
rational coefficients bounded by a given constant.

For, according to Lemma 3.1, the coefficients are subject to the condition that
several non-zero polynomials do not vanish at them (note that some coefficients are
1, but by scaling we can suppose 1 € C). The conclusion is immediate. |

3 Abhyankar’s and Riickert’s Parametrization

Let B be an analytic (resp. a formal) domain of dimension d, A = K{x} (resp.
K[[x]]), x = (x1,...,%4), and A — B an analytic (resp. a formal) homomorphism.
Suppose that A — B is finite and injective, so that the quotient field L of B is an
extension of the quotient field K of A. Let 8 € mp. Then:

Lemma 3.1 The irreducible polynomial P of 6 over K has coefficients in A and is
a distinguished polynomial P(x,t) € A[t].

Proof. Set P = tP +aitP~ 1 4+ ... + ap, a; € K. Consider a field F O L where
P has its p roots 6 = t1,...,t, (all different since the characteristic is zero). We
may also assume that there are K-automorphisms of F', 01 =Idp, ..., 0p, such that
0;(0) = t; for 1 <4 < p ([L VIL.2]). Since the homomorphism A — B is finite, 6
is integral over A, that is, 0 satisfies a monic equation with coefficients in A C K.
Applying o; to such an equation we see that ¢; satisfies also the resulting equation,
and consequently ¢; is integral over A. Finally, the ¢;’s are the roots of P, and so
the coeflicients a; of P are symmetric functions of the t;’s. Thus the a;’s are also
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integral over A. But a1,...,a, € K and A is integrally closed in K (Proposition
2.1), so that a1,...,a, € A. Whence P € At].

Now note that P is clearly regular with respect to t of some order s < p and
consequently by Weierstrass’s Preparation Theorem

P=PU,

where P; € A[t] is a distinguished polynomial of degree s and U(0, 0) # 0. Moreover,
by Riickert’s Division Theorem, U is also a polynomial of A[t], and both P; and U
are monic. It follows P (x,8)U(x,0) = 0, and since B is a domain, either P (x,6) =0
or U(x,0) = 0. Hence, P being the irreducible polynomial of 8, we get either P = P;
or P=U. But # € mg and mg N A = my4, so that from

9p+a16p_1+"'+ap:0
it follows a, € m4. If it were P = U, we would have
U(X,O) = ap € My,

and so

U(0,0) = ap(0) =0,
against the definition of U. Thus P = P; and P is distinguished. |
We next suppose that 6 is a primitive element, L = K[f], and we consider the
discriminant 6 € A of P, that is, the resultant of P and its derivative 9P/dt ([L

V.10]). Since P has no multiple roots, § # 0. We will denote by B the integral
closure of B in L. In this situation:

Proposition 3.2 We have 6B C A+ A + --- + AOP~L, where p is the dimension
[L: K] of L as a K-linear space.

Proof. We use the same notation as in the previous proof. Let y € B. Since 6 is a
primitive element we have

Y="bo+b10+- - +b, 10",

where the b;’s are elements of K. Applying the K-automorphisms o; to the equation
above we obtain new equations

Yo (y) =bo +bit + -+ bp1th T 1< 5 <p,

which we look at as a system on the b;’s. The determinant of this system is the
Vandermonde determinant of the elements t1,...,t,, which is well known to be

Cc = H (tj—tz)

1<i<j<p
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In particular § = ¢?, and from Cramer’s Rule we obtain

6b; = cD;(y1,- -, Yps s tp),

where D; is a polynomial with coefficients in Z. We now recall that the ¢;’s are
integral over A as ¢ is, and note that analogously the y;’s are integral over B as y is.
But since A — B is finite, B is integral over A (J[A-McD 5.1]), and the conclusion is
that all those elements are integral over A. Whence every db; € K is integral over
A and, since A is integrally closed in K, §b; € A. Thus we get

5y = 6bg + 610 + -+ + b, 10P7 € A+ A+ -+ AGPL

Corollary 3.3 The ring B is a finitely generated B-module.

Proof. 1In fact, 6B is a sub A-module of M = A+ A +---+ AP~ which is finitely
generated over A. Since A is noetherian, M is noetherian, too, and 6B is finitely
generated over A. Finally, if 6g1,...,8¢m € 6B generate dB over A, then g1,...,gm
generate B over A, and, consequently, over B. |

Now we come back to the situation of Noether’s Projection Lemma:

Proposition 3.4 (Riickert’s Parametrization) Let p a prime ideal of O,, of height
r, and put d =n —r. After a linear change of coordinates the following conditions

hold:
a) The canonical homomorphism Og = A — B = O,,/p is injective and finite.

b) The class 8g+1 = xq+1 mod p is a primitive element of the quotient field L of
B over the quotient field K of A.

¢) The irreducible polynomial over K of 8; = x; mod p € mp is a distinguished
polynomial P; € O4(x;] of degree p; (d < j <mn).

d) For every j = d + 2,...,n, there is a polynomial Q; € Og[xay1] of degree
< pg+1 such that
0x; — Q; €p,
where § € Og \ (0) is the discriminant of Pyi1.
e) For every integer ¢ > max{pgi2, ..., Dn, Z?:d+2(pj — 1)} we have

0p C I ={Pyy1,0%342 — Qat2, .-, 0%, — Qn}O, Cp.

As usual, there is an analogous statement in the formal case.
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Proof. After a linear change of coordinates, conditions a)-d) follow from Proposition
2.6, Lemma 3.1 and Proposition 3.2. We will now prove that §?p C I for a suitable
q. To do that, since p is a finitely generated ideal, it suffices to see that for every
f € p there is ¢ such that §¢f € I. Hence, we start by dividing f succesively by
Piio, ..., P, until we get

_ Va2
f= E avxgly %yt mod Paja, ..., P,

where v; < p; for p+2 < j < n and the a,’s belong to Og44+1 (see the proof of 2.3
b)). For ¢ > 377 »(p; — 1) we can write

8Uf =" 0%a,(6x442)"? -+ (6xn)"  mod 69Pysa, ..., 87 P,. (1)

On the other hand, put x’ = (x1,...,%4), and note that, for d + 2 < j < mn,

(!
Pr(x,xa41) = 69P; (X/’ QJ(X;;XCIH)> € Oalxas1]

for ¢ > p;. Next, since 6x; — Q; € p, it follows
P;(x’,Hd_,_l) =0.
Now, as the irreducible polynomial of 6441 is Pyi1,
P (¥, xa41) = G(x', xa41) Pay1 (', %a11)

where G € O4[x4+1]. Summing up

N
0P (x',W) =0 mod [I.

But we also have dx; = @; mod I, and consequently

(!
Mg@xﬂ—m3<aQW%““»xmdL

Hence, if we choose ¢ > max{pg+2,...,Pn, Z;L:p+2 (p; —1)} in the formula (1) above
we obtain
0?f = R(0xg442,...,0%,) mod I,

where R € Og11[yd+2,---,¥n]- Rewriting this latter polynomial in powers of
Yd+2 = 0Xdt2 — Qd42,- - Yn = 0%n — Qn,
since 0x; — Q; € I for d+2 < j < n, we get
0lf = R(6xg42,-..,0%,) =

= R(Qat2,...,Qn) + Z € (0%gq2 — Qat2)" 42 - (0%, — Qp)"" =

lv|=1

= R(Qd+2,...,Qn) mod T .
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Finally, dividing by Py € I we obtain
09f = R* mod I,

where R* € Og4[x4+1] is a polynomial of degree < pgy1. Since by hypothesis f € p
we deduce that R* € p or, taking classes mod p:

R* (X/7 9d+1) =0.

This is only possible if R* is identically zero, since its degree is strictly smaller than
the degree pgy1 of the irreducible polynomial P11 of 6441. Whence

09f =0 mod I,
which is exactly what we wanted. |
As a consequence of Riickert’s Parametrization Theorem we obtain:

Proposition 3.5 (Abhyankar’s Parametrization) Let p be a prime ideal of O,, (resp.
Fn). Then the localization (O,,), (resp. (Fn)p) is a regular local ring.

Proof. Indeed, using the notations of Proposition 3.4, the ideal I generates p(O,,)y,
since 0 ¢ p, and consequently it is a unit in (O,,),. This means that

Pay1,0%a42 — Qatas - -, 0%n — Qn
generate the maximal ideal of (O,,),. Since
r=n—d=ht(p) =dim((O,),),

this latter localization is regular, and the elements above form a regular system of
parameters. ]

We finally give an alternative formulation of Riickert’s Parametrization:

Proposition 3.6 In the situation of Proposition 3.4 and with its notations, there
s another ideal I' such that

a) I=1Np,
b) 6 € VI'\p, and
¢) op VI
Proof. Consider the primary decomposition of I ([A-McD §§4,7])

I:qlmﬂqs



32 II. ANALYTIC RINGS AND FORMAL RINGS

Then we put
I/Z ﬂ qi, IH: ﬂ qi-
SvVeR aven

Now, since d%p C I, we have §%p C q;. But the g;’s are primary ideals, and conse-
quently either § € \/q; or p C q;, Whence, p C I”. Thus I D I’ Np, and the other
inclusion is obvious. This shows @) and b), and ¢) follows at once:

spcVInp=+I.
|

Remark 3.7 Under the same setting and notation as in Proposition 3.4, we have a
canonical isomorphism

Oalxa+1]/Pi+1 = Oa41/Piy1 = H,

and the inclusion H C B induces another isomorphism
Hs — Bg,

where the index 0 means “ring of fractions whose denominators are powers of §”.

Indeed, both mappings are clearly injective. Moreover, the first one is onto by
division by Pji1 in Og441. Finally, the second mapping is also onto by Proposition
3.2. |

This fact is often quoted by saying that every analytic domain is birationally
equivalent to a hypersurface (note that H is defined by a single equation).

We end this section with a converse to Riickert’s Parametrization. Note first
that condition e) in Proposition 3.4 determines completely p in terms of the P}’s,
the @;’s and J. This leads to the following statement:

Proposition 3.8 Let us be given the following data:

a) An irreducible distinguished polynomial Pyi1 € Og4[xq+1] of degree pgy1 with
discriminant § € Oy.

b) Polynomials Q; € Og4xay1] of degree < pgy1 (d+1<j <n), and
¢) Distinguished polynomials P; € Oq[x,| of degree p; (d+1 < j <n),

such that
09P; € {Pyy1,0%a42 — Qat2,-..,0%, — Qn}Op

for

n

q > max{paya,. ..o, Y (pj— 1)}
Jj=d+2
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(d+1<j<mn). Then the ideal

p = [{Put1,0%a+2 — Qai2,- -, 0%n — Qn}Oy, 1 6%

is prime of height n — d.
As usual, there is an analogous statement in the formal case.

Proof. We only outline the argument, since all details are alike those of Proposition
3.4. Let fg € p, that is,

6% fg = hap1Pas1 + has2(0%ay2 — Qata) + -+ hn (6%, — Qn).

Dividing f and g succesively by P,,..., Pj+2 we may assume that f, g are polyno-
mials in x442,...,%, of total degree < gq. Now, dividing the h;’s by P, ..., Pgi2 we
get

62qu = h;+1Pd+1 +h2+2(5Xd+2 _Qd-‘r?) +-- +h:1(6xn _Qn)+td+2pd+2 +--- +tnPrL7

where the h;’s are polynomials in xg449,...,%,. But then, by the uniqueness of
division, also tgi2,...,tn € Od+1[Xd+2, - - -,Xn]. Finally, after the substitution

Xd+2 = Qd+2/6) o Xp = Qn/67

we see that P11 divides 0° fg for s big enough. Since Py is irreducible, it divides
either f or g, and we are done. |

4 Nagata’s Jacobian Criteria

In this section we will denote A = O,, (resp. F,).

(4.1) Jacobians and regularity ideals. For any power series fi,..., fs € A and
indices 1 < i1 < --- < 1is < n we have the Jacobian of order s

D(flv"'vfs) (afﬂ>
— 77 —=det | = .
D(xiy,...,xi,) 0%, 1<j,6<s

If I is an ideal of A, we will denote by J(I) the ideal generated by I and all the
above Jacobians of order s for fy,...,fs € I. If hy,..., hy generate I, then the
elements
(hj17""hjs)
(Xilv“-vxis)

clearly generate Js(I). This ideal is called the Jacobian ideal of order s of I. It is
easy to check that Js(I) is invariant by linear changes of coordinates.

hay ... he; L 1<ji<- <<t 1<i;<---<ig<n,
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On the other hand, we will denote by G4(I) the ideal generated by all the series
h € A such that Rl is contained in some ideal generated by s elements of I.
Finally, the ideal
Ry(I) = VGs(I) N Js(1)

is called the regularity ideal of order s of I.

Lemma 4.2 Let p a prime ideal of height r > 0 of A. There are then hy,...,h. €p
and a Jacobian

D(hy,..., h,
Do)y
D(Xz'l, e ,Xir)
Proof.  After a linear change of coordinates we have Pjy1,..., P, verifying the

conditions of Proposition 3.3. From condition ¢) we get

D(Pn—r+17 R Pn) _ 6Pn—r+1
D(Xn—r-‘rla s 7Xn) axn—r—i—l

0P,
- axn ¢ p.

Indeed, since P; is the irreducible polynomial of x; mod p, and the degree of 9P} /0x;
is stricty smaller, we deduce that

op,
87xj(xj mod p) # 0,

that is, OP;/0x; ¢ p. [ |
The following criterion is of utmost importance:

Proposition 4.3 (Regularity) Let p a prime ideal of A and I C p another ideal.
The following assertions are equivalent:

a) The local ring A, /IA, is regular of dimension ht(p) — s.
b) p B Rs(I).
c) ppJs(I) and ht(IA,) < s.
Proof. We introduce some further notation:
B=A,, n=pA,, a=1A4,,
k = B/n = quotient field of A/p,
r=ht(p) = dim(B), t=r—s.

a)=b) First we will find elements fi,..., fs € I and fei1,..., fr € p such that

{fla"'7fs}B:a7 {fl,-..,fT}B:n.
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In fact, since B is regular of dimension r (Proposition 3.4) and B/a is regular of
dimension r — s (hypothesis a)), we have

r = dim,(n/n?) = dim, (n/(n? + a)) + dim, ((n* + a)/n?),
r—s=dim,(n/(n®+ a))
([A-McD 11.22]). Consequently, there are fi,...,fs € I and fsy1,...,fr € p such
that fi,..., f. generate n mod n?. By Nakayama’s Lemma, {f1,..., f} B = n, and
we set b = {f1,..., fs}B C a. We have a surjective homomorphism B/b — B/a,

and
r—s=dim(B/a) < dim(B/b) < r —s,

the last inequality because fsi1,..., fs generate the maximal ideal n mod b. We
conclude that B/b is regular of dimension r — s. In particular b is prime ([A-McD
11.23]). Now, if b # a, the dimension of B/b would be > r — s, which is impossible.
Thus

{f17~-~afs}B:b:Cl

that is,
{fi,o s f}Ap = TA,.

Tt follows that there is some g ¢ p with

gIC{flv"'vfs}ACIv

and consequently
Gs(I) ¢ p.
On the other hand, let h € p. There are u € A\ p and g1, ..., g, € A such that

uh =" g;f;-
j=1

Derivating this equality we get

oh  Ou, ~ Of;
u@xi—’_axih_;gjaxi mod f1,..., fr,

and multiplying by

oh - af;
2 Zugji mOd flv"'7f7'7

u =
aXi = sz

for 1 <i <n (note that uh =0 mod f1,..., f).
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On the other hand, by Lemma 4.2 there are hq,...,h, € p and some Jacobian,
say
D(hy,..., h,
Dl
X1yeooy Xp)

which means that § is a unit in A,. But the previous formulas for h = hy, 1 <k <7,
show that ¢ belongs to the ideal generated in Ay by fi,..., fr and their Jacobians of
order r. Hence some of these latter must be a unit in Ay, or in other words, must not
belong to p. Computing that particular Jacobian through the rows corresponding
to f1,..., fs we will find a new Jacobian of order s

D(flv"'vfs)
D(Xz’17~-~,xi5)

5=

Zp,

and consequently, p 5 Js(I).

Finally, since p is a prime ideal, and it contains neither G(I) nor Js(I), it cannot
contain Ry(I) = y/Gs(I) N Js(I). This is condition b), and the first implication of
the statement is proved.

b)=¢) Since y/Js(I) D Rs(I) and p is prime, the first half of ¢) clearly follows
from b).

Let us now estimate ht(a). The same argument as above shows that p 2 G4(I),
and thus there are h ¢ p and g1, ..., gs € I such that

hI C{g1,...,9s}A.
As h is a unit of A, we deduce
a:{gla"'7gs}Ba

and consequently ht(a) < s ([A-McD 11.16]).
¢)=a) Since J(I) ¢ p, there are f1,..., fs € I and some Jacobian, say

5= D(f17"'afs)
D(x1,...,%s)’
which is a unit in B. We are to see that f1,..., fs € n are linearly independent mod

n?, that is, their classes in the -linear space n/n? are linearly independent.
Indeed, suppose
a1 fi +---+asfs =0 mod n2,

for some ay,...,as € B. Derivating with respect to the x;’s we get
0 0
a; h + -t a fs =0mod n, 1<i<s,
6xi 8xi

(note that by the Leibnitz Formula any derivative of an element of n? belongs to n,
and that the f;’s are in I C p C n). We thus have a system of linear equations in
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the unknowns aj,1 < j < s, with determinant  # 0 mod n. Hence this system has
only the trivial solution over the field k = B/n, that is, the a;’s are 0 mod n as
wanted.

Now, since B is a local regular ring (Proposition 3.5), we have

r = dim(B) = dim, (n/n?)

([A-McD 11.22]). Therefore, we can extend f,..., fs to a base fi,..., f. of n/n?,
with certain fsy1,...,f € n. In other words, {fi,...,f-}B +n? = n, and by
Nakayama’s Lemma

{fi,.., [r}B=n.
We now set
be:{fla"-aff}B, 1S£§’r,
and we have

dim(B/bg) =t >r — L.

Indeed, if ¢1,..., g+ € B give a regular system of parameters in the class ring B/by,
then g1,...,9+,f1,..., f¢ are a regular system of parameters of B; consequently,
r=dim(B) <t+£¢. As foi1,..., [ generate n mod by, we conclude that B/by is
local regular of dimension r — £. In particular we have the chain of prime ideals

(0) C by C--- C by,

and so ht(bs) > s. But by C a and ht(a) < s, so that it must be by, = a, and the
local ring
A, /IA, = B/b,

is regular of dimension r — s = ht(p) — s. |

Next we apply the preceding criterion to the situation of Riickert’s Parametrization
Theorem to obtain the final formulation of parametrization in our setting:

Proposition 4.4 (Local Parametrization Theorem) Let p be a prime ideal of height
r of O,. After a linear change of coordinates the following conditions hold true:

a) The canonical homomorphism O,_, — B = O,,/p is injective and finite.

b) The class 6 = x,,—r+1 mod p is a primitive element of the quotient field L of
O, /p over the one K of Op_,.

¢) The irreducible polynomial over K of the primitive element 0 is a distinguished
polynomial P € Op_y[%n—r11], whose discriminant is denoted by 0.

d) The canonical homomorphism (Op—_r41/P)s — Bs is an isomorphism.

e) The localization Bs is a regular ring: if q is a prime ideal of B and § ¢ q, the
local ring By is regular.
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Proof. The first four conditions in the statement have been already proved (Propo-
sition 3.4 and Remark 3.7). The last one will follow from the Regularity Jacobian
Criterion once we see that § € Ry (p).

First, by Proposition 3.4 ¢) there is ¢ such that

6qp C {P7 6Xn7r+2 - Qn7r+2; sy 6Xn - Qn}On C 137
and this means that §7 € G,(p). On the other hand

D(Pa 5Xn—r+2 — Qn_ry2,... ,0Xp — Qn) _ or
D(Xn7r+17 Xp—r425- -+, %n) 0%n—ri1

st e Ju(p).

Now, since ¢ is the resultant of P and OP/0x,_4+1, there are f,g € Op_r[xn_ri1]

such that op
6=fP+g—
8Xn—r-‘,—l

([L V.10]). Thus

P P
o= (pr gL N elp 22 5-1lo ).
8xn,r+1 8an'r‘Jrl
Hence
31T € Gr(p) N T (p)
and so

de V Gr(p) n Jr(p) = Rr(p)'

|
Applying the preceding result to the maximal ideal we obtain:
Corollary 4.5 The series f1,...,fn € my generate the maximal ideal my if and
o D(fis.e s fa)
i oox) 7

Proof. Infact, set I = {f1,..., fu}A. Then I = m, if and only if A,/TA, is a field,
if and only if A, /I A, is regular of dimension 0. By Proposition 4.3 with p = m4 and
s = ht(m4) = n, the latter assertion is equivalent to ma 2 J,,(I) and ht(I4,) < n.
As this inequality always holds we are done. |

The preceding corollary is nothing but the well-known Inverse Function Theorem.
Of course it can be formulated in the standard way:
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Proposition 4.6 Set x = (x1,...,%,), y= (¥1,---,¥p)-

a) (Inverse Function Theorem) Let f = (f1,...,fn) € K{x}" (resp. K[x]]"),
with f(0) = 0. Suppose that

D(flw"?f’ﬂ)

D(x1,...,%p) (0) #0.

Then there is g = (g1, .-, 9n) with g(0) =0 such that

Flg1(x), .. gn(x)) = x.
Furthermore such a g is unique.

b) (Implicit Functions Theorem) Let f = (f1,..., fp) € K{x,y}? (resp. K[[x,7y]]?),
with £(0,0) = 0. Suppose that

D(flv"'?fp)

D(y1,“.’yp)(0,0) # 0.

Then there is g = (g1, - - ., gp) with g(0) = 0 such that

(%, g1(x)s- - gp(x)) = 0.
Furthermore such a g is unique.
Proof. a) The homomorphism
o:K{x} > K{x} : %, — f;

is onto by Corollaries 4.5 and 1.8. Counting dimensions, we see that the kernel of ¢
is a prime ideal of height 0, that is, the kernel is (0). Hence ¢ is an isomorphism,
and the g;’s we are looking for are

b) Set
A=K{zx}, A =K{x,y}, I={f1,..., [} A

and consider the homomorphism
p: A— AT : x;— x; mod I.

Since
D(Xla"'uxn7f17'°'7fp)
D(le--meYla---aYp)
the homomorphism ¢ is an isomorphism (same argument as in ¢)) and the solution
now is

(0,0) # 0

gi=¢ “y; mod I), 1<i<p.
m
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(4.7) Application: roots of a unit. Consider a unit v € C{x} where x =
(%1,...,%p), that is, u(0) = a # 0. Fix an integer p > 0. For any p-th root ¢ of a
we can apply the Implicit Functions Theorem to the equation (y + ¢)? = u and get
v = y(x) + ¢ € C{x} such that

A similar result holds in the real case, whenever c¢ exists, that is, when a > 0 or p is
odd.
We also deduce:

Let f € C{t} (resp. R{t}) a power series of order p. Then there is an
isomorphism of C{t} (resp R{t}) that transforms f in t? (resp. +tP).

Indeed, consider the complex case. By the preceding remark we can write
f=1tPu = (tv)?
with v(0) # 0. We then define an analytic homomorphism by
p:t = tu.

This homomorphism is surjective because ¢(t) generates the maximal ideal and
injective because it is finite. Hence ¢ is an isomorphism, and its inverse transforms
f in tP, as wanted.
In the real case the argument is similar, writing f = £+tPu with u(0) > 0 so that
there is v € R{t} with f = £(tv)P. [ |
Of course all of this works the same for formal power series.

We end this section with another important Jacobian Criterion:

Proposition 4.8 (Equidimensionality) Let I # (0) be an ideal of A. The following
assertions are equivalent:

a) The ideal I is radical and every associated prime of I has height s.
b) There is an element 6 € Rs(I) which is not a zero divisor mod I.
Proof. a)=b) Let
I=pin---Np,, ht(p;))=s, 1 <i<r

We then have
IAPi = plAPz

and by the Regulartity Jacobian Criterion (Proposition 4.3)

RS(I)¢pia ISZST
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Since the p;’s are prime ideals, it follows

Ry(I)Z p1U---Up,

([A-McD 1.11.4)]). Now the union of the p;’s is exactly the set of the zero divisors
mod I ([A-McD 4.7]). We have thus proved b).
b)=a) Let us see first that

o€ \/Ann(\ﬁ/]).

Recall here that the annihilator Ann(M) of an A-module M is the ideal of A con-
sisting of the elements a € A such that am = 0 for all m € M. Now consider any
prime ideal p that contains Ann(v/I/I); in particular I C p. Suppose then § ¢ p. Tt
would follow from Proposition 4.3 that the local ring A, /I A, is regular and so I 4,
is a prime ideal ([A-McD 11.23]). Hence

TA, = VIA,,

and there is some u ¢ p with uv/T C I, that is, u € Ann(v/T/I)\p. This contradiction
shows that & belongs to all prime ideals containing Ann(v/I/I), or in other words,

§ € \/Anm(VI/I).

Consequently 67+/T C I for some p > 1, and since § is not a zero divisor mod I we
conclude /T C I. Hence v/I =T and I is radical.

We can thus write I = p;N---Np,., where the p;’s are prime. As d is not a zero di-
visor, we already remarked that § ¢ p;U---Up,.. Then, and again by Proposition 4.3,
the local ring Ay, /I A, is regular of dimension ht(p;) — s. But since IA,, = p;A,,,
the ring A,,/IA,, has dimension 0. We conclude that 0 = ht(p;) — s, as wanted.

]

5 Complexification

We consider in this section the extension of the ground field — ®g C. In the case of
analytic and formal rings this extension is specially well behaved and very useful to
compare the complex and the real cases.

(5.1) Complexification. The tensor product — @ C induces a covariant functor
from the category of analytic (resp. formal) rings and homomorphisms over R onto
that of analytic (resp. formal) rings and homomorphisms over C. This functor will
be called complexification, and we will use the notations

A=A®rC, and p=prC
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for the complexification of a ring A and a homomorphism ¢, respectively.
The explicit description of complexification is very natural. In order to present
it we introduce a useful notion:

(5.2) Conjugation. The complexification of A = R{x} (resp. R[[x]]) is A = C{x}
(resp. C[[x]]), and it is canonically isomorphic to A[v/—1]: every element f =

> a,x” € A can be uniquely written in the form
f=R(f) +V-13(f)

where

R(f) =D Ra)x" € A, S(f) =) S(a,)x" € A.

Consequently A C E, and A is a rank 2 free A-module with basis {1,v/-1}. In
particular A is an integral extension of A.
Then we define an A-algebra homomorphism by

A=A fes T=R(f)—V-13(f).

This is an idempotent automorphism of A whose fixed part is exactly A, and which

will be called quite obviously conjugation. (This is nothing but the automorphism

deduced from the standard conjugation of C by applying the extension A ®g —.)
For every ideal I C A we have the conjugated ideal

I={f|fel}.

One checks immediately that I is prime if and only if so is I, and it follows that

ht(I) = ht(I) for arbitrary I.

(5.3) The extension A C A for A = R{x} (resp. R[[x]]). For every ideal I of

A we put I = IA. We collect in this paragraph the elementary properties of these
ertended ideals.

a) Every extended ideal I is invariant under conjugation. Conversely, for every

ideal J C A which is invariant under conjugation there is I C A such that
J=1: namely, I = JN A.

Note that if J is invariant under conjugation and h = R(h) + /—15(h) € J, then
also R(h) — vV/—13(h) € J. Consequently R(h),3(h) € J. Hence J is generated by
the R(h)’s and I(h)’s for h € J, and those elements are in A. As a matter of fact,
since S(h) = —R(yv/—1h), we could even take only the R(h)’s as generators. |

b) For every ideal I C A, we have INA=1.

If I is generated by f1,...,fs and h € f, then there are hy,...,hs € A such that

h:h1f1+"'+hsfs-



5. COMPLEXIFICATION 43

It follows
R(h) = R(ha)fr + -+ R(hs) fs €1,

and if h € A, then h = R(h) € 1. [ |

¢) For any two ideals I,1' of A, we have Inl'=InTl. In particular, I C I' if
and only if I C I'.

Arguing as above we see that if h € I NI then R(h) € INTI', and similarly,
S(h) e INT'. Thus

—_~—

he{R(h),SMhYACINT.

The other inclusion is evident. [ |

d) For every ideal I C A, we have VI = \ﬁ In particular, 1 is radical if and
only if I is radical.

Indeed, \[f is invariant under conjugation, I being so, and consequently we are
reduced to see that VTN A =/7T. Butif h € A and h™ € T, then h™ € TN A = I.
This gives one inclusion, and the other is obvious. |

e) For every ideal I C A and every s > 1, we have Jo(I) = J,(I).

This follows immediately from the description of J; by generators given in 4.1.
Concerning prime ideals the situation is a little more involved, but still well
understood.

Proposition 5.4 Set as above A = R{x} (resp. R[[x]]), where x = (x1,...,%y),
and let p be a prime ideal of A. There is then a prime ideal q of A that lies over p.
This q is unique up to conjugation, and

p=ang.

Proof. In fact, by 5.3 d) the ideal p is radical, and consequently an intersection of
prime ideals, say
p=qN---Ngp.

Note now that this intersection must include the conjugates q;, because p is invariant
under conjugation. Hence we can rewrite the equality above in the form

p=(q:Ng) NN (gs N7y).

Pick now for every ¢ = 1,...,s an element

ai€CIi\UCIjUﬁj
J#i
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(after dropping the unnecessary primes). Then we get
(alal) e (CLSES) c 50 A= p

and since p is prime, some factor a;a;, say aia;, belongs to p. It follows that
ara; € q; for all j, and consequently a; € q; or @; € q;. In any case we conclude
j = 1, which proves the result. |

Now we come back to the general situation. Suppose that we are given an analytic
ring A = R{x}/I, where x = (x1,...,%,); then A = C{x}/IC{x}. From this
it is clear that conjugation and extension of ideals as formulated in 5.2, 5.3 and
Proposition 5.4 for A = R{x} works the same for an arbitrary A. Of course, the
analogous construction is valid in the formal case.

We thus deduce:

Proposition 5.5 Let A be an analytic (resp. a formal) ring over R. Then:
a) dim(A) = dim(A).
b) A is reduced if and only if A reduced.

c) A s reqular if and only if A regular.

Proof.  Part a) is equivalent to the assertion that ht(I) = ht(I) for the ideal
I C R{x}, and this follows from Proposition 5.4. Since a reduced ring is a ring such
that 1/(0) = (0), part b) is a consequence of 5.3 d). Finally, part c¢) a consequence
of Corollary 4.5 and part a). |

We now want to discuss when the complexification of a domain is also a domain. As
should be clear from Proposition 5.4, some additional condition must be considered.
To do that, we introduce a new notion:

Proposition y Definition 5.6 Let A be a domain, K its quotient field and t an
indeterminate. Consider the ring Alt]/(t?+1) = A[i], where ¢ stands for t mod t2+
1. The following assertions are equivalent:

a) If a®> +b% = 0 with a,b € A, then a = b= 0.
b) The field K does not contain /—1.
¢) The ring All] is a domain.
In case these conditions hold the ring A is called 2-real.

Proof. The two first conditions are clearly equivalent. Suppose now a) holds, and
let us prove that A[] is a domain.
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Let « = at + b, 8 = ct +d € Aft] be such that
B#0 mod t2+1, af=0 mod t2+1.
The second congruence means that t2? + 1 divides the product a3 in A[t]. Since
aB = (at + b)(ct + d) = (ac)t? + (ad + be)t + (bd),
we deduce (ac)(t? + 1) = af3, and consequently
ad + bc =0, ac —bd = 0.

This is a homogeneous system in the unknowns ¢, d with a non-trivial solution (it is
B #0). Hence
a

b

By a),a=b=0 and o = 0. Thus A[:] is a domain.

Conversely, suppose that A[i] is a domain, and let a,b € A verify a® + b* = 0.
We can then write (a + tb)(a —tb) = 0 in A[i], and since A[i] is a domain one of the
factors is 0, say a+¢b = 0. This means that a+tb € (t? + 1) A[t], so that a = b = 0.
We have hence proved a). |

det =a2+b*=0.

The ring A[i] gives another way of looking at complexifications:

Proposition 5.7 Let A be an analytic (resp. a formal) ring over R. There is then
a canonical isomorphism A ~ All].

Proof. We define the homomorphism
R{x}[t] = C{x} : H(x,t) — H(x,v/—1),
and we need to check that
H(x,t) € I[t] + (¢ +1) if and only if H(x,v/—1) el

for any ideal I C R{x}. To that end, we first divide by t? + 1 to get

H(x,t) = Q(x,t)(t? + 1) + a(x)t + b(x), a,b € R{x},
and we see that we can suppose

H(x,t) =a(x)t +b(x), a,b e R{x}.

In particular, by the properties of extended ideals (5.3), H(x,v—1) = a(x)v/—1+
b(x) € I if and only if a,b € I. We have thus to prove

at +b € I[t] + (t* +1) if and only if a,be T
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for any a,b € R{x}. The “if” part is trivial, so let
at +b= (ot + -+ ap) + (Bot? + -+ + By)(t* + 1)

with «; € I. Equating coefficients we get ¢ = p — 2 and

Bo = —ao
fr = —a
B2 = —az— P
Bp—Z = —Qp_2— 51)—4
a = op1+Pps
b = ap + 6}772
Looking at this system we succesively see that 51, -, 8p—2 belong to the ideal I,
and finally that also a,b € I, as wanted. ]

From the last two propositions we deduce:

Corollary 5.8 Let A be an analytic (resp. a formal) ring over R. Then the follow-
ing assertions are equivalent:

a) The complezification A is a domain.
b) A is a 2-real domain.

After this description of complexifications for rings we consider homomorphisms.
Let ¢ : A — B be an analytic (resp. a formal) homomorphism. Suppose A =
R{x}/I, B = R{y}/J, where x = (x1,...,%p), ¥ = (y1,--.,¥p), and let ¢ be
determined by

¢(x; mod I) = g;(y) mod J

for some g; € R{y}, 1 <1i < n (Proposition 1.3). The complexification @ is deter-
mined then by B B
¢(x; mod I) = g;(y) mod J

The same construction gives, of course, the complexification of a formal homomor-
phism.

Finally we leave to the reader the proof of the next result, which is an easy
exercise involving the properties of extended ideals.

Proposition 5.9 Let ¢ : A — B be an analytic (resp. a formal) homomorphism.
Then:

a) @ is injective (resp. surjective) if and only if ¢ is injective (resp. surjective).

b) ¢ is finite if and only if ¢ is finite.



47

III Normalization

Summary. This chapter is devoted to the study of integral closures in the categories
of analytic and formal rings. The main goal is the description of normalizations.
We then give two applications: uniformization of 1-dimensional rings, introducting
quadratic transforms, and Newton-Puiseux’s Theorem.

1 Integral Closures

We will denote by K’ D K either of the extensions: C = C, C D R, R = R. First of
all we prove:

Lemma 1.1 Let A be an analytic (resp. a formal) ring over K and B O A an
integral domain, which is a finite A-module. Then B is an analytic (resp. a formal)
ring over K' D K.

Proof. By Noether’s Projection Lemma (Proposition 11.2.6) we may assume A =
K{x}, x = (x1,...,%q); since B is a finite A-module, it is an integral extension of
A. Let now n be any maximal ideal of B. By the properties of integral extensions
([A-McD 5.8]) the ideal nN A is the maximal ideal m4 of A.

Consider an element z € B. There is a monic polynomial H € A[z] such that
H(z) = 0. By the Preparation and Division Theorems we have H = H' - H”, where
H' is a distinguished polynomial and H” a polynomial which is a unit in the ring of
power series. This means

H'(x,2) =a,+---+a1z"" +2P € Alz], a1,...,a, Emy

and
H'(%,2) = by + -+ b1z7  +27 € Alz], b, ¢ ma.
Since B is a domain, there are two possibilities:

e H'(2)=0. Then 27 = —(a, + -+ +a;2P~1) € maB C n.

e H"(z) =0. Then z(by + --- + 2971) = —b, is a unit in A, which implies that
z is a unit in B.

This shows that B is a local ring, and n is its maximal ideal. On the other hand the
residue field K’ = B/n is a finite extension of A/m = K, and K’ D K is either C = C
or C DR or R=R. We now

Claim. B contains K'{x} and is a finite K'{x}-module.
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Indeed, if K’ = K, then K'{x} = A, and the assertion is trivial. We suppose,
hence, K’ = C and K = R. We then consider the ring extension B[] D B described
in Proposition and Definition I1.5.6:

B[i] = B[t]/(t* +1), t=t mod #*+1,

where t is a new indeterminate.

The ring B[] is clearly a finite B-module and consequently a finite A-module,
too. Hence, by the part already proved, B[] is a local ring whose maximal ideal n/
verifies n’ N B = n. Hence the residue field of BJ¢] is a finite extension of that of B,
and so both are C. Thus, there is some element ¢/ € B whose residue class is v/—1,
which is also the residue class of . This can be expressed by ¢ — ¢/ € 0/, and we
deduce

Bll]=B+n'.

On the other hand we have the following commutative triangle

B/n=C
Bi]/nB[!]

where ¢ is the homomorphism induced by the inclusion B C B[i], and ¢ the extension
of ¢ given by t — ¢. Clearly ¢ is surjective, and we get an isomorphism

C[t]/I ~ B[]/nB[d],

where I is the kernel of ¢. As t2 +1 € I and I C C[t] is a principal ideal, the
generator of I must be one of the following three polynomials:

t241, t—+v—-1, t++/—1

But if I were generated by the first one, we would have C[t]/I = C & C, which is
not a local ring, while B[t]/nB[i] is. Thus I = (t ++/—1). In any case C[t]/I = C
and the ring B[i]/nBJ¢] is a field. Hence nB][¢] is a maximal ideal and must coincide
with n’. We deduce

B[] = B+n' = B+nB]/]
and by Nakayama’s Lemma, B = B[¢]. This means that ¢« € B, or in other words,

that v/—1 € B.
Finally,

K'{x} = C{x} = R{x}[vV—-1] = A[V-1] C B
and the claim is proved.

We are now ready to show that B is an analytic ring over K’. First of all, by the
claim there are finitely many elements y1,...,ys € n such that

B=K{x}y1, .., vsl-
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Furthermore, we know that every y; is a root of some distinguished polynomial
Pi(x,y;) € K'{x}[y;]. Using these y;’s we will define a surjective homomorphism of
K’-algebras

7 K{x,y} =B, y=(y1,...,7s)

To that end, after division by the P;’s, we can write any f € K'{x,y} in the form:

F= ayt -yl NP+ AP,
\

v|<p

where p is any integer bigger than the sum of the degrees of the P;’s, and \; €
K'{x,y}, a, € K'{x}. Quite obviously we set

m(f) =Y auf -y e K{x}y, ..., us] = B.

[v|<p

With such a definition the conclusion would be immediate. Hence we need to show
the validity of the above definition. That is, we need to check that for any element

fER My N Py, PR (3, v},
it holds
f(vala”-ays) =0

(note that this substitution is always possible because f is a polynomial in the y;’s).
But, if
f:)\1P1+"'+)\SPS, /\Z‘GK/{X,Y},

we can write

f= )\Y)Pl R )\gf')PS + g(T')’

with
N € K'{x}y] and ¢ € {y* ||v] = r}K'{x,y}.
Thus
¢ == APt AP € K {x) ),
and, since the Taylor expansion of g(") as a series in yi, ..., ys starts with monomials

y¥ with |v| > r, we get
9" € {y¥ | Iv] = r}K/{x}[y].
We now consider the ideals

L= {Py,..., PR C {51,k v oy S )] =

and by the preceding remarks we have

feT+p).

r>0
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Consequently, by Krull’s Theorem applied to the ring

K {x} ylp /T K {x} [y,

there are elements h € K'{x}[y] \ p, a1,...,as € K'{x}[y] such that
hf=a1P + -+ asPs.

As this expression only involves polynomials in the y;’s, the substitution y; = y; is
allowed, and so we get

h(X,y17~-~,ys)f(X7y1a---,ys) =0.

Finally, h(x,y1,...,ys) # 0. Indeed, otherwise we would deduce
h(x,0) € ({y1,...,ys}B) NK'{x} C p N K'{x} = {x1,..., x4} K {x}

and so h(0,0) = 0, which is impossible, because

h(x,y) € p={x1,....%a,y1,. ., ys K {x}y]-

The proof is now complete. |

Remarks 1.2 The coefficient field K’ can be determined in some cases, but not in
general.

a) A domain which is a finite module over an analytic (resp. a formal) ring over
C is again an analytic (resp. a formal) ring over C.

Indeed, in this case K = C, and consequently K’ = C, too. |

b) A 2-real domain which is a finite module over an analytic (resp. a formal)
ring over R is again an analytic (resp. a formal) ring over R.

Note that a 2-real domain cannot contain v/—1, and so the coefficient field K’
must be R. ]

c¢) Consider the analytic domain A = R{x;,x2}/(x? + x3). It is not 2-real, but
its coefficient field is R.

d) With A as in ¢) denote by K the quotient field of A; put x7 = x; mod x7 +
x3, 3 = x5 mod x} + x3. The element z/y € K is then integral over A, (z/y)? =
22/y? = —1, and the domain B = A[x/y] is a finite A-module and it is not 2-real.
Thus B is an analytic ring, but now its coeflicient field is C instead of R.

From Proposition 1.1 we deduce the key result concerning integral closures:

Proposition 1.3 (Nagata) Let A be an analytic (resp. a formal) ring over K, and
suppose that A is a domain with quotient field K. Let L be a finite field extension
of K and B the integral closure of A in L. Then B is a finite A-module and an
analytic (resp. a formal) ring over K' D K.
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Proof. Choose any primitive element 6 of L over K. If
apl” + a10P + - +a, =0

with a; € A, ag # 0, the element agf is also a primitive element and it is integral
over A:
(ao8)? + arag(ag)? ™ + - - + ayal = 0.

We thus may merely assume that 6 is integral over A, so that A[f] C B. Further-
more, A[f] is a finite A-module ([A-McD 5.1]) and by Proposition 1.1 A[f] is an
analytic ring. We note now that B is the integral closure of A[f] in its quotient field
L = KIf], and by Corollary 11.3.3, B is a finite A[f]-module. By Proposition 1.1
again, B is an analytic ring. |

2 Normalization
This section is devoted to the following notion:

Definition 2.1 Let A be a reduced analytic (resp. formal) ring over K and K its
total ring of fractions.

a) The integral closure of A in K is called the normalization of A and denoted by
AY.

b) A is called normal if it is integrally closed in K.
In order to understand this better we need a precise description of the normalization.

Proposition 2.2 Let A be a reduced analytic (resp. formal) ring over K. Consider
the associated primes p1,...,ps of (0) and put A; = A/p;. There is then a canonical
isomorphism

AV~ A7 x - x AY.

In particular, AY has finitely many mazimal ideals mY, and
a) AY is the localization of AY at mY.
b) p; is the kernel of the canonical homomorphism A — Ay..

Proof. The total ring of fractions K of A consists of all fractions whose denominators
are not zero divisors, and so the canonical homomorphism A — K is an inclusion.
Furthermore, the zero divisors of A are exactly the elements of the associated primes
p; ([A-McD 4.7]). Thus K is the semilocalization A, ,, and p1 K, ..., psK are the
maximal ideals of K. Setting K; = K/p;K for 1 < ¢ < s, we obtain a canonical
homomorphism

K— Ky x- - x K.
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This homomorphism is actually an isomorphism, by the famous Chinese Remainder
Theorem ([A-McD 1.10]). Indeed, we have

K =pK+()p;K, and [p:K = (0)
J#i i

for all 7’s.
On the other hand,

K; = K/p;K = quotient field of A/p;

and we have a commutative square

A - K

T

Afpr x - x Alps — Kix - x K

Here the two horizontal arrows are inclusions, and the right vertical one is an iso-
morphism, as remarked above.

After this preparation we prove the formula of the statement. It is clear from
the construction that 7 maps A into AY x --- x AY and we claim that this inclusion
is actually the isomorphism

AV = AV x - x AV

we sought. Indeed, by Proposition 1.3 every AY is a finite A;-module, and conse-
quently a finite A-module (the homomorphism A — A; is onto). Hence A} x---x AY
is a finite A-module, too. Let a be an element of that product. Since A is noetherian,
the submodule

Ala] C AV x -+ x AY

is also a finite A-module, and a is integral over A. This shows that 7 is surjective,
and the proof is complete. |

On the way we have shown:

Proposition 2.3 The normalization A” of a reduced analytic (resp. formal) ring
A over K is a finite A-module.

We also get:

Proposition 2.4 A normal analytic ring over K is an integral domain.
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Proof. With the notations of Proposition 2.4, if A is normal then
A=A =AY x---x AY.

But since A is a local ring, this product cannot have more than one factor, and
consequently (0) is a prime ideal, and A is a domain. [ ]

We now want to control the behaviour of the coefficient field under normalization.
As usual the complex case is simpler:

Proposition 2.5 Let A be a reduced analytic (resp. formal) ring over C. The
normalization AY of A is a finite product of normal analytic rings over C and the
correspondence

p—(A/p)”

gives a bijection between the associated primes of (0) C A and the factors of that
product.

Proof. With the notations of Proposition 2.2 again, we have AY = A}y x --- x AY,
and the AY’s are analytic rings over C by Remark 1.2 a). [ ]

The corresponding result in the real case is the following:

Proposition 2.6 Let A be a reduced analytic (resp. formal) ring over R. The
normalization A” of A is a finite product of normal analytic rings over R and/or
over C, and the correspondence

p= (A/p)”

gives a bijection between the associated primes of (0) C A and the factors of that
product.

Under this bijection the 2-real domains A/p correspond to the analytic rings over
R.

Proof. Suppose first that the domain A/p is 2-real. Since this notion only depends
on the quotient field of the given domain (Proposition and Definition I1.5.6) we see
that (A/p)” is also 2-real. Thus by Remark 1.2 b) the coeflicient field of the latter
is R.

Let now p an associated prime such that A/p is not 2-real. Then the quotient
field of that domain contains /—1 (Proposition and Definition 11.5.6 again), and
consequently v/—1 € (A/p)”. Hence the coefficient field of that ring is C. [ |

Finally concerning complexification we have:

Proposition 2.7 Let A be a reduced analytic (resp. formal) ring over R. Con-
sider the associated primes pi,...,pr, q1,-..,qs of (0), so ordered that the domains
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A;/pi, 1 < i<, are 2-real, and the domains B; = A/q;, 1 < j <'s, are not. Then
the canonical isomorphism

A ~ AT x - X AV X BY X --- X BY
extends to the complexification in the form
(A)" =~ AY x -~ x AV x (BY x BY) x --- x (B x B).

Proof. Let A be the complexification of A. By Propositions I1.5.4 and I1.5.8 the
associated primes of A are B _
plA, e ,]JTA

and
nlaﬁly' "an87ﬁS;

where every n; is a prime ideal of A such that n;NA=gq;, and also n; N A = qj.

Hence, by Proposition 2.5 the ring (A)” is canonically isomorphic to the product
(A/prA)” -5 (AfprA)” oo (Afm)! x (AfRn)Y o x (Afng)” x (AfmL)".
Thus, the assertion of the statement splits into the following:

a) AV ~ (A)p;A) for i=1,...,r.

b) By ~ (A/n;)" ~ (A/R;)" for j=1,...,s.

We start by proving a). First of all we note that Z/ng is the complexification of
A;. This domain is 2-real, and consequently its quotient field K; does not contain
v/—1. Thus by Propositions I1.5.6 and I1.5.7 we have

Afpid = AlV=T), A = AV V=,

and the quotient fields of the two rings g/plg and Av;’ coincide both with the field
K;[v/—1]. We have to see, hence, that AY[/—1] is the integral closure of A;[\/—1]
in K;[v/—1]. To do so, note that AY[y/—1] is an integral extension of AY, and
consequently of A; C A;[y/—1]. Thus it remains to see that AY[\/—1] is integrally
closed in K;[y/—1].

Let f,g € K; be such that h = f + \/—1g is integral over AY[\/—1]. Since the
latter domain is integral over A;, the element h is a root of some monic polynomial
Pe Az[t]

P(f++-1)=0.

As P is invariant by conjugation in A; = Ai[vV—-1]

P(f —V-1)=0,
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and consequently also h = f — +/—1g¢ is integral over A;. Thus the elements

are integral over A;, and so they belong to AY. We conclude that h € AY[/—1], as
wanted.
We now show b). Set

L; = quotient field of Bj, F; = quotient field of g/nj.

Since n; N A = q;, we have an inclusion B; C g/nj7 which extends to another
L; C F;. We claim that in fact L; = F}. Every element h € /~1/nj can be written
in the form h = f + /—1g with f,g € B;, and v/—1 € L;. We thus have B; C
g/nj C F; = Lj, and since the first inclusion here is an integral extension, we get
BY ~ (ﬁ/nj)” as wanted. As this argument also works for n;, the proof of b) is
finished.

Whence, as remarked before, also the proof of the proposition is finished.
[ |

We end the section with an easy corollary of the last result:

Corollary 2.8 An analytic (resp. a formal) ring A over R is normal if and only if
its complexification is normal.

Proof.  After the preceding proposition we only have to show that if A is normal,
then there is no B;. But if A is normal, then A is a domain (Proposition 2.4), and
consequently A is a 2-real domain by Proposition 11.5.8. ]

3 Multiplicity in Dimension 1

In this section we consider some special properties of 1-dimensional rings. As usual,
we only describe the analytic case, the formal one being analogous.

From now on, A stands for a reduced analytic ring of dimension 1 over K = R
or C. We denote by K the total ring of fractions of A, and by m its maximal ideal.
Furthermore, since A is reduced, we have the decomposition (0) = p; N - N pg,
where py,...,ps are the minimal primes of A. We put 4; = A/p;, 1 < i < s and call
these A;’s the branches of A; we denote by K; the quotient field of A;, and by m; its
maximal ideal. We also know that K is canonically isomorphic to K7 x --- x K.

Finally we will denote by K({t}) the quotient field of K{t}.

By Proposition I1.2.3, any non-zero element x € m; gives a unique non-trivial
analytic homomorphism ¢ : K{t} — A; such that t — x and conversely. Since A;
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is a domain, such a homomorphism is injective, and by Example II.1.6 it is finite.
We thus obtain a finite field extension K({t}) C K; whose degree will be denoted
by deg(x) or deg(yp).

Definition 3.1 For every i =1,...,s, let u;(A) denote the smallest degree deg(p)
of a non-trivial analytic homomorphism ¢ : K{t} — A;. Then, the integer

pu(A) = pi(A) + - + ps(A)
is called the multiplicity of A.

Our purpose now is to find a different computation for the multiplicity through the
normalization B of A. We recall from Section 2 that B is the integral closure of A
in K and that it is canonically isomorphic to the product By x - - - x By where every
B; is the integral closure of A; in K;. We have:

Proposition 3.2 Every B; is an analytic ring over K, D K, isomorphic to K/{t}.

Proof. By Propositions 2.6 and 2.7, B; is an analytic ring over K} D K;. Moreover,
by Proposition 2.3, B; is a finite A;-module, and consequently the dimensions of
B; and A; coincide. Thus B; is a normal local ring of dimension 1, and so regular
([A-McD 9.2]). Whence B; is isomorphic to K}{t} by Lemma II.1.9. ]

In what follows, we denote by n; the maximal ideal of B;, and set
fi=[K; K.
Now, after fixing any isomorphism ¢; : B; ~ K/{t}, we set
wi() = w(ei(2)

for every non-zero element = € A;, and this definition does not depend on the choice
of ¢;. Indeed, we can reformulate it in the more intrinsic way

m—+1

wi(z) =m if and only if =z € n"\n""".
In particular, w;(x) > 0 if © € m;, and we have the positive integer
e; = min{w; (z) |z € m;}.

Using these notations we will express multiplicities in a different way.

Proposition 3.3 [t holds:

a) deg(p) = wi(z)fi > eifi for any non-trivial analytic homomorphism ¢ :
K{t} — A; with o(t) = z.

b) pi(A) =eifi.
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¢) pu(A) =327 eifi.

Proof. a) The homomorphism ¢ induces another one ¢ : K{t} - A; C B; ~ K/{t}
and we have to show that the degree d of ¢ is

d = w;(2)[K} : K].

Indeed, set p = w;(x) = w(e¢(t)). After an isomorphism of the target we can assume
P(t) = £tP (I1.4.7 a)). We thus get the factorization

K{t} — K{t} — Ki{t},

where the first arrow is t — £t? and the second one the canonical inclusion.
The first homomorphism gives a field extension of degree p. Indeed, any power
series f € K{t} can be written as follows

f = ((10 +at+--- _|_ap71tp—1) + (aptp _|_ap+1tp+1 + ... +a2p71t2p—1) 4=
:(a0+aptp+...)+(a1+ap+1tp+...)t+...+(ap_1+a2p_1tp+...)tp71:
= fo(t?) + fi(tP)t + - + fpo1 (tP) P71,

which shows that 1,t,...,t?~! are a basis of that first field extension.

As the degree of the second extension is clearly [K, : K], we have proved that the
degree of the extension corresponding to v is exactly p[K] : K], as claimed.

On the other hand since x € m;, by the definition of ¢;, it is w(x) > ¢;, and so
the proof of a) is complete.

b) From a) we deduce one inequality, namely p;(A) > e; f;. To prove the converse
one we have to find some ¢ such that

wi(p(t)) = e;.

In order to do so we apply the construction I1.2.3: choose any generators x1,...,x,
of m; and consider the surjective analytic homomorphism O,, = A; which maps x;
to xj, 1 < j <n. Then

a) o(t) = 1.
b) There are n — 1 polynomials Py € Op_p[xn—r41], 1 <€ <n—1, such that

Pg(l’l, ey In_g,xn_g+1) = O

c) Bvery Py, 1 < ¢ <n—1, is a monic polynomial whose degree equals its order
as a power series.

We claim that this is the homomorphism we seek.
We first show that

wi(p(t)) = wilz1) < wi(z;)
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for all j. We do this by induction, the assertion being trivial for j = 1. To check it
for 7 > 1 consider the polynomial P,_; 1. By the properties above, we get a monic
equation

x?+a1x?_1+'--+aq=O,

where the coefficients verify
ar € (xlv"'7xj—1)ka 1< k < q-
Thus, by the properties of w; and the induction hypothesis, we get

wi(ar) > ‘fyni:f}cwi(x'fl ) 2> k(@)

for 1 < k < ¢. Hence, if w;(x;) < w;(z1) we would get

wiap? ™) > kwi(@1) + (¢ — kwi(a;) > qui(z;) = wi(@?),

and so
wilw)) < wlaz]™ 4+ ay),
which is impossible, since alxg_l +tag =~
Next, the maximal ideal m; of A; is generated by x1,...,x, of m. Hence any

T € m; can we written as
r=a1x1+ -+ apnTy, ai,...,a, € A;,
and by the properties of w we get
wi(z) > min{w; (1), ..., wi(z,)} = wi(z1).

Thus w;(z1) = e;, and we have finished the proof of b).
Finally, ¢) is an immediate consequence of b) and the definition of multiplicity.
|

Remarks 3.4 a) We have actually shown that in order to compute multiplicities
the changes of coordinates described in I11.2.3 are the good ones. This has the
further consequence that a generic choice of coordinates (see Remark I1.2.6) gives
the multiplicity of A.

b) Suppose that A is planar, that is, A = K{x,y}/(h). Then u(A) = w(h).

Indeed, after a linear change of coordinates we may assume h is regular of order
p = w(h) (Lemma 1.3.1), and then h = uP where u is a unit and P € K{x}[y]
a distinguished polynomial of degree p (Weierstrass’s Preparation Theorem). We
then have a factorization P = P; - -- P, into distinguished polynomials, which are
irreducible both as polynomials and as power series (Remark I1.2.2). Note that
this factorization has no multiple factor because A is reduced, and consequently the
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branches of A are A; = K{x,y}/(F;), 1 < i < s. Let p; denote the degree of P;.
Clearly w(P;) < p; and

p= sz‘ > ZW(R‘) =w(P)=p.

Hence w(P;) = p;, and by a) the coordinates are good to compute multiplicities:
1i(A) is the degree of the field extension corresponding to K{x} — K{x,y}/(P;).
But the canonical homomorphism

K{x}[yl/(P) = K{x,y}/(F)

is a bijection by Riickert’s Division Theorem, and consequently that field extension
is K({x}) € K({x})[yl/(P;). As the degree of this extension is the degree p; of P,

we have
p(A) = ZNi(A) = Zpi =p=w(h).

]
¢) An easy consequence of Propositions 2.7 and 3.3 is that the multiplicities of
an analytic ring over R and its complexification coincide. We leave the proof as an
exercise (note that f; # 1 if and only if the branch A; is not 2-real).
We end this section with a classical construction.

(3.5) Quadratic transforms. We keep all the notations and data already intro-
duced. Let 2 € m; have value w;(z) = e;. Then
a) Agl) = Ai[zflmi] C B;.

Indeed, if y € m;, then w;(y) > e; = w(x), or equivalently w(¢;(y)) > w(¢i(z)). Thus
@i (y)/di(x) is a well defined power series in K/{t}, and since ¢; is an isomorphism,
y/x € B;. [ ]

b) AZ(-U is an analytic ring of dimension 1 whose maximal ideal is mgl) = niﬁAgl).
In fact, as B; is a finite A;-module, Agl) C B, is a finite A;-module, too, and the first
assertion follows from Lemma 1.1. Now n; N Agl) is a prime ideal of Agl), obviously
# (0), and consequently it is the maximal ideal. |

c) Agl) does not depend on the choice of x.
To see this, let y € A have also value w;(y) = e;. Then w;(y/z) = 0 and arguing as
above it follows that y/x is a unit of B;. As y/x € Agl), and mgl) =n N A§1)7 we
conclude that y/x is a unit in Agl). Hence, z/y € AZ(-l), and so
v = (o/y)(a i) € A

Whence Aly~'m;] C Alz7'm;]. The other inclusion follows by symmetry, and we
conclude Aly~'m;] = A[z~tm,]. |
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d) A; = Agl) if and only if A; = B;.
Let x1,...,x, € A; generate m;. Then
g, x T e, € Agl) = A;

implies m; = zA;. Thus m; is principal, and it follows that A; is a normal domain,
so that A; = B;. [ |

Clearly, if A; # Al(-l), we can repeat the construction to get a sequence of analytic
rings of dimension 1

A=A cAVc...ca” c...cB.

By d), if AET) = AET'H), then Az(-r) = B;, and the sequence stops. But this actually
happens, because B; is a finite A;-module, and consequently a noetherian A;-module.
Thus we come to the

Definition 3.6 In the situation above, the Ting AE—Z) is called the ¢-th quadratic
transform of A;, and the sequence of analytic rings

4= AQ AW € A g,
1s called the sequence of quadratic transforms of A;.

Again we leave as an exercise to check that the complexification of a sequence of
quadratic transforms is a sequence of quadratic transforms of the complexification.

4 Newton-Puiseux’s Theorem

We start by defining power series with rational exponents over K = R or C.

Definitions and Notations 4.1 A formal Puiseux series in the indeterminate t is
an expression f = > amt™/P, in short Yom amt™? or 3 a,,t™/P, where a,, € K
for every m and p is an integer > 1. The a,,’s are the coefficients of f, and the first
of them ag is denoted by f(0).

Consider now two formal Puiseux series f = 3. a,,t™/? and g = 3. b,,t™/9. If
p = ¢ we define f + g and fg as we did for ordinary formal power series (I1.2.4).
Otherwise, if p # q, we first write

f= Z e = Z At g = Z by t™/9 = Z by t PP

and then sum and multiply as said before. Thus the set K[[t*]] of all formal Puiseux
series becomes a ring.

For every p > 1 let K[[t'/?]] be the subring of K[[t*]] consisting of all Puiseux
series of the form 3~ a,,t™/P. We have:

K[[+)) = |J K[ie'/7]).

p>1
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Note that for p = 1 in this union we just obtain the ring K][t]] of ordinary formal
power series.
It is also easy to check that K[[t*]] is a domain, and its quotient field K((t*))

can be described as
K((£") = |J K(('/7)),

p>1

where of course K((t'/?)) stands for the quotient field of K[[t/7]].
Let now x be another indeterminate. For every p > 1 we have a canonical
isomorphism of K-algebras

7, : K[[x]] = K[[tl/pﬂ th— h(tl/p),

defined quite obviously by substitution by t'/P. Using these 7p’s and the formulas
above any problem concerning finitely many Puiseux series can be reduced to a
problem concerning ordinary power series.

The 7,’s also give an easy way to introduce convergence. A formal Puiseux series
f = a,t™? is called convergent if the ordinary power series 7 f) = 2 amx™
is convergent. All the convergent Puiseux series form a subring K{¢*} of the ring
K[[t*]], whose quotient field will be denoted by K({t*}). We have formulas similar
to the ones above:

K{t'} = [JK{s"7), K({e) = [J K({7}).

p>1 p>1

Again, for p = 1 we obtain ordinary convergent power series.

Proposition 4.2 We have:

a) Bvery f € K{t*} can be uniquely written as f = t"™/Pu, for some rational
number m/p > 0 and some unit u of K{t*}.

b) The set of all f € K{t*} with f(0) =0 is the unique prime ideal m* # (0) of
K{t*}.

c) K{t*} is integrally closed in its quotient field.
d) K{t*} is integral over K{t}.
The same result holds true replacing K{t*} by K[[t*]] and K{t} by K][t]].

Proof. a) There is some p such that f € K{t'/P}. Since the assertion is true in
K{x}, we can apply 7, to get a unit u such that f = t™/Py. Given then a second
expression f = t"/%, we have both in K{t'/??}, and using 7, we can work in K{x}.
But uniqueness holds in K{x}, and we are done.

b) Clearly the condition of the statement defines an ideal m*. Furthermore, if
f(0) # 0, in the expression f = t™/Py of a) we must have m = 0. Thus f = u is a
unit. This shows that m* is the unique maximal ideal of K{t*}.
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Now let p # (0) be a prime ideal of K{t*}. We can choose f € p, f # 0, and
from a) write f = t™/Pu for some unit u. Then

t" = (u"f)P € p,

and since p is prime we conclude t € p. On the other hand any g € m* can be
written as g = t"/% with n > 0, and so

g7 =t"v? = (t" )t € p.

As p is prime, g € p. Thus m* C p and the equality follows because m* is maximal.
¢) Let h € K({t*}) be integral over K{t*}, that is

h+ah® P+ +a,=0, ai,...,as e K{t"}.

For a suitable p > 1, h € K({t'/?}) and a; € K{t'/?} for all k. We can thus apply
the isomorphism 7, to translate the above equation to K{x}, which is integrally
closed in its quotient field. We conclude that 7, '(h) € K{x}, and h € K{t!/7}.

d) We have to see that every element of K{t*} verifies a monic equation with
coefficients in K{t}. Consider, thus, p > 0, f € K{x} and f(t'/?) € K{t*}. We
first look for a monic polynomial P(z,y) € K{z}[y] such that P(x?, f(x)) = 0. To
find it, we take the analytic homomorphism K{z, y} — K{x} defined by

z—xP, y— f(x).

This homomorphism is finite (Example I1.1.6), and consequently cannot be injec-
tive, (an injective finite homomorphism K{z,y} — K{x} would give dim(K{x}) =
dim(K{z,y}) = 2). Hence there is some series H € K{z, y} such that H(x?, f(x)) =
0. We write H = z"Q with Q(0,y) # 0 and by Weierstrass’s Preparation Theorem
(Proposition 1.3.3), there are a distinguished polynomial P € K{z}[y] and a unit
u € K{z,y} with Q@ = wP. Hence

0=H(x" f(x)) = x""u(x", f(x))Q", f(x)).

As u(0,0) # 0, u(xP, f(x)) # 0, and P(xP, f(x)) = 0. We thus have found the poly-
nomial we sought, and after the substitution z — t'/? it gives us an equation of
integral dependence of f(t!/?) over K{t}. [ |

We are now ready to state Newton-Puiseux’s Theorem, but first we consider com-
plexification in this new context:

Lemma 4.3 The ring R{t*} is 2-real, and R{t*}[v/—1] = C{t*}. The same holds
in the formal case.

Proof. Suppose that f2+¢?> = 0 with f,g € R{t*} and f # 0. Then f, g € R{t'/?}
for a suitable p. and via the isomorphism 7, we would conclude that R{x} is not
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2-real, which is false. Consider now a series h(t'/?) € C{t*} with h € C{x}. We

write h = f +/—1g with f,g € R{x} and get h(t'/?) = f(t¥/P) + /=1g(t'/P).
|

Proposition 4.4 (Newton-Puiseuz’s Theorem) We have:
a) The field C({t*}) (resp. C((t*))) is algebraically closed.
b) The field R({t*}) (resp. R((t*))) is real closed.
Proof. By Lemma 4.4 /=1 ¢ R({t*}), and C({t*}) = R({t*})[v/—1]. These two

conditions imply that the two assertions in the statement are equivalent (general
theory of formally real fields [L XI.2]) Hence we will only prove a).

We have to see that every polynomial P € C({t*})[y] of degree p > 1 has some
root. Multiplying by a common denominator of the coefficients we may assume that
P € C{t*}[y]. Then, by considering the polynomial

a"~'P(y/a),

where a is the coefficient of the monomial of maximal degree p, we can suppose that
P is monic. We have hence

P =y +a(e/N)y" ™ 4t ap(619),
with a1, ...,a, € C{x}. We set now
P* =y’ +a(x)y" "+ + ap(x) € Clx, v}

Let ¢ € C be a root of multiplicity, say, ¢ > 1 of the polynomial P*(0,y) € Cly].
After the change y = y + ¢ we are reduced to the case ¢ = 0, and from Hensel’s
Lemma (Proposition 1.3.4) we get a factorization P* = QQ’, where @, Q" are monic
polynomials of C{x}[y], @ has degree ¢ and Q(0,y) = y?. In particular, Q is a
distinguished polynomial. By Remark I1.2.2 we can factorize @ into irreducible dis-
tinguished polynomials Q1,..., Qs which are irreducible as series in C{x,y}. Pick
@, for instance, and put A = C{x,y}/Q;. This analytic ring is a domain of di-
mension 1, because @ is irreducible, and its normalization is isomorphic to C{z}
(Proposition 3.2). Thus we get an injective analytic homomorphism A — C{z}, and
from this another

v : C{x,y} — C{z}

whose kernel is Q1C{x,y}. Then ¢(x) # 0, since otherwise x would belong to
Q1C{x,y} and Q7 would divide x. Thus ¢(x) € C{z} is a series of order m > 0, and
by 11.4.7 we can compose ¢ with an automorphism of C{z} to get
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Finally, let ¢(y) = f(z), and so
Q1(z™, f(2)) = ¢(Q1) = 0.
Since @7 is a factor of P* in C{x}[y], we also get
P*(z™, f(z)) = 0.
This means that f(t'/™) € C{t*} is a root of P and the proof is finished. ]

The preceding proof can be examined more carefully to get further interesting in-
formation:

Proposition 4.5 Let P € C{t}[y] be an irreducible distinguished polynomial. Then:

a) The degree of P is the smallest integer p such that P has a root of the form
h = f(t'/?) for some f € C{x}.

b) Any other root of P is then of the form f(£tY/P) for some p-th root of unity
¢eC.

Proof. a) Set A = C{t,y}/(P). This is an analytic ring of dimension 1 over C and,
since P is irreducible, it is a domain. The normalization B of A is then isomorphic
to C{x}, and after an automorphism of C{x} we may assume t = x?. If y = f(x),
we get P(xP, f(x)) = 0 and h = f(t'/P) is a root of P. Once we have found this
root, we will prove that p is the smallest integer considered in a), and that it verifies

b).

The root h comes from the homomorphism
¢ :Cl{t,y}/(P)= A= B=Cix}: t=x" y f(x),
and conversely, any root g(t'/9) of P defines
¢ :C{t,y}/(P)=A—=C{z}: t =2z y— g(z).

We claim that there is a third homomorphism ¢ : B ~ C{x} — C{z} such that
Yop=9¢.

Indeed, since ¢ is injective, it extends to the quotient field of A, and since B is
contained in that quotient field we get ¢ : B ~ C{x} — C({z}). But B is integral
over A, and so (B) is integral over ¥(A) = ¢(A) C C{z}. As C{z} is normal, we
conclude ¢ (B) C C{z}.

Once v is available, we can write

V()P =P(xP) = Pp(t) = ¢(t) = 2%
It follows that p|gq, and that ¥ (x) is a p-th root of z%:

P(x) = E29/7
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for some p-th root of unity £ € C. Thus we get

9(z) = o(y) = vo(y) = ¥(f(x) = f((x)) = f(£297)

and so g(t'/9) = f(&6'/P).

After all of this, it only remains to show that p is the degree of P. For that, note
that since P is irreducible, it has no multiple root, and, since C({t*}) is algebraically
closed (Newton-Puiseux’s Theorem, Proposition 4.4), we conclude that the degree
of P is the number of its roots. Hence we need to see that when £ runs among the
p-th roots of unity, the Puiseux series

g(£r/9) = f(eet/P)

are all different. But suppose

Feet?) = fe'e/P).

Then f(¢x) = f(&'x), and after the substitution x = x/& we get f(x) = f((x), where
¢ = ¢'/¢ is another p-th root of unity. This means that if f = >, axx”, it holds
ar = C*ay, for all k, or in other words,

F=1if a #0.

Now, let r be the smallest positive integer such that (" = 1; as is well known, r | p,
say rs = p. We then write k = mr + p(k) with 0 < p(k) < r, and the last condition
reads

PR =1 if ay #0.

By the choice of r, ¢?*) = 1 if and only if p(k) = 0, if and only if 7 | k. Hence aj, = 0
if r does not divide k, that is, f = g(x") for a series g € C{x}. We conclude

FEP) = g(&7/P) = g(1/%),

and s = p by the minimality of p. Whence ¢ = 1 and £ = &', which finishes the proof.
|

Remarks 4.6 a) The proof of Proposition 4.4 tells also how to treat an arbitrary
monic polynomial P € C{t}[y]. Namely, if P is irreducible it follows from Hensel’s
Lemma (Proposition 1.3.4) that P(0,y) = (y — ¢)? for some ¢ € C. Consequently
after the substitution y = y + ¢ we obtain a distinguished polynomial and can apply
Proposition 4.5; if P is not irreducible, we first split it into irreducible factors. In
any case, if p is the degree of P, all roots of P are in C{t!/?'}.

b) The explicit computation of the roots h = f(t'/?) of a polynomial P €
C{t}[y] is made by the so-called Newton Algorithm, which recursively determines
the coefficients of the series f(x) = a1x + --- + apx* +---. We will not give details
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here, but it is interesting to remark that this is an Implicit Functions problem for &
big enough.

Indeed, write fy(x) = a;x + --- + apx® for k > 1. We suppose that P is irre-
ducible, so that h is not a root of its derivative P/dy and the order n of the series
OP(xP, f(x))/0y is finite. Although we do not know n in advance, we can check
at every step the order ny of the substitution OP(xP, fi(x))/dy, to eventually get
ng = n. In fact, we know this is the case as soon as ny < k, because clearly

op
dy

(2, f(x)) = ?fy? Fu()) mod 247,

Once we have n = ny, <k, f = fi + app1x* + -+ with ay # 0, we write

P(xP, fr(x) + x*1z)
= PO () + G fe a4 30D a0 o)

and substitute z = (f — fx)/x**! = apy1 + - to get

P, fulx)) = %D(xp,fk(x))(f o+l

237372(Xp>fk(x))(f — SR

Since n = ny < k + 1, we deduce w(P(x?, fr(x))) =n+k + 1 and
P(xP, fr(x) + x*Tz) = x""*H (%, 2),

with 0H/9z(0,0) # 0. Consequently, by the Implicit Functions Theorem, there is
h(x) € K{x} such that H(x,h(x)) =0, and (f + x"***1h)(t!/P) is a root of P. W

¢) The preceding remark is useful when P has real coefficients, and we find
recursively a root in C{t*}: the root is real when the first n coefficients aj, are real
(notations as above). Indeed, once these coefficients are real, the others come from
the Implicit Functions Theorem applied in R{x,z}. |
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IV ~ Nullstellensatze

Summary. This chapter is devoted to the real and complex Nullstellensétze. In the
complex case the Nullstellensatz is a direct consequence of Riickert’s Parametriza-
tion. In the real case two other results are essential, the Homomorphism Theorem
and the solution to Hilbert’s 17th Problem. We consider only the analytic case,
remarking that everything can be done analogously in the formal one.

1 Zero Sets and Zero Ideals

According to Definitions and Notations I11.4.1, let K{t*} be the ring of convergent
Puiseux series over K = R or C, K({t*}) its quotient field and m* its maximal ideal.
We will also use the notations

W =K{t*'}, U=m", F=K({t*}).

(1.1) Fix an integer n > 0 and put D = U x --- x U C F™. Let f € O,. Then
for every z(t) = (z1(t),...,2,(t)) € D the substitution f(z(t)) is a well defined
convergent Puiseux series. Indeed, up to an isomorphism 7, (IIT.4.1) this is only a
substitution of ordinary convergent power series. An associated function can thus
be defined by

D=Ux---xU—->WCF:z(t)— f(z(t)).

An intuitive way to see this construction is the following. The field F' is an extension
of K which contains an infinitesimal t, that is, an element which belongs to every
neighborhood of 0 in K. Then D is a neigborhood of the origin in F™ which is small
enough to be contained in the convergence domain D(f) of any series f € O,,.

Definition 1.2 Let I be an ideal of O,. The zero set of I is the set
Z(I)={z(t) e D| f(z(t)) =0 forall feT}.
The familiar properties of this operator are:
Proposition 1.3 Let I, J be two ideals of O, . Then:
a) Z(I)C Z(J)if I D J.
b)) Z(I-J)=Z(INnJ)=ZI)UZ(J).
c) ZI+J)=Z(I)nZ(J).
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Proof. a) is immediate. For b) note that ) implies the inclusions
Z(I-N)DZ(UINJ)DZI)UZ(J).

Now let z(t) € Z(I-J)\ Z (), that is, f(z(t)) # 0 for some f € I. Then, for every
g € J we get

0= (gf)(x(t)) = g(z(e)) f(z(t)),

and so g(z(t)) = 0. Thus z(t) € Z (J). We leave the last formula ¢) as an exercise.
|

The other standard operator is:
Definition 1.4 Let Y C D. The zero ideal of Y is the ideal
JY)={fe€O,|f(z(t)) =0 forall =z(t)eY}.

It is clear that the zero ideal is indeed an ideal, and the following properties are also
immediate:

Proposition 1.5 Let Y, Z be two subsets of D. Then:
a) TY)CT(Z)ifY DZ.
b) TYUZ)=J Y )NJT (2).

The problem solved by the Nullstellensétze is the determination of the ideal J (Z (I))
for any given ideal I. There are two different solutions according to whether C or R
is considered as coefficient field K, as we will find in the coming sections. First we
introduce an equivalent description of zero sets that will be useful later.

Proposition 1.6 Let ® denote the collection of all homomorphisms of K-algebras
O, — K{t*}, and set
O(I)={p € ®| ker(p) DI}

for I C O,,. Then we have:

a) Every homomorphism ¢ € ® is local and it is defined by the substitution
@(f) = f(l‘1(t), s axn(t))’ J €O,
where z;(t) = p(x;) € m* for 1 <i<n.

b) The correspondence: ¢ — (p(x1),...,9(xn)) is a bijection from ® onto the
set D=Ux---xUCF".

¢) This bijection maps ®(I) onto the zero set Z (I) for every ideal I C O,,.
d) T (2 (1)) = Nyea(r) ker(y)-
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Proof. a) To see that ¢ is local, we refer to the proof that every analytic homo-
morphism is local (Proposition I1.1.3). Once this is known, we set

*

(p(Xl) = ZL’Z(t) eEm
for 1 < i <mn, and define ¢ € ¢ by
o(f) = f(@i(t),...,zn(t)), f € On.

We will show that ¢ = ¢ using a proof similar to that of Proposition I1.1.3 a), but
here the argument ends differently since Krull’s Theorem fails for the ring K{t*}.
First, we put

xi(t) = uitmi’/pi’,

where u; is a unit, for 1 < ¢ < n, and

mo . my mMp
— =ming —,...,— /.
Po b1 Pn

Suppose now that there is an f € O,, such that ¢(f) # ¢(f), so that we can write
o(f) = ¢(f) = ut™?,

where v is a unit; we then choose an integer s such that s% >1+ %, and set
f=gt 3 had o,
|v|=s

with g € K[x1,...,x,] and h, € O, for |v| = s. Since ¢ and ¢ are homomorphisms
of K-algebras, we obtain

ut® = o(f) = ¢(f) =
= > (plh) = $(h) ma () (6) = D @, TR <
\

v|=s

lv|=s
= Z byt(ul+ +vn) P = Z b, t5%0 = bt®r0 = ct!t P,
|v|=s lv|=s

where a,,b,,b,¢c € K{t*}. Hence u = ct, which is impossible because v is a unit,
and so we are done.

b) follows immediately from a).

c) Every ¢ € @ is defined by

o(f) = f(z(t), -, zn(t)), f € On,

for unique z1(t),...,z,(t). Thus

ker(@) = {f €0, | f(ml(t)a s vxn(t)) = 0}’
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and ker(p) D I if and only if (x1(t),...,z,(t)) € Z (I). We hence get ¢).
d) Suppose that f € ker(¢) whenever I C ker(p), and let 2(t) € Z (I). Then by
b), there is a homomorphism ¢ € ®(I) defined by

ZL’(t) = ((p(Xl), EERE) <,0(Xn)),

and consequently
fla(e)) = Fle(x1), - 0(xn)) = 9(f) =0,
and so f € J (Z(I)).

Conversely, suppose that f ¢ ker(p) for some ¢ whose kernel contains I. Then
z(t) = (p(x1),..., 0(xa)) € Z(I), but f(z(t)) = o(f) # 0. Thus f & T (Z(I)).
|

Remarks and Examples 1.7 Zero sets and zero ideals are the first concern of
local analytic geometry. All the machinery developed so far can be understood in
geometric terms using them. We will have more occasions to do this, but here are
some examples. Let I # 0 be an ideal of O,, and Y = Z (I) C D its zero set.

a) A point z(t) € D corresponds to a homomorphism ¢ € ®(I) (Proposition
1.6), which is trivial if and only if the point is the origin z(t) = (0,...,0), and we
exclude this case in the sequel. Hence the kernel p of the homomorphism is a prime
ideal different from the maximal one. Then the analytic ring O,,/p has dimension 1
(since ¢ induces an integral extension O,, /p — K{t*}). In the converse, the question
is whether every prime ideal p D I of height n — 1 corresponds to a point of Y. The
answer depends on the coefficient field K.

Suppose, first, K = C. In this case the analytic ring O, /p has dimension 1,
and by Proposition II1.3.2 its normalization is C{t}. This gives a homomorphism
O, — O,/p — C{t} — C{t*}, whose kernel is p, and hence the point of ¥ we
sought. Thus, over C, we can look at the zero set of I as the set of all prime ideals
of height n — 1 containing 1.

Let now K = R. Then the normalization of O, /p is either R{t} or C{t}, and it
is only in the first case that we get a point of Y. We notice that the normalization
is R{t} if and only if O,,/p is a 2-real domain, in which case we call p real. Hence,
when working over R, the zero set Y of I is seen as the set of all real prime ideals of
height n — 1 containing I. One may ask where the non-real prime ideals have gone.
The solution is easy: they are in the zero set Y of the ideal I = IC{x}. This is the
geometric way of defining complexification.

b) We now explain the important fact that the singular locus of Y is again a
zero set.

A regular point of dimension 1 of Y is a point x(t) € Y such that the local ring
(0n)p/I1(0y)y is regular, where p is the height n — 1 prime ideal corresponding to
z(t); otherwise z(t) € Y is called a singular point of dimension 1. By the Regularity
Jacobian Criterion (Proposition I1.4.3), the set of singular points of dimension 1 of
Y is the zero set of the ideal Ry (1) + - - - + R, (I). ]
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¢) An ideal I C O,, has an isolated singularity if for every prime ideal p # m,,,
the local ring (O0),/1(Oy), is regular. In the common usage the term singularity
excludes the possibility of O,,/I10,, being regular.

In case K = C this definition means exactly that the zero set of I has no singular
point of dimension 1. Indeed, this latter condition is equivalent to the fact that
(0n)p/I(Oy), is regular for every prime ideal p O I with ht(p) = n — 1. Choose
any other prime ideal ¢ D I, which will be contained in some p with ht(p) = 1
(this follows from Corollary I11.2.5). Now, by the Regularity Jacobian Criterion
(Proposition 11.4.3), p 2 R4(I) with suitable s, and thus q p Rs(I). Again by the
Regularity Jacobian Criterion, (O,)q/1(0y)q is regular of dimension ht(q) — s.

If K = R the preceding argument does not work, because when we choose p D q,
we need p to be real. For an explicit counterexample, consider the ideal I C R{x,y,z}
generated by f = x? + (y2 + z%)2. One easily checks that the zero set of I reduces
to the origin, but I has not an isolated singularity: the localization at the prime
ideal p C R{x,y,z} generated by x,y? + z? is not regular. Again this is reflected
in the complexification: the singular point of dimension 1 that corresponds to p is
(0,t,v/—1t). We leave to the reader the easy exercise of stating the general result
corresponding to this remark.

2 Riickert’s Complex Nullstellensatz
The main result of this section is:

Proposition 2.1 (Riickert’s Nullstellensatz) Let I be an ideal of C{x}, where as
usual x = (x1,...,%,). The following assertions are equivalent:

a) feT(Z2()).
b) There is an integer p > 1 such that fP € 1.
Proof. First of all, note that we can equivalently state the result in the form:
J(Z1)=VI
Secondly, it is immediate that
JEm)=7(2(VT)).
Now, we can write v/I as an intersection of prime ideals, namely

VI=pin--np,

and by Propositions 1.3 b) and 1.5 b)

JEW)=7(2(VI))=T(EE)N-NT(Z ).
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Hence, it suffices to show that
J(Z()=»
for every prime ideal p of C{x}. Finally, by Proposition 1.6 b), this is equivalent to

N kerg) =p

pED(p)

for every prime ideal p of C{x}. More explicitely, we have to show that for every
f ¢ p there is a homomorphism of C-algebras ¢ : C{x} — C{t*} such that ¢(f) # 0
and ker(p) D p.

We will deduce the last assertion from Riickert’s Parametrization Theorem (Pro-
position 11.3.4 and Remark I1.3.7). After a linear change of coordinates we are under
the conditions stated there, from which we pay special attention to:

a) The canonical homomorphism C{x'} = A — B = C{x}/p is finite and injec-
tive, where x' = (x1,...,%q4) and d =n — ht(p).

b) There is an irreducible polynomial P € C{x'}[x4y1] whose discriminant 6 €
C{x'} has the property that the canonical homomorphism

(C{x'}xa+1]/P)s — Bs
is an isomorphism.

Since A — B is finite, the element a = f mod p is integral over A, and there is an
equation
a™+bia™ 4+ by =0,

of minimal degree m. This minimality implies that b,, # 0, because otherwise we
could divide by a to get another equation of smaller degree. Hence aa’ = b # 0,
where

a'=a™ "+ ba" P+ b1 €B, b=b, € A

Given that 6b = > a,x’” € C{x'} is not zero, it has finite order, say p > 0, and we
can choose a tuple ¢ = (c1,...,cq) € C? such that ZM:p ayc” # 0. We then define a
homomorphism of C-algebras ¢ : A — C{t*} by the substitution x; = ¢;t, 1 <i < d.
By the choice of ¢, ¥(db) # 0.

Let now P = x} +a1x§;} +---+ap, € A[xg41]. By Newton-Puiseux’s Theorem
(Proposition II1.4.4), the polynomial

pY = Xgp1 + 1!1(611)}(2;1 + -+ Plap) € C{t" Hxap1]

has some root 2441 (t) in the quotient field C({t*}) of C{t*}, and, P¥ being monic,
Proposition I11.4.2 ¢) guarantees that z441(t) € C{t*}.
Now, since ¥ (d) # 0, we can extend ¢ to

¢ : (C{x'}[xa11]/P)s = Bs — C({t"})
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by ¢(xq+1 mod P) = z441(t). Since B is integral over A, ¢(B) is integral over
Y(A) C C{t*}, and the latter ring being integrally closed in its quotient field
(Proposition II1.4.2 ¢)), we conclude that ¢(B) C C{t*}. Hence we indeed have
a homomorphism of C-algebras ¢ : B — C{t*}.

Finally, as ¢(aa’) = ¥(b) # 0, ¢(f mod p) = ¢(a) # 0, and the homomor-
phism ¢ € ®(p) we sought is the composite of ¢ and the canonical homomorphism
C{x} — C{x}/p. This completes the proof. |

Remarks 2.2 The above version of Riickert’s Nullstellensatz contains three impor-
tant classical results which we state here in terms of the analytic functions associated
to convergent power series (Proposition and Definition 1.2.3, Proposition 1.2.8).

a) (Rickert’s Nullstellensatz for Set Germs) Let g1, ..., g- € C{x} generate the
ideal I and let f € C{x} be such that for any x € C™ close enough to the origin,
%y (x) = - = %, () = 0 implies °f(x) = 0. Then f € V/T.

Indeed, suppose f ¢ V1. Then, by Proposition 2.1, we find a tuple of power series
z(t) = (x1(t),...,zn(t)) € Z(I) with f(z(t)) # 0. Consequently, for ¢ € C small
and # 0, the point 2 = %(t) € C™ is close to the origin and % () = - - - = %,(x) = 0,
but “f(z) # 0. [ |

b) (Complex Lojasiewicz’s Inequality) Let f, g € C{x} be convergent power series
such that for z € C" close to the origin, %(x) = 0 implies *f(z) = 0. Then, there
are positive real numbers ¢,0, 8 < 1, such that for z € C™ close to the origin,
|%f ()] < c|(x)|”.

For, by a), there is an integer p > 1 and h € C{x} with f? = hg. Hence, near the
origin we have |%f(z)|? = |%(x)||%(z)|. Then we can take § = 1/p and any bound ¢
of the continuous function |*h| in a compact neighborhood of the origin. [ |

¢) (Complex Curve Selection Lemma) Let f,g1,...,9. € C{x} and suppose
that there are points & € C™ arbitrarily close to the origin such that % (z) =
<o = 9%, (x) = 0 and *f(x) # 0. Then, there is an analytic curve germ x(t) =
(x1(t),...,zn(t)) such that for small enough t € C, t # 0, % (z(t)) = -+ =
g, (2(t)) = 0 and *f(x(t)) # 0.

For otherwise, by Proposition 2.1, fP = hyg1+---+hrg, withp > 1, hy,..., h,. €
C{x}, which clearly would imply *f(z) = 0 for every z € C™ near enough to the
origin such that % (z) = --- = %,(z) = 0. |

We now deduce several important corollaries from Riickert’s Nullstellensatz.

Corollary 2.3 Let x = (X1,...,%n), ¥ = (y1,---,¥p), I C C{x} be an ideal and
v : C{y} = C{x}/I an analytic homomorphism. We choose series h; € C{x} such
that p(y;) = h; mod I, 1 <i<p. The following assertions are equivalent:

a) ¢ is finite.
b) Z((h1,...,hy)+1)={0}.



74 IV. NULLSTELLENSATZE

Proof. Indeed, by Riickert’s Nullstellensatz, b) is equivalent to

mp = QP(mA)Ba

where A = C{y} and B = C{x}, and this is equivalent to a) by the finiteness
criterion of Proposition I1.1.7. |

Remarks 2.4 ¢) Condition b) in Corollary 2.3 means that the mapping
Z(I) = FPra(t) = (ha(z(t)), ... hp(z(t)))

has trivial fiber over 0 € FP. This is a fundamental geometric characterization of
finite maps in complex local analytic geometry.
By Proposition 1.3 ¢) we can express condition b) as

Z(I)N{z(t) € FP[hi(a(t)) = --- = hy(x(t)) = 0} = {0}.

|

b) Another consequence of Riickert’s Nullstellensatz is a characterization of the

dimension typical of the complex case. A hyperplane is the zero set H of an ideal

h C C{x} generated by homogeneous linear forms. The height d of such an ideal is

clearly the minimal number of independent linear forms among the generators, and

after a linear change b = (x1,...,%q); quite naturally, d is the codimension of H.
With this terminology, from Remark 11.2.7 a) we immediately deduce:

The dimension of an analytic ring C{x}/I is the smallest codimension of a
hyperplane H such that HN Z (I) = {0}.

Corollary 2.5 Set K = R or C. The regularity ideals of a power series f €
K{x1,...,x,} with f(0) =0 are

0 0
min = (2 22

and Ry(f) = \/(f) for s > 1.

Proof. Tt is clear from the definitions (I1.4.1) that Rs(f) = /(f) for s > 1 and
Ri(f)=/(f,0f/0x1,...,0f/0x,). Hence, it suffices to prove that

of of
W()

Since the real case of this latter assertion follows from the complex one by complex-
ification (II.5), we can assume K = C. By Riickert’s Nullstellensatz, we must show
that f(z(t)) =0 for any z(t) = (z1(t),...,x,(t)) such that 2(0) = 0 and

of B of B
e (€)= 0. 5 (a(1) = 0.
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These x;(t) need not have integral exponents, but after a substitution t = t? we
may assume that in fact x;(t) € C{t}, and by the chain rule

o) "~ 0 Ox;
e = 3 g () G (0 =0

and consequently

Remarks 2.6 Set K=R or C.

a) Following Remarks and Examples 1.7 ¢), a series f € K{x}, with f(0) = 0,
has a singularity if the analytic ring K{x}/(f) is not regular; this singularity is called
a hypersurface singularity. By Proposition 11.4.3 and Corollary 2.5 this happens if
and only if no partial derivative 0f/0x,...,0f /0%, is a unit, that is, if and only if

Of (. _Of

()= = 2= (0) = 0.

b) A hypersurface singularity corresponding to a series f € K{x} is called isolated
when R;(f) is the maximal ideal m of K{x}. By Proposition II1.4.3, this means that
for any prime ideal p # m the local ring K{x},/f is regular of dimension ht(p) — 1,
which agrees with our prior definition in Remarks and Examples 1.7 ¢). On the
other hand, by the last corollary,

g 0
m:Rl(f):\/<a}iava};};>v

and so the homomorphism

is finite (Corollary 2.3). This means exactly that

dimg (K{x}/ (g}i,,g}i)) < +400.

This dimension is called the Milnor number of f.
In the complex case, by Riickert’s Nullstellensatz, a hypersurface singularity
corresponding to a series f € C{x} is isolated if and only if

of af \ _
(2.2 o,
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¢) An isolated hypersurface singularity is square free. The converse is true in
dimension 2.

Let f € K{x} have a factorization f = gh®. Then h divides all the derivatives
Of /0x; and Ri(f) C +/(h) S m. Conversely, let f € K{x1,x2} be square-free.
We have to see that Ry(f) D m. Since in K{x1,x2} any prime ideal different from
m is principal and generated by an irreducible series, if it were Ri(f) 2 m, some
irreducible power series h € K{x1,x2} would divide f and all its derivatives. Thus
f = gh, and h would divide every derivative

af  oh  dg
8xi 798Xi +h6xi'

Now, f being square-free, h would not divide g and, consequently, h would divide
all its derivatives, which is impossible. |
d) An isolated hypersurface singularity corresponding to a series f € K{x} is
called Morse when its Milnor number is 1, or in other words, when the partial
derivatives 0f /0%y, ...,0f /0%, generate the maximal ideal m of K{x}. By Corollary
11.4.5 this is equivalent to the more familiar condition that the Hessian matriz

82f
<o>)
<8Xi8Xj 1<i,j<n

has the maximum possible rank n. |

3 The Homomorphism Theorem

The real Nullstellensatz is more difficult than the complex one. In this section we
will obtain the key result needed to deduce it. To that end we will use the theory
of formally real fields ([L XI]), which was already quoted in the proof of Newton-
Puiseux’s Theorem. We will use the following terminology:

Definition 3.1 Let B be an integral domain and L its quotient field.
a) An ordering of B is the restriction of an ordering of L.

b) We say that B is formally real if there exists some ordering of B.

Note that an ordering of L is completely determined by its restriction to B, and
that B is formally real if and only if L is formally real.

Examples 3.2 a) The ring R{t} is formally real. In fact, it can be given exactly
two different orderings, characterized by the sign of the indeterminate t.

In fact, any f € R{t} can be written as f = ut?, where u is a unit. By I1.4.7 u
is either a square or the opposite of one: f = +v2tP, and the sign of f is completely
determined by the sign of t. |
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Henceforth we will always suppose t > 0, and the ordering is explicitely described
as follows: f=atP +---, a # 0, is positive if and only if a > 0.

b) The ring R{t*} of Puiseux series has a unique ordering in which a series
f=at™P ... a+#0,is positive if and only if a > 0.

Any Puiseux series can be written in the form f = :I:(t%)%z, which determines
completely its sign. |

Of course, we already knew this, since the field of Puiseux series with coefficients
over R is real closed (Newton-Puiseux’s Theorem). As a matter of fact, it is the
real closure of R({t}) with respect to the ordering t > 0 described in a), since it is
algebraic over R({t}) by Proposition 111.4.2 d).

Example 3.2 a) is a particular case of the following:

Lemma 3.3 Let R be a local reqular ring, m its mazimal ideal, k = R/m its residue
field, and R — k : a — @ the canonical homomorphism. Let = be an ordering in k.
Then there are orderings > in R such that for any unit u € R: u > 0 if and only if
u > 0.

Proof. By induction on the dimension d of R. Suppose first d = 1. Then there is an
element ¢ that generates m, and any a € R can be written in the form a = ut?, where
w is a unit and p > 0 is the largest integer with ¢ € m?. We then set a > 0 if and
only if w > 0, and this is a well defined ordering of R that verifies the requirements
of the statement.

The only property which is not immediate is that a > 0, b > 0 implies a+b > 0.
To see it, write

a=ut?, b=vt?, u,v¢m, u>0,7>0

with, say, p < ¢. Then a + b = wt? with w = u+ vt97P, and w is a unit with w > 0:
if g>p,thenw=wu> 0;if g=p, then w =u+v > 0, since w > 0, v > 0.
Now let d > 1, and pick d elements z1,...,z4 which generate m. The ring
R’ = R/(x1) is then a regular local ring of dimension d — 1 with residue field again
k. By induction we have an ordering of R’ verifying the lemma. This ordering is the
restriction of an ordering >’ of the quotient field k; of R’. But k; is the residue field
of the localization Ry = R(,,), which is a local regular ring of dimension 1. We thus
know that there is some ordering > of R; verifying the statement with >’ instead
of . Finally, one easily checks that the restriction of > to R solves the problem.
|

After this preparation we can obtain:

Proposition 3.4 (Homomorphism Theorem) Let p be a prime ideal of R{x} of
height r > 0, where x = (x1,...,%y), and let f1,...,f, € R{x}. The following
assertions are equivalent:

a) The classes by = f1 mod p,...,b, = f, mod p are positive in some ordering
of the domain B = R{x}/p.
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b) There is a homomorphism of R-algebras ¢ : B — R{t*} such that ¢(by) >
0,..., ¢(by) > 0 and ¢(§ mod p) # 0 for some 6 € R,(p).

c) There is x(t) € Z(p) \ Z (R-(p)) such that f1(x(t)) >0,..., fp(z(t)) > 0.
(Here we set Ry(0) = A.)

Proof.  The equivalence between b) and ¢) follows from Proposition 1.6 b) and
¢), since the homomorphisms of R-algebras B — R{t*} can be identified with the
homomorphisms of ®(p).

b)=>a) Suppose we are given ¢ : B — R{t*} as stated in b). We denote by ¢
the corresponding homomorphism R{x} — B — R{t*}, and by q D p the kernel of
@. Then ¢(J) # 0 and as § € R,.(p), we have q 2 J-(p). By the Regularity Jacobian
Criterion (Proposition 11.4.3) the local ring R = R{x},/pR{x} is regular. Clearly
R = Byer(¢) D B, and, since ¢(b;) # 0, the element b; = f; mod p is a unit of R.

On the other hand, the residue field k of R is the quotient field of B/ ker(¢),
which embeds into R({t*}) via ¢. The unique ordering of R({t*}) restricts, thus, to
an ordering > of k, in which the classes b; mod ker(¢) are positive, since ¢(b;) > 0.
Consequently, by Lemma 3.3, there is an ordering > in R in which the elements b;
are positive. The restriction of > to B is an ordering of B in which the b;’s are
positive, and a) is proved.

a)=b) We first note that R,.(p) ¢ p: this is trivial for » = 0 and it follows
from Lemma I1.4.2 for » > 0. Hence, we can choose § € R.(p) \ p, so that the
element b = 6> mod p € B is positive in any ordering of B, and adding it to the
b;’s, any homomorphism ¢ : B — R{t*} such that ¢(b) > 0 has the property that
#(6 mod p) # 0. This means that for the proof of this implication we need not care
about 6.

We will now argue by induction on the dimension d =n —r of B. If d = 0, then
B =R and the assertion is trivial. We next assume d > 0 and the result proved for
dimensions < d. Let L be the quotient field of B, > an ordering in which the b;’s
are positive and R the real closure of L with respect to >. We distinguish two cases:
Case 1: B is regular. If so, we may suppose B = R{x} with x = (x1,...,%4) (Lemma
I1.1.9). After a linear change of coordinates and by Weierstrass’s Preparation The-
orem (Proposition 1.3.3) we have

bi = u; P;, u;(0) # 0,
and P; € R{xy,...,%4-1}[x4] is a distinguished polynomial. We remark:

If u € B is a unit and u(0) > 0 (resp. < 0) then u is positive (resp. negative)
in any ordering of B and ¢(u) > 0 (resp. < 0) for any homomorphism ¢ :
B — R{t*}.

If u(0) > 0 then u = v? for some v € B (I1.4.7), and consequently u is positive in
any ordering; also, ¢(u) = ¢(v)? is positive for any ¢. If u(0) < 0 then u = —v? and
the conclusion is similar.
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We thus have to find ¢ such that ¢(P;) has the same sign that P; for all 4.

We will use the following notations: x’ = (x1,...,%4-1), A = R{x'} and K for the
quotient field of A. Note that A C K C L C R. Now let z be a new indeterminate,
and counsider P;(x’,z) € A[z] C R[z]. As R is real closed we have a factorization of
the form

() (i)
Pi(x',z) = H(Z —&ij) H ((z — ) + 5%) ,» Bij #0, &ij, 045, Bij € R,

j=1 j=1
and the roots of P;(x/,z) are
fij € R, o \/71517' S R[\/fl].

Since P;(x’,z) € Alz] is monic, all these roots are integral over A, and it follows that
also aj, Bi; € R are integral over A. We consider the domain

B' = Al&ij, cij, Bij] C R.

By the preceding remarks, B’ is a finite module over A and /—1 ¢ B’. From Lemma
III.1.1 we deduce that B’ is an analytic domain over R. Moreover, since the &;’s
are roots of the distinguished polynomials P; € A[x,], they belong to the maximal
ideal of B’ (see the beginning of the proof of Lemma II1.1.1).
We now consider the elements ;;,x4 € R and choose an element ¢ € B’ such
that
C— gij >0 if and only if x4 _gij > 0.

More precisely, we take
. 2 1 2
¢= H}}H{fzj} —Xj, Or 5(&‘3‘ +&ryr), or mi?x{&j} +x1,

according to whether x4 is smaller than all the &;;’s, or x4 is in between &;; and &;;/,
or xgq is larger than all the &;;’s. This way ¢ belongs to the maximal ideal of B’, and
by Lemma I1.3.1, its irreducible polynomial over K is a distinguished polynomial

P(x',z) € Alz].

Consider the analytic ring over R, B* = R{x/,z}/P. By Riickert’s Division The-
orem (Proposition 1.3.2), and since P is a distinguished polynomial, the canonical
homomorphism A[z]/P — B* is an isomorphism. In particular, the embedding

A — Alz]/P = B*
is finite, and dim(B*) = d — 1. We furthermore have

B=R{x,x4} - B* =R{x/,z}/P = Alz]/P C K[z]/P = K[¢] C R,
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where
Xqg — z mod P w— (.

Consequently

Pi(x',xq) = P = Pi(x',z) mod P
5(2) r(3)

H &) [[(C—aip)* +8%) R
J

=1

and by the choice of ¢, P;(x/, () has the same sign as P;. In other words, the ordering
of R restricts to an ordering of B* in which P;" has the same sign as P;. Applying
now the induction hypothesis, we find ¢* : B* — R{t*} such that the sign of
¢*(P}) is the same as the sign of P}. The composite of this ¢* with B — B* is the
homomorphism ¢ : B — R{t*} we sought.

Finally, we note that in the argument above we tacitly assumed that some P;
had at least one real root (s(i) > 0). But if this were not the case, the proof would
be even simpler, because then any ¢ in the maximal ideal of B’ would lead to the
conclusion.

Case 2: B arbitrary. Consider the ring

= Blvb1,...,/by] CR.

By Lemma III.1.1, B’ is an analytic ring over R, and it is enough to find ¢’ : B’ —
R{t*} such that ¢(b) # 0 for b = by - - - b,. For, if ¢ is the restriction of ¢’ to B we
get

¢(bi) = ¢'(Vb:)> >0 and  (b;) # 0.

As dim(B’) = dim(B) we are reduced to the same question as in the complex case
(see the proof of Proposition 2.1), namely, whether

for every b € B, b # 0, there is a homomorphism of R-algebras ¢ : B — R{t*}
such that ¢(b) # 0.

Furthermore the argument given there can be repeated here, with the following
modification. After a linear change the canonical homomorphism A = R{x'} — B,
x' = (x1,...,%4), is finite, and we have the irreducible polynomial of x4; mod p,
P=x ,+ alxgﬁ + - +ap, € Alxqq1), its discriminant § € A and another element
b € A. The key point is then to find a homomorphism ¢ : A — R{t*} such that

¢(0b) # 0 and the polynomial
P? = x4+ ¢lan)xfy + - + dlap) € C{t"}xar1]

has some root z441(t) € R({t*}). This was immediate in the complex case, because
the field C({t*}) is algebraically closed, while R({t*}) is not. To solve this additional
difficulty we use Sturm’s Theorem ([L XI.2]):
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Let ¥ = {Py,..., Ps} be the standard Sturm sequence of P, that is:

PO ZP, Pl :8P/8Xd+1,
Pg,Q = Qz71Pz,1 — Pg7 Pg 75 0, deg(Pg) < deg(Pg,l), 1<?t< S,
P, = Qspsa

where all the polynomials are in L[xgy1]. Let
M=1+p+ai+--+a, €A

Then, since 6 # 0, P has no multiple roots, and the number of them in the
real closed field R equals the difference of the sing changes of the two following
sequences of elements of R:

(Po(=M),....Py(=M)}  and  {Py(M),..., P,(M)}.

We now write the non-zero coefficients of the polynomials P, Qp € L[x44+1] in the
form ¢;/d; with ¢;,d; € A. After this preparation we apply Case 1 to find a homo-
morphism of R-algebras ¢ : A — R{t*} such that the signs in > of the elements

67 a, Cq, dia PZ(_M)7 PE(M>
coincide respectively with the signs of the elements

¢(0), d(a), d(ci), (di), d(Pe(=M)), p(Pe(M)).
We have:
a) 2% ={P?,..., P?} is the standard Sturm sequence of P?.

The equations that define the standard Sturm sequence are still valid after applying
¢, because ¢ is a homomorphism that does not map to zero any denominator d;.
Moreover, the conditions on the degrees are also preserved, since ¢ does not map to
zero any numerator ¢;, including those corresponding to the terms of higher degree
of the P,’s. We similarly see that

b) The discriminant of P? is $(8) # 0.
¢) ¢(M) =1+p+d(ar)’ + -+ ¢(ay)*.
d) The sign changes in the sequences

{Po(=M),....P(=M)}  and  {PJ(=¢(M)),.... P{(~¢(M))}

(resp. {Po(M),...,Py(M)}  and  {P§(¢(M)),..., PL((M))})

coincide.
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After these remarks we apply Sturm’s Theorem to the polynomial P? and deduce
that the number of roots of P? in the real closed field R({t*}) equals the number
of real roots of P in R. But P has at least the root x411 mod p € B C R, and
consequently P? has at least one root z441(t) € R({t*}) as wanted.

As was explained before, once this z441 is available, the proof follows to the end
as in the complex case. |

Example 3.5 The regularity ideal is essential for the equivalence in the preceding
result. For instance, let p C R{x,y,z} be the ideal generated by x?> — zy? and
consider the series f = —z. Then b = f mod p = —x? mod p/y? mod p is negative
in all orderings, but for z(t) = (0,0,—t) € Z(p) we have f(x(t)) =t > 0. Of
course the reason is that Ri(p) = (x,y), and so z(t) € Z (R1(p)). This example is
the famous Whitney’s Umbrella.

4 Risler’s Real Nullstellensatz

The real counterpart of Proposition 2.1 is:

Proposition 4.1 (Risler’s Nullstellensatz) Let I be an ideal of R{x}, where as usual
x = (x1,...,%p). The following assertions are equivalent:

a) feT(Z(I)).

b) There are an integer p > 1 and power series gi,...,gs € R{x} such that

fragittglel

Once we have obtained the Homomorphism Theorem (Proposition 3.4) the only
missing ingredient for the proof of the real Nullstellensatz is a notion that substitutes
the radical of an ideal and formalizes condition b) in the above statement.

Proposition y Definition 4.2 Let A be a commutative ring with unit, and I C A
an ideal. The set of all elements f € A such that f?P + g2 +---+ g2 € I for some

p > 1 and some g1,...,9s € A is an ideal of A, called the real radical of I and
denoted by /1.

Proof. The tricky part is that if f,g € ¥/I, then f + g € v/I. To see this, write
fP+acl, ¢g**+bel,

where a, b are sums of squares of A. Now, if p > ¢, we have:

(f+9)°+(f—9))7 = (217 +2¢°) " = af? + Bg*,
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and )
(F+9?+(f=92)" =(F+9)*" +7,
where «, 3,7 are also sums of squares of A. It follows

(f+9)" +v+aa+Bb=a(f”+a)+B(f*+0b) €1,

and so f+g e VI. ]

We finally come to the

Proof of Proposition 4.1: According to the definition of the real radical, the state-
ment can be equivalently formulated as

J(2(I)) = VI.

To start with, we note that
7z =7 (2(47).

Indeed, if f € ¥/T we have an expression f2P+g?4---+g2 € I. Then, if z(t) € Z (I),
we get
F@(®)® + g1(x(t))® + - + gs(a(t)* = 0.

This is a sum of squares of elements of R({t*}), which is a formally real field, and
consequently, all the summands must be zero, so that f(x(t)) = 0. This means that

Z(I)cZz ({ﬁ ), and consequently

TJED)>T (Z (ﬁ)) :

The other inclusion follows from the general properties of Z and 7, since I C /1.
Now the ideal /T is clearly radical and has a decomposition

VI=pin---np,
into prime ideals. Then
J(EZT)=T(ZmE))N---NT(Z (b)),

and we have to see that J (Z (p;)) = p; for all 4.
Fix i = 1,...,r and put B = R{x}/p;. We claim that B is a formally real
domain. We recall Artin-Schreier’s Criterion ([L XI.2]):

B is formally real if and only if any equation z3 + - - - +z2 = 0 has only trivial
solutions in B.
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To check this criterion in our case, let hy,...,hs € R{x} be such that
h3+4 -+ h2=0 mod p;.

We choose an element h € (), p; \ pi and obtain

(hh1)2 + -+ (hhs)2 S ﬂpj Np; = \Tﬁ
J#i

Hence from the very definition we get
hhy,... hhs € VT C p;,
and since h ¢ p;, we conclude hy, ..., hs € p;. In other words
hi=---=hs=0 mod p;,

as required.

We finally show that J (Z (p;)) C p; (the other inclusion is obvious). Fix an
ordering > in B and let f ¢ p;. Then f? mod p; is positive in >, and by the
Homomorphism Theorem there is z(t) € Z (p;) such that f(z(t))> > 0. Then

f(z(e)) #0and f & T (Z (pi))- u

Remarks 4.3 As in the complex case (Remarks 2.2), Proposition 4.1 implies the
usual version of the Nullstellensatz, as well as two other important results.

a) (Risler’s Nullstellensatz for Set Germs) Let ¢1,...,9, € R{x} generate the
ideal I and let f € R{x} be such that for any x € R™ close enough to the origin,
%y (x) = - = %,(z) = 0 implies %f(x) = 0. Then f € /1.

Same proof as Remarks 2.2 a). |

b) (Real Lojasiewicz’s Inequality) Let f,g € R{x} be convergent power series
such that for x € R™ close to the origin, %(x) = 0 implies *f(z) = 0. Then, there
are positive real numbers ¢,0, 8 < 1, such that for z € R" close to the origin,
2f(2)] < clg(a)]P.

Same proof as Remarks 2.2 b), using the real radical instead of the radical, and
the obvious inequality |%f(z)|? < ¢f(2)* + %hq(x)? + - - - + %hs(z)?, for & € R™ near
the origin, and p > 1, hq,..., hs € R{x} [ |

¢) (Real Curve Selection Lemma) Let f1,..., fs,q1,-..,9» € R{x} and suppose
that there are points « € R™ arbitrarily close to the origin such that % (z) = --- =
%, (x) = 0 and *f1(z) > 0,...,%s(x) > 0. Then, there is an analytic curve germ
z(t) = (z1(t),...,2,(t)) such that for ¢ € R small enough and # 0, % (z(t)) =
coo=9%,.(x(t)) =0 and “f1(z(t)) > 0,...,%s(x(t)) > 0.

Consider new indeterminates y = (y1,...,ys), the series g.4; = y? — fi(x) €
R{x,y}, 1 < i < s and the ideal I generated by ¢1,...,gr+s. By hypothesis, there
are points (z,y) € R™"* very close to the origin, with g;(z) = -+ = g,(x) =

grr1(x,y) = = grys(z,y) =0 and y; ---ys # 0. Hence, y1---ys ¢ V1, and, by
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Proposition 4.1, there is (z(t),y(t)) € Z(I) such that y1(t)---ys(t) # 0. Whence,
for small enough ¢t € R, t # 0, % (z(t)) = - = %, (x(t)) = 0 and *f1(z(t)) =
ayl(t)Q >07"'7afs(x(t)):ays(t)2 > 0. u

We can see Proposition 4.1 as a characterization of the zero ideals. In particular,
for prime ideals we obtain:

Corollary 4.4 Let p be a prime ideal of height r > 0 of R{x}, x = (x1,...,%Xn)-
Then the following assertions are equivalent:

a) J(Z(p)) =»p.
b) The domain B = R{x}/p is formally real.

¢) There is a homomorphism of R-algebras ¢ : B — R{t*} such that ¢(6 mod p)
# 0 for some § € R.(p).

d) Z(p)\ Z (Rr(p)) # 0.

Proof. By Risler’s Nullstellensatz (Proposition 4.1) a) is equivalent to the following;:
If fP+g3+---+g2€p then fe€p.

This, in turn, can be reformulated as:
If f+g3+---+g?>=0 mod p, then f€p.

But p is prime, and so f € p if and only if fP € p. Hence the last condition is exactly
Artin-Schreier’s Criterion. Consequently, a) is equivalent to b).

On the other hand, conditions b), ¢) and d) are equivalent by the homomorphism
theorem (Proposition 3.2) for f; = 1. ]

Note that a) is always true in the complex case, while in the real one we have the
algebraic conditions b) and ¢). Condition b) is a strengthening of the notion of a 2-
real domain which was introduced in connection with complexifications (Proposition
and Definition I1.5.6). In general it is strictly stronger: R{x,y,z}/(x? + y? + z2) is
a 2-real domain, but it is not formally real. However in dimension 1 we have:

Proposition 4.5 (Risler) Let B be an analytic ring over R, which is a domain of
dimension 1. Then B is 2-real if and only if it is formally real.

Proof. The “if” part is always true, so suppose that B is 2-real. Then its normal-
ization is isomorphic to K{t} (Proposition III.3.2) with K = R or C. But since B
is 2-real, v/—1 ¢ K{t}, and so K = R. Thus, the quotient field of B is isomorphic
to that of R{t}, and as the latter ring is a formally real domain, we are done.

[ |
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5 Hilbert’s 17th Problem

Let W = R{t*} be the ring of convergent Puiseux series, F' = R({t*}) its quotient
field and U = m™* its maximal ideal. Fixn > 1 and consider theset D = U x---xU C
F™ (1.1)

Definition 5.1 LetY be a subset of D. A power series f € R{x}, x = (x1,...,%n),
is called positive semidefinite on Y if f(z(t)) > 0 for every z(t) € Y.

Now Hilbert’s 17th Problem makes sense for power series with real coefficients, and
its solution is, as expected, that a positive semidefinite power series is always a sum
of squares. But this has to be formulated in a suitable way.

Proposition 5.2 Let I be an ideal of R{x}, x = (x1,...,%,), and f € R{x}. Then
the following assertions are equivalent:

a) f is positive semidefinite on Z (I).
b) There are p>1 and hy,...,he,q1,...,9s € R{x} such that
FOP+hi+-+h})=gi+-+g; mod I.
c) There are h,q1,...,gs € R{x} such that
fR?=gi+---+g2 mod I
and Z(h) C Z(f).

Proof. a)=b) If f(0) # 0, then a) implies f(0) > 0, and f is a square in R{x}.
Thus we can assume f(0) = 0. Consider a new indeterminate z and the canonical
inclusion R{x} C R{x,z}. Let f1,..., fr, € R{x} be generators of . We claim that

ZGJ(Z(f—l—zQ,fl,...,fm)).

Indeed, if (z(t),2(t)) € Z (22 + f, f1,. .-, fm), then f;(z(t)) = 0 for all i, so that
x(t) € Z(I) and by a) f(z(t)) > 0. Moreover z(t)? + f(z(t)) = 0 and consequently
z(t) = 0. Thus our claim is proved. Now, by Risler’s Nullstellensatz (Proposition
4.1), there are ¢ > 1 and «, 8;, F; € R{x,z} such that

24 ) Fi(x2)" = a(x2)(2" + f(x) + D 8(x,2)f5(x).

Furthermore, multiplying by z? if necessary, we may assume that ¢ is odd: ¢ = 2p+1
with p > 1.
We next note that every series F' € R{x,z} can be uniquely written in the form

F(x,2z) = G(x,2%) + zH (x,2°);
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we call G the O-component of F' and H the 1-component. In our case we get
2q—|—z —|—zH(xz))2:
(ao(X7 z%) + zai(x,2°%)) (22 + f(x)) + Z (Bjo(x,2%) + 2Bj1(x,27)) f;(x)

J

and comparing the O0-components of both sides of this equality it follows

2q+z 2?4+ 2°Hi(x,2°)%) = ao(x,2°) (2 + f(x +Zﬁ;oxz )i (x).

Recalling that ¢ = 2p + 1, we rewrite this equation in the form:

2 <z4p + ZHi(X’Z2)2> + ZGZ'(X, z%)? =
ao(x,2%)(z” + f(x +Zﬁyoxz )5(x).

On the other hand the homomorphism
R{x,z} = R{x,z} : T(x,2) — T(x,z%)

is injective. For, it is finite (1 and z generate the second ring as a module over the
first), and, since both rings are domains of the same dimension, its kernel must be
zero. Hence, from the last equation we deduce

z (zzp + ZHi(x, z)2> + ZGi(x, 2)2 =ao(x,2) (z+ f(x)) + Zﬂjo(x,z)fj(x).

Finally, since f(0) = 0, we can substitute z = — f(x) to obtain the equation of the
statement.

b)=c) It is enough to take h = f?P + h? + - - + h,., which obviously verifies the
condition required:

fh2:(f2p+h%+"‘+hr)(9%+'“+93) mod I,

where the right hand side is again a sum of squares.

¢)=a) Suppose fh? =g} +---+ g2 mod I with Z(h) C Z(f), and let z(t) €
Z(I). If f(z(t)) =0 there is nothlng to prove. If f(z(t)) # 0, we also have, by the
condition on h, h(x(t)) # 0, and since

Fla(@)h(z(£))? = gi(@(t)) + - + gs((¢))* 2 0,

we conclude f(z(t)) > 0. |
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Remarks and Examples 5.3 a) The preceding result shows that positive semidef-
inite functions are sums of squares, allowing denominators of course. Nevertheless,
these denominators are not arbitrary.

b) Conversely a sum of squares with arbitrary denominator need not be positive
semidefinite. For instance, let I = p C R{x,y,z} be the ideal generated by x? — zy?
and consider the series f = z. Then fy? = x> mod p, but for z(t) = (0,0, —t) €
Z (p) we have f(z(t)) = —t < 0. We are to see that this fact is true in general, and
the obstruction to positiveness lies in the regularity ideals.

After the preceding remarks we will characterize the sum of squares with arbi-
trary denominators. For the sake of simplicity we restrict ourselves to the case of
prime ideals, and leave to the reader the exercise of formulating the corresponding
result for arbitrary ideals.

Proposition 5.4 Let p be a prime ideal of height r > 0 of R{x}, x = (x1,...,%n).
The following assertions are equivalent:

a) f is positive semidefinite on Z (p) \ Z (R (p)).-
b) There are h,g1,...,9s € R{x}, h & p, such that

R =gi+---4g2 mod p

Proof. Set B =R{x}/p and let L be the quotient field of B.

Suppose first Z (p) \ Z (R,-(p)) = . Then B is not formally real (Corollary 4.3)
and —1 is a sum of squares in L. On the other hand, b = f mod p € B can be
written in the form

b:i((b—i—l)z—(b—l)z),

and, —1 being a sum of squares in L, b is a sum of squares, too. This shows that
under our initial assumption both conditions a) and b) hold, and we are done.

Let now Z (p) \ Z (R-(p)) # 0. Then B is formally real (Corollary 4.3) and the
element b = f mod p € B is a sum of squares in L if and only if b is positive in
all orderings of B ([L XI.2]). By the Homomorphism Theorem (Proposition 3.4) the
latter assertion is equivalent to a). ]

Of course all these differences disappear in the regular case:

Corollary 5.5 (Risler) Let f € R{x}, x = (x1,...,%,). The following assertions
are equivalent:

a) f is positive semidefinite on D.

b) There are h,g1,...,gs € R{x}, h # 0, such that

fR =gl 4+l
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¢) There are h,g1, - ,gs € R{x} such that
=g+ +gi
and Z (h) C Z(f).

Remarks and Examples 5.6 a) In general, denominators cannot be avoided.
Indeed, Motzkin found the following example. Consider the Arithmetic-Geometric
Identity
3 27 2 1 2
(a+b+c)® —27abc = Zc(a—b) + 1(4a+4b+c)(a+b—20) .
After the substitution a = x*y?, b = y1z2, ¢ = z*x? we get a series h € R{x,y,z}
which factorizes into h = fg with

f(x,y,2) = a =38, g(x,y,z):a2+a5+ﬁ2,
o =xiy? +ylz2? 4202, B = xPy2e?.
Clearly f,g,h are sums of squares, and we claim that to express f as a sum of
squares the denominators are essential.
Let f =), f? for some f; € R{x,y,z}. Since f is an homogeneous polynomial of

degree 6, looking at the expansions of the f;’s we can suppose they are homogeneous
polynomials of degree 3. Then

e Fory=z=0weget 0=>,(a;x*)?, and so a; = 0 and x* does not appear in
any f;. Similarly, y®,z3 do not appear either.

e For z = 0 we get x*y* = >, (a;x*y + b;xy?)?. Hence b; = 0 and xy* does not
appear in any f;. Analogously, neither x?z nor yz? appear in any f;.

Summarizing,
fi= aixzy + binZ +z’x+ d;xyz,

and consequently, >, d? = —3, which is impossible. ]

b) Denominators are not necessary in dimension < 2. For dimension 1 the proof
is easy: any f € R{t} can be written as f = eu?t? with e = +1 and u(0) # 0. If f
is positive semidefinite, we have

e 0 < f(+t) = eu’t9, and so ¢ = +1.
o 0 < f(—t) =u(—t)%(—t)4, and so q is even, say q = 2p.

Hence f = (utP)? is a square without any denominator. ]
We end this section with the proof of the fact stated above that denominators
are not needed in dimension 2.

Proposition 5.7 (Bochnak-Risler) Every power series f € R{x1,x2} which is pos-
itive semidefinite is a sum of two squares in R{xy,xa}.
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Proof. We first write f = x[g with g(0,x2) # 0. Then g is regular of some order
with respect to xo and by Weierstrass Preparation Theorem there is a distinguished
polynomial P € R{x; }[x2] and a unit u € R{xy,x2} such that f = ux]P.

We now factorize P into irreducible components according to Remark 11.2.2, and,
after associating factors of even multiplicity, we can write P = Py Py, where P; is a
square in R{x;,x2} and P, has not multiple factors. We claim that P, has no root
in the field of Puiseux series F' = R({t*}).

Suppose otherwise, and let & the biggest of such roots. Since P; is a distinguished
polynomial, £ € R{t*}, and furthermore £ belongs to the maximal ideal U = m* of
R{t*}. By the choice of £ there are elements ¢ and ¢’ in U such that:

a) (' <€<,
b) ¢ and ' are bigger than all the other roots of P, and
¢) ¢ and ¢ are different from all the roots of P.

We can now factorize Py in F[xs] as:

Py=(xa =) [[xa = &) [ (2 — )* + B3), B; #0,

i J

and it follows easily that
fE.Qf(£,¢) <0,

which is impossible because f is positive semidefinite. Thus the claim is proved.

From the claim we deduce that P, is positive semidefinite, and since P; is a
square, P is positive semidefinite, too. Then for any z(t) = (+t,0), § € U, with
P(z(t)) # 0 we get

fa(¢)) = () u(z()) P(x(t)) > 0,

which implies (£1)Pu(0,0) > 0 and consequently «(0,0) > 0 and p is even. In other
words, we have

f:ngl"'Q&

where g € R{x1,x2} and every Q; € R{x1}[x2] is an irreducible distinguished poly-
nomial without roots in F.
Next, the identity

(a® +b*)(c* + d?) = (ac — bd)* + (ad + be)?

shows that it is enough to prove that every Q = Q; is a sum of 2 squares in R{x;,x2}.
To see this, consider the analytic ring A = R{xy,x2}/Q. If this ring where 2-real,
its normalization would be isomorphic to R{t}, and we would get a homomorphism
R{x1,%2} — R{t} such that x; — t9, x2 — x2(t) and Q(t%,x2(t)) = 0. Then
£ =xo (tl/q) would be a root of @, which has none. Hence, A is not 2-real, and so
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its complexification is not a domain. In other words, @ is reducible in C{xy,x2}.
We can thus factorize @ in C{x;, %2}, and by the properties of conjugation (I1.5.2),
one immediately gets:

Q= HH, H=hy++v—1hg, hi,hg € R{Xl,XQ}.

Consequently
Q=hi+h3,

which ends the proof. [ ]

We leave the reader the exercise of translating into more classical statements the
results of this section, along the lines given in Remarks 2.2 and 4.3.
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V  Approximation Theory

Summary. The central result of this chapter is M. Artin’s Approximation Theorem
of formal solutions of analytic systems, which we obtain in Section 3. To prove it we
need a generalization of the classical Implicit Functions Theorem due to Tougeron
(Section 1). This generalization has its own independent interest, which we illustrate
in Section 2 with several consequences concerning the equivalence of power series
and polynomials. Next we deduce (Section 4) the excellent behaviour of analytic
rings under completion. Finally, we introduce in Section 5 the Nash rings, which are
the smallest subrings of analytic rings that share with them all the nice properties
proved so far.

1 Tougeron’s Implicit Functions Theorem

Set x = (x1,...,%y), ¥y = (y1,..-,¥p), and
A =K{x} (resp. K[[x]]), B =K{x,y} (resp. K[[z,7y]]).
We fix an element F = (Fy,...,F,) € B? with F(0,0) = 0, and look for a solution
y1 =41(x),...,¥p = Yp(x) of the system
F(x,y1,...,¥p) =0,

under assumptions milder than the ones of the classical Implicit Functions Theorem.
Of course those conditions will involve the Jacobian matrix

A= (g;?(x,())).

(1.1) The matrix A defines a homomorphism of A-modules A : A? — A%. Namely,

let {e1,...,ep} and {e1,...,eq} be the canonical bases of AP and A9. Then,
q
OF; 0F, OF,
Aej) = (x,0)e; = <(x,0), cey q(x,O)) .
&= oy, 9y 9y

Furthermore, we consider the A-module
M = A9/Tm(N\).

With these notations, an element § € A belongs to the annihilator Ann(M) of M if
and only if there are power series a;; € A such that

P
(56i = E Q€4 = )\(Olil,...70[ip);
Jj=1
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then, if p : A7 — AP is the homomorphism defined by the matrix («;;), we can
rewrite the latter condition in the form

Aop =47 1Idaa.
We now introduce new indeterminates
y(i) = (ygl)a s 7y1(ni))7 1<i<r,
where 7 is any fixed positive integer. In this situation

Lemma 1.2 Let 61,...,6, € Ann(M). Then, there are convergent power series
YO =y O (x,y®, . y"), 1<i<r, such that

F <x, Zé,;ﬂ”) = F(x,0) + A (Z 51;y(i)> :
=1 =1

YW(x,0,...,0)=--- =Y (x,0,...,0) = 0.
Proof. Consider further indeterminates
z=(21,...,2p); z® = (zgi)7 e 7zl(f))7 1<i<r.
Using the Taylor expansion with respect to z we obtain

F(Xa Z) = F(X7 O) + )\(Z) + Z Gg,mZme,

Lm

with Gy, € B?. By means of the substitution z = Z:Zl 6;,z() we then get

F (x, Z 5iz(i)> = F(x,0)+ A (Z 5iz(i)) + Z Yi(x, zW .. ,z(r))éiéj,
i=1 i=1 i

_ 9%
82%)

with Y;; € E9 and E = K{x,zM,... z("}.
Now, by the remark preceding the statement, there are homomorphisms of A-
modules pq, ..., p, : A9 — AP such that

Y;;(x,0,...,0) (x,0,...,0) =0,

)\O[széj'Iqu, ].SJST

These p1; extend naturally to homomorphisms £9 — EP, and A to a homomorphism
EP — FE1; these extensions are denoted by the same letters. We then put

a; =z +> (i), 1<i <,
j=1
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and get
AMa;) = MzD) + Z)\ op;(Yij) = Az®) + ZYijéj.
j=1 j=1

Hence

F (x, Z 6izi> = F(x,0)+ A (Z 5iai> ) (1)
i=1 i=1
On the other hand, the system

ai(x7z(1)a R ’Z(T)) = y(Z)v 1 S ) S T,
can be solved by means of the classical Implicit Function Theorem (Proposition

I1.4.6 b)). In fact, since Y;;(x,0,...,0) = 0 it follows that

ai(x,0,...,0) =0,
and, since 23?,?') (x,0,...,0) =0, that

Z’VYL

804
W(X,O,...,O) =1.
Hence, there are convergent series Y = 20 (x,y(1 .. y(") such that

ai(x, YWD vy =y 1<i<r
Moreover, the Y (x,0,...,0)’s are a solution of
ai(x,0,...,0) =0, 1 <i<r,

and this system has only the trivial solution (again by the classical Implicit Functions
Theorem). We conclude

Y D(x,0,...,0)=0, 1<i<r,

and, substituting z() = Y@ in (1) we obtain the formula of the statement. |

Finally we obtain:

Proposition 1.3 (Tougeron’s Implicit Functions Theorem) With all the notations
introduced above, suppose ¢ < p and let I C A be the ideal generated by the g-minors
of the matriz X and I' C A another ideal. Then, if

Fi(x,0),...,F,(x,0) € I'T?,
there are y1(x), ..., yp(x) € I'l such that

F(x,y1(x),...,yp(x)) = 0.
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Proof. Let § be a g-minor of A, say the one consisting of the first ¢ rows and
columns. With the notations of 1.1 we have

0 =det(A(e1), ..., A(gq))-

The expansion of this determinant gives

n

de; = Z(—l)j'H det(A(e1), ..., aj, .-, A(gg))A(g)),

Jj=1

where aj = e;. This shows that §A? C Im(A), and so, 6 € Ann(M). In particular,

I''’@-.-@I'I? c (Im(\) L.

Let now 41, ...,6, be the g-minors of \, which generate I. From the hypothesis we

get
F(x,0) =X (Z m“‘)) :
=1

where () = (BY),...,B?(})), /6’](-i) € I'. We make y¥ = —3() in the formula of
Lemma 1.2, to obtain F(x,y(x)) = 0 with

y(x) = (), () = 36V D (x50, ..., 5,

i=1

Using the Taylor expansion with respect to y), ..., y(") of this power series, and
taking into account that Y () (%,0,...,0) = 0, one easily checks that all the mono-

mials in the y1(x),...,yp(x) are generated by the elements 6,»@(-@) € I'I. Hence

y1(x), . yp(x) € (T +m*) =TT

s>0

(the last equality by Krull’s Theorem). The proof is thus complete. |

2 Equivalence of Power Series

Here we will obtain some basic results concerning the so-called equivalence problem.
Let K = R or C and consider the convergent power series ring K{x}, where x =
(%1,...,%p); the maximal ideal of K{x} will be denoted by m. As usual we omit the
discussion of the formal case, which would be analogous.
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Definition 2.1 Two power series f,g € K{x} are called equivalent when there are
power series hy, ..., h, € K{x} such that

D(hy, ... hy)

hl(o):"':h”(o)zo’ D(Xl Xn)

(0) #0

and
f<h17~ . »hn) = g

This is an equivalence relation by the Inverse Function Theorem (Proposition I1.4.6
a)). On the other hand, the above giving of hi,...,h, is the same as the giving of
an analytic isomorphism of K{x} that maps f to g (Propositions I1.1.3, I1.1.8 and
Corollary I1.4.5).

Now the problem is to recognize which power series g are equivalent to a given
one f € K{x}, and we notice two facts. First, g is equivalent to f if and only if
9(0) = f(0) and g — g(0) is equivalent to f — f(0). Second, suppose that f has order
1, say 0f/0x%1(0) # 0. Applying the Inverse Function Theorem to f,xsa,...,%,, we
see that f is equivalent to x;. Thus, a power series is equivalent to x; if and only if
its order is 1. In view of these two remarks, we can always assume that

of of
0 = O = ... = 0 = O
0= 20 == 2w =0,
or, in other words, that f is a hypersurface singularity (Remarks IV.2.6 a)).

Consequently
_(9f of
m>DI; = <8x1"”’8xn)’

where I is the modified Jacobian ideal used to define the Milnor number (Remark

IV.2.5 b)):
u(f) = dimg (K{x}/ (g}i, ce 86}(];))

One easily checks that Iy is invariant by analytic isomorphisms ¢ of K{x}: ¢(Iy) =
I, (). Hence any series equivalent to f has the same Milnor number y(f), which is
already a necessary condition for equivalence. Furthermore, we have the following
useful sufficient condition:

Lemma 2.2 Let f € K{x} be a power series with f(0) =0 and Iy C m. Then, f is
equivalent to every g € K{x} such that f —g € mI3.

Proof. Consider new indeterminates y = (y1,...,y,) and the equation
F(x,y) = f(x+y) —g(x) = 0.

We have the Jacobian matrix

oF af
= (Gre0) = (wo)
dyi 1<i<n  \0% 1<i<n
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and we can apply Tougeron’s Implicit Functions Theorem (Proposition 1.3) with
g=1,1=1Iy and I' = m: there are y;(x),...,yn(x) € mI; such that

F(x,y1(x),...,yn(x)) =0,

that is,
f(xl —|—y1(X), sy Xp T+ yn(X)) = g(X)

Finally, the power series we are looking for are

Indeed,
= f =1 .
an 8Xj nJ # b 8}(1 + 8}{,
Since y; € mIy C m?,
Jy;
0)=0
5 (=0
which gives
D(hq,...,hy)
—(0) =1
D)

A nice application of this lemma is:

Proposition 2.3 (Mather) Let f € K{x} have an isolated singularity with Milnor
number u, and g € K{x} any power series with f —g € m?>**1. Then f and g are
equivalent.

Proof. We recall that p = dimg (K{x}/I) > 1, and so Iy C m. We also know that
m = /Iy, and since power series rings are noetherian, there is some ¢ such that
mé I ¢. In fact, we can take £ = p. Indeed, consider the sequence

K{x} Dm+1I;D>---Dwml 41y D Iy.

As the dimension of K{x}/I; over K is p1, one of the inclusions above must be an
equality, and so we get
mk_|_If :mk+1 +If

for some k < p. Multiplying by m, we obtain
m“+If:m“+1+If:~-~:me+If:If,

and consequently m* C Iy.
Once this is shown,
f = m2}t+1 C mIQ)
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and the result follows from the preceding lemma. |

Remarks 2.4 The last proposition contains two famous facts:

a) Every isolated hypersurface singularity is algebraic. More precisely, if f €
K{x} has an isolated singularity with Milnor number y, then f is equivalent to a
polynomial of degree < 2.

This follows from Proposition 2.3 by taking g to be the sum of the terms of
degree < 2p of the Taylor expansion of f. [ |

b) (Morse’s Lemma) Let f € K{x} have a Morse singularity, that is, f is an
isolated singularity with Milnor number p = 1. This is to say that the Hessian
matrix of f has rank n (Remark 2.5 d)), and as above f is equivalent to the quadratic
form

Then, by the elementary theory of symmetric matrices, after a linear change of
coordinates we obtain:

Qx)=x2+--+x%, if K=C,

Qx)=xi+ +x2—x2, — - —x2, f K=R,

no

]
The second remark above can be further improved, again by means of Lemma
2.2

Proposition 2.5 (Morse’s Generalized Lemma) Let f € K{x} be a power series
whose Hessian matriz has rank r > 1. Then f is equivalent to a power series of the
form
X2+ X2+ g(Xpg1, e, %), if K=C,
x%—i—---—&—xz—xirl—-~-—x$+g(xT+1,...,xn), if K=R,

with w(g) > 3.
Proof. By the hypothesis, after a linear change of coordinates we have
f=a2d 4+ +ax>+F(x1,...,%,), a1 #0,
with w(F') > 3. Then we can apply the Implicit Functions Theorem to the equation

OF
201y — (x1 — am(ymg,...,xn)) =0,

to get a series h(x) such that

hzl(x aF(h7X2,...,xn)>, @O :L.

2&1 e (9X1
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Hence, f is equivalent to
g=f(h,x9,...,%,) = a1h® + agx3 + -+ a, x>+ F(h,Xa,...,%,).

We get
@— <2a1h+8F(h,x2,...,xn)) Oh Oh

8x1 B 8}(1 67){1 - XlaTQ’

and since the last factor is a unit, we conclude that x; € I;. On the other hand, we
can write

1
9= E»’C% +agx3 -+ a,x; + Go(x2, . %) + x1G1 (2, - -, Xn) + X1 Ga (%),
1

with w(Gp) > 3,w(G1) > 2 and w(Gy) > 1. Thus

1
g— <4axf + asx3 + -+ a,xs + Go(xa,. .., Xy) +X191(X27~-~7Xn)> € mly,
1

and by Lemma 2.2 g is equivalent to

1
Ex% +agxs 4+ apx + Go(Xa, ... %) + x1G1 (X2, - -, %)
1

Finally, substituting h1 = x1 — 2a191 (%2, ...,%pn), ha = Xa,..., hy, = %, in the latter
series we obtain

1
rxf—l—agx%+---+arX3+H(X2,---7Xn), W(H) > 3.
aq

Clearly, by repeating this process we see that f is equivalent to a series of the form
a3 4 x4 g(Xeg1, %),

with w(g) > 3, and by an additional obvious linear change we are done. |

Remark 2.6 If the Hessian matrix of the series f has rank n—1, then f is equivalent

to a series +x7 £ -+ + £x2_; £ xT! where > 2 is the Milnor number of f.
Indeed, then f is equivalent to a series £x2 £ --- £ x2 | + g(x,), say g(x,) =

xPu(xy,), with w(0) # 0, p > 3. Hence, there is v(x,) such that v(x,)? = tu(x,),

that is, (x,v)? = +g, and the substitution h; = x1,...,hp—1 = Xp_1,hn = XU
transforms f into +x7 &+ --- + x2_, 4+ x2. Moreover, the modified jacobian ideal of
this latter series is (x1,...,%,_1,%x2 1), so that the Milnor number is y =p — 1. B

In case the singularity is not isolated the equivalence problem becomes much more
difficult. But again Tougeron’s Implicit Functions Theorem provides a systematic
approach that generalizes the method used to prove Proposition 2.2. We illustrate
this with another famous theorem:
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Proposition 2.7 (Shiota) Fvery power series f € K{x1,...,x,}, n > 2, is equiva-
lent to a polynomial in two indeterminates g € K{x1,...,Xn—2}[Xn-1,%n].

In particular, every power series in two indeterminates is equivalent to a poly-
nomial.

Proof. 'We will use another different jacobian ideal. To define it, fix a factoriza-
tion f = f .- f,” into irreducible power series, and let I; denote here the ideal
generated by the (p + 1)-minors of the matrix

af af

e ... 5k fi -0
of of o 4
3E sz 0 - f
O .. 0 al DR ap

We will need later the fact, easily checked by direct computation, that linear changes
of coordinates are compatible with this definition of Iy. Also, consider f* = f1--- f.

Now, we claim
af* af*
* ey, =— € /1.
f 78X17 ’aXn S f

Indeed, by complexification (I1.5.3) we can suppose K = C. Then, by Riickert’s
Nullstellensatz (Proposition IV.2.1) we must see that

o 3}(1 - 8}{”

fr(x(t)) (z(t)) = - (z(t)) =0

for z(t) € Z(Iy). To that end, denote by h; € Iy the minor corresponding to the
i-th column and the last p columns. An easy computation gives:

p
8.
ihi:E ajfl...ﬁif...fp.
j=1 '

Hence, 8f/0x; = fO0 7 - for 'y € I¢, and (0f/0x;)(x(t)) = 0. This holds for
1 <4 < mn, and, by Corollary IV.2.5, we deduce f(z(t)) = 0, so that f;(z(t)) =0
for some j = 1,...,p. From this we already get f*(z(t)) = 0. Furthermore, when
we substitute x = z(t) in h; and in the derivatives of f* all summands containing
f; vanish, and we obtain

of*

.%(x(t)) o fola(t)) = aij($(t))-

0= hi(z(t)) = a;fi(z(t)) - Ox;

Whence, our claim is proved.
Our second claim is that ht(I;) > 2, which is proved using the trick of Remark
IV.2.6 ¢). Suppose ht(If) = 1, so that there is a height 1 prime ideal p D Iy. Since
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the ring K{x} is factorial (Proposition II1.2.1), p is principal, say generated by an
irreducible power series h. Thus

VI (h).

By the previous claim, we deduce that h divides f* and all its derivatives 0 f*/0x;.
Hence h = f; for some j, say j =1, and

of* ofi

o —ox 2 et h

aiz(fQ...fp)'

It follows that f; divides all its derivatives, which is impossible. Thus the proof of
the second claim is finished.
We consider now the ideal

J=m?[;* Cm.

Since any prime ideal p # m that contains J must contain Iy and ht(I) > 2, we see
that also ht(.JJ) > 2, and after a linear change of coordinates (I1.2.3) we may assume
that the canonical homomorphism

K{Xla cee 7Xn72} - K{X}/‘]
is finite. There is then a monic polynomial
P(t) = f’(Xl7 . ,ang,t) S K{Xl, . 7Xn,2}[t]

such that
P(xn-1),P(xn) € J

(take P to be the product of two equations of integral dependence of x,,_1, x, mod J).
Then, by Riickert’s Division Theorem, we obtain for every j =1,...,p

fi=9i +QjP(xn_1) + QP(xy),

where g; € K{x} is a polynomial in x, 1,x, and Q;,Q} € K{x}. We thus have
fi—g1,--s fp —gp € J = m?I[;% Let us introduce new indeterminates (y,z) =
(y1,---,Yp,21,...,2p) and the system:

Fi(x,y,2) = (1 +25) fi(x +y) —g;j(x) =0, 1<j<p,
Fp+1(X7y,Z) = (1 —|—Zl)a1 v (1 +Zp)a7’ —1=0.

An immediate computation shows that the jacobian matrix

)\ (aFj(X,(LO), OF; (x,o,0)>

Oy 0z, G.k,L
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is exactly the matrix used to define the ideal I;. Hence, we can apply Tougeron’s
Implicit Functions Theorem with ¢ = p+ 1, I = Iy and I’ = m?. Thus we find
yk(x), zo(x) € m? such that

{ (1 + Zj(X))fj(Xl +y1(x)>' -y Xp +yn(x)) = gj(X)7 1<j<p,
(42 (0) (14 5 () =1

Finally, we set h; = x; + y;(x) for 1 < i < n, and, since y;(x),...,yn(x) € m?, it
holds Dih L
hi(0) = - = h,(0) =0, M(O) =1+#0.
D(x1,...,%p)

Furthermore, from the equations above we deduce
f(hla"'ahn) :glal "'ggpv

and f is equivalent to g = g™ - gp", which is a polynomial in x, ; and x,.
]

3 M. Artin’s Approximation Theorem

As usual, we consider the coefficient field K = R or C, and indeterminates x =
(x1,.--,%n), ¥ = (¥1,...,¥p). We will denote by m the maximal ideal of a ring of
convergent power series, and by m the maximal ideal of the corresponding ring of
formal power series.

This section is devoted to the main result of the chapter:

Proposition 3.1 (M. Artin’s Approzimation Theorem) Let f = (f1,...,fq) €
K{x,y}? be such that f(0,0) = 0. Consider a solution §(x) = ({1(x),...,94(x)) €
K[[x]]? of the system f(x,y) = 0. Then for every integer o > 1 there exists a solution
y(x) = (11(x), ..., yq(x)) € K{x}9 of f(x,y) =0 such that

y(x) = §(x) mod m®.

Proof. We argue by induction on n. For n = 0 there is nothing to prove, hence we
suppose 1 > 1 and the result proved for fewer that n x;’s.

The proof will proceed now by descending induction on the height of the ideal
I C K{x,y} generated by the f;’s. Our first step is:

A) Reduction to prime ideals.

We have a decomposition VI = p; N--- N p, for some prime ideals

P = (9r1s- - 9rqr) € K{x,y}.
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We consider the elements ¢*) = (gx1,..., gk, ) € K{x,y}?%, and claim that §(x)
is a solution of some of the analytic systems ¢(*)(x,y) = 0. Suppose we had
9ke, (%,9(x)) # 0 for 1 < k < r. There would then be m > 1 such that

h= (glll "'grér)m S Ia

that is,
h(X7 Y) =M (X’ Y)fl (X7 Y) T+t h’q(X7 Y)fq(x7 y)

for some hy, ..., hq. Thus, making y = §(x), we would get non-zero on the left hand
side and zero on the right hand side. This contradiction shows that §(x) must be a
solution of some of the systems g(*) (x,y) = 0. Whence the reduction A) is done.

We now start our descending induction on s = ht(I). If I has the maximal
height s = n 4 p, the only prime ideal containing I is the maximal ideal, and for
this everything is trivial. By the preceding reduction, the result follows for I. Let,
next, s < n + p and assume the result to be proved for heights > s. We start again
with a simplification of the problem:

B) Reduction to the case when I is generated by s elements hq, ..., hs, and there
is a Jacobian
5= D(hy, ..., hs)
D(yk17' . ’yks)

such that §(x,§(x)) # 0.

By the previous reduction we can assume that I is a prime ideal of height s which

will be denoted by p. There are then hq,...,hs € p and indeterminates zy,...,z;
among Xi,...,%Xn,¥1,.-.,¥p such that the Jacobian
D(hq,...,hs)
6/ — I 9
D(z1,...,2s) £

(Lemma I1.4.2). In particular, ht(p + §’'K{x,y}) > s and if §'(x,4(x)) = 0 we can
apply the induction hypothesis to conclude the proof. Hence let ¢'(x,§(x)) # 0.
On the other hand, since h; belongs to the ideal generated by the f;’s, we have
hi(x,3(x)) = 0 and derivating:

Oh; " Oh; Ao (%)
(x,9(x)) = — (x,9(x)) :
0x; ; Oy 0x;
Consequently, if, say,
Zl:X17"-7Zm:X’n’L;zm+1:yla-"7ZS:yt7

a straightforward computation gives
0#d'(x,9(x)) =

m 8:&@1 (X) 8?)@ (X) D(hla B hs) ~
= (—1 NN m , .
(=1 Z 0%y 0%m  D(yeys- o Ve Y1y 7Yt)(x b))

[11-<~7£m
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Hence, some of the Jacobians in the right hand side must be different from zero, and
we can suppose without loss of generality
_ D(hy,...,hy)

07 0@ gx), 0= Fo——J3 #¥

By the Regularity Jacobian Criterion (Proposition I1.4.3) the elements hy, ..., hg
generate the maximal ideal pK{x,y}, of the localization K{x,y},. Thus, there
exists h ¢ p such that hp C (hq,...,hs) C K{x,y}, that is:

hfi = Nithi + - + Aishs (1)

We again have ht(p+hK{x,y}) > s, so that by induction hypothesis we may suppose

h(x, 4(x)) # 0.
After all this preparation, let y(x) € K{x}? be a solution of the system h(x,y) =
-+ = hg(x,y) = 0 such that

yi(x) = §;(x) mod m®.
We then deduce using Taylor expansions that
h(x,y(x)) = h(x,9(x)) mod m*.

Indeed, h(x,y(x))—h(x, §(x)) belongs to the ideal generated by the differences y;(x)—
9;(x), which belong all to m®. Once we know this, for a large enough it follows
h(x,y(x)) # 0. From this and the equation (1) above we conclude that y(x) is
a solution of the initial system fi(x,y) = --- = fy(x,y) = 0. The proof of this
reduction is finished.

Henceforth we assume the conditions of reduction B), and consider the convergent
power series A = x%§2. Then:

C) There exist convergent power series z1(x), ..., zp(x) € K{x} with

z1(x) = §1(%), ., zp(x) = Jp(x) mod m”
and
hi(x,2(x)),..., hs(x, 2(x)) € A(x, 2(x))K{x},
where z(x) = (z1(x), ..., 2p(x)).
To prove this, up to a linear change of coordinates we can suppose that A(x,g(x))
is regular of order s with respect to x,, and consequently A(x,§(x))* is regular of

order as with respect to x,. Setting x’ = (x1,...,%x,_1) and applying Riickert’s
Division Theorem we get

95 (%) = @5 (x)Ax, §(x)* + 2;(x),
2i(x) = 2002, x5 (00(x) + 4,),

q;(x) € K[[x]], e(x") € K[[x']], 9¢(0) =0, yj, € K.
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Furthermore
2(0) = 9;(0) — ¢;(0)A(0,9(0))* = 0,
that is,
Yjas = 0.
We write 2(x) = (£1(x), ..., £p(x)) and since the order of the power series A(x, §(x))*
is > «, it holds
71(x) = 21(x), ..., Up(x) = Z,(x) mod m~.

On the other hand, looking at the Taylor expansion of the series A(x,(x)) —
A(x, 2(x)), we see that it belongs to the ideal generated by the differences

1(x) — 21(%), ..., Op(x) — 2p(x).

But this ideal is contained in the one generated by A(x, §(x))%, and so

A(x, (x)) — Alx, 2(x) = h(®x)Ax, §(x))*,  h(x) € K[[x]],
or equivalently
A(x, 2(x) = @(x)A(x, §(x)),  @(x) =1 = h(x)A(x, §(x))* ",

and for oo > 2, 4(0) # 0 and @ is a unit. Thus, the power series A(x, 2(x)) is regular
of order s with respect to x,, as A(x, §(x)) is.
We now introduce new indeterminates y;, and consider the polynomials

as
as—/ 0
z =Y %0 (v — ).
(=1

We put z = (z1,. .., 2p) and notice that A(x, z) € K{x,y,¢} is regular of order s with
respect to x,, as A( %) is, because z;(x,0) = 2;(x,0). Hence by Riickert’s Division
Theorem

hi(xvz) = Qi(XaYﬂ X Z + Z X gzm x' Y;e)

where Q;(x,y,¢) and the g (x',y,¢)’s are convergent power series. Making the
substitution yj, = g;¢(x") we obtain:

hi(x, 2(x)) = Qi(x, gje(x') A )+ Z X Gim (% Gje(x')). (2)

We now recall that g(x) is a formal solution of f(x,y) = 0, so that h;(x,4(x)) =0
and

h’l(X7 Q(X)) = hz(x, Q(X)) - hl(xv g(X))
Using again the Taylor expansion, and that the differences Z;(x) — 7,(x) belong to
the ideal generated by A(x, §(x))?, it follows at once that h;(x, 2(x)) also belongs to
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that ideal. In particular, h;(x, £(x)) is divisible by A(x,g(x)), and consequently also
by A(x, 2(x)) = 4(x)A(x, §(x)), because @ is a unit. This means that the remainder
in the division of equation (2) must be zero, or in other words

gim (¥, 9j0(x')) =0

for 1 <m <s, 1 < i < g. We thus have a solution g;,(x") € K[[x']] of an
analytic system with n — 1 x;’s, and by induction hypothesis, there is a solution
yje(x’) € K{x'} such that y;; = ;; mod m®. Substituting y;¢ by y;¢ in the z,’s we
get

as

(%) =Y %0 ye(x) — ) € K{x},

=1
and
zj(x) = 2;(x) = §;(x) mod m*.
) X

We next put z(x) = (z1(x),..., %

hi(x, 2(x)) = Qi(x, yje(x)) A(x, 2(x)) € Alx, 2(x) K{x},

which concludes the proof of C).
We can now complete the proof of the proposition. Consider new indeterminates
Y = (Y1,...,Y,) and the system

)) and obtain

Fi(x,Y) = hi(x,Y+2(x)) =0, 1 <i<s. (3)
It holds
Fi(x,0) = hi(x,2(x)) € x%6(x, 2(x))°K{x}

and . .
1y-e-yLg
D, vy B0 =0 2()),

so that by Tougeron’s Implicit Functions Theorem (Proposition 1.3) we obtain a
solution
Yi(x),...,Y,(x) € xiK{x}

of the system (3) above. Then
yi(%) = Yi(x) + 2(x) = 2(x) mod @2,

and we set y(x) = (y1(x),...,ys(x)). Clearly, y(x) € K{x}? is the solution we were
looking for, and the proof of the proposition finishes here. |
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4 Formal Completion of Analytic Rings

In this section we obtain the basic comparison theorems for analytic rings and their
formal completions. Proofs will consist of the systematic application of M. Artin’s
Approximation Theorem. In order to do so, we first state a slightly weaker version
of that theorem.

Let A = K{x}/I be an analytic ring, with x = (x1,...,%,). Its formal completion
is the formal ring A4 = K[[x]]/IK[[x]]. The extension of an ideal a C A to the formal
completion will be denoted by a = aA. Note that the extension of the maximal ideal
m = my is the maximal ideal m = m .

Proposition 4.1 Lety = (y1,...,yp) be new indeterminates and Py, ..., Ps € Aly].
Let ay,...,ap € A be a solution of the system

Pl(Y):Ovvps(Y):O

Then, for every integer o > 1 there is a solution ay,...,ap, € A of the system such
that

a; =ai,...,a, = a, mod m".

Proof. Let f1,..., [ € K{x} be generators of I, Hy, ..., Hs € K{x}[y] polynomials
whose classes mod I are P, ..., Py, and §1, ..., g, € K[[x]] formal power series whose
classes mod IK[[x]] are a1, ...,a,. Then,

Hi(%,91(x),...,0p(x)) = Nafi+ -+ Xinfry 1< <0,

for some A\;; € K[[x]]. Applying M. Artin’s Approximation Theorem (Proposition
2.1) to the system

Hi(vala"'7y;D) :Zi1f1+"'+zirf7‘7 1 §i§87

where the z;;’s are new indeterminates, we get convergent power series g¢, A;; € K{x}
such that

gl_gl7"'7gl _gpe (Xla"'axn)aa

and
Hi(x,01(%), ..., 0p(x) =Xinfi+ -+ Xin fr, 1 <i<0s.

Consequently, the classes ay = g mod I, 1 < ¢ < s are the solution we sought.
|

We can now deduce Nagata’s comparison results. First of all:

Proposition 4.2 (Flatness) We have:

a) aN A= a for every ideal a of A. In particular, the canonical homomorphism
A — A is injective, and we write A C A.
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b) (anb) = AN for every two ideals a,b of A.
¢) An element § € A is a zero divisor in A if and only if it is a zero divisor in A.

d) Let K denote the total ring of fractions of A. Then ANK = A.

Proof. a)Let aq,...,a, be generators of a. If ¢ € aNA, then there are M, ;\p €A
such that R A
c=Map+ -+ Apap.

Given each o > 1 we can choose elements Aq,..., A, € A such that
A=A, 0 = A, mod MY
Then,
Ca =A0G1+ -+ Apap €0, ¢—cq €M,
and so,
ce ﬂ(a+ma) =a.
«@
b) Let ay,...,ap be generators of a and by,...,b, generators of b. If ¢ € @ mE,

we have

¢=ay+ -4 Apap = firby + - - + fipby,
for some ;\i, itj € A. We then consider the polynomial equation
yiar + -+ ypap = z1by + - -+ zZpby.
By Proposition 4.1, for each o > 1 we get A;, p1; € A such that
Ai = \i, pj = fi; mod Mm%,
and an element
Ca = A1a1 + -+ Apap = p1by + -+ ppby.

Clearly

Co €aNnb, ¢é=c, mod m

Consequently

éeﬂ((aﬂb)A—i—ﬁa) = (anb)

This shows one inclusion, and the other is immediate.
¢) Suppose there is a non-zero element ¢ € A such that da = 0. Then, by
Proposition 4.1, for every a > 1 there is an element a,, € A such that

dag =0, a = a, mod m®.
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If « is large enough, then a, # 0, and we see that J is a zero divisor in A. The
opposite implication is trivial. R
d) Let a,0 € A, where 0 is not a zero divisor in A, be such that a/§ € A. This
means that the equation
a =0y

has some solution in ﬁ, and by Proposition 4.1 it has one in A. We are done.
[ ]

The proofs required to get the preceding proposition only involve linear equations,
which are the true concern of flatness, and there are much more direct proofs of the
same facts without using the approximation technique. Our approach here is chosen
so to avoid diversions and to be consistent with the other arguments of the section.

Proposition 4.3 (Primary decompositions and dimension) We have:
a) Va= \//\H for every ideal a C A.
b) The extension q of a primary ideal q C A is a primary ideal.
¢) The extension p of a prime ideal p C A is a prime ideal, and ht(p) = ht(p).

d) Let a be an ideal of A, a = q1 N ---Nq, its primary decomposition, and p; =
NG Lo Pr = w/qr its assocmted primes. Then, the pmmary decomposition of
adisa=qiN---Nq,, and its associated primes are i, P

Proof. a) Let us prove the non-trivial inclusion. Consider any generators ay, . . ., ar
of a. If ¢ € Va4, then there are an integer p > 1 and elements /\1, .. /\ €A 5uch
that A .

P = )\1(11 + 4 >\rf7“~

Once again by Proposition 4.1, for every a > 1 we get cq, A1, ..., A € A such that
cE =Xar+ -+ Aar

and ¢ = ¢, mod m®. It follows that c, € v/a and consequently
ce) (\/H+ﬁa) =Va.
@

b) Let ay,...,aq be generators of q and l;, ¢ € A such that bé € q. Then,

Eézj\la1+~-~+5\qaq
for some 5\1 € A. By Proposition 4.1, there are by, o, Aia € A such that
b=by, ¢ =co mod M*, bycy = Naas+ -+ Agalq € q.

There are now two possibilities:
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e b, € q for infinitely many «a’s. Then
be()@+m*) =q.
e b, ¢ q for all o large. Then, as q is primary, ¢, € /q for all « large, and so

éeﬂ((/\aJrﬁ“):\//\ac V.

[e3

This shows that q is primary.
¢) That p is prime is an immediate consequence of a) and b), and then we
get the inequality ht(p) < ht(p). Conversely, if ht(p) = r, there are r elements

ai,...,a, € Asuch that \/{a1,...,a,} A, = pA, ([A-McD 11.14]). It follows easily
that y/{a1,..., ar}gﬁ = ﬁgﬁ. Hence ht(p) < 7 ([A-McD 11.14] again).
d) is a consequence of the previous parts of the proposition. |

Corollary 4.4 (Nagata) An analytic ring is a reduced ring (resp. an integral do-
main) if and only if so is its formal completion.

Proposition 4.5 (Nagata) Let p be a prime ideal of our analytic ring A = K{x}/I
and q a prime ideal of its completion A = K[[x]]/IK[[x]] such that qN A=yp. Then
Ay is regular if and only if Aq is regular.

Proof. Throughout the proof the same letter will denote an ideal of A (resp. E)
and its inverse image in K{x} (resp. K[[x]]).

Suppose first that A, = K{x},/IK{x}, is regular. By the Regularity Jacobian
Criterion (Proposition I1.4.3), it holds

p 2 Js(I), ht(IK{x}p) <s. (1)

It follows immediately from the definitions (I1.4.1) that J;(I K[[x]]) = Js(I)K[[x]],
and, by flatness (Proposition 4.2 a)), we deduce that K{x} N J;(I K[[x]]) = Js(I).
This, together with the hypothesis ¢NK{x} = p and the first condition in (1), imply

q 2 Js(IK[[x]]). (2)

Now, by Proposition 4.3 ¢) and d) we have ht(IK{x},) = ht(IK[[x]]5), and, since
q D b, ht(IK[[x]]5) > ht(IK[[x]]q). Consequently,

he(ZK{[x]]y) < s. (3)

Thus, from (2) and (3) we conclude that ﬁq is regular (again by the Regularity
Jacobian Criterion).
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Suppose conversely that ,Zq is regular. First of all, we notice that q contains
some minimal prime q’ of p = pA. Since /Alq is regular and ¢’ C q also /Ta is regular
(this follows immediately from the Regularity Jacobian Criterion). In other words,
we may assume that q is a minimal prime of p. By Proposition 4.3 ¢) and d), we
deduce that p generates the maximal ideal ng of A\q and d = dim(A4,) = dim(zzl\q).
Now, since the latter ring is regular by hypothesis, its maximal ideal can be generated
by exactly d elements, and we claim that these elements can be chosen in p.

Indeed, set n = qAy and K = Ay/qA4. Then, any given elements generate n
if and only if their classes mod n? generate n/n? as r-linear space (Nakayama’s
Lemma). Since n can be generated by d elements, it follows that the dimension of
that linear space is < d, and so we can select d generators from any given generators.
In particular, from p. R

Once our claim is proved, let ay, ..., aq € p generate of gA,, and let us show that

they also generate pA,. Consider any b € pA,. There are then d,c1,...,cq € E,
d ¢ q such that
db = cia1 + - - + cqaq.

Now, by Proposition 4.1, for every a > 1 we find d,, ¢14, .- ., C4o Such that
d—dy, €m®, dyb=ciaa1 + - + Cinlq-

If « is large enough, then d,, ¢ p, for otherwise
de()(p+m*) Cq.
(e

Hence, b belongs to the ideal generated in A, by a1, ..., aq, as wanted.
Whence, pA, can be generated by d elements, and the local ring A, is regular.
|

Proposition 4.6 (Nagata) Let A and A be integral domains and denote by K and
K their quotient fields. Then K is algebraically closed in K.

Proof. Consider a polynomial
P(t) = cot? + c1tPt - 4 ¢, € Alt]
and a,b € ﬁ, b # 0 such that d/lA) is a root of P. It follows
co? 4+ c1aP o4 -+ b = 0.
Applying as usual Proposition 4.1, we find aq, b, € A such that

4 =ag,b=>b, mod Mm°, P(aa/bs) =0
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(note that since b # 0, also by # 0 for « large). On the other hand, K is a field of
characteristic zero, and so P has at most p roots. We can thus assume a,, /b, = ag/bo.
But A
dbo - bao = a(ybo — baao mod I/ﬁa,
and so
abo — bag € m™

for all .. Hence aby — bag = 0 and d/@zao/boeK. [ ]

Proposition 4.7 (Nagata) An analytic ring A is normal if and only if so is its
formal completion A.

Proof.  Since a normal analytic (resp. formal) ring is always an integral domain
(Proposition II1.2.4), in view of Corollary 4.4 we can assume that A and A are
integral domains. We denote by K the quotient field of A and by K that of A.

We suppose first that A is normal. Consider a,b € A, b #0,¢éq,...,6, € Asuch
that . R
(a/b)P +e1(a/b)P~ "+ 4 ¢, =0.
We deduce X A
aP + 1P+ -+ Epb° = 0.

As usual, we obtain aq, by, cia € A with

AP+ 1008 o 4 CpabP =0, @ = ag, b= b, mod m"
and since A is integrally closed in K, we deduce that a, /b, € A, that is,

Ao € by A.

It follows that

ac€ ﬂ(a(ﬁmﬁ“) < (bafl+€1“) < (82+ﬁ“) = bA,
and d/lA) € A. Whence A is integrally closed in K.
Conversely, if A is normal, A is normal, too by Proposition 4.2 d). |

From the preceding proposition, the good behaviour of associated primes under com-
pletion (Proposition 4.3), and the description of normalizations given in Proposition
I11.2.3, we get:

Proposition 4.8 Let A be a reduced analytic ring, A its formal completion and
B = By X --- X By its normalization. Then, the normalization of A is the completion
of B; that is,

— —

(E)V:len-st.
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We conclude this section with some specific properties of the real case:

Proposition 4.9 (Risler) Let K = R, and suppose that A and A are integral do-
mains. Then,

a) A is 2-real if and only if so is A.
b) A is formally real if and only if so is A.
¢) Every ordering of A extends to an ordering of A.

Proof. a) If A is not 2-real, there are d,lA) € 2, neither of them zero, such that
a? + b2 = 0. Then for every a > 1 there are aq,b, € A such that

a2 + b2 =0; a=aq,b=>b, mod m®.

Thus, if « is large, neither a, nor b, are zero, and A is not 2-real.

b) can be proved as a), using Artin-Schreier’s Criterion (proof of Proposition
IV.4.1), but it also follows from ¢), proved below.

c) Let M = {a;|i € I} be the collection of all elements of A wich are positive in
a fixed ordering of A. We must show that there is an ordering of A in which all the
a;’s are positive. According to Serre’s Criterion ([L XI.2 Cor to Th.4]) this follows
if we show that no equation

@ yi + e+ s,y =0

has non-trivial solutions in A. But, were there a non-trivial solution in A\7 by the
usual approximation trick there would be one in A, which is impossible, because all
the a;’s are positive in the fixed ordering. [ |

5 Nash Rings

Let K=R or C.

(5.1) Algebraic power series. A power series f € K][[x]], where x = (x1,...,%p),
is called algebraic if there is a non-zero polynomial

P(x,t) = ap(x)t? + a1 (x)t?" 1 + -+ a,(x) € K[x,t]

such that P(x, f(x)) = 0.

We notice that an algebraic power series is convergent. Indeed, by M. Artin’s
Approximation Theorem, there are convergent power series f,(x) whose Taylor ex-
pansions coincide with that of f(x) up to an arbitrarily high order o and such that
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P(x, fo(x)) = 0. If f, # f for infinitely many «’s, then the polynomial P(x,t)
would have infinitely many roots, which is impossible. |

In other words, algebraic power series are the elements of K{x} which are alge-
braic over K[x]. By the general properties of algebraic dependence ([L VIL1]), they
form a ring which will be denoted by either V,,, K(x), or K(x1,...,%,). If f € K(x)
and f(0) # 0, then 1/f € K[[x]] is algebraic, and consequently f is a unit in K(x).
Thus, the ring of algebraic power series is a local ring with maximal ideal

{f e K{x)[£(0) =0},

and we have the local inclusions N,, C O,, C F,,.

(5.2) Substitution. Let y = (y1,...,yp) and t be new indeterminates, and P €
K[[y]][t] a distinguished polynomial of degree p. We denote by F the algebraic
closure of the quotient field of K[[y]] and consider a root £ € F of P.

For f(y,t) € K]y, t]], let R(y,t) € K[[y]][t] be the remainder of the formal
division of f by P (Proposition 1.3.2), and set

f(y:€) = R(y, &) € F.
Then:
a) The map f(y,t) — f(y,€&) is a homomorphism of K-algebras.

Only the equality (f1/2)(y,€) = fi(y,£) f2(y, £) needs some explanation. This equal-
ity is clear in case f1, fa € K[[y]][t], and the general case reduces to this replacing
f1, f2 by their remainders after division by P. (Compare with the more general
construction in the second half of the proof of Lemma III.1.1.) |

b) If f € K(y,t) and f(y,£) =0, then & is algebraic over K|y].

Consider any equation

a/O(Y’t)fq(Y7t) + 4+ aq(y’t) = 07 agy - - - 7aq € K[Yat]aaq 7& 0.
By a) we can substitute t = & to get a4(y,&) = 0, since a4(y, t) # 0, we are done. W

c) If f € K{y,t) and & is algebraic over the polynomials, then f(y,&) is also
algebraic over the polynomials.

Consider again an equation
aO(Y7t)f(Y7t)q +- a’q(Y7t) = 07 ag, . ..,0q S K[Y7t]7aq 7£ Oa

with the additional condition that the coefficients a;(y, t) € K(y)[t] have no common
irreducible factor (which is possible because the ring K(y)[t] is factorial, [L V.6
Th.10]). Making the substitution t = £ we obtain

a’U(Ya f)f(Y7§)q +ot aq(y7§) =0,
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and we claim that some coefficient a;(y, &) # 0. Otherwise, all the a;(y, t)’s would be
multiples of the irreducible polynomial of  over K(y), and they were chosen without

common factors. [ ]
Proposition 5.3 Let f,g1,...,9n € Ny, with gl( ) = = gn(O) = 0. Then,
substitution gives an algebraic power series f(g1,...,gn )

Proof. We first rename some variables, writing ¢1(z), ..., gn(z). We then consider

the division
f(x) =Q(z,%)(%n — gn(z)) + R(z, %1, ..., Xn—1),

where R(z,x1,...,%xn-1) € K[[x1,...,%,-1]]. Thus

f(x1,e oy %n-1,9n(2)) = R(2,%1, ..., Xn—1),
and we get the same element that in 5.2 with

y= (Z,Xl, s 7X7L—1)7 t=%p, P=x, — gn(z)v 5 = gn(z)~

Hence, by 5.2 ¢),

f(X17 cee ,anl,gn(z)) € K<27X17 cee 7Xn71>~

The proof ends by repeating this argument n — 1 more times. |

Proposition 5.4 The derivatives of an algebraic power series are algebraic power
series, too.

Proof. Let f € N},, and
P(x, f(x)) = ao(x) f(x)" + -+ ap(x) =0

be an equation of algebraic dependence of f. We then have

1
0= ai ( Z aag fp—j a7fza'fp—j—1.
g §=0

If we choose P of minimal degree, the second sum in the right hand side of this
equality is not zero, and since the derivatives of the a;’s are polynomials, the power
series 0 f /0%, is algebraic over K(x)[f], and consequently over K(x). [ ]

Remarks 5.5 a) Every algebraic power series f € K(x) can be written in the form

f:f(0)+xlf1++xnfna
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where f; € K(x1,...,%;) for 1 <i<n.

We obtain
x1f1 by the substitution xo = --- =x, =01in f — f(0),
xaf2 by the substitution x3 =--- =%, =01in f — f(0) — x1 f1,
and so forth. |
b) The indeterminates x1, ..., %, generate the maximal ideal of N,.
In fact, the maximal ideal consists of the f’s such that f(0) = 0. |

¢) Let f =3 soap(x)xn € K[[x',%,]], where x' = (x1,...,%x,-1). If f is
algebraic, then all the coefficients a, are algebraic, since

1 of
!/ !/
== — O .
ap(x) p! 8xn(x’ )
]
The essential fact is the following:

Proposition 5.6 (Riickert’s Division Theorem for algebraic power series) Proposi-
tion 1.3.2 is also valid when substituting O, by N, and On_1 by Npy_1.

Proof. Let ® € N, be regular of order p with respect to x,, and f € N,,. By the
Preparation Theorem (Proposition 1.3.3) and Remark I1.2.2, we have

O=UP,---P,, UeF,, U0 +£0,

where each P; is an irreducible distinguished polynomial of F,,_1[x,] of degree p;.
The P;’s are not necessarily distinct, and p =p; + -+ p,. Let ¥’ = (x1,...,%p—1).

We can apply the substitution procedure described in 5.2 to every root £ of every
P;, so that ®(x’,£) = 0, and by 5.2 b), £ is algebraic over K[x']. But the coefficients of
the polynomial P; are the symmetric functions of its roots, and so those coefficients
are algebraic over K[x']. Consequently, P; € N,,_1[x,] for all ¢ and then U € N,,.

Now we notice that succesive divisions by Pi, ..., P, give the division by U~'®,
hence by ®. By all of this, we can suppose without loss of generality that ® is an
irreducible distinguished polynomial.

Consider the formal division

f=Qd+ay (x’)xffl + o ap(x).

We must see that @Q and the a;’s are algebraic, and for this it is enough that the a;’s
are algebraic. To that end, we will use the p roots &;,...,&, of ® in the algebraic
closure F' of the quotient field of F,,_1. These roots are all different because @ is an
irreducible polynomial. Then, substituting as explained in 5.2, we get

fE &) =ar(x)EP -+ ay(x), 1<i<p.
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This linear system gives the ay’s as rational functions of the &’s and the f(x',§;)’s,
since the determinant is
[I¢ -¢)#o.

i<j
Finally, by 5.2 ¢), the f(x,¢;)’s are algebraic over K[x'] as the ;’s are, and we
conclude that the coefficients a, are algebraic as wanted. We are done. |

Once Riickert’s Division Theorem is available, all the subsequent theory can be
developed for algebraic power series as it was for convergent and formal power series.
In doing this we introduce the following terminology:

Definition 5.7 A Nash ring over K is a ring isomorphic to K(x)/I with x =
(X1,...,%n); usually we will not specify “over K”. If A, B are two Nash rings, a
Nash homomorphism A — B is a homomorphism of K-algebras. The field K is
called the coefficient field.

As said before, the full theory developed in the analytic category is valid in the Nash
category: Weierstrass’s Preparation Theorem, Hensel’s Lemma, Mather’s Finiteness
Theorem, transversal changes of coordinates, dimension, the Local Parametrization
Theorem, Nagata’s Jacobian Criteria, complexification, Nullstellensidtze, M. Artin’s
Approximation Theorem, completions. With respect to the latter, note that Nash
rings have formal completions, as analytic rings have, but also analytic completions,
defined in the obvious way. Of course the behaviour is always the same. We will use
freely all these facts, quoting the corresponding result in the analytic category.
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V1 Local Algebraic Rings

Summary. We study in this chapter some local properties of real and complex
algebraic varieties. This study consists of the comparison of the so-called local
algebraic rings and their completions. In Section 1 we define the local algebraic
rings and their Nash, analytic and formal completions, and check the typical flat
behaviour. In Section 2 we prove Chevalley’s Theorem concerning completions of
local algebraic domains. Section 3 is devoted to Zariski’s Main Theorem stating
that the completion of a local algebraic normal domain is normal. In Section 4 we
describe the completion of the normalization of a local algebraic domain. Finally,
we obtain in Section 5 Efroymson’s Theorem, which deals with the implications of
adding reality assumptions to Chevalley’s and Zariski’s statements.

1 Local Algebraic Rings

We introduce in this section several local rings attached to a point of an algebraic
subset of the affine space. These local rings are the suitable tools to study and
compare algebraic and analytic properties at a given point. Clearly, we can assume
without loss of generality that the point is the origin, and we will do so from now
on.

Let K = R or C, and consider indeterminates x = (x1,...,%,). We denote by R,
Ko[x] or Ko[x1,...,%,] the localization of the polynomial ring K[x] at the maximal
ideal generated by x1,...,x,. Clearly

Rn=A{f/g|f g €K[x], g(0)#0}.
This is a local regular ring of dimension n with maximal ideal
{h € Rn|h(0) # 0},
and the canonical inclusions
RnCN,CO,CF,
are local homomorphisms.

Definition 1.1 A local algebraic ring over K is a ring isomorphic to Ko[x]/I with
x = (X1,...,%n); usually we will not specify “over K”. If A, B are two local algebraic
rings, a local algebraic homomorphism A — B is a homomorphism of K-algebras.
The field K is called the coefficient field.
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Local algebraic rings are the local rings of the algebraic category. We have to consider
the local rings corresponding to the other three categories. This is done as follows.

Let A =R,/I be a local algebraic ring. The Nash completion of A is the Nash
ring N, /IN,,. Similarly, the analytic completion of A is O,,/IO,,, and the formal
completion of A is F,,/IF,.

Now let A* be a completion of A (either Nash, analytic or formal). The extension
to A* of an ideal a of A will be denoted by a*. If m is the maximal ideal of A, then
m* is the maximal ideal of A*.

After this preparation, comparing algebraic with Nash, analytic or formal prop-
erties is comparing A with its Nash, analytic or formal completion.

To study an extension A — A* we do not dispose of M. Artin’s Approximation
Theorem, and so all comparison results of Section V.4 have to be revised. However
we still have the following useful fact:

Lemma 1.2 Lety = (y1,...,¥p) be new indeterminates and consider a linear poly-
nomial
P(y) = co+c1y1 + -+ + ¢pyp € Alyl.

Let a* = (aj,...,a;) € A*" be a solution of the linear equation P(y) = 0. Then for
every integer oo > 1 there is a solution a = (a1,...,ap) € AP of the same equation
such that
* * * QX
a1 =aj,...,ap =a] mod m*".

Proof. Recall that A =R, /I, and pick generators hi,...,hq € R, of the ideal I.
Choose also elements go, ..., gy € Ry, whose classes mod I are cy,...,cp. Then, the
linear equation given over A reduces to the following one over R,:

go+qyi+-+gpypthizit+- -+ hezg =0,

where z1, ..., 2z, are additional variables. Consequently, we can assume without loss
of generality that A = R,,.
Now, for every integer 5 > « set

! 1
a*=an+a +d",

where

Gqi = terms of degree < « of a;,

a; = terms of degree > o and < g of a,

a! = terms of degree > 8 of a;.
We have

Gaiy a; € K[X]7 a;l € ’R’;kza
and
a; em®, af e m*’.
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As P(a*) =0, we have

p p

P(aq) + Zcia,ﬁ =— Zcia,ﬁ’ em*’.
i1

i=1

Hence, the polynomial in the left hand side has no monomial of degree < §, that is,
it belongs to m?. This is valid for all 8 > o« with « fixed, which by Krull’s Theorem
implies:

P(ay) € ﬂ ({c1,...,cpm® +mﬁ) ={c1,...,cppm"

B

Thus

p

Plaa) =Y cibi,

i=1

with b1,...,b, € m®, and finally, since aq; — b; = aq; = a] mod m*?,
a=(ap1 —b1,...,aap —bp)

is the solution we were looking for. |

Once the preceding lemma is available, we can repeat the proof of Proposition V.4.2
to get:

Proposition 1.3 (Flatness) We have:

a) a* N A =a for every ideal a of A. In particular, the canonical homomorphism
A — A* is injective, and we will write A C A*.

b) (anb)* =a*Nb* for every two ideals a,b of A.

c) An element § € A is a zero divisor in A* if and only if it is a zero divisor in

A.
d) Let K denote the total ring of fractions of A. Then A*NK = A.

2 Chevalley’s Theorem

In this section we discuss primary decompositions, which is a more involved matter.
We will show:

Proposition 2.1 (Chevalley) Let A be a local algebraic ring and A* a completion
of A. Let p C A be a prime ideal of height r. Then the extension p* = pA* is a
radical ideal whose associated prime ideals all have height r.

In this statement A* is either the Nash, the analytic or the formal completion. From
it we get
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Corollary 2.2 a* = (y/a)* for every ideal a C A. In particular, A is reduced if
and only if so is A*.

Proof. Clearly
a* C (Va)* c Var,

and we have to see that the ideal (v/a)* is radical. But \/a is radical, and so
Va=piN---Np, for certain prime ideals p;. By the proposition, the extensions p
are radical ideals, and by Proposition 1.3 b), we have

(Va)" =pin---np;.
Hence (y/a)* is radical, and the proof is finished. [ |

Now, by Proposition V.4.3, it is enough to prove the proposition for the Nash com-
pletion. The advantage of Nash completions is the following:

Lemma 2.3 Let A be a local algebraic ring and A* its Nash completion.
a) Let q C A* be a prime ideal, p = qN A and K the quotient field of A/p. Then

dim(A*/q) = tr.deg.(K : K).

b) Let q C q' be two prime ideals of A*. IfqNA=q'NA thenq=1¢q.

Proof. a) Let L be the quotient field of A*/q. Then, by Noether’s Projection
Lemma (Proposition I1.2.6), after a linear change of coordinates the canonical ho-
momorphism K(xi,...,x4) is injective and finite, where d = dim(A*/q). Then, L is
algebraic over Ay, which in turn is algebraic over K[x1, ..., x4], and so

d = tr.deg.(L : K).
But K(x1,...,%x4) C K C L, and consequently
d = tr.deg.(K : K).

b) By a), dim(A4*/q) = dim(A*/q’), and since q C ¢, it must be q = ¢'.
]

We will now prove Proposition 2.1 for the Nash completion. In fact, we will prove
the following quite stronger assertion:

Proposition 2.4 Let A be a local algebraic ring and A* its Nash completion. Let
p C A be a prime ideal of height r. Then, the extension p* = pA* is a radical ideal
whose associated prime ideals are exactly the prime ideals lying over p, and all of
them have height r.



122 VI. LocAL ALGEBRAIC RINGS

Proof. Let q be an associated prime of p*. We will show that gN A = p.

By Proposition 1.3 a), p = p* N A C gqN A. For the converse inclusion consider
d € qN A. Then § is a zero divisor in the Nash ring A*/p* (JA-McD 4.7]), which is
the Nash completion of the local algebraic ring A/p. By Proposition 1.3 ¢), § is also
a zero divisor in A/p and so ¢ € p. This gives p D qN A.

Let now q be a prime ideal lying over p: gqNA = p. Then q D p*, and consequently
there is some associated prime ¢’ of p* contained in q. Thus, ¢ N A = p, and by
Lemma 2.3 b) we get q¢' = ¢, and q is an associated prime of p*.

So far, we have shown that the associated primes of p* are the prime ideals ¢ of
A* lying over p. We will next see that all of them have height r = ht(p).

First we notice that any chain of prime ideals of A* contained in q gives a chain
of prime ideals of A contained in p, and by Lemma 2.3 the length of both chains is
the same. Hence r = ht(p) > ht(q). Conversely, let p = pg D p1--- D p, be a chain
of prime ideals of A. We then put q = o, and so qo D pj. It follows that q¢ contains
some associated prime q; of pj, and we know that q; N A = p;. Repeating this, we
end up with a length r chain of prime ideals of A* contained in ¢, and so ht(q) > r.

It remains to see that p* is a radical ideal. To do so we can assume A = R,,, A* =
N,, and use the Equidimensionality Jacobian Criterion (Proposition I1.4.8): we will
find an element in the regularity ideal R, (p*) which is not a zero divisor in A*/p*,
where r = n — dim(A*/p*) = ht(p*). We recall that those zero divisors are the
elements of the associated primes q of p*, and it will be enough to see that no ¢
contains R, (p*). This will finally follow from showing that p* generates the maximal
ideal of the localization Aj, since in this case

Ayl a

is a field, that is, a regular ring of dimension 0 = ht(q) — r, and by the Regularity
Jacobian Criterion (Proposition 11.4.3) R,.(p*) ¢ q. Let us prove, hence, that

prAy = q4;.
First of all, by Lemma 2.3 a)
tr.deg.(K : K) = dim(A*/q) =n —r,

where as usual K stands for the quotient field of A/p. We then apply Noether’s
Projection Lemma for polynomials ([A-McD §5 Ex.16]), and after a linear change
of coordinates the classes x; mod p, 1 < ¢ < n —r are integral over the polynomial
ring K[x1,...,%,—]. Then, any equation of integral dependence of x; mod p gives a
polynomial P;(x/,x;) € pNR,—,[x;] and, maybe after substituting P; by a derivative,
we can suppose that OP;/0x; ¢ p (n —r < i <n). Clearly

D(Po—yi1y---, Pn) OP;
5= _ ok
D(Xn—r—i-h . 7Xn) aXZ‘ ¢ p q R

n—r<i<n
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Consider the ideal
I={Py_pt1,..., P }A" Cp".

Since I is generated by r elements, 1 € G,.(I') and the regularity ideal is R,.(I) =
v/ J-(I). Hence, § € R-(I)\q, and by the Regularity Jacobian Criterion (Proposition
I1.4.3) the local ring

AL /TA;

is regular of dimension ht(gq) — » = 0. In other words,

qA; = TA% C p* AL .

We finally have:

Proposition 2.5 Let A be a local algebraic ring and A* a completion of A. Let
p C A, qC A" be prime ideals such that N A =yp. Then A, is regular if and only
if so is Aj.

Proof. By Proposition V.4.5, we can assume without loss of generality that A* is
the Nash completion of A. Then q is an associated prime of the extension p* = qA*,
which is a radical ideal, and d = dim(Ay,) = dim(Aj). Hence, if Ay is regular, its
maximal ideal pAy is generated by d elements, which in turn generate pAy = qAj,
and Aj is regular. The converse implication follows by the same argument as in
Proposition V.4.5, using Lemma 1.2 instead of Proposition V.4.1. ]

3 Zariski’s Main Theorem

In this section we prove the famous Zariski’s Main Theorem. To start with, we
need a lemma that mixes completions with the local parametrization techniques of
Sections I1.2, I1.3 and II.4:

Lemma 3.1 (Zariski’s Condition D) Let A be a local algebraic domain, A* a com-
pletion of A and B* the normalization of A*. There is then an element § € A such
that B* C A*.

Proof. We will prove the result for the Nash completion, and the same argument
would work for the other completions. First of all, let A = R,,/p, where p is a
prime ideal of height, say, r of R,,. Then A* = N,,/p* and, by Chevalley’s Theorem
(Proposition 2.4),

pr=a1N---Ngs,
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where the q; have height r and lie over p. By notational convenience we denote also
by g; the associated prime ¢; mod p* of (0) C A*. We recall that

d=n—r=trdeg.(K : K),

where K stands for the quotient field of A (Lemma 2.3 a)).

Next, we recall the description of the normalization B* of A* given in Proposition
I11.2.2. Let K* denote the total ring of fractions of A* and K that of A} =N, /q;
for 1 <4 < s. Then K* is canonically isomorphic to K} x --- x K}, and this
isomorphism maps B* onto the product Bf x --- x B}, where the B;’s are the
normalizations of the A}’s.

We now apply simoultaneously Noether’s Projection Lemma to p and the g;’s.
This is possible because the linear changes used for polynomials, and the ones used
for power series are of the same type (compare [A-McD 5 Ex.16] with 11.2.3 and
Proposition 11.2.6). In the end we have the following situation:

e FEvery canonical homomorphism Ny — A is finite and injective, and the ele-
ment 0; = xg41 mod q; s a primitive element of K over the quotient field

L* of Ny.
e The canonical homomorphism Rgq — A is injective, and the elements
0 = x441 mod p, X442 mod p,...,x, mod p
are integral over Ry.
We are thus in the conditions of Propositions I1.3.2 and I1.4.4, from which we stress:

o The irreducible polynomial of 0; over L* is a distinguished polynomial P; €
Ny[t] whose discriminant §; € Ny has the property that 6;Bf C Af.

On the other hand, 6 is integral over R4 and so there is a monic polynomial P €
R, [t] such that P(6) = 0. This implies P(;) = 0 for each ¢, and since P; is the
irreducible polynomial of #; and it is distinguished, we have P = UP; for some
U € Ny[t]. Consequently, § = nd;, where § € R,, is the discriminant of P and
n € Ny (by [L V.10] this n is exactly the product of the discriminant of U and the
resultant of U, P;, but we do not need such a detail here). Hence, from the last
remark we deduce:

a) There is an element § € Rq C A C A* such that 6B} C A} for all i.

We next use that every x; mod p (d+ 1 < i < n) is integral over R4: we pick
equations of integral dependence

Qi(x; mod p) =0

with @Q; € R4[t] of minimal degree. Furthermore, we put Q441 = P, and consider
the Jacobian
D(Qd+1 (Xd+1); R Qn(xn)) _ 8Qd+1(xd+1) L 8Qn(xn)

8 = = . € Ry.
D(xdgt1,---,%n) O0%gt1 0%,
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By the minimality of the @;’s, this Jacobian does not belong to p, and consequently
&' ¢ p*. Since &' € J.(p*) and p* is a reduced ideal whose associated primes have
all height r, we deduce from the Regularity Jacobian Criterion (Proposition I1.4.3):

b) The localization Ag is a local regular ring for every prime ideal q such that
d ¢q.
After this preparation, we will prove the lemma by showing that

(68'\PB* C A*

for some integer p > 0.
To see this, we put p = 66" and remark that from a) it follows

pB* C (pBY) X -+ x (pBL) C AL x --- x AL,
Thus, it is enough to see that
p? (A x -+ x AL) C A*

for some ¢ > 0. Furthermore, A} X ---x A¥ C B* is a finite A*-module (Proposition
I11.2.3), and consequently we are reduced to show that for every (fi1,...,fs) €
A7 x -+ x A there is ¢ > 0 such that

pq(f17"'afs) EA*'

For this, consider the ideal
I={he A" |h(f1,...,fs) € A"}

Clearly, we must prove that § € v/I. But did it not belong, there would be a
prime ideal q such that p ¢ q. Then ¢’ ¢ q and, by b) above, A; would be a local
regular ring. In particular it is a domain, and q contains one and only one associated
prime ideal of (0), say q;. Then for all ¢ > 0 we find h; € q; \ q and the element
h=1T1I;51hi €(N;>1 9 \ 9. We claim that i € I. The reason is that Af =0 mod q;
for f € A and ¢ > 1, which implies

h(fl,...,fs):h(fl,O,...,O):h(fl,...,fl):hfl € A*.

But I C q and h ¢ g, which is a contradiction. The proof of the lemma is finished.
[ |

We now prove:

Proposition 3.2 (Zariski’s Main Theorem) Let A be a local algebraic ring and A*
a completion of A. Then, A is a normal domain if and only if so is A*.
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Proof. As usual, to prove the statement for the three completions of A it is enough
to do it for the Nash one. Hence we suppose from now on that A* is the Nash
completion of A. One implication is easy: if A* is integrally closed in its total ring
of fractions K*, so is A in its quotient field K, because A*NK = A (Proposition 1.3
d)). Thus, we assume that A is a normal domain and will prove that A* is normal,
too, or, in other words, that A* coincides with its integral closure B* in K*.

To start with, we prove the following weaker fact:

Let B be a height one prime ideal of A and consider the multiplicative system
Sy = A\P. Then, the ring of fractions Sq_:glA* is integrally closed in its total
ring of fractions, which is K*.

Indeed, set D = S;BIA*. Since A is a domain, no element of Sy is a zero divisor in
A, nor, by Proposition 1.3 ¢), in A. Thus A* C D C K*. Let z € K* be integral
over D, say z = a/b with a,b € A* and b not a zero-divisor in A*. We consider the
ideal

I={ceD|cacbD}.

If 1 € I we are done. Otherwise, I C R for some proper prime ideal R of D. Such
a prime ideal is in fact a prime ideal of A* which does not meet S, that is, such
that RN A C P. Moreover, )i N A # (0). For, did R lie over (0) C A, it would
be an associated prime of (0) C A* (Chevalley’s Theorem for Nash completions,
Proposition 2.4) and all its elements would be zero divisors in A*, which b € I is
not. Thus, as ht(P) = 1, we conclude RN A = P; hence, by Chevalley’s Theorem
again, R is a minimal associated prime of the extended ideal BA*. Now, A being
a normal domain, the localization Ay is a normal domain of dimension 1, and
consequently its maximal ideal P Asy is principal ([A-McD 9.2]). But

RDy = RAL = PAL,

since R is a minimal prime of BA*, and we conclude that the maximal ideal of the
local ring Dgs is principal. Since D has no nilpotent element, it follows easily that
Dy is a domain, and by [A-McD 9.2] it is a normal domain. We finally pick any
equation of integral dependence of z over D and get after localization at R one over
Dgy;. By the preceding remarks, we deduce z € Dy, which means that there are
elements ¢, u,v € D, u,v ¢ R with

u(va —bec) =0

(as D is not a domain, we have to use carefully the definition of a ring of fractions,
see [A-McD §3]). Whence uwv € I C R and uv ¢ R, contradiction. In this way we
have proved our claim.

Now we will show that A* itself is integrally closed in K*. By Zariski’s Condition
D (Lemma 4.1) there is an element 6 € A such that 6B* € A*. We have the following
formula

A= () I(B), (1)

deP, ht(P)=1
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where I(B) = AN JAg for every prime ideal P C A.

Let us admit (1) for the moment, and deduce from it that B* = A*. Since § is
not a zero divisor in A*, it suffices to see that 6 B* € §A*. But, by Proposition 1.3
b), the formula (1) above extends to A* in the form

A= () Iy,
SEP, ht(P)=1

and we are reduced to show that
oB* C I(P)*

for every height 1 prime B C A that contains d. But B* is integral over A* C SQSIA*7
and the latter ring is integrally closed, so that B* C nglA*. It follows

dB* C A*N 6(5,5114*),
and we have to see that A* N 6(5’%114*) C I(*B)*. Hence let z € A* be such that
uz — 6y =0,

where y € A*,u € Sy = A\ P (note that no element of Sy is a zero divisor in A%,
which simplifies the description of nglA*). We then have the linear equation

uz — o0y =0, ¢ €A,

with a solution z = z, y = y in A*. By Lemma 1.2, for every a > 1 there is a
solution z = 24,y = Yo in A such that z, = 2z mod m**. Hence uz, = dy,, and

since ¢ ¢ B,
Za € ANGAp = I(P).

Consequently

2 €[ UR) +m™) = I(B)",

as wanted.

It only remains to prove the formula (1) stated above. This is a general fact valid
in any noetherian normal domain, but as it is not explicitely formulated in our basic
reference [A-McD] we include a proof.

Let A = a;N---Nas be a primary decomposition of d A, with associated primes

mlz\/a7"'7msz\/a'

If we show that
ht(%B1) = -+ = ht(P,) = 1,
then a; ¢ PB; for j # 4, and our formula (1) follows from [A-McD 4.9].
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Thus, we put B = ;, and will see that P has height 1, or, more explicitely, that
PBAg is principal. Set C = Ay and n = PAgp. Then C is a local normal domain
with quotient field K. Furthermore, n is still an associated prime of §C (again by
[A-McD 4.9]). We now consider

ntl={zrcK|lmmcC}>DC,
and claim that
nln=0C (2)

Clearly, n~'n C C is an ideal and contains n. Hence, if it were a proper ideal, it
would coincide with n. It would then follow n(n=1)"™ = n for all m > 1, and so

an~Hm cC
for any chosen non-zero element a € n. Hence,
Cin 'l ca'C.

As a71C is a finite C-module, so would be C[n~!], which consequently would be
integral over C. As C is normal, we conclude n=! C C. But this is impossible. For,
by a general property of associated primes ([A-McD 4.5]), there is a € C such that n
is the radical of the ideal a = {c € C'|§ divides ac}. Hence n™ C a for some m > 1.
Let z = a/6 € K; it holds zn™ C C. If n=! C C, then z € C, and we would get
1 € a C n, which is absurd. We are done.

Once (2) is proved we are ready to show that n is principal. By Nakayama’s
Lemma, n # n? and we pick an element ¢t € n\ n?. Clearly, tn~! C C, and if it
were tn~! C n we would get tC' = tn~'n C n? by (2). Hence, tn=! = C, and so
n=tn"!n=tC by (2) again.

Thus we have completed the proof that n = B Ay is principal, and with it the
proof of (1) and the proof of Zariski’s Main Theorem. [ |

4 Normalization and Completion

We will describe here the normalization of a local algebraic domain. First we have
the following consequence of Zariski’s Condition D:

Proposition y Definition 4.1 Let A be a local algebraic domain, K its quotient
field and B the integral closure of A in K. Then:

a) B is a finite A-module and a noetherian ring.

b) B has finitely many maximal ideals, which are the prime ideals ny,...,n, of
B lying over the mazimal ideal m of A.
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¢) vmB=n;N---Nn,.

The ring B is the normalization of A.

Proof. By Zariski’s Condition D (Lemma 3.1), there is a non-zero element § € A
such that dB* C A*. Hence dB C A* N K = A (Proposition 1.3 d)). Since A is
noetherian, we deduce that 6B is a finite A-module, and consequently so is B. It
also follows that B is noetherian ([A-McD 6.5]). Let now n be a prime ideal of B.
By a basic fact on integral dependence ([A-McD 5.8]) n is maximal if and only if
nN A is maximal. It follows that the maximal ideals of B are the prime ideals of B
lying over m, or, equivalently, the prime ideals of B containing mB. Hence they are
exactly the associated primes of mB and their intersection is the radical of mB.
|

We are ready to compare the normalization of a local algebraic domain and its
completion. We recall that our coefficient field is K = R or C.

(4.2) Normalization after completion. Let A be a local algebraic domain over
K and K its quotient field. We consider the normalization B C K of A and a
completion A* of A.

By Chevalley’s Theorem (Proposition 2.1), A* is reduced and the ideal (0) C A*
has finitely many associated primes q;. By Proposition and Definition 4.1, B has
finitely many maximal ideals n;. We are to compare the g;’s and the n;’s through the
normalization B* of A*, as described in Proposition II1.2.2: B* is a direct product
of the normalizations B; of the domains A*/q;. Recall also that the factors B} are
the localizations of B* at its maximal ideals n;. As usually, we suppose that A*
is the Nash completion, since what we prove for it will also hold for the others by
Nagata’s comparison theorems. First of all, we have:

a) BF\NK =B

Clearly, B* N K D B. On the other hand, by Zariski’s Condition D, there is § € A
with §B* C A*. Consequently

S(B*NK)C (6B )YNKCA*NK=A

(the last equality by Proposition 1.3 d)). Hence §(B* N K), and thus B*N K, is a
finite A-module. It follows that B* N K is integral over A, and so BN K C B. A
Then:

b) Every mazimal ideal n} of B* lies over one n; of B.

Since n} lies over the maximal ideal of A*, it lies over the one m of A. This implies

that ny N B is a prime ideal of B that lies over m, and by Proposition and Definition

4.1, it is a maximal ideal of B, that is, some of the n;’s. [ |
Conversely, we have
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¢) Over every mazimal ideal w; of B there lies some maximal ideal n} of B*.

It is enough to show that the extended ideal n;B* is proper, since then it will be
contained in some maximal ideal n} of B*, which of course will lie over n;. Now,
to see that n;B* is indeed proper, we argue as follows. As B is a finite A-module,
there are elements z1, ..., 2z, € B such that B = A[z,..., 2], and we consider the
extensions

BcC=A"z,...,2m] C B".

Since B* is integral over C, any proper ideal of C' extends to a proper ideal of B*
([A-McD 5.10]) and so we only have to see that n,;C is proper. But suppose 1 € n;C.
Then, there is an expression

1=Pi(a,z)c1 + -+ + Ps(a, 2)cs,

where ¢ = (a1,...,ap) € (A*)P, 2 = (21,...,%m), €1,...,¢s € nj and every P, €
Za, z] is linear in the a;’s. We now apply Lemma 1.2 to this equation in the a;’s
and find a’ € AP such that

1= Pi(d,2)e; + -+ + Ps(d', 2)cs.
But then 1 € nj, which is absurd. This concludes the proof of ¢). |

(4.3) Completion after normalization. We will next construct the completion of
every localization B, (we keep the notations of 4.2). There are several possibilities,
depending on the type of extension we get via the canonical homomorphism K =
A/m C B/n; =K'. Note that since B is integral over A, that extension is algebraic,
and must be either R C R, R C C or C C C. The simplest situation is:

a) The extension is trivial, that is, K = B/n;.

We pick a surjective homomorphism Ky[x] — A, with x = (x1,...,%,), and elements
Z1,...,%m in B such that B = Az1, ..., 2p]. Since the extension K C B/n; is trivial,
there are 29,...,2% € K C B with

Zl—Zg,...,Zm—Z,?n € ny.

We then put y = (y1,...,ym) and extend Ko[x] — A to a surjection
Ko[x,y] — Bn,

by

0 0
VI 21— 21, Ym > Zm — Zm-

We have thus shown that By, is a local algebraic ring over K, and can consider its
Nash completion (B )*.

Now, since the canonical homomorphism A — By, is local, it extends to a Nash
homomorphism A* — (By,)* (this follows immediately from Proposition II.1.3).
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The kernel of this extension lies over (0) C A, because A — By, is injective. Then,
by Chevalley’s Theorem for Nash completions (Proposition 2.4), that kernel is an
associated prime qy.

Next, we consider a maximal ideal n} of B* that lies over n; and the correspond-
ing local homomorphism B,, — B} = B::. Again we can extend this to a Nash

homomorphism (By;)* — B and we obtain

A" — A" /qp — (Bw,)" — B;.

Clearly, this is the canonical homomorphism A — B}, and qj is its kernel; in
particular, k = i. Moreover, by Zariski’s Main Theorem (Proposition 3.2), the Nash
ring (By;)* is normal, and we conclude that (B,,)* = Bj. This shows in addition
that the maximal ideals n} lying over n; correspond to the associated primes q; which
occur as kernels of Nash homomorphisms A — (By,)* that extend the canonical
inclusion A — By;. But such a Nash homomorphism is completely determined by
the images of the generators of the maximal ideal m* of A* (Proposition 1.1.3 a)),
and since m* = mA*, those images are prescribed from the very beginning. Whence,
there is a unique n} lying over n;. |
The other possibility is that K = R C B/n; = C. Then if n} lies over n;, the
coefficient field of B = B{. must be C. We still need to distinguish two subcases:

b) B is not 2-real.

Then v/—1 € K (Proposition and Definition I1.5.6), and since B is integrally closed
in K, /=1 € B and C C B. We now repeat the reasoning of a), but notice that
20,...,25, € C. This leads to a surjection Co[x,y] — Buy,. In this way, By, is a
local algebraic ring over C. The rest of the argument goes the same: we get a Nash
homomorphism A* — (By,)* whose kernel is the associated prime q; corresponding
to ny. From this we conclude that there is a unique maximal ideal n} lying over
n; and the localization B} of B* at nj is the Nash completion (By,)* of By,. It
is important to observe the extension of the coefficient field along this process, and
the small abuse of terminology when we consider homomorphisms from A*, whose
coefficient field is R, to (By;)*, whose coefficient field is C. Clearly this abuse does

not affect the argument. |
¢) B is 2-real.

Then /—1 ¢ K, and the extension B[y/—1] is a domain (Proposition and Definition
I1.5.6). As the coefficient field of the Nash ring B} is C, we get a homomorphism
B[v/—1] — B;}. Hence n; lies over a maximal ideal n’ of B[\/—1] which in turn lies
over nj. We can again construct a surjective homomorphism Co[x,y] — B[v/—1]w
and B[y/—1], is a local algebraic ring over C. The Nash completion of this local
algebraic ring is still denoted by (By,)* and once again we obtain a Nash homo-
morphism A* — (By;)" whose kernel determines n;. Also, (By;)* is canonically
isomorphic to B;.
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The more delicate point here is the uniqueness of n}. As in the previous cases,
this is a consequence of the fact that the kernel q; of the Nash homomorphism
¢ : A* — (By,)" = B} is completely determined by its restriction ¢ : A — By, to

A. This fact in turn comes from the following characterization of q;. Let f € A*

and for every a > 0 write f in the form

Then ¢(f) = 0 if and only if for every 3 > 0 there is a > 3 such that ¢(fa) € .
To obtain this characterization, suppose first that the condition holds true. Then
for every 8 > 0 there is o > 3 with

O(f) = @(fa) + d(ha) € ) Bf + ;% C ni”,
and so
o(f) € (n? = (0).
B
Conversely, suppose that ¢(f) = 0. Then
‘p(foc) = _¢(ha) € n:a’

and we must see that for every 8 > 0 there is some « such that
n“NB,, C nj@.

We recall the construction of (By,;)* = Bj: it is the Nash completion of the local
algebraic ring B[v/—1]y. By (Proposition 1.3 a))

(0)% N BV =Tl =",
and consequently we are reduced to find a such that
W NBy, C n]@ )

Since all prime ideals of B[v/—1] lying over n; are maximal (a basic property of
integral dependence, [A-McD 5.8]) we deduce that n’ is the unique prime ideal of
B[v/—1]y lying over n;. This means that

n' = /n;B[V—1]w,
and since this localization is a noetherian ring, we get
e njB[V —1w

for some v > 1. Hence
n"? nfB[\/—l]n/,
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and we will have finished if
! B[v=1]w N By, = 0. (1)

To see this, consider generators hq, ..., hy,, of n? . An element a belongs to the left
hand side of (1) if and only if

ua = c1thy + -+ cphm,
where u, ¢ € B[v/—1], u ¢ n'. We then write
u=u+v—-1u", ¢, =c, +vV-1/,

where v/, u”, ¢}, ¢/ € B. As u ¢ ', then either v’ ¢ n’ or v” ¢ n’. Suppose, say, the
first condition. Then v’ ¢ n; and we have

wa=cihi+-+c hm.
So a belongs to the ideal generated by hi,...,hy, in By, which is the right hand
side of (1). This gives the non-immediate inclusion and concludes the proof of the
characterization of the elements of q;. As explained before, the uniqueness of n} is a

consequence of that characterization, and the discussion of this case ¢) is complete.
]

We summarize the constructions of the preceding two paragraphs in a single state-
ment:

Proposition 4.4 Let A be a local algebraic domain, A* a completion of A and B
the normalization of A. Then, the normalization of A* is the completion of B, that
18,

(A%)" 2 (Bn,)" X -+ % (Ba,)",
where ny, ..., ng are the maximal ideals of B. In particular, the isomorphisms

(A"/a:)” = (Bn,)", 1<i <5,

give a bijection between the associated primes q; of (0) C A* and the mazimal ideals
n; Of B.

5 Efroymson’s Theorem

The goal of this section is to describe the behaviour of the completions of a local

algebraic ring with respect to orderings. To do this we fix the following notations.
Let A be a local algebraic domain over R, m its maximal ideal and K its quotient

field. Let A* denote the Nash (resp. analytic, formal) completion of A. Namely, we
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have A =R, /p, A* =R,"/p*. By Chevalley’s Theorem (Proposition 2.1) the ideal
p* is radical, and its associated primes have all height = ht(p), say

pr=qN--Ngs.

Then, for every i = 1,...,s, we put Af = A*/q; and denote by K the quotient field
of A}.

In this situation, the problem is to know how an ordering of the domain A can
be extended to some A?. For this we need a new notion:

Definition 5.1 Let B be a local domain, with maximal ideal n. Then:

a) A local ordering of B is an ordering < such that for every g € B and f € n
with 0 < g < f it follows g € n; we also say that n is convex with respect to <.

b) We say that B is locally real if there exists some local ordering of B.

Remarks 5.2 Let B be a local algebraic (resp. a Nash, an analytic, a formal) ring
over R with maximal ideal n, and < a local ordering of B. Then:

a) Any h € B with h(0) > 0 is positive in <.

If h were negative, then —h would be positive. Hence

0<—h<h()—nh, h(0) —hen, —h ¢n,

and n would not be convex. ]

b) Every h € B is bounded by a real number, that is, —M < h < M for some
positive real number M.

Take —M < h(0) < M. Then (M —h)(0) = M —h(0) > 0 and by a), M —h > 0.
Analogously, h + M > 0, and the assertion is proved. |

¢) The maximal ideal n consists exactly of the infinitesimal elements, that is, the
elements f € B such that —e < f < ¢ for every positive real number €.

If fen, then (e—f)(0)=(e+ f)(0)=e>0and by a), —e< f<e. If fén,
then f(0) # 0 and we set £ = 5 f(0) > 0. In case f(0) >0, (f —)(0) = 3£(0) >0
and, from a) once more, it follows that 0 < € < f. A similar argument shows that
f < —e<0incase f(0) < 0. Thus f is not infinitesimal. This concludes the proof.

|

When the Implicit Functions Theorem holds, all orderings are local:

Proposition 5.3 Let B be a Nash (resp. an analytic, a formal) ring over R with
mazximal ideal n. Then every ordering < of B is a local ordering.

Proof. Suppose 0 < g < f with g € B and f € n. Then f(0) = 0 and we must see
that g(0) = 0. If g(0) < 0, then —g = h? for some h € B (I1.4.7) and so —g > 0,
against the hypothesis. Thus g(0) > 0. If g(0) > 0, then (f —g)(0) = —g¢(0) < 0 and
f—g= —h? for some h € B (I1.4.7). Hence f — g < 0, also against the hypothesis.
Consequently, g(0) = 0 as wanted. [ ]

After this preparation we can state the central result:
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Proposition 5.4 Let < be an ordering of A. The following assertions are equiva-
lent:

a) < is a local ordering.

b) < extends to some AF = A*/q;.

If this is the case, q; corresponds via the bijection of Proposition 4.4 to the unique
mazximal ideal n; of the normalization B of A which is convex with respect to <.

Proof. The implication b) = a) is an immediate consequence of Proposition 5.3.
For the converse implication it is enough to prove the case of the Nash completion,
by Proposition V.4.9 ¢), and to do it, we start with the particular case A = Ry,
A* = Ny

We will use Serre’s Criterion as stated in the proof of Proposition V.4.9 ¢): let
f1,---y fm € Rq be positive in < and let us see that the equation

Ayttt fmym =0 (1)
has in Ay only the trivial solution.
Indeed, for every real number ¢ > 0 the polynomial

he=¢—(xi+- +x3)

is positive in < (because h.(0) > 0 and < is local). Then, by E. Artin’s Specialization
Theorem ([L XI.3 Lem.2]), we have

{z € R he(z) >0, fi(x) >0,..., fn(z) >0} #0.
As this holds for every € > 0 we deduce that the origin is adherent to the open set
Z={xeD|fi(x) >0,..., fm(z) >0},

where D C R? is an open polycylinder centered at the origin on which fi,..., fm
are well defined analytic functions (such a D exists because the f;’s are rational
functions whose denominators do not vanish at the origin).

Let now g1,...,9m € N, C O, be a solution of the equation (1), and consider
the associated functions

%;:D(g;) = R, 1<i<m

(see 1.2). Since f192 + -+ + fmg?, = 0 in Oy, this holds the same for the associated
functions on some non-empty open neighborhood of the origin

UcDND(g)N N D(gm).

It follows that each “; vanishes on the open set U N Z C D(g;). But Z is adherent
to the origin, so that U N Z # @), and from the Identity Principle (Proposition 1.2.9)
we deduce g; = 0. This ends the proof of the particular case.

We next apply to p Noether’s Projection Lemma for polynomials ([A-McD §5
Ex.16]), and can assume the following conditions:
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a) The canonical homomorphism Rq — A is local and injective, with d = dim(A).
b) The classes 0; = x; mod p € A are integral elements over Rq.

Let now < be our local ordering of A. It restricts to an ordering of R4, which is also
local; this restriction is again denoted by <. By the particular case already solved,
< extends from R4 to Ny, or, in other words, from the quotient field L of R,, to the
one L* of Nj. Then, we consider the real closure F' of L* and get a chain of ordered
algebraic extensions

LcL*CF

In addition, we have the ordered finite extension L C K, that must also embed in
F: K C F. For these facts we refer to [L XI.2 Th.3].

On the other hand, consider the element #; and a monic polynomial P € Rg4[t]
such that P(6;) = 0 (which exists by b)). By Weierstrass’s Preparation Theorem

P=UP;, U,P;eNyt], U(0,0)=n#0,

and P; is distinguished. Set 67 = 5(0;). Since < is local, the element ¢; € m is
infinitesimal (Remark 5.2 ¢)), that is,

—e<0;<e for every real number € > 0.
Suppose now U(6;) = 0. Then
0+ a0+ +ag =0, ag(0)=U(0,0)=n#0,
where the coefficients a, € Ny are bounded (Remark 5.2 b)):
M <ay <M for some real number M > 1.
A straightforward computation gives
Fa, = j:(é‘?_l + a16§_2 + - Fag_1)b; < gMe (2)

for every € > 0.
Then if, say, n > 0, we have

(ag —qMe)(0) =n—qgMe >0
for small enough e > 0, and by Remark 5.2 a)
aq > qMe,

against (2). If n < 0 we would similarly conclude —a, > ¢Me also against (2).
The conclusion is that 6; is a root of the distinguished polynomial P;.
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Once we have the P;’s, we use the method of the second half of the proof of
Lemma III.1.1 to construct a homomorphism

0 : Ny = Nglbas1,...,0,] CF

such that
X1 X1y, Xd > X3 X1 = Ogi1, -y X > O

By construction, ¢|R,, coincides with the composition
Rn%Rn/p:ACKCF,

and so p = R, Nker(p). It follows from Proposition 2.4 that ker(y) is an associated
prime q; of p*, and we get another embedding

A =N, /q; — F.

Finally, the restriction to A} of the ordering of the real closed field F' gives the
extension of < to A} we were looking for. This completes the equivalence between
a) and b).

We now prove the last assertion of the statement. The bijection of Proposition
4.4 gives a maximal ideal n; of B and a local inclusion B,, — B}, where B} stands
for the normalization of A}. The extension of < to A} is actually an ordering of
the quotient field of A}, and, consequently, an ordering of B;. Thus the coefficient
field of B} is R (Proposition II1.2.6), and by Proposition 5.3 this ordering of B} is
local. Since the inclusion B,, — B; is local, the restriction to B,, is also a local
ordering. But this latter restriction is exactly our initial ordering < of A, because B
is contained in the quotient field K of A. Thus we see that n; is convex with respect
to <. It only remains to see that no other n; is convex with respect to <. But, if
j # i, there are elements

T en; \ni, yE‘I‘lZ‘\I‘lj,

and the element z = 2 — y? € B verifies

2 —z=y*em\n;, vy +2=2>€n;\n,

Since n; is convex with respect to <, the first condition implies z > 0. Indeed, if
z < 0 then 0 < 22 < 22 — z and by convexity x? € n;, contradiction. Similarly, if n;
were also convex, the second condition would imply z < 0, which is impossible. We
are thus done. [

From the preceding result and the fact that all orderings of the A}’s are local (Propo-
sition 5.3) it follows immediately:

Corollary 5.5 (Efroymson) A local algebraic domain is locally real if and only if
some A7 is formally real.
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