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Abstract

We study the dynamics and regularity of the level sets in solutions of the semilinear parabolic equation
ur—Apu+ feal(u—u) in Q=802 x(0,T], pe(l,o0),

where £2 C R” is a ring-shaped domain, A ,u is the p-Laplace operator, a and u are given positive constants, and H(-) is the
Heaviside maximal monotone graph: H(s) =1 if s > 0, H(0) = [0, 1], H(s) = 0 if s < 0. The mathematical models of this type
arise in climatology, the case p = 3 was proposed and justified by P. Stone in 1972. We establish the conditions on the initial
data which guarantee that the level sets I, () = {x: u(x,t) = u} are hypersurfaces, study the regularity of I}, (¢) and derive the
differential equation that governs the dynamics of I, (¢). The analysis is based on the introduction of a system of Lagrangian
coordinates that transforms the moving surface Iy, (¢) into a stationary one.

© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. Statement of the problem

In this paper we deal with the problem

ur — Apu+ f(x,t) €al(u — ) in Dy =82 x (0,T],
u=¢ onSyr=02 x(0,T], (1.1)
u(x,0) =up(x) in 2,
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where 1 > 0 and a > 0 are prescribed constants, H(-) is the Heaviside maximal monotone graph in R? given by

1 ifs >0,
H(s)=1410,1] ifs=0,
0 if s <O0.

A is the p-Laplace operator
Apv= div(|Vv|p_2Vv), p e (1, 0).

It is assumed throughout the paper that £2 € R", n > 1, is a ring-shaped domain with the exterior boundary 9,2 and
the interior boundary 0; §2, 9; 2 N 9.§2 = . The function f(x, t) is given and belongs at least L? (0, T'; L? (£2)) with
/ p
P =57
Our interest in this problem is motivated by its application in Climatology. Problem (1.1) arises from the mathe-
matical formulation of the Energy Balance Model proposed by M. Budyko in 1969 [1]. The model is obtained from

the energy balance equation for the earth surface
E=R,—R.+ D,

where E is the accumulation of the total energy, R, is the co-albedo absorbed energy (represented here by the discon-
tinuous function, i.e., the maximal monotone graph), R, is the emitted energy and D is the diffusion represented by
the second order p-Laplace diffusion operator. If p = 2, then the diffusion is described by the linear Laplace operator,
as was originally proposed by M. Budyko. In 1972 P. H. Stone [14] proposed to choose for D the nonlinear diffusion
operator with p = 3. This is the case considered in the present paper: the diffusion operator D is the quasilinear p-
Laplacian under the general condition p € (1, co). More information on the physical backgrounds of this model and
the further references can be found in [4-6].
The main aim of the paper is to describe the level set I'), which separates the regions

Df ={(x,t)e Dr: u(x,t)>pn} and Dy ={(x,1) € Dr: u(x,t) < u}.

The solution of problem (1.1) is understood as follows.
Definition 1.1. A function u : Dr +— R is said to be a continuous weak solution of problem (1.1) if

(Hh)uecC 0(57) NLPO,T; W,i (£2)) and satisfies the initial and boundary conditions by continuity,
(2) there exists a function h, € L° (D), such that

h,: D7+ [0, 1],
(1.2)
hy(x, 1) € H(u(x,1) — ) forae. (x,1) € Dr,
(3) for every test-function n € LP(0, T’; Wo1 "7 (£2)), such that n; € L?(Dr), the following identity holds:
1=T
/[n,u—vn-|Vu|P—2w—nf+anhu]dxdt=/undx (1.3)
t=0

Dr 2

According to this definition, problem (1.1) is understood as the problem of finding the functions u and %,, such that
ur — Apu+ f(x,t)=ah, €al(u —p) in D7,
u=¢ ondSr, (1.4)
u(x,0) =up(x) in £2.

Throughout the paper we assume that the data of problem (1.4) are subject to the following general restrictions:

382.,082; € C?,
u()eWz’q(Q) with some ¢ > n + 2, [Vug| > € >0 in £2,
¢>pm onasf2, x|[0,T], ¢ <um onaf2; x|[0,T], (1.5

¢(x,0) =ug(x) onds2, and 052;,
f(x,1) € CP((0,T); L9(£2)) with some 8 € (0, 1).
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Further conditions will be specified in the formulation of the main results. We will use the notation
I ={x1)€Dr:ux,1=n}, I, (t) =TI, N{t=const}
and assume that
y =1,(0) is a (n — 1)-dimensional surface of the class C 2, (1.6)

We prove that under these conditions the set I, is a (n + 1)-dimensional hypersurface (for short times), establish
certain regularity properties of I'y,, and show that the dynamics of I', () is defined by a differential equation which
can be interpreted as a generalization of the Darcy law in filtration theory.

1.2. Previous work. Motivation

The questions of dynamics and regularity of the level set I'), in solutions of Eq. (1.4) were studied thus far only
in the linear case p = 2—see [7,15] for the problem in the one-dimensional setting and [6] for the case of arbitrary
space dimension. The present work continues the study initiated in [6] for the special case p =2, f =0 and extends
it to the quasilinear equation (p # 2) with a nonzero forcing term.

Under the foregoing conditions on the data, existence of a weak solution to problem (1.1) can be proved by the
methods developed in [4,5]. The discontinuous term H(u# — w) is approximated by a sequence of smooth functions,
and the solution of problem (1.1) is then obtained as the limit of the sequence of solutions of the regularized problems.
The basics, an excellent insight into this method and a number of relevant results can be found in the monograph [12].
Unfortunately, this approach provides no information about the regularity and qualitative properties of the surface I',.

For smooth solutions the differential equation of the level surface I', can be derived in the standard way. Calculat-
ing the total derivative of u along I'j, we find that

0=dulr, = (u; +x, - V)|, dt. (1.7)

Since the normal n to I',(¢) has the form Vu/|Vul, Eq. (1.7) formally leads to the differential equation of motion
of I'y: if [Vyu(xo, 0)| # 0 at a point (xo, o) € I, then at this point the normal velocity of I}, is calculated by the
formula

Uy
X;-n=—

[Vu| Fu'

However, the regularity of the searched solution is insufficient to justify such an equation. Indeed: the nonlinear
forcing term in Eq. (1.1) belongs to L®° (D7) and the standard parabolic theory does not guarantee differentiability of
the solution across I7,.

The level surface I}, can be regarded as a moving (free) boundary where the nonlinear forcing term has a discon-
tinuity jump. The study of regularity of solutions of the free boundary problems is often based on a suitable change
of variables that transforms (locally) the moving boundary into a part of vertical plane—see, for example, [2,3,8] and
the references therein. In this approach, the study of the free boundary properties reduces to the study of behavior of
the solution to a nonlinear PDE near a known time -independent boundary of the problem domain. The method we
use in the present paper is also based on a special (nonlocal) coordinate transformation that renders the free boundary
I, a time-independent surface. We prove the equivalence between the original problem and the new one, and then
treat the latter as an independent mathematical problem. An advantage of our method is that the differential equation
of the free boundary is included into the formulation of the new problem and does not need any further justification.
The detailed description of the coordinate transformation is given in Section 2.

1.3. Main results
Let us a choose a domain w(0) C §2 such that dw(0) € C2, y C w(0), and there exist ring-shaped domains a)ar and
w, satisfying the conditions
w0 =wf Uoy, y=af Na,,
of N0 =0, @, N3 =10, (1.8)
8(4)(%[ eC?.
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Theorem 1.1. Let conditions (1.5), (1.6), (1.8) be fulfilled. Assume that a >0 and 0 < f < a in Dr. Then there
exists T' such that

(1) problem (1.1) has a weak solution u € qu’l(DT/),
(2) for this solution the surface I', is parametrized by the bijective mapping

Yoy X(y, ) =y+VyU €I, (1) (1.9)
where U (y, t) is a function defined on w(0) x (0, T") and
DYU e WA (wf x (0, T") for Bl =Y, Bi <2.
Moreover,
w(0) 2y x(y,1) =y + VyU € 0(1),
f u(x,1)dx = / up(x)dx Vvt €[0,T']. (1.10)
w(t) w(0)
Corollary 1.1. An immediate byproduct of Theorem 1.1 is that for the constructed solution the set I',, is an n-

dimensional hypersurface of the class C'T%F0/2 yyith some a € (0, 1), and that for every t € (0, T'] the set (1)
is a (n — 1)-dimensional hypersurface of the class C*T° with o € (0, 1).

Remark 1.1. If we drop the regularity assumption (1.6), then, by virtue of conditions (1.5) and the embedding
theorems in Sobolev spaces, we would have y € C 4o with certain a(g,n) € (0, 1). In this case formulas (1.9) yield
I, (t) € C'*e forevery t € (0, T'].

Remark 1.2. In this paper we do not specially discuss the question of uniqueness of solution to problem (1.1). Under
the conditions of Theorem 1.1 the uniqueness follows from the results of [4].

Theorem 1.2. The points of the surface I';,(t) move with the velocity

1 -2
V(X,1) = ——|VulP"2Vu + Vp,
u

where p(X, t) is the solution of the elliptic problem
divuVp)+ f —axusy =0 inw(),te[0,T],
:p(x, 1)=0 ondw()
and the moving domain w(t) is given in (1.10). The points of the surface I',,(0) start moving with the velocity

(1.11)

1 -
Vo(X) = —M—OIVMOI Vuo + V po,

where pg € qu (w(0)) is the solution of the elliptic problem
div(ug Vpo) + f(x,0) —axuy>p) =0 in w(0), P0o=0 ondw(0).
Moreover,

v(x(y. 1), 1) = VoWt < Ct¥ with v € (0, 1). (1.12)
The next result refers to case p = 2 (linear diffusion).

Theorem 1.3. Let in the conditions of Theorem 1.1 p =2 and f = 0. Given an arbitrary m € N, there exists T = T (m)
such that for every fixed 'y € w(0) the function X(y, t) =y + VyU (the trajectory) satisfies the estimate

m

1
Z K\ Mk Z Hl‘kDfDﬁU(y, t)“ W,?‘l(woix(O,T(m))) <00
k=0 1B1<2

with a constant M depending on n, q, m, y and 80)8:, but independent of U.
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Remark 1.3. It is proved in [7] that in the case p =2, n = 1, and under similar conditions on the initial data, the
level curve I, is represented in the form x = ¢(¢) with ¢(¢) € C*°(0, T']. The proof given in [7] is specific for the
one-dimensional case and is not applicable to the solutions of multidimensional problem.

1.4. Organization of the paper

The study of the level set I}, is based on the introduction of the system of Lagrangian coordinates frequently
used in continuum mechanics. The evolution equation (1.4) is formally considered as the of mass balance equation
in the motion of a fictitious fluid, and this motion is then given a counterpart description in the plane of Lagrangian
coordinates. The convenience of this method is that on the plane of Lagrangian coordinates the level set I, is known
beforehand.

The introduction of Lagrangian coordinates and the equivalence between the original free-boundary problem and
the problem formulated in Lagrangian coordinates are given in Section 2. This part of presentation mostly follows
paper [6] where the same method was applied to the study of problem (1.1) with the linear diffusion operator and
f=0.

Sections 3-4 are devoted to the study of auxiliary problems formulated in Lagrangian coordinates. In Section 5 we
prove solvability of the problem formulated in Lagrangian coordinates and check the equivalence between the original
free-boundary problem and its Lagrangian counterpart. The proofs of Theorems 1.1, 1.2 are given in Section 6 and
turn out to be simple byproducts of the results obtained for the problem in Lagrangian formulation. The proof of
Theorem 1.3 is given in Section 7.

2. Lagrangian coordinates
2.1. The Euler and Lagrangian descriptions of motions of a fluid

Let us consider a fluid occupying a region w () C R” assuming that the following conditions are fulfilled:

e the mass of every moving volume o () C w(t), constituted by the same particles, does not change with time,

e the boundary dw(¢) of w(?) is constituted by the same particles for every ¢ > 0 and the velocity of dw(¢) in the
normal direction coincides with the normal velocity of the particle constituting dw (¢),

e the continuous velocity field v(x, ¢) is given.

There are two methods of description of such a motion. The first one is the Euler method in which the characteristics
of motion are considered as function of the time ¢ and the position of each particle in a coordinate system independent
of the fluid. Let u(x, t) be the density of the fluid. The mathematical description of the fluid motion includes

(a) the mass conservation law
/ ulX,t)dx = / uo(x)dx,
o(t) o (0)

where o (¢) is an arbitrary fluid volume which evolves with time but is constituted by the same particles at every
t > 0; in the differential form this law reads

u; + div(uv) =0;

(b) the initial and boundary conditions: the initial distribution of density u(x,0) = ug(x) in w(0) and the normal
velocity of dw(¢) are given.



480 J.I. Diaz, S. Shmarev / J. Math. Anal. Appl. 352 (2009) 475-495

In this approach the unknowns are the density u(X, ) and the domain w(¢). They are defined from the conditions
u; +diviuv) =0 inC = U{t>0}a)(t),
u(x,0) =uo(x) inw(0),

fu(x,t)dx: / up(x)dx Vvt > 0.

w(t) w(0)

2.1

The solution of this problem is understood in the weak sense.

Definition 2.1. A domain C =,y w(¢) and a function u(x, 1) € CY(C) are called a solution of problem (2.1) is for
every test-function € C'(C)

t=T
(2.2)

/(um +uVn-v)ydxdt = / nu dx
t=0
C

w(t)

In the approach of Lagrange the characteristics of motion are considered as functions of time and the initial position
of each particle. In this method the unknowns are: the density u[X(y, ?), t] and the position X(y, ) € w(¢) of the
particle which was initially located at the point y € @ (0). The flow is described by the following relations:

(a) the mass conservation law
u[X(y, 1), t]|lJ = uo(y) for (y,1) € w(0) x [0, T1, (2.3)
where J is the Jacobi matrix of the mapping
mayl—)X:X(y,I)em, 2.4)

(b) the equation of trajectories

{ X, (y, 1) =v[X(y,0),7] inw(0) x [0, T], 2.5)

X(y,0)=y in(0).

Definition 2.2. A vector-valued function X(y, ) and a scalar function u (X, t) are said to be a weak solution of
system (2.3), (2.5) if

X, vIX.t]e (W) 0(Qr))" withsomeqg >1,  u[X(y,1).t]€C%(Qr).

for every test-function @ € qu/’O(QT)

/ Vo - (X, — v[X, t])dxdr =0, (2.6)
or
and (2.3) holds at every point of Q7.

Theorem 2.1. Let (X, u) is a weak solution of problem (2.3), (2.5) in the sense of Definition 2.2. If there exist positive
constants A, Ay such that Ay < |J| < Ay in Q7 and if the mapping (2.4) is bijective, then the function u(X, t) defined
by the formulas

ux,t) =ug I, x=X(y, 1), (y.1) € Or, (2.7)

is a solution of problem (2.1) in the sense of Definition 2.1.

Proof. Let us check that the function u(x, t) satisfies identity (2.2). Let ¥ (y, t) be a suitable test-function. Passing to
the Lagrangian coordinates y and applying (2.3), we have:
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t=T r d
fwudy :/—< / w(x,t)u(x,t)dx)dt
=0 dt
(t) 0 o(t)
; d
:fE< / w[X(y,t),t]u[X(y,t),t]lJldy)dt
0 w(0)
; d d
=f< <Ew[X(y, t),t])u[X(y, 0, t|1J+ v [ X, t),t]E(u[X(y, t),t]IJI)dy) dt
0 ()
d
=/u05(w[X(y, 1),t])dxdr.
or
By virtue of (2.6)
/ uo(y) [ [X(y, 1), 1] + uo(y) Vx¥ [X(y, 1), 1] - X, (y, 1)] dy dt

or

= / uo (W + Vs - V) dydt
or

_ / u(y + Ve - dydi
or

= /(uw, + uVxy - v)dxdt.
C

The initial condition for u(x, ¢) is fulfilled by definition. By (2.3), for every ¢t > 0

/u(x,t)dx: / ulJ|dy = / uo(y)dy. O

w(1) (0) w(0)

Corollary 2.1. The assertion of Theorem 2.1 remains true if condition (2.6) is substituted by the following one: there
exists a nondegenerate symmetric matrix A with differentiable entries A;; such that

div(A- (X, —v[X,?])) =0 a.e. in Q7. (2.8)

Proof. For every given ¥ € qu ’O(QT) there exists a function @ € qu ’O(QT) defined as a weak solution of the
co-normal derivative problem

div(A- V@ —VY¥) =0 inw(0), (A-V& —VVY) . -n|yu0) =0.
Multiplying (2.8) by @ and integrating by parts in w(0), we obtain (2.6). O

Corollary 2.2. In the conditions of Corollary 2.1
(A-(X; —v[X,1])) - n=0 onSr=0w(0) x [0, T], (2.9)

where n is the exterior normal to 9w (0).
2.2. Local coordinates in the equation without mass conservation

Let us revert to problem (2.1). We want to consider this problem as the mathematical description of motion of a
fluid with density u(x, ¢) and velocity

v(x, 1) = —u" | Vu|P">Vu + Vp, (2.10)
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where p(x, t) is the new unknown. Let us denote

ot () ={xcw®: ux,1) > un}, o~ () ={xcw®: ux,1) <un},
wj:{xew(O): uo(x)>p,}, a)&:{xea)(()): uo(x)<,u},

07 =wy x (0,1, Or =07 U Q7 Uy x (0,71},
St = the lateral boundary of Qr, S% = the lateral boundaries of Q:Tt.

We will search for the solutions satisfying several additional conditions:

o forevery t > 0 the set I, (¢) is a (n — 1)-dimensional manifold separating the regions w* (1),
e forevery r > 0 I, (¢) is constituted by the same particles,
o the displacement X is the potential vector

X=y+VU, (.1 €O0r,
which makes symmetric the Jacobi matrix J, and
a)i(t) = {x: x=X(y,?), Y€ a)gt}, r()= {x: x=X(y,?), Y€ y},
e the density u(x, t) is a solution of problem (2.1) with the v given by (2.10).
Adding these assumptions to conditions (2.3), (2.5), we arrive at the following problem: to find scalar functions
U(y,t), P(y,t), R(y,t) such that X =y + VU is a solution of system (2.5 ) with the velocity field given by (2.10),

R(y,t) =u[X(y,0),t]=un forye I,(0).

The latter condition yields |J| = 1 on I, (0). According to Theorem 2.1, the solution of problem (2.3), (2.5) generates
a weak solution of problem (2.1): for every ¢ € co'yncle

=T
/(ull/t—Vl//-(IVqu_ZVu—qu))dxdt: / nu dx 2.11)
C (t) =0
Let us now claim that the function p is chosen as follows: p € W;,’O(C) and for every ¥ € C°(C) N C(C)
/[uvl//-Vp—l//(f—a)(w+(t))]dxdt=0, (2.12)

C

where x,,+( is the characteristic function of the set {# > w}. If such a problem has a solution, then, gathering (2.11)
with (2.12), we conclude that u(x, ¢) is a solution of the free boundary problem (2.1).

Let us formulate the problem in the plane of Lagrangian coordinates. Formally passing in (2.12) to Lagrangian
coordinates we find that

/[MO((J_I)2 VW) VP =¥ (f(y+VU) —ax,:) ] dxdt =0.
or

The boundary conditions for P follow from the trajectory equation as (y, ¢t) € St. Integrating by parts in w(0) we
obtain the equation for defining P:

div(uO(J—l)2 VP)= (axwg - fX,0)J| in Qr, (2.13)

Gathering now all the above conditions arrive at the following problem: to find the scalar functions U, R, P satisfying
the system of equations

div(J- VU, + R I VyR|">VyR — Vy P) =0,
div(uo(J~')’VP) = (= f(y + VU, D) +ax, I,
RIJI=uog in QF,
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and the initial and boundary conditions

U=0 onS7, Uy,t)=0 inw(0),

[R7YJ™ - VyR|”>VyR — VyP]-n=0 ony x[0,T],

IJJ=1 ony x[0,T], P=0 onSr.
Recall that according to Corollary 2.2 the trajectory equation is fulfilled on the surface I',(¢), which leads to the
condition of zero jump of the normal velocity across I, (¢). The boundary condition for P on awa—“ is automatically
fulfilled because of the trajectory equation.

Excluding from this system the function R, we arrive at the following problem: to find the functions U (y, t) (the
potential) and P (y, t) = p(X, t) (the artificial pressure) which satisfy the system of two scalar nonlinear equations

divJVU; +V-VP)=0,

div(po(I~')’VP) =a(f(y+ VU, D) = x,0 )| in OF (2.14)
with
V=g WY oy PV (Y (o)),
and the initial and boundary conditions
U=0 onSy, P=0 onSr,
[(V=VP)-n] =0 (2.15)

JJ=1 ony x[0,T].
3. Auxiliary nonlinear problem

In this section we consider the auxiliary problem of finding a function U under the assumption that the second
unknown, P, is given. This problem splits into two similar problems posed on the cylinders Q; and Q. We limit
ourselves by considering the problem in Q7, the problem in Q7 is studied in the same way.

3.1. Formulation of the problem

Let us fix a function P and consider the auxiliary problem of defining the function U from the conditions

Hi(U) =diviJVU; + V—VP]=0 in QF,
Ho(U)=Det[J] —1=0 ony x[0,T], (3.1)
U=0 onSf, U®y,00=0 inwj

with
V=g W (o PV ol a ).
This problem can be formulated as the functional equation
HWU) = {H1(U), Ha(U)} =0.

The existence of a unique solution of problem (3.1) will be proved by means of an abstract version of the modified
Newton method [9, Chapter XVIII].

Theorem 3.1. Let X, ) be Banach spaces and assume that the following conditions hold:

(1) the operator H : X — Y admits a strong (Frechér) differential H'(-) in a ball B, (0) C X of radius r > 0,
(2) the operator H'(V) : X + Y is Lipschitz-continuous in B, (0),

|H'(UD) = H'Ua)|| < LIUL = Uall, L =const,
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(3) there exists the inverse operator [H’ O]~ and
IO [=m 7 O] (HO)] = 4.

Then, if » = M AL < 1/4, the equation H(U) = 0 has a unique solution U* in the ball B x;,(0) where t is the least
root of the equation »t* —t + 1 = 0. Moreover, the solution U* is obtained as the limit of the sequence

Unp1 = Un — [H/©)] " (HW). Up=0. (3.2)

It is known that if an operator is weakly differentiable (in the sense of Gateaux), and its Gateaux differential is
Lipschitz-continuous, then the operator is strongly differentiable and its weak and strong differentials coincide [9,
Chapter XVIII]. Due to condition (2) of Theorem 3.1, we may take for H(0) the weak differential of H at the initial
state Ug = 0, which is easy to obtain by means of formal linearization. The proof of existence of a solution to the
nonlinear problem (3.1) reduces then to the detailed study of the linear problem H'(0)(U) = (F, ).

Let us fix ¢ > n + 2 and introduce the Banach spaces

Zt={U: UeW,(QF). U e W} (QF). U=00nS}, U(y.0)=0in o]},
yr={r: few;(07)}
Xt ={¢: 9 e W3'(07). ¢(.0)=0inwy}

with the norms

— “ ()] _ (@) —
||U||z+—IIUIIq’QJTHrIIUzIIq’Q;, ||f||y+—||f||q,Q;, 1pllx+ = ldlly21 o)

3.2. The linear problem

To calculate the Gateaux derivative of H we use its definition as
dH;(€U)
H(OWU) = ——F|
de =0
where € is a small parameter and

Hi(eU) =div(e(T+ €HW)) VU, +uy T[TV (oI ) [P >V (I 'V (uo|I 1)) — VP),
Ha(eU) =Det[I+ eH(U)] — 1.
Obviously,

= AU;.

4 div[e(I+ eH(U)) VU]
de e=0

For every matrix B and & = const Newton’s formulas hold

n
Det{pul =Bl =Y (=",
k=0

where ag = 1, ko = Zf:l oy trace(B?) for 1 < k < n. It follows that H,(0)(U) = AU. Next,

d (Det[I+€H(U)])

e =(1 +€AU+O(62))|€:0:AU,

e=0

(4 eHW) ™V (uoDet (14 HW) )| = 2 (Vuo — e (HUIVo + Vg A) +O(2))
e=0 e=0

=—-HWU)Vug — V(upAU)

and
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p—2

;—6 (T+ eHU)) ™'V (up Det[ (T4 eH(U)) ')

e=0
= —(p — 2)|Vuol”*(Vuo - (H(U) - Vug + V(uoAU))).

Gathering these formulas, we find that
HH0)(U) = AU,

AU 1
H(0)(U) = AU, — div|:—|Vu0|p_2Vuo +(p —2)—|Vuo|”™*(Vug - (HU) - Vug + V(ugAU))) - Vug
uo uo

1
+ u—qu0|p_2(H(U)Vu0 + V(uOAU))}
0

= AU; — L(AU,H(U)).
The linear problem H'(0)(U) = (Af, ¢) now reads as follows: it is requested to find a function U € Z7 such that
(AU), — L(AU,H(U)) = Af in QF,
AU =P, 011 =0 (3.3)
Ux,0=0 ina);{, U=0 onodf2, x[0,T].

The existence of a solution is proved by means of the Schauder Fixed Point Principle. Let us introduce the Banach
space

; 3
8" ={V: VeW)@D. V=0onSF. V5.0 =0inag}. IVis:=1VI]p,.
and consider the problem

(AU); — L(AU,H(V)) =tAf in QF,
(AU_r¢)|yX[O,T] :0’ (34)
Ux,00=0 inwg, U=0 onS;, ve€[0,1],

with an arbitrary function V € S*. Let us denote
Sy={veSt: |V|s+ <R}

The solution of problem (3.4) is considered as the solution of the functional equation
U=®(V,1), @:8;x[0,11— ST

If the operator @ has a fixed point for T = 1, this point is a solution of problem (3.3). To prove the existence of a fixed
point of the operator @ (-, t) it suffices to check that (see [11, Chapter 4, Section 10])

(a) the mapping @ (-, 7): S;{ — S;{ is continuous and compact,
(b) for every t € [0, 1] the fixed points of the operator U = ®(V, ) satisfy the estimate |U||g+ < R’ for some
R >0.

Notice that since problem (3.4) is linear with respect to U, V and t, so is @, which yields U =t D (V).

Lemma 3.1. For every 1 € [0,1], V € ST and every f € YT, ¥ € XT problem (3.4) has a solution U € Z* such
that

Ul z+ < C(tll¥lla+ +ll flly+ +1VIs+) (3.5

with an absolute constant C depending on n, q, the properties of Ba)ar and y, infug and sup |Vug|, but independent

of ¥, fand U.
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Proof. Set W = AU and choose W according to the conditions
W, — L(W,H(V)) =tAf € LI(0Q7),
W—1¢y=0 ony x[0,T], 3.6)
W=0 onS], W(y,00=0 inwj.
The equation for W has the form
W; —div(a(y, VW) +b(y)W) =h 3.7
with
Vug

— -2 _ LE). —
a(y, &) = [Vuol”“[§ +(p =2 - &) - v], V= ol

p—1 _
b(y) = —— |Vuo|P~*Vuy,
uo

h=tAf + div|:u—10|Vu0|p_2((p —2)(v- (H(V) - v)) - Vug + (H(V) - wo))]

Eq. (3.7) is linear with respect to W and V. Under conditions (1.5) on uq, for every p > 1 and £ € R", |£]| £ 0,

1 if p>2,

a(y.£) & = |Vuol"[I1° + (p — D)v - £1°] > luo " £ { p—1 ifpe,2).

The function ¢ € qu’l(QJTr) with ¢ > n + 2 is Holder-continuous in @JTF and satisfies the zero-order compatibility
condition on the hypersurface y as t = 0. For every f € qu(QJT“) and V € W;(QT) we have h € L‘I(QJTF). By the
assumption c’)a)(J)r ,yecC 2 Tt follows from the classical parabolic theory (see, e.g., [10, Chapter 4, Section 9]), that

for every £,y € W2(Q7) and V € W7 (Q7) problem (3.6) has a unique solution W & W' (QF) which satisfies the
estimate

- 2 3
18Uy = W22y < C(1W 211, + 1F1E e + VI, ). (3:8)

The function U is now defined as the solution of the Dirichlet problem for the Poisson equation with the right-hand
side AU € W2(Q7). O

Lemma 3.2. The operator t® (V) :S;ér x [0, 11+ ST is continuous and compact.

Proof. Continuity of @ follows from the linearity of problem (3.4) with respect to U, V, t, and estimate (3.5).
Compactness of the mapping follows from [13]. O

Lemma 3.3. There exists T*, depending on the constant C in the conditions of Lemma 3.1 and |a)ar |, such that for
every T € |0, 1] the fixed points of the mapping U = t @ (V) satisfy the estimate

IUlls+ < UNz+ <2C(I1flly+ + 1Y lx+) =R (3.9

on the time interval [0, T*].

Proof. Let U € ST be a fixed point of the mapping U = t® (V). Applying Holder’s inequality we have that for every
s > q and every v € W;’(QJTF)

1 I 1 1

ATINNE) S _ 2
VI =y

Since s > g > n + 2, it follows from Sobolev’s embedding theorem that

)s

3) +
ol < (T

=

3
1P, = 1Ulls+ < (T |og
quT

Ul z+.
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The assertion follows now if we substitute this inequality into (3.5) and claim that T is appropriately small: 7 < T*
with

27| |)7 =C
and the constant C from (3.5). O

Gathering the above lemmas and applying the Schauder Fixed Point Principle, we conclude that for 7 = 1 problem
(3.4) has a fixed point U € S;g, with R’ given in (3.9). We summarize these conclusions in the following theorem.

Theorem 3.2. There exists T*, depending on |a)arl, n, q, info ug and supg, |Vug| such that for every f e Y+, ¢ € Xt
problem (3.3) has at least one solution U € Z7 satisfying the estimate

Ul z+ <2C(I1 flly+ + 9llx+) (3.10)
with the constant C from (3.5).

Corollary 3.1. M = |H~'(0)|| < 2C with the constant C from (3.10).

Corollary 3.2.

A=|HTOHO)| < 2C(T1/q(HM

uo

|Vuol?
|
) 0

u

)+ ||P||y+)
L4 (o)

L4 (a)(')"

with the constant C from (3.10).
Proof. The estimate follows from (3.10) with

1
Af=H1(0)=diV(—|Vuo|”‘2Vu0—VP>, v=0. O
uo

3.3. The nonlinear problem

To apply Theorem 3.1 we have to check Lipschitz continuity of the Gateaux derivative of the operator ‘H defined
by

d
H (V)U) = —H(V +€U) eYytxxt, U, VeZT,

de

e=0
and to ensure the fulfillment of the relations
YU e Zt, Hi(U)eYT, Ho(U) e X (3.11)

Given the functions U, V € ZT, we define the matrices
B=I+H(V)+eHU)=(I+H(V))I+€A), A=(I+ H(V))_IH(U),

and Bg = B|.—¢. By the definition
Hi(V +€U) =div(BY(V, + €Uy) + uy ' BIB~'V (uo[B~!|)|" VB~V (uo[B~|)) — VP),
Hao(V +€U)=|B| —1.

Using the easily verified formula
B=1+H(V)+eHU) = (I+¢(1+HV))H®))(1+H(V))

=(I+HW))(I+eA+0O(e?))

we find that

IB| = 1 + etrace A + O(€?), B~ =1 —etrace A + O(€?).
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Then
H,(V)(U) = div{HU)VV; + (T+H(V)) VU, —ug " trace A|B; 'V (uo[Bg ' [)| 7By ' v (uo[Bg ')
= (p = 2ug " Bol[By - ¥ (uo[By )|
x (HW) ™'V (uo By |)By ' V (o By ' | trace A)) - (By ' - ¥ (uo[By ')
— w5 1Bol|1Bol | BV (o [B5 " [) |2
x (H(U) ™'V (uo|By ') + B, ' V(uo[By | trace A))},
HL(V)(U) = trace A.

The elements of the inverse matrix can be expressed through the algebraic adjoints and the determinant, the determi-
nants are polynomials of n-th power. Further, the embedding theorems yield that for g > n + 2

vwezt, Y (Dyu)g‘; <CIU| 2+ (3.12)
Iy 1=2.3

with some « € (0, 1) (see, e.g., [10, Chapter 2, Lemma 3.3]), whence, since U (y, 0) =0,

> sup|DYU| < CT|U| 2+ (3.13)
yI=2.3 @7

The last estimate implies the inequality
/2 1
T+HW)|=1-C)T**|U|z+ > > (3.14)

provided that ||U|| z+ < 1 and T is sufficiently small. It is now straightforward to check that for every V;, Vo € Z+
with || V[l z+ < 1/2

| (H, (V1) = H, (V) U)Y | S LIV = Vall 2+ |1 U | 2+ (3.15)

with L = L(n, a)(“)L ,n,T)y— 0as T — 0. Relations (3.11) follow by the same arguments.
The next theorem is an immediate byproduct of Theorem 3.1.

Theorem 3.3. Let P € WqZ(QJTF) with ¢ > n + 2. Then one may choose Ty so small that A = ML A < 1/4 with the
constants A, M and L from Corollaries 3.1, 3.2 and estimate (3.15), and problem (3.1) has a unique solution

A 1—V1—41) <2A. (3.16)

UeB0)={W: |Wlz+ <r}, r=ﬁ(

The same assertion is true for problem (3.1) in the cylinder Q.
4. Auxiliary linear elliptic problem

In this section we consider the problem of finding a function P satisfying the following conditions: for every
t [0, T*]

MP :=div(uo(J™)'VP) = (fy+ VU,0) —ax,e)lJ| inog,

—1\2 _ . _ 4.1
[(w(7")'VP —w) n], =0, (4.1)
P=0 onaa)(:)t,

where U € Z7 is a given function, J =1+ H(U) and

v = (P ol )20V ol 71)) € W (05).
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Theorem 4.1. Let U € Z*. Then T* can be taken so small that for a.e. t € (0, T) problem (4.1) has a solution
P(,t)e Wq2 (a)oi ), and this solution satisfies the estimate

1Pl < < Cla+ 1 lg.2) [Detdl]y o + 19 sz ] (42)

with an absolute constant C.

Proof. Let us take for P in war the solution of the Dirichlet problem for the linear uniformly elliptic equation

MPT=(f—a)J] inog,

Pt=0 onyanddw],
and then continue P to w, by the solution of the problem

MP==flJ| inwy.

P~ =0 ondw,,

2o _1\2

po(J) VP n=po(J7") VP n—[¥ n],.
These problems have solutions which satisfy the estimates (see, e.g., [11, Chapter 3, Sections 5-6, 15]): for a.e.
te(0,T%)

+
[P C D]y < €Dt i (@ + 11 £ll.2).

[P~ C 0l wpop) < €Dt o 1 lg.2 + 1%y ).

Corollary 4.1. Under the conditions of Theorem 4.1
IPlly= <C(1+ ||f||q,QﬂT:*)(1 + U z=).

Lemma 4.1. Under the conditions of Theorem 4.1 for every t € (0, T*)

(14-0)
+
)

1P 1) — Po|'S < e, 0<0<1—g, § = min{B, a/2),

where a € (0, 1) is the exponent from (3.13), B € (0, 1) is taken from (1.5), and Py is the solution of the problem
div(ugVPy) = f(y,0) — a Xt in w(0), Py=0 on 8w(:)t. 4.3)

Proof. Problem (4.3) has a unique solution Py € qu(a)(O)) N C*%(w(0)) with 0 <o < 1 — n/q. Since

ugy € qu(a) (0)), this solution automatically satisfies the jump condition [uoV (Py — Inug)], = 0. Problem (4.1) is
linear and its solution continuously depends on the data. Let us fix ¢ € (0, T*) and consider the function P — Py which
solves the problem

div(ugV(P — Pp)) =F  inwf,
[V (P — Py) ~n]y =0, P—Py=0 onduwg
with
F=(f+WU.0 = f.0)+f.0(3=1)+a(l =) x,; € L (og Uay).
o=u[((I7")*=1)-VP] n+[uVinug —v], -n+[(1-(07)°) @] -n
According to (3.13) and the regularity properties of f we have that

1F N, o < CEO(IT+ 11U 22),

0

@ b)
ol < €1 (ol w2 woy + 1PN w2 + U z+).
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Following the proof of Theorem 4.1, we now find that

[P0y - POvaqz(ng) <cr’

and the assertion follows from the embedding theorems in Sobolev spaces. O

Corollary 4.2. By virtue of (3.12), it follows by the same arguments that for every t1, ty € [0, T*]

|(1+a)

|PC.0) = P(,1)| 577 <C|PC, 1) — P, f2)||qu(w§) <Clp—nl.

5. Existence of solutions to the problems in Lagrangian and Euler formulations

Theorem 5.1. There exists T* such that for every T € (0, T*) problem (PL) has a solution (U, P) € Z + % V*E, which
generates a solution of problem (2.1) with the velocity field defined by (2.10).

Proof. Let us consider the sequences
{UbeZtnz™, (PyeW,(QF)n W (Q7)

defined iteratively: Uy = 0, for every k > 1 Uy is a solution of problem (3.1) with P = Px_1, Py is a solution of
problem (4.1) with U = Uy. By Theorems 3.3 and 4.1 for all sufficiently small T

[ Prlly=+ Ukl z= < A

with some absolute constant A. This estimate together with (3.13) mean that the sequences {Uy} and {P;} contain
subsequences (which we assume to coincide with the whole of these sequences) such that

Uy — U ask — oo weakly in Z*,

Diszk — Dl-sz as k — oo in C“,’“//Z(Q%),

Py — P, ask— oo weakly in qu(QfTE). (5.1)
By the method of construction, each of the pairs (U, Px—1) satisfies (2.6) with v defined by (2.10), which allows
us to pass to the limit as k — oo. It remains to check the bijection of the mapping y — X. According to ( 3.13) the
Jacobian |J| is bounded away from zero and infinity in QT (for small T') and the mapping wy >y — X € wr(t) is
locally invertible in a neighborhood of every interior point of QT It is then sufficient to check that T can be chosen so
small that the images of two arbitrary boundary points y, z € awo (ory,z € y),y #z, do not coincide on the interval

[0, T*]. The arguments are the same for the three possibilities. For example, fix two arbitrary points y, z € aa)o and
denote by X(y, #) and X(z, ¢) their images at the instant ¢. By the definition X(s, ) =s + VU (s, t). Further,

X(y.0) = X(z.0)|=|y—2+V(U(y.1) - U(z1)|

>ly—1z|— / ‘—VU(S t)

L(y.z)

ds,

where L(y,z) C wp is a curve connecting y and z. For every surface awaL e C%! the curve L(y, z) can be chosen
Lipschitz-continuous and there exist finite positive constants K1, K, (depending on the geometry of E)a)(’)L ) such that

Kily -2/ < / dS < Kyly 1.
L(y.2)
By (3.13)
n
|X(y,t)—X(z,z)|>|y—z|—Zsup|D Ul / dS >y —z|(1 - CK,T%/?)
=1 o) L(y.2)

with the constant C from Theorem 5.1. Since C is defined through the data of problem (PL), it follows that the
trajectories of two arbitrary points separated at the initial instant cannot touch if 7* is chosen appropriately small. O
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6. Solution of problem (1.4). Proof of Theorems 1.1-1.2
6.1. According to Theorems 2.1 and 5.1 the pair («, C) defined by formulas (2.7) is a solution of problem (2.1).
Lemma 6.1. There exists T' such that |Vxu| >¢€/2inC'=CN{t <T'}.

Proof. By the definition u(X, ) = ug(x)|J ~1in C, whence
Vit = Vyuo(y) - 3 I+ uo@) vy (J17]) - 37!
and

Vxtt] = €(1 = O(t7%%)) —supuoO(t~**) > €/2 ast—0. O
2

Corollary 6.1. Let C* be the domains bounded by the surfaces T w and SE Thenu<puinC N{t<T'}andu > p
inCtnit<T'}.

The value of T’ can be taken so small that y x [0, T'] C C, and there exist smooth vertical surfaces ot cctn
{t < T'}. Let S* be the cylinders with the lateral boundaries {3£2; x (0, 7'}, and {92, x (0, T’~}. Consider the
problem
Nv=v,—Apv+ f=0 inS~,
v—u=0 ono~,
v—¢=0 ondR, x(0,T],
v(x,0) —uo(x) =0,

where u (X, t) is the constructed solution of problem (2.1).

6.1)

Lemma 6.2. Let the conditions of Theorem 1.1 be fulfilled. Then problem (6.1) has a solution v € qu 1 (ST) such that

vl 21 gy < Cllluollwzc2y + 1 fllg.s— + llully21 ooy + 11 52, 1 :
Wq (S )\ [ q( ) g Wq (C ) W: (1’1 q(aQKX(O,T/])]

Moreover, if f <0in S, thenv < in S.

Proof. The proof is an imitation of the proof of Theorem 3.2. We make use of the modified Newton’s method and
search a solution of problem (6.1) as the limit of the sequence {v;} with

ves1 = v — (V(0) " (Nue).  vo=up.

Here N(0) is the Frechét differential of A/ at the initial function u(. For every w € qu o1 (S) with ¢ > n + 2 we have
(see (3.13))

~2q_1 2

: 2-2,1-1
w, Apw e LI(ST), weW, © “(c7), weW, * (382 x (0, T]).

According to Theorem 3.1, the proof of existence of a solution to problem (6.1) reduces to and checking the Lipschitz-
continuity of the operator A linearized at an arbitrary element of qu 1 (S7) and solving the problem linearized at the
initial function ug. The latter has the form

. ) _ Vug
wy — div(|Vug|P2[Vw + (p —2)(Vw -v) -v]) =y € LI(S7), v= Sl

uo
w(x,0) =0, w=g ono_, w=h ond2, x(0,7T].

Since p > 1 and |Vug| > € > 0 this is a uniformly parabolic equation with the data satisfying the zero-order compat-
ibility conditions. For every ¢ € L4(S7), g € Wy /' (o), n e w720 7992, x (0, T']) with g > n +2
the linearized problem has a unique solution w € qu’l(S_) which satisfies the estimate
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lwll 2oy < Cllluollwzy + 1¥llg.s- +llgll o2, + Al ,o2, 1 :
w2iis S €l A2 a W T w, 1! "(B.QeX(O,T’])]

This gives the estimate on || (N "on~H. Solving the linearized problem with ¥ = N ug, g = uo and h = ug, we obtain
the estimate

[WV'©@) ™ W @0 < CT uollyz ).

Checking the Lipschitz-continuity of the operator A/ (w) with w € qu o1 (S7), g > n+ 2, is straightforward (see the
proof of Theorem 3.2).

By Corollary 6.1 u < pin C~ N{t < T’}. The inequality u < u in S~ follows then the maximum principle because
vy —Apv<0in §7, and v < p on the parabolic boundary of S™. O

The continuation from C* N {t < T'} to the rest of DJTF, is performed in the same way. We solve the problem

w,—Ay,w=—f+a inSt,
w—u=0 onot,
w—¢=0 ond2; x(0,7T],
w(x,0) —ug(x) =0.
The only difference between this case and the already considered one is the claim a — f > 0. Since w > u on the
parabolic boundary of ST, this claim yields the inequality > 1 in S™.
Let us define the function
u(x,t) inDp \(STUST),
ux,t)=14 v(x,¢t) inS~,
w(x,t) inST.
By construction, for every smooth test-function n(x, t)
=T
/[ntiz— V- |VEP72VE — 1 f(x, 1) +anhy] dxdt + / n[IVilP2Vi] -ndS = f un dx
Dy S* 2

t=0

Since U € qu’l(S“L) N qu’l SHnN qu’l (C), then [Viu]g+ - n =0 and the assertion of Theorem 1.1 follows.
The conclusion about the regularity of I';, follows from the representation and the inclusions

Xr, =@+ Ve, UeW;(Q7). U eWr(QF)

6.2. Theorem 1.2 is an immediate byproduct of Theorems 1.1 and 5.1 with the function p defined as a solution of
the problem
divuVp) + ax,+p =0 inw*@),
[Vp-nllr,o =[VInu-nllr,q, (6.2)
p=0 ondwt().

By Theorem 1.1, the constructed solution of problem (1.4) u(x, ) € qu’l(DT/). It follows that Vii € C%*/2(Dy/)
whence [V - n], ;) = 0, and problems (1.11), (6.2) are equivalent for i € qu’l(C).

Since p is defined as the solution of problem (1.11), we also have p € qu (w(®) N CH(w(r)) with
o €(0,1—-n/q).By Corollary 4.2 Vyp = VyP-]J ~1 is Holder continuous with respect to ¢ , whence Holder continuity
of vin C and relation (1.12) follows.

7. Higher regularity. Proof of Theorem 1.3

Fix an arbitrary m € N and define the function spaces
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zE={vvW =r"Dvez* k=0,1,2,...,m},
VE={f: fO=rDf eyt k=0,1,2,...
XE=l¢: oW =r"Dfp e x* k=0,1,2,....,m}

with the norms

m

1 .
oz =3 37 10l 2+

1=l

m

1 .
DB
:0 .
lm
LTI Dpr-r Ll P8
i=0

Here M is a constant which depends on 7, ¢ and the differential properties of ¥ and dw™® and will be chosen later.

Lemma 7.1. For every u,v € Znﬂf ||uv||ZnJ_1r < ”””Zni; ||v||Z’:nt.
Proof. The assertion immediately follows from the Cauchy permutation formula

m Dl- m Di
() () = & ffotulo

i=0 i+j= n

Dl Dn l - 1 i n—i
>4 2 Rt | =2 | o (3) Py
i=0 n=0 i=0
= DI ()
= M"n!

The next assertion is a byproduct of (3.13).

Lemma 7.2. For every u € ZmjE withq >n +2

Z > sup\DV (t*DFu)| < CT*||u 5.

k=0 |y|= 23QT

Since Z"jf c Z% to prove Theorem 1.3 it suffices to check that the constructed solution (U, P) € X + x Y* of
problem (2.14 )—(2.15) belongs to Zj; X y,f. Let us revise the proofs of Theorems 3.3, 4.1, 5.1.

Lemma 7.3. Let the conditions of Theorem 1.3 be fulfilled and P € y,;'; with m € N. Then T can be chosen so small
that problem (3.1) has a solution U € ij such that ||U||231: <C(T)—0asT — 0.

Following the proof of Theorem 3.3, we study first the linearized problem (3.3). The existence of a solution U € Z*
is already proven in Theorem 3.2. Let us assume that for some s > 0 the function

we) =

L DI(AD)

solves problem (3.6) with the data

) 1 . . ! 1 .
Af® = mts D;(Af), o = mﬁ D;¢
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and satisfies the estimate
W 2o U yr + 690 4)

The problem for the function W ¢*D has the form (recall that p = 2)

1
Wt(SH) _AWGTD — MWz(S) L rfGHD gp Q;,

W(s+1) _ TW(S+1) =0 on Y X [09 T]’
Voo st Werng0 =0 .

To pose the initial condition for W+ we use the fact that if g, € L9 (Q}’), then tg; — 0 as t — 0. By Lemma 3.1

C
WP e <z PNy + 16"V ) + 37 1W ] 24

Let us claim that M > 2C and then take the sum of these estimates for s =0, 1,...,m — 1:

m
! 1
IWlzg =3 WO 2o <TCIFlyy; +191) + 5 1Wl 5
s=0

whence the estimate

Wl z+ <2tC(Ifllys + D1 :+)-

The rest of the proof of Theorem 3.3 does not need any substantial change and consists in applying Lemmas 7.1, 7.2

to estimate the nonlinear terms.

Lemma 7.4. T* can be chosen so small that for every U € an and a.e. t € (0, T*) problem (4.1) has a solution

P(,1) e )/mi which satisfies the estimate

1Py < COL+Uy).

Derivation of this estimate is similar to the parabolic case. Set P*) =
tions

div(ug(J7)’VPW) =

[(1(37)’ VPO —w®) .n] =1a ~n]y,
P®) =0 onaa)(j)E

—AZS S35, — dive,  in wf,

with
j n

((ps)r = U Z ( ) m Z D;—]((J_l)z)erlP(])

s n
+ug—— S DI (7)), DiP. r=1,....n.

M3s! 4
i=1

By Lemmas 7.1, 7.2, for every U € Znﬂf

MA 27551 D¢ P This function satisfies the condi-

7.1

o
[div, (.0, & <2C) ) | PP lw2s) with C) > 0ast 0.

j=0
By Theorem 4.1 the solution of problem (7.1) satisfies the estimate

s—1

| PO waoh CI+ 11Ul g + llq’llw;(Q;)) +C(T) ZH PY| W2(0%)

j=0
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Summing these estimates for s = 1,2, ..., m and taking T appropriately small we find that
IPllys < C(1+ U 52).

The sequence {(Ug, Pr—1)} contains a subsequence that converges (weakly) to a solution (U, P) of problem (PL).
At the same time, this subsequence is uniformly bounded in the norm of ZX x YV, which yields the assertion of
Theorem 1.3.
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