RACSAM

Rev. R. Acad. Cien. Serie A. Mat.

VoL. 101 (2), 2007, pp. 229-234

Matemdtica Aplicada / Applied Mathematics
Comunicacién Preliminar / Preliminary Communication

Natural and artificially controlled connections among steady
states of a climate model

J. |. Diaz and V. Garcia

Abstract. We consider a discretised a simple climate model of Sellers type and analyze the problem of
transferring the system (through some sufficiently large time 7°) from a stationary state to another one in
the same connected component.

Conexiones naturales y controladamente artificiales entre los estados
estacionarios de un modelo climatico

Resumen. Consideramos un modelo climatico discretizado de tipo Sellers para el que analizamos las
posibilidades de conectar dos estados estacionarios mediante un proceso natural (curva de bifurcacién
respecto de un pardmetro) y mediante la accién de un adecuado control.

1 Introduction

We present here a summary of new results ([6]) on Budyko-Sellers climate models of the type

( ) = (3'}) YIS (_171>7

where k > 0, R,(z,y,v) is a bounded increasing function on y (the absorbed energy due to the co-albedo)
and R.(y, z,w) is a strictly increasing function on y (related to the Stefan-Boltzman radiation law with an
emissivity u varying in some positive interval). Here u and v are taken as control variables (indicating the
anthropogenerated actions on the rate of emissions on the greenhouse gases).

For some purposes it is useful to assume the presence of possible localized controls of the form
u(t)X(1,,15) and v(t)x (i, 1) for some given latitude control interval (I1,12) C (—1,1). We shall assume
here that R, (z,y,v) is closer to the model proposed by Sellers and so Ry, = (v(t)x(1,,1,) + 1)QS(z)B8(y)
with 3 a Lipschitz continuous, as for instance, 3(y) = mif y < y;, B(y) = m + (“=L)(M — m)
if y; <y < yu, By) = M if y > vy, where u; and u,, are fixed temperatures closed to —10°C' and
m = (; and M = (3, represent the coalbedo in the ice-covered zone and the free-ice zone, respectively,
0 < B; < Bw < 1. Moreover, S(x) is the insolation function and @ is the so-called solar constant. We
assume S : [-1,1] = R, S € C°([-1,1]), S1 > S(z) > Sy > 0 for any = € [—1, 1]. We also assume that
Re = (u(t)x@,,1,) +1)G(y) — f(x) with G : R — R a continuous strictly increasing function such that
G(0) = 0, limy |G(s)| = 400 and f € CO([—1,1]).

P) v — (k(1 — 2%)y,)z = Ra(7,y,0) — Re(y,z,u) x € (=1,1),t >0,
Yy .’L',O Yo
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Our main goal is to consider the problem of transfering the system from a stationary state to another
one. This type of problem was raised by J. von Neumann in a general context ([14], see also [13] and [10]).
Our study have two different parts: first we obtain a result on a (naturally) connected branch of stationary
solutions (for instance, as function of parameter () and in the absence of any control: (I1,l2) = (—1,1) and
u(t) = v(t) = 0). In a second part we shall use some techniques of the controllability theory of nonlinear
systems of ODEs to analyze the (artificial) transfering question by means of suitable controls.

As as mater of fact, we shall consider here only some simplified versions of problem (P). We shall
concentrate our attention in the discrete version of (P) arising by a spatial difference scheme discretization
(for a discretization by finite elements see [3]). There are several possible discrete simplified problems.
For instance, to avoid technicalities concerning the degenerate diffusion, as in other precedent papers ([5]),
we can replace the degenerate linear diffusion operator by the usual uniforme diffusion expression but then
adding Neumann boundary conditions

ytfkyxat:Ra(mvyvv)fRe(yasmu) T e (7171)at>07
(Pp) § yz(1,t) = yo(—1,8) = 0 t>0,
y(z,0) = yo(x) z e (—1,1).

Then, a spatial difference scheme discretization of problem (Pr,) can be generated in the usual way: given
N € N, we define h = 2/(N — 1) and we denote by y;(t) to the approximation of y(—1 + ih, t):

®)) y(t) — Ay(t) + Re(y(t), u(t)) — Ra(y(t),v(t)) =0,
y(0) =y°,

where y(t) = (y1(t),y2(t),...,yn(t)T, u(t),v(t) € R, with u(t) and v(t) appearing only in some
coordinates associated to some m € N, 1 < m < N (the discretized control interval (I1,ls) is here
represented by an interval of length (m — 1)h). Problem (Pr,) leads to the symmetric positive definite

matrix
1 -1 0 0o ... 0
-1 2 -1 0o ... 0
k 0 -1 2 -1 ... 0
AL:ﬁ : )
0o ... 0 -1 2 -1
0o ... 0 0 -1 1

Ry:{-1,—-1+h,...,+1} x RY x R™ — R¥ is given by
Ro(Z1,e s TN, Y1y e o s UNS VL, oo, UN) = (Ra(ml’yl,m),...,Ra(xN,yN,vN)T
and Ro:{—1,—-1+h,...,+1} x RYN x R™ — R¥ by
Re(Z1,e o s N YLy e o YN, ULy - oo, UN) = (Re(xlﬂyl(t),ul),...,RE(IMyN(t),uN)T,

where we used the following notation: u;(¢) = 0 if j is not one of the m coordinates where the control is
located and u;(t) = u(t) otherwise (and analogously for v;(t)) and z; = —1 + (i — 1)h.

A different discrete approximation of problem (P), which maintains the peculiar deneracy of the diffu-
sion leads also to the formulation (P},) but with a different symmetric matrix

0 0 0 0 0
k —(1—23) 2(1—23) —(1—413) 0 0
Ap— | ,
h? 2 2 2
0 —(1—2%5_y) 2(1—2%_;) —({1—2%_7)
0 0 0 0
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which results from the identity (k(1 — 2%)y.), = k(1 — 22)ye — 2kzy, When we neglect the transport
term 2kxy,,. Note that in that case the first and the last equations of (P},) are uncoupled.

Although our results are true for a general value of N € N, for the sake of simplicity in the exposition,
here we shall only consider the case of N = 3 and m = 1 leading to the vectorial formulation

with f : R? x R x R x R — R? given by (when A = A )

By — 1)+ QS(=1)B(y1) — G(y1) + f(—1)
f(y,u,v,Q) = A%@g—%n+yﬂ+0w%DQﬂ® (y2) — (u+1)G(y2) + f(0)
( ys +y2) + QS(1)B(y3) — G(ys) + f(1)

and (when A = Ap)

QS(—1)B(y1) — G(y1) + f(—1)
fly,u,v,Q) = | k(ys —2y2 +y1) + (v + 1)QS(0)B(y2) — (u+ 1)G(y2) + £(0)
QS(1)B(ys) — G(ys) + f(1)

2 A connected set of stationary solutions depending on ()

In this section we shall assume the absence of any control: (I1,l2) = (—1,1) and u(t) = v(¢) = 0. Our
main goal is to adapt the results of [7] and [2] to show that the set of stationary solutions (y*°, @) € R3 xR,
i.e. satisfying

(Py) ™, 1,1,Q) =0,

is very large (depending on the parameter (). We make the additional assumptions

(Hy.) there exist C'y > 0 such that f(z;) < —Cf

(Hp) g is Lipschitz increasing function and there exists 0 < m < M and € > 0 such that 5(r) = {m} for
any r € (—00,—10 —€) and B(r) = {M} for any r € (=10 + €, +00).

We note that since the matriz A is symmetric (and, at least, semidefinite positve) the strict monotonicity
and the coercivedness assumed on G implies the existence of a unique y,, (respect.y,s) solution of the
problem ((Pg) ) (respect. (Pg) ) given by (Pg) but replacing 5(y;) by m (respect. by M). In the rest
of the section we shall use several comparison arguments on R3. Here we shall use the following notation:
y <yifandonlyify; <7;,y2 <7, and y3 < ¥5. Analogously, the use of the strict inequality < among
vectors means that the strict inequality holds among all the components of the vectors. Finally, if « € R the
notation o < y means that a < (y)l fori =1, 2, 3.

We start by proving the existence of at least three solutions for suitable ) (in the line of [7]).

Theorem 1 Let y,, (respect. ynr) be the (unique) solutions of the problem (P ), (respect. (P) ).
Then:

i) for any Q > 0 there is a minimal solution y (resp. a maximal solution y) of (PZ;) Moreover any
other solution y must satisfy

Ym S YSYy<Y<V¥yum,
G (QSom +min f) < (ym)i < G~ H(QS1m — Cy) and
G HQSoM +min f) < (ym)i <G QS M —Cy) fori=1,23.
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If we assume, in addition,

G(—10+€) — min f < SoM
G(—10—¢€) + Cy = Sim

(Hc,)G(=10—€)+Cy >0 and

and define
_G(=10—¢) +Cf _ G(=10+4¢) —min f
Q1 = S0l y Qe = SolM (1
Qs = Q(—lOS— 6)—|-Cf7 Qs = Q(—lO—&-e)—mlnf. )
1m Som
then:

i) if 0 < Q < Q1 (repect. Q > Qu) then (PZ) has a unique solution'y =y, (ym)i < —10,

(repect. y = yur, (yar)i > —10) and G~ (min f) < limo~ o Inf ||[y|loo < limgo~ osup||ylleo <
G H(=Cy),

iii) if Q2 < Q < Qs, then (PZ) has at least three solutions, y;, i = 1, 2, 3withy1 = ym, Y2 = Ym,
andyy > ys > ya.

IDEA OF THE PROOF. i) and ii) are consequence of the fact that the comparison principle holds for
problems (Pg).,, (P)m (since the systems are of cooperative type) and then the method of sub and
supersolutions can be applied (see e.g. Pao [15]).The proof of iii) is divided into several steps. First, we
construct two constant subsolutions V; and two constant supersolutions U; such that Vo, < Uy < —10 —
e < —10 + € < V; < Uy, proving the existence of, at least, two solutions of (P%") The existence of a
third solution of (POQO) is obtained by a topological fixed point argument. Let us show the convergence of
the mentioned solution of (P°Q°) to a third solution of (Pg ¢). For A < )¢ (a certain positive parameter) Uy,
U are supersolutions of (Pg’) and V1, V are subsolutions of (PZ’). So, arguing as in i) we obtain two
solutions y; and y2 of(POQC) suchthat —10+e+AM <V <y; <Ujand V5 <ys < Uy < —10—ce.
In order to prove that (P?QC) has a third solution u3 different to u3 and u3 we apply a result due to Amann [1]
(which is justified since the operator F(z) := (A+G)~1(QS(-)3(z)+f) is compact on the space E = R?).
(]

Now we can show that it is possible to associate a bifurcation diagram for the special case of f(z;) =

G(-10+6)+C _ SoM
_ 10— < .
C¢, G(-10—€)+C >0 andg(—10—6)+C’_Slm

Theorem 2 [f we denote by ¥ the set of pairs (Q,y) € Rt x R®, where y verifies (Pg) then X contains
an unbounded connected component containing the point (0,G~1(—C)).

PROOF. We claim that the following result [16] can be applied to our case: “Let I be a Banach space. If
F:Rx E — Eiscompactand F(0,u) = 0, then X contains a pair of unbounded components C*+ and C~
inRT x E, R~ x F respectively and CT™ N C~ = {(0,0)}”. In order to do that we consider the translation
of y given by z := y — G~(—C). Obviously, v is a solution of (P) with G(0) = G(c +G~1(~C)) +C
and 3(c0) = B(oc + G~ *(—C)). We define 3 in an analogous way to . Let E = R? and define F(z) :=
(A +G)~1(QS()B(z) + f) is compact on the space E = R?. On the other hand, if @ = 0 problem (Py)
has a unique solution v = 0, so F'(0,0) = 0. In conclusion 3} contains two unbounded components C'*
and C~ on RT x R3 and R~ x R? respectively and 't N c- = {(0,0)}. Since X is a translation of by
then ¥ contains two unbounded components C* and C~ on Rt x R3 and R~ x R? respectively and that
CtnC~ = {(0,G71(-=C))}. Since Q > 0 in the studied model, we are interested in C*. In order to
establish the behaviour of CT, we also recall that for every ¢ > 0 there exists a constant L = L(q) such
thatif 0 < @ < g then every solution y of (Pgy) verifies [lyq|lcc < L(g). Since the principal component

232



Connections in a climate model

is unbounded its projection over the Q-axis is [0, 00). On the other hand, if @ is large enough (Pg) has a
unique solution y and this solution is greater than G~ (QSo M — C). Since lims o0 |G(8)| = +00, then
the unbounded branch C'* containing (0, G~1(—C)) should go to (00, 00). W

Remark 1 In the continuous problem it is well known that there are many other solutions which does
not belongs to the branch CT of the above proof (see [8]). In some special cases (for instance, the zero-
dimensional model: k = 0 and constant coefficients) it is possible to characterize the different parts of the
brach correspoponding to stable (and unstable) solutions. Moreover, under symmetry conditions on S(x)
and f(z) the branch C™ is formed by symmetry stationary solutions (y)1 = (y)s.

3 Connecting stationary solutions by means of controls

We consider the problem of transferring the system from a stationary state to another one (when () = Qg
is fixed) but now by means of suitable choices of the controls «(¢) and v(t). In fact, we shall consider here
only the case of a single control v(¢) and when both solutions are in the same connected component (the
branch CT). For the sake of simplicity, we shall consider the connection bettween an arbitrary (possibly
unstable) symmetric state (y°, (v® +1)Qg) to a final stable symmetric one (y/, v/ Qy), both in the principal
branch C*. The case when v(t) is fixed and the only control is u(¢) follows the same arguments. Finally,
the case of two controls u(t) and v(t) is even easier. We first extend, in [6], the obstructions results of [5]
to the case of the controls u© = 0 but v # 0 and localized. Spite of it, our results prove that if the final state
is a stationary state the problem is controllable. We start with the uniforme diffusion case A = A with
Neumann boundary conditions

Theorem 3 i) Assume A = Ay, u(t) = 0 and that the control v(t) acts globaly in space ((l1,12) =
(—1,1). Let (y/,Qov’) be a stable symmetric stationary solution in the branch C*. Then, for any
other symmetric state (y°, (v° 4+ 1)Qq) in C™ there exists a time T > 0 and a piece-wise continuous
control v € L>=(0,T) with v(0) = v° and v(T) = v/ such that the solution y(t) of the problem
(Pg, ) with initial datum y° verifies that y(T) = y7.

ii) In the case of a localized control ((11,13) & (=1, 1)) the same conclusion holds when, in addition,
(y°, (v° + 1)Qo) and (y*,v7Qy) are closed enough.

PROOF. We divide the proof of i) in two different steps. In the first step, given an small ¢ > 0 we
connect (y°, (v + 1)Qo) with a point (y/, Qov’/) by means of the branch of stationary solutions C+
and so, by means of a parametrization (y*(7), Q(7)) with Q(7) = (1 — 7)(v° + 1)Qo + 7(v/ + 1)Qo
for 7 € [0, 1]. Obviously, this orbit does not need to be a solution of (Pg,) but, given ¢ > 0, we can
construct the function [0,1/¢] — R? x R given by (y°(t),v°(t)) = ((y*(et), Q(et)) which is “almost” a
solution since ||y (t) = f(y(t),1,v(t), Q)| = O(¢). Then, since (y, v Q) is stable we can assume that
y=(T:) (with T. = 1/¢) is near y/. The second step consists in to connect y*(7;) with y/ by means of
a control v(t) for t € [T, T], for some T" > T.. This can be donne thanks to well-known results (see,
e.g. [12, 17]) since the Kalman’s condition for the linearized equation, near (yf ,of Qo) holds. Note that
due to the symmetry assumption we can reduce the system (P, ) to a system of only two equations leading
to a linearization y(t) = Cy(t) + Bu(t) where C= V,f(y/, v/ Qo) and B = V,f(y/,v/Qo), and so the
Kalman’s condition Range(B, CB) = 2 holds. ii) For a lozalized control v(t) appearing only in the second
equation of (P, ) the argument of connecting branch of stationary solutions C'* may fail but at least we
can apply the local controllability results for nonliear equations since the Kalman’s condition holds. MW

Remark 2 Iris a courious fact that, in the case of the original 3-system (P ¢, ), the necessary and sufficient
condition in order to have the Kalman’s condition for the linearized equation allows to see that there are
other solutions (not necessarely symmetric) which does not satisfy it.
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Remark 3 The controllability aspects for the degenerate case A = A p are considered also in [6].

Acknowledgement. The research of J. I. Diaz was partially supported by the projects MTM2005-
03463 of the DGISGPI (Spain) and CCG06-UCM/ESP-1110 of the DGUIC of the CAM and the UCM.

References

(1]

(2]

(3]

(4]

(5]

(6]
(7]

(8]

(9]

[10]

(11]

[12]

[13]
(14]

[15]
[16]

(7]

234

Amann, H., (1976). Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces, SIAM
Review, 18, 4, 620-709.

Arcoya, D., Diaz, J. I. and Tello, L., (1998). S-shaped bifurcation branch in a quasilinear multivalued model
arising in Climatology, Journal of Differential Equations, 150, 215-225.

Bermejo, R., Carpio, J., Diaz, J. I. and Tello, L., Mathematical and Numerical Anélisis of a Nonlinear Diffusive
Climate Energy Balance Model, (submitted).

Diaz, J. 1., (1993). Mathematical analysis of some diffusive energy balance climate models, in Mathematics,
Climate and Environment, (J. 1. Diaz and J. L. Lions, eds.) Masson, Paris, 28-56.

Diaz, J. L., (1994). On the controllability of some simple climate models, in Environment, Economics and their
Mathematical Models, J. 1. Diaz, J. L. Lions (eds.). Masson, 29-44.

Diaz, J. I. and Garcfa, V., Detailed article in preparation.

Diaz, J. I., Hernandez, J. and Tello, L., (1997). On the multiplicity of equilibrium solutions to a nonlinear diffusion
equation on a manifold arising in Climatology, J. Math. An. Appl., 216, 593-613.

Diaz, J. I. and Tello, L., (2002) Infinetely many stationary solutions for a simple climate model via a shooting
method, Mathematical Methods in the Applied Sciences, 25, 327-334.

Diaz, J. I. and Tello, L., (1999). A nonlinear parabolic problem on a Riemannian manifold without boundary
arising in Climatology, Collect. Math., 50, 19-51.

Diaz, J. I., (2002). On the von Neumann problem and the approximate controllability of Stackelberg-Nash strate-
gies for some environmental problems, Rev. R. Acad. Cien. Serie A Matem, 96, 3, 343-356.

Hetzer, G., (1990). The structure of the principal component for semilinear diffusion equations from energy
balance climate models, Houston Journal of Math., 16, 203-216.

Isidori, A., (1985). Nonlinear Control Systems: An Introduction, Lectures Notes in Control and Information
Sciences, Springer-Verlag, Berlin.

Lions, J. L., (1990). El Planeta Tierra, Espasa-Calpe. Serie Instituto de Espafia. Madrid.

von Neumann, J., (1955). Can we survive Technology?, Nature. (Also in Collected Works. Vol VI, Pergamon,
1966).

Pao, C. V., (1992). Nonlinear Parabolic and Elliptic Equations, Plenum, New York.

Rabinowitz, P. H., (1971). A Global Theorem for Nonlinear Eigenvalue Problems and Applications, in Contribu-
tions to Nonlinear Functional Analisis, E. H. Zarantonello ed., Academic Press, New York, 11-36.

Sontag, E. D., (1998). Mathematical Control Theory, Second edition. Springer, New York.

J. 1. Diaz V. Garcia

Dpto. de Matematica Aplicada Dpto. de Matemadtica Aplicada
Facultad de Matematicas Facultad de Matematicas
Universidad Complutense de Madrid  Universidad Complutense de Madrid
28040 Madrid Spain 28040 Madrid Spain
diaz.racefyn@insde.es torvixQ@hotmail.com



