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ABSTRACT. We study some retention phenomena on the free boundaries as-
sociated to some elliptic and parabolic problems of reaction-diffusion type.
This is the case, for instance, of the waiting time phenomenon for solutions of
suitable parabolic equations. We find sufficient conditions in order to have a
discrete version of the waiting time property (the so called nondiffusion of the
support) for solutions of the associated family of elliptic equations and prove
how to pass to the limit in order to get this property for the solutions of the
parabolic equation.

1. Introduction. We consider a general class of nonlinear elliptic and parabolic
equations of the following form:

(EE) Au+ Bz, u) = g(x)
and
(PE) % (u) + Au+ B(z,u) = G(t, )

where A represents an elliptic second order quasilinear operator (eventually degen-
erate), B(.,u) and ¥ (u) are nondecreasing real functions (eventually discontinuous
or multivalued). Instead to make explicit now the more general assumption that we
can assume on A, 3, and 1, we shall mention some applied models in which (EE)
and (PE) are of relevant interest:

i) Reaction - diffusion equations ([8]). In the study of a single irreversible reac-
tion the density u of the reactant satisfies (FE) or (PE) in stationary or evolu-
tion regime. Some natural choices in that setting are Au = Lu a linear second
order elliptic operator (not necessarily in divergence form), (z,u) > Au? for
some g > 0 (called the order of the reaction) and ¥ (u) = au
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i) Non-newtonian fluid type equations ([35]). In the one dimensional case, u
represents a velocity and it is not necessarily nonnegative. Some special cases
of interest are

Au = —Apu = —div (|Vu|p_2 Vu) : p>1

(the p-Laplacian operator) and ¢ (u) = au (the presence of some magnetic
field leads to the term ((z,u) > A |ul?" u for some ¢ > 0).

iii) Flows through porous media ([11]). Due to the Darcy law, the more charac-
teristic fact in that large class of problems is that in (PFE) ¢ (u) is non-linear
e.g. ¥(u) = u/™ with m > 1. The principal part of the elliptic operator can
be taken as linear or not according the Reynolds number. Convection terms
in A are also of interest in vertical infiltrations. A natural assumption on the
absorption term is again f(z,u) > Auf.

It is clear that many other phenomena can be formulated in terms of some of the
above settings. For instance, multivalued terms ((x,u) and/or ¢ (u) appears in the
study of variational inequalities, ice sheets, lubrication theory, etc. (see, e.g. [19]).

We point out that, in fact, the formulation (FE) and (PE) does not require
any concrete boundary condition. Our results will be obtained for any local weak
solution on subsets where they are bounded.

Some papers containing many references on the existence of solutions for the dif-
ferent boundary value problems (including possible dynamic boundary conditions)
associated to the formulation (EE) and (PE) are [29], [13], [6] and [28], among
many others.

A common fact of the above models is the occurrence of a free boundary (or
interface) which usually is defined by the boundary of the support of the solution

F(u) =0S5(u) NON (u)

where S(u) = {Support of u} and N(u) = {u = 0} = {null set of u}. In the
terminology of chemical kinetics N (u) is called as the dead core and in infiltration
theory F(u) is the wetting front. Some other related free boundaries are defined
in other terms. For instance in the model of Non-Newtonian fluids the set where
Vu vanishes is called the quasi-solid zone and so its boundary F(u) = 0{Vu # 0}
defines a free boundary of the problem.

From a mathematical point of view, those free boundaries are formed when some
degeneracy or singular terms arise at the equation. For instance, 0 < ¢ < 1ini), (p—
1) > ¢ in ii) and m > 1 in iii). Nevertheless the merely degeneracy of the equations
is not enough for the formation of the free boundary F(u). Roughly speaking, the
existence of F(u) depends of two different kind of conditions: 1) a balance between
two of the terms of the equation that represent the particular characteristics of the
phenomenon (diffusion, absorption, convection, evolution, etc.); and 2) a balance
between the “sizes” of the domain and of the solution.

The main goal of this work is to study some retention phenomena in which the
interface does not “move” with respect to the data of the problem. That rough
affirmation needs to be stated with a more precision. So, in the parabolic problem
it may means that F(u(t)) = F(u(0)) for any ¢ € [0,t*] and for some ¢* (called
the waiting time in the setting of porous media). In the elliptic case, the retention
may be understood in the sense that F(u) = F(g) (that properly seems to be noted
and proved by the first time in [19] where it was called as the nondiffusion of the
support).
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The organization of the article is the following: in Section 2 we consider the
elliptic problem. The nondiffusion of the support is proved under a great generality
extending, in this way, the results of [2].

The parabolic problem is considered in Section 3. We study the initial behavior
of the free boundary by means of the consideration of an implicit approximation

scheme
Y(un) — P(un_1)
T

+ Aup + (2, upn) = Gp (). (1)

In particular, we show that under suitable assumptions F(u,+) = F(ug) for some
n* € N. Then, thanks to an additional argument we pass to the limit and obtain
the waiting time property for the solutions of (PE).

The special case of

B(z,u) =G(t,x) =0 and Au=-A,u (2)
leads to the doubly nonlinear parabolic problems and have been intensively studied
in the literature. A usual reformulation arises if we assume that v is strictly

increasing and we introduce the notation

v= () and ¢ = ¢,

(if 1 is not strictly increasing ¢ := 1~! can be understood as a maximal monotone

graph of R?). More precisely, we consider the free boundary associated to local weak
solutions of the nonlinear diffusion equation on subsets w where they are bounded.

{ v = App(v) in wx(0,7), (3)
v(z,0) = vo(x) on w,

where ¢ is a continuous strictly increasing function, w C R¥ is an open set (not
necessarily bounded). We recall that the assumptions p > 2 or ¢’(0) = 0 imply
that the equation becomes degenerate (i.e. non uniformly parabolic) and that one
of the many consequences of this fact is the finite speed of propagation property:
if the support of vg is a compact set strictly contained in €2 then the same occurs
for v(.,t), at least for any ¢ > 0 small enough. A sharper property concerns the, so
called, waiting time property typical of “flat” initial data near the boundary of its
support. So, if, for instance, p(v) = |v|m_1 v with m(p — 1) > 1, it is well known
(see references in the mentioned papers) that if the initial datum vo(z) satisfies

lvo(z)| < Co |z — 20| "7 DT ae. x €w with |z — 20| <, (4)

for some xy € Jsuppwvy, and for some positive constants Cy and J, then there exists
a waiting time t* > 0 such that z¢ € dsuppu(.,t) for any ¢ € [0,t*] . So, if, for
instance, v is continuous, then

v(xo,t) =0 for 0<t <t

In this work we shall prove that the waiting time property also holds for the
associated discrete solutions (and, in fact it can be proved by passing to the limit).
As indicated before, and in a similar way to the existence theory (via accretive
operators), we discretize in time equation (3) using an implicit scheme. Then we
get a problem of the type (1) under the additional condition (2): more exactly, we
lead to the problem

_EAp<P(Un,s) + Upe = Un—1, in w, (5)
vO,s(x) = UO(:E) in w,
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where 1 < n < [%} . Notice that, again, we are not specifying any boundary
condition on dw. We assume that v, . represent an approximation of the solution
v(z,t) at time ¢, = ne. The compactness of the support of the solutions of this
type of problems, assumed vg(z) with compact support follows as in Section 2.

The main result of this Section (improving the previous results by the authors
[3]) gives some sufficient conditions for the waiting time property.

We shall indicate also the obvious modifications to extend the above arguments
to the case of equation (PFE) relaxing the assumption (2) to the condition types
assumed in Section 2.

We point out that the method of proofs in this Section 3 is of relevance for the
numerical analysis since we show that the retention of the free boundary holds for
local solutions of the semidiscrete elliptic iterative scheme (1).

2. Nondiffusion of the support in elliptic problems. In this Section we shall
study the retention of the free boundary for elliptic equations of the form (FFE). Our
result will have a local character and so they will apply to bounded weak solutions
u satisfying (EE) on an open bounded set w of RY. Global consequences will be
derived for solutions of (FE) on an open set 2 where the boundary conditions on 02
and the structure assumptions allow to have estimates on |[u/[ (., for a suitable
subset w of Q.
The main assumption on the absorption term [(z,u) will be the following

plx,r) = f(r) (6)

for some continuous nondecreasing function f(.) such that f(0) = 0. The relevant
condition on the elliptic operator A will be its degree of homogeneity. We can take
as A a linear operator

al 0%u N ou
A=-L Lu= o bie—
" Z ajaxiaxj * , ox; (™)
7,j=1 1=1
with a;; € L>®(Q), b; € L>®(Q) such that there exists A,A € L*(Q), A > 0 for
which

A@) [ 2D ay(@)6g; 2 M) g ¥ EeRY. (8)
Another possible choice of A is the (p-Laplacian operator

Aw) = —Apu = —div (|vu|ZH Vu) , p>1 )

We note that the degree of homogeneity of both choices of A are 1 and (p — 1)
respectively. In order to study the existence and behavior of the free boundary
F(u) we shall use suitable barrier functions of the form n(|x — x¢|) defined on balls
Bpr, (7o), o € w. So it is useful to note that making r = |x — x| and z; = x; — g,
then
ZiZg

2

L(n(r)) =n(r) Y asy @)
5J (10)

K2 2y

+ @ Zau‘(iﬂ) - Zaij% + sz(fﬂ)zz
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In particular if 7, n” > 0 we have that

~ArCeo/(r) ~ P00y < 1)) < (o) + 220Dy )
where
Ar(zo) = Bilzfo)/\(fv) Ar(zo) = B;r(lﬁo))\(x)’ (12)

%,

ZiZq
B1,r(z0) = sup Zaiz‘(x) - Zaijr—zj + sz(x)zl ) (13)

BR(LE())

B21R(IO> = inf Za“(x) — Zaijr—; + sz(x)zl

Br(zo0) i

(note that By gr(zo) and By r(zo) are real numbers due to the ellipticity assump-
tion). On the other hand if A is the quasilinear operator given by (9) then

Ay = (' P-2) +

-1 B
—— ' (14)
r
As we shall see, the existence of the free boundary F(u) is related to the existence
of local supersolutions 7(|z — x¢|) where 7(r) satisfies '(0) = n(0) = 0. So we shall
introduce the general operator given by

2 1 f(u) (15)

et}
r

L(u) = — (|u'|p_2u’)/ —
for p > 1, C; > 0, and we shall study the homogeneous Cauchy problem
L(u) =0, u(0) = u'(0) = 0. (16)

Notice that, obviously, u = 0 is always a solution of (16) and so we shall need some
additional assumptions of f in order to have nontrivial solutions. In the autonomous
case (C7 = 0) it is not difficult to check (see e.g. [19]) that the existence of nontrivial
solutions of (16) is equivalent to the condition

[ < r0= [ e (a7

(in fact if we are only interested in nonnegative solutions of (16) it is enough to
assume (17) replacing 0 by 0T, (respectively 0~ for nonpositive solutions). The
treatment of the general case Cy # 0 is more delicate and was performed in [19]
(see [15]) for a related result .

Lemma 2.1. Assume that (17) holds. For 1 > 0 and 7 € RT define

mm—(%ff[iﬁgﬁ, F@—AU@@ (18)

n(r,p) = ¢, (r)  for v € [0,9u(+00)). (19)
Then n(0,1) = 7' (0,u) = 0 Yu. Moreover we have : i) If 0 < p < po, o =
Cy/(Cr+ 1) then L(n(r,pn)) > (Co — u(Cy + 1) f(n(r, 1)) > 0. i) For every 7 > 0
-7

the function n.(r, 1) = n([r — 7)7, n) satisfies L(n-(r, 1)) > 0 if u > po for r > p.
Where L is defined in 15

and



6 LUIS ALVAREZ AND JESUS ILDEFONSO DIiAZ

In the special case of A = —A, and f(r) = A|r|9"!r with ¢ > 0, condition (17)
holds if and only if ¢ < (p — 1). In this case Lemma 2.1 can be improved. It is not
difficult to see [19], that for C' > 0 the function

u(r) = Cri—i=a (20)
satisfies
PD(pg+ Np—1—¢q))] _»a_

L(u(r)) = |\ce — cp—1P P4 ] rretg 21
(i) = | ot (21)

In particular, if we define

Ap—1-q) ]

Ky = 22
e L)(””(qp +Np-1-9) (22)

then £(u) = 0 if C = Ky and L(u) > 0 (resp. L(u) < 0) if C < Kn,» (resp.
C > KNﬁ)\).

Now, we return to the consideration of the elliptic problem (EFE). The existence
of the free boundary under the assumption (17) is an easy task with the help of
Lemma 2.1 (see Theorem 1.9 of [19]). The next result shows the nondiffusion of the
support S(u) (with respect to S(g)). We shall state it (by simplicity) for nonnegative
solutions.

Theorem 2.2. Let A given by (7) or (9). Assume that G satisfies (6) for some
f such that (17) holds, where p — 1 is the degree of homogeneity of A. Assume
g € L*>®(w) such that there exist pn and K small enough and there exists

rcosSlg)cw (23)
for which
0<g(z) < Kf(nld(z),un)) a.e. x € w such that d(z):=d(x,I') <R (24)

for some R > 0 (n(d(x),n) is defined 19). Let u € L>°(w) be a nonnegative weak
solution of (EE) such that ||u|| e,y < M. Then if

R > 4,(M) (25)

we conclude that u(x) = 0 for x € T such that d(x,S(ula,)) > R. Moreover, if
I'=05(9) and uls, = 0, then F(u) = 0S(g).

Proof. Let zyp € I" and @ = w N Br(xp) with R = d(x, S(u|sw)). Consider the
function @(z) = n(|z — xol, ). Then, by Lemma 2.1 , if g < pp we conclude that

Au+ f(u) = Ar(zo)L(n(|lz — 2o, 1) = (C2 — p(C1 + 1)) f(w).
So, by (24), if K < Cy — u(Cy + 1) we have that
Au+ f(a) > g(z) = Au+ Bz, u) > Au+ f(u)

a.e. € @ (notice that d(z) < |x — x¢| because zy € I'). In order to show that
u(zg) = 0 it is enough to show that @(x) > u(z) on dw because it implies (by the
comparison principle) that 0 < u(z) < @(z) on @. On the set 0o we know (by the
choice of R) that 0 = u < @. Moreover if x € 00 N dBr(xp) then

u=n(R,p) =M > u(x)
which holds by (25). Finally, if u|s, = 0 we first show that
N(u) > {x € N(g) d(x,05(9)) = Yu(M)}
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(that is shown by means of the same supersolution n(|z — x|, ) but now applied
to 29 € N(g) and © = w N Br(zo) with R = d(zg,dS(g)). In order to obtain that
F(u) = 0S(g) or equivalently N(u) = N(g) we only need to observe that on the set
o* = {xz € N(g) d(z,05(9)) > Yu(M)} u satisfies 0 = Au + B(z,u) > Au+ f(u)
and u = 0 on dw*. So u = 0 in ©* which proves the Theorem. O

The operator A = —A,u degenerates near the set {Vu = 0} if p > 2 and so a
free boundary F(u) may appears as the given by d{Vu = 0} (see Theorem 1.14
of [19], [30]). Notice that u is constant on each connected component of the set
{Vu = 0} and that its exact value can be obtained from the equation (EE). Again
a retention phenomenon may occur.

Corollary 1. Let A = —A, and B(z,u) = f(u) with f a continuous increasing real
function such that f(0) = 0. Let k > 0 and assume 0 < g(x) < k such that the set

{g="Fk} =Nk —-y9) (26)
has a positive measure. Let a > 0 such that f(a) =k, and assume that

ds
< 27
~/0+ Fa(s)l/p OO ( )

where

)= [ fu0de i) =) - fla-t)if 0<t<a
0
We also suppose that there exist pu and K small enough and I' C 0S(k—g) for which
k—g(z) < Kfona(d(z),p)) a.e. © € w such that d(x) =d(z,T) < R (28)

for some R > 0, n, defined as in (19) but replacing F by F,. Let u be a weak solution
of (FE) with 0 <wu < a onw. Then if R is large enough we conclude that

u(x)=a if x € N(k—g) and d(x,S(a — u|sn)) > R.
Proof. The function w = a — u satisfies that 0 < w < a and
—Apw + folw) =g
with § = k—g and f,(t) = f(a)— f(a—t) (notice that f, is increasing and f,(0) = 0).
Then it suffices to apply Theorem 2.2 to w |
In the case of

A=-A, and f(r)=\r|""r with 0<qg<(p—1), (29)

assumption (24) becomes more explicit.

Corollary 2. Assume (29) and let g € L>°(w) such that there exists K > 0 (small
enough) and T C 0S(g) for which
0 < g(z) < Kd(z,T)7 13 a.e. x € w with d(z,T') <R (30)

for some R > 0. Let uw € L*>(w) be a nonnegative weak solution of (EE) such that
lull ooy < M. Then if

p—1l—gq

RZ<KA§,A> o 1

Ky x given in (22), we conclude that uw(x) =0 for x € T’ such that d(x, S(u|ow)) >
R. Moreover, if I' = 0S5(g) and u|s, = 0, then F(u) = 9S(g).
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Now we shall study the optimality of assumptions (30) and (31). Our first result
state the strict local diffusion of the support when the external perturbation g(z)
is greater than the critical growing :

Theorem 2.3. Let g € L}, (w), g >0, zg € dS(g) Nw and u > 0 such that

loc
—Apu+Au?>g in w, (32)

for some A >0 and 0 < g < (p—1). Let 1 <6 <1+ (ag+1)/(N —1), (with
a=p/(p—1-q)), then there exist C, K1, Ko, K3 > 0 such that if e > 0, 11 € w
satisfy de > |x1 — x| > ((6 +1)/2)e, Be(x1) C w and

g(x) > Clz — xo|*? a.e. v € Be(x1). (33)

Then

u(z) > Kie® — Kol — x| if 0<|x—aq| <e,
=1 Ks(be—|z—a1])* if e<|x—a1| <de,
In particular, u > 0 in Bse—|z, —a))(T0)-
Proof. We shall construct a positive subsolution u(x) on the ball B.s(x1) and so,

by the comparison principle 0 <u(z) < u(z) a.e. x € Bgs(x1). We define u(x) =
O(|z — 21]) in the following way :
o(r) O1(r) = K1e® — Kor® if 0<r<e,
- QQ(T):Kg((SE—T)a Zf ESTSKSE,
where r = |z — 21|, a=p/(p—1-¢q), 1 <5 <1+ (ag+1)/(N —1), and

1

\al—P p—1—q
Ks= <aq+1—(5—1)(N—1)>
Ky = K3(6 — 1)>1
Ky =K3(6—1)2"1§

Thanks to the choice of the constants K1, K2 and K3 we have that § € C([0, §¢]).
On the other hand
—Aputdu? = —(|0'[P20") — ?WV’”G’ + M09 := L(0)
on the region r € (g, 0¢) we write r = de — te(d — 1) with 0 < ¢ < 1. Then
L(02) = —(p— 1)aP " (a — 1)KL [te(5 — 1))~ DP=D=14
N -1

r

P KD e (6 — 1))@ VY LXK [te (5 — 1)),
But (¢« —1)(p— 1) — 1 = aq so from the choice of § and K3 we conclude that
L(0) < (aK3)P7 te(d — 1)]% |(N = 1) + AKL P ol — (p —1)(a —1)| <0.
On the other hand, if »r = et with 0 < ¢ < 1 we have
L(61) = [(ag + N)(aK)P 12 + \(K; — Kat®)?] €27 < K44

where
K4 = (aq + N)(OéKg)p_l + )\Klq.
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We observe that if © € B.(x1)
d—1
2

|z — 20| > d(w, Be(71)) > ,

therefore if we take

Ky 21
¢= (6 — 1)
from (33) we obtain for z € B.(x1)
K,200 (§—1 \*
g9(x) = Clz — zo[™ = © - Tyt ( 5 a) = K4e%1 > L(6;.)

Finally, on the domain @ = B.s(z1) we have 0 =u(x) < u(z) on 0o and
—Apu+ Au? < g(x)
then u(x) is a subsolution and so the inequality u< w holds on Bs(z1) O
From Theorem 2.3, we can deduce the optimality of the growth criterion (33).

Corollary 3. Let1 < § < 1+ (ag+1)/(N —1) and assume that for xo € 0S(g) Nw
there exists a cone H defined by

4
H:{.’I]ER <CE—.’IJQ,’I’L>Z|JI—(EO| 1—m},
such that
, g9(x)
Lim._olnfd ———~——x € H, 0< |z —xp| <ep >C, (34)
| — zo|™e

C defined as in Theorem 2.3, < .,. > is the usual scalar product in RN and n is an
unit vector (i.e. <n,n >=1)then u(xg) > 0..

Proof. Condition (34) implies that there exists g > 0 such that for any z € H N
BEO (xo)
9(z) = Clz — zo[™

let 61 = 62_%% and 21 = 29 + &1 ‘Hln First we show that B, (21) C Be,(x0). If
x € B, (21)

0+1 o+ 3

2 T2

next we show that B., C H if x € B, (21), x = 21 + £1y where < y,y >< 1, then

|z — xo| < |z — x|+ |21 — 20| < €1+ 61 =¢gg

<x—x0,n>_<516+1n+51y,n> i <y,n>

_ o+1
2 = o (+)n+€y} \/(5%1)2+(5+1)<n,y>+<y,y>

a straightforward computation leads to the minimum with respect to < y,n > of
the above expression is attained when < y,y >= 1 and < n,y >= —2/(0 + 1).

Therefore
<Tr—xp,Nn > 2 -
|z — 2o [(3£1) 5 +1)?

and we conclude that B, (z1) C H. So we have that
g(x) > Clz — 20| a.e. z € Be, (x1)

and dey > |z1 — 20| = ((6 +1)/2)e1, then, by applying Theorem 2.3 with ¢ = &1 we
obtain that u(xzg) >0 O

€1

0«1
N




10 LUIS ALVAREZ AND JESUS ILDEFONSO DIiAZ

The assumption (31) is also necessary in order to conclude the nondiffusion of
the support. We shall illustrate it by means of the following
Counterexample. Let N =1 and p = 2. On the set w = (—R,eR) consider the
function
u(z) = ui(x) := C(eR — x)* if 0<ux<eR,
T we(z) =C (1 —-R*z|*)(eR—2)* if —-R<z<0,
where « = 2/(1 — ¢) and

1

o= [y]

Then
—u"+ Ml =g(x) on w
u(—R) =u(eR) =0

with ¢ =0 in [0,eR) and
g(z) = Cala — 1)R™¥|z|*?(Re — 2)® + Ca* R™|z|* 1+
(Re — 2)*C9(1 — R™%|=|*)? — 1+ R™“|z|“].

on (—R,0]. Then, it is easy to check that

Limg_o- 9(z) = Cla(a — 1))

||

This shows how condition (30) may be fulfilled near 95(g) but v > 0 on w.
We shall end this Section with several remarks:

Remark 1. The optimality of the diffusion-absorption balance condition (17) was
shown in [36]. Many other properties of the free boundary F(u) was given in
the monograph [19] where abundant bibliographic comments are made. On the
other hand, the study of the free boundary F(u) was carried out in [21], [34] for
the case of the general quasilinear operators Au = div(Q(|Vu|)Vu) including the
minimal surface operator. We also point out that the degeneracy of the p—Laplacian
operator when p > 2 (leading for instance to Theorem 1) is the reason of the peculiar
structure of solutions of some nonmontone reaction-diffusion equations of the type
—Apu =u(u—a)(l —u) (see, e.g., [25] and its references).

Remark 2. In some special cases it is interesting to study the influence of the
convection term > big_:z on the formation and size of the null set N(u). It is easy
to see from the constants By r and By r and Lemma 2.1 that the size of the null
set is bigger for outward pointing drift vector field (> b;(x)z; > 0) and smaller for
inward pointing drift vector field (3 b;(z)x; < 0). We also remark that the study
of the formation and diffusion or not of the free boundary F(u) may be made under
a suitable diffusion - convection balance (see for instance the study of the equation

—Au+ |Vu|? = g(z), for 0 < ¢ < 1, made in [10] and [34]).

Remark 3. Notice that the proofs of Theorem 2 and Corollary 3 do not require the
boundedness of the weak solution u. Moreover both results can be easily extended
to the case of A = —L (see (7)) by using the inequalities (11). We also point out
that the estimate (2.3) allows to conclude the convergence of the approximation of
the free boundary (see [1], [5], [33]).
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Remark 4. Using the same type of arguments as in [19] (Section 2.2), we can
extend the above results to the case of 3(u) a maximal monotone graph multivalued
at w = 0. The case of a linear operator A = —L (see (7)) but degenerate (i.e. such
that A(z) = 0 for some x € w) was considered in [20] when studying an stochastic
control problem arising in the economics of the environment.

3. Waiting time phenomenon. In this Section we consider the parabolic prob-
lem

(PE) % (u) + Au + Bz, u) = G(t,x)

where A is given by (7) or (9), § satisfies (6) and v is (for simplicity) a continuous
nondecreasing function. It is well known that under suitable assumptions on ), A
and (3, a free boundary (or moving free boundary)

F=JFw®)  Ft)=0Su(t, )] NnONu(t,.)]

t>0

may occur. The possibility that for some zg € 9S[u(0,.)] the free boundary let
static for some period ¢ € [0, t*(x()] was first noted by D.G. Aronson in [9] (for the
one-dimensional porous media equation) and has received an important attention
since then. The time t*(xg) was called the waiting time for the point zg.

The main goal of this Section is to show how the results of the precedent Section
can be used in order to give an approximation scheme for the discretization in time
of that equation in such a way that the retention phenomenon is conserved. As by
product we shall obtain new results on the waiting time for the original problem.

We start by the case where 8, A and G satisfy (2):

Theorem 3.1. Let v be a solution of (3) such that |[v]| e (o )xw) < M, for some
M* > 0. Assume that ¢ € C°[0, M*] is an increasing function satisfying (17) with
f=¢1s), ie.

w(r) ds
0(r) =: — < . 35
(r) A e (35)

Moreover, we assume that

O(kr) > k0(r) (36)

for some g > 0 and any 0 < r < M*, p;’jlgkgl. Let xg € w and R > 0 be such

that Br(zg) C w. Let Cy > 0 and h(r) be defined by the relation
O(h(r)) = Cor 0<r<M". (37)
Finally, assume vo(x) be such that
lvo(2)| < h(lz — zol)  in Br(o). (38)

Then there exists t* > 0 such that v(zg,t) =0 for any 0 <t < t*. Moreover

. RP 1
' zmm{ﬂM*)”(p—l)NQ’Cg(p—l)Nq}' (39)

For the proof we shall need an useful auxiliary result obtained in ([3]):
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1 —_—
Lemma 2. Let ¢(s) = s—s™ for s € (0, (=)™ "] and let ¢"(s) = podo...... o ¢(s).
Then

1 1 m—1
lim ¢"(s)n7m1 = [ —— .
Jim o= = ()

Remark 5. In the terminology of discrete dynamical systems (see, e.g. [18] ), the
above Lemma indicates that although the fixed point s = 0 is not hyperbolic (since
|¢(0)| = 1) it is attractive for the logistic type system $,,+1 = ¢(s,). It also indicate

the rate of convergence for any s € (0, (%)ﬁ]

Proof. Proof of Theorem 3. We will show, that if ¢* is equal to the right part of
inequality (39), then the function v(z,t) defined by the relation

0(v(x,t)) =

|z — 20|

((t* —t)(p — 1)Ng)"'*

0<t<t" x€ Br(xo) (40)

satisfies
[v(z,t)| < v(z,t) 0<t<t" € Bgr(xg). (41)
We notice that the conclusion of the Theorem follows from this inequality taking
into account that o(zg,t) =0 for 0 < ¢ < ¢*.
To simplify the exposition, in what follows, we will assume without loss of gen-
erality that 6(co) = oo and that hypothesis (36) is satisfied by any r > 0. We define
{Cnya}ogng[%] in the following way

et~ (52w) (rom)

p—1 1 t*
Cn_175 = <1 — ETNcﬁ’E) Cn,a 0 S n S |:z:| . (42)
We will show that the radial functions © — ¥, (|]z — zo|) defined by the relation
0(Vn,e(r)) = Cper (43)
satisty
— e8p@(Vne) + Vne > Un—1,e in Br(xo). (44)

Indeed , if we differentiate (43) with respect to r and taking into account (35), we

obtain
/ (B e (1) v
<¢manm—cm</ wlmﬁ> (45)
0

and therefore

(@) ™) ) = o L) (46)

p—1
From (45) we deduce that (¢(7,..)) (0) = 0 and since ©,.(r) is an increasing
function, by integration in the above equality, we obtain
_ -1 p o _
((@(vn,s))/)p (T) < Oﬁ,sp — 1vn,€(T)T- (47)

On the other hand, the differential operator of equation (44) applied to a radially
symmetric function can be expressed as

L)) = |- (lete P etr) -

r

o) [P~ p(v)'| € + v.
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Therefore, using the above relations we obtain
-1
L(.0)(r) > (1 - apTNcg;E) T e (7). (48)

pq
pat+1 we get

_ o q
0 ((1 2 yew ) vn7€> > (1 2y ) Crocr = 0 (Tr1.0) .
p ’ p ’

Then (44) is satisfied, that is, {ﬁnﬁs(a:)}0<n<[ﬂ] is a family of supersolutions for

(5).

In order to study the behavior of {6n75(:1c)}0<n<[ ] when e goes to 0, we first

el
B

From (36), (43) and (48), since (1 - E%NC%E) >

notice that if we define f(s) = s — s1*P7 we can easily show (by induction) that

G (25w) 7 (o))

where by f"(s) we mean the function composition fo fo.....o f(s) (n times). Let
t < t*, using the above expression we have

Otz = (ﬁw)_ A <(m)_> W

Applying the above Lemma 2 we get that

1 NEY L 1y
Finoe <<2(pq+1)) )n _<pq> '

So, passing to limit in expression (49), when & goes to 0, we obtain

1 1 5
. pimeo () (=) (L)
Lzma_,OC[%]ﬁ —leg—>0 (a(p— 1)N> (t* _ t) (pq)
1

- ((t* —t)(zlo— 1>Nq>;'

Now we choose t* > 0 in order to obtain

Une(x) > M* in OBr(zg), 0 <n < [%] , (50)

Do,e(x) > vo(x) in Br(zo)

Since 0(.) is an increasing function and o, () is increasing with respect to n, the
above conditions are equivalent (when & goes to 0) to

Lime_.o0 (’Uo)a(R)) = CQ75R > H(M*) and Limg_,QCO)a > (.

Therefore if t* satisfies

t* <min{ R ! }
O(M*)P(p—1)Nq Cf(p—1)Ngq )’

then, for e small enough, by the comparison principle we obtain

t*
Un,e(x) > vy o(x) in Br(zg), 0 <n < [?] .
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Therefore, passing to the limit when € goes to 0, we conclude
o(x,t) > v(x,t) in Br(xo) x [0,t7].

Using the same argument, we can show that the functions {—vy, . (33)}0<n<[£] are
subsolutions of the problem (5) and by the comparison principle (and passing to
the limit when € goes to 0) we obtain

—o(x,t) <wv(x,t) in Bgr(x) x [0,t7],
and finally

|v(x,t)| < o(x,t) in Br(xg) x [0,t"]
which concludes the proof of the Theorem O

Remark 6. We notice that the assumption (36) is much more general that to
assume that € is a power function. For instance if 6(.) is a nonincreasing function
then for any ¢, the function

0(s) = O(s)s?
satisfies assumption (36). Indeed if k£ < 1
O(kr) = O(kr)(kr)? > K1O(r)rd = k160(r).

We can prove the optimality of the growth assumption (38) by showing a re-
currence lower estimate quite similar to Theorem 2. We shall illustrate it for the
special (and global) formulation of problem (3) with ¢(s) = s. More concretely, we
consider the Dirichlet problem

vy = Apv in  Qx(0,7),
(DP)s v=0 on 00 x (0,7), (51)
v(x,0) = vo(x) on Q,

Theorem 3.2. Let vy € Wy >°(Q), with Ayv € L®() and vo > 0 a.e. on Q. Let
29 € 0S(vp) and1 <6 <14+ (a+1)/(N—1), (witha =p/(p—2)). Then there exist
C, K1, Ko, K3 > 0 such that if e > 0, 1 € w satisfy de > |x1 — xo| > ((0 +1)/2)¢,
B.(xz1) C Q and

vo(x) > Clo — xo|® a.e. v € Be(x1). (52)
the solution v of (51) verifies that v > 0 in Bse_|z,—ao|)(®0) X (0,T).

Proof. Since the associate operator A is m-T-accretive in L>(§2) (see,e. g. [19]) we
know the convergence in L>°(£2) of the implicit iteration scheme

Unt1 — Up — AtA v =0 in Q,
Upt1 =0 on OfQ.

In addition, since vy € D(A) we have the estimate ([17], [32])

t
[v(t,.) = vn(t, )l Lo (o) < 7n [[Avo|l poc ) -
A careful reading of the proof of Theorem 2 allow to see that it is possible to control

the constants appearing in the proof of this theorem (with g = vy) as to have that

Kie® — Kolz —z1|* if 0<|z—a1] <k,
)zx) > .
vi(t,.)(z) > { K3(0e — |z —21])® if e<|z— 21| < de.
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and so (by using that once that the solution is strictly positive in a point 2* and a
time to it remains positive at point 2* and for any t > ¢o: see, e. g. [29]) we get
that

v(t, o) > v (t, x0) —p >0
for p small enough, n sufficiently large and ¢ near zero, which conclude the proof. O

Remark 7. Different techniques for the study of the absence of waiting time were
used in [4].

Coming back to the general formulation (i.e. without assuming (2)), we can
easily adapt the previous result by means of the implicit discretization in time
scheme given by

Y(Unt1) — Y(un) + At(Auny1 + B2, unt1)) = G(tn, 2)
where G(t,,.) is an approximation of G(t,.) in L*(0,T : L'(w)).

Remark 8. For the case A = L and 8 = G = 0 the Theorem 3 remains true (chang-
ing p by 2) since the modifications in the proof are obvious (use the inequalities

(11)).

For the case f # 0 we can get easily a result similar to Theorem 3 if we assume
that G = 0. Here is a particular, but indicative, statement:

Theorem 3.3. Let A given by (7) or (9). Assume that 3 satisfies (6) for some f
such that for any u € R there exists C, K, > 0 such that

V(r) + pf(r) > K,ulr|r foranyr € R

and

Clr|®™r > ()
with 0 < g < p — 1, where p is the degree of homogeneity of A. Assume that
[uoll ooy < M and there ezists Co > 0 and R > 0 for which

0 < ¢(uo(x)) < Colz — zo|7=1=7  a.e. & € wN Br(xo).
Then, if u is small enough there exists n*(xg) € N such that
Y(un(x)) < Cplz — zo|7=17  a.e. x € wN Br(xo)

for some Cp, > 0 and for any n =1,2,.....,n*(xp).

Proof. The main idea is to adapt the proof of Theorem 3 to this context. So, it is
enough to consider the family of barrier functions given by

V(O () = Cplz — x0|pf£7q
and to use that
—pApUn 41 + Cu(ﬁn-i-l)q > (o)
for p = At. O
Remark 9. The study of the waiting time when G # 0 seems to be unexplored

before in the literature, nevertheless, our technique of proof allows to get easily
some results in the spirit of Theorem 4.

Remark 10. For the connection between other qualitative properties of solutions
and their version for the solutions of some discretized algorithms see [27].
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Remark 11. Many of the results of this paper also apply to Stefan type problems
for which v (u) is a multivalued maximal monotone graph of the form

Y(u) = oy (u) ifu<0
"/J(O) = [ka]
b) = as(w)  if u>0

with «; be nondecreasing functions, a1(0) = 0 < k = a2(0). See Diaz [23] for an
approach via an energy method. In the case of the Stefan problem it is clear that
the interfaces are defined by the separation of each of the phases. Nevertheless it
is well known (see, e.g. [31] ) that the set M(u) = {(¢t,2) : u(t,z) = 0} can be
of positive measure (the mushy region) and so its boundary defines another free
boundary.
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