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Abstract. We study the flat region of stationary points of the functional fSZ F({Vu(x)}) dx under

the constraint # < M, where £ is a bounded domain in RZ. Here F (s) is a function which is con-
cave for s small and convex for s large, and M > 0 is a given constant. The problem generalizes
the classical minimal resistance body problems considered by Newton, We construct a family of
partially flat radial solutions to the associated stationary problem when £ is a ball. We also analyze
some other qualitative properties. Moreover, we show the uniqueness of a radial solution minimiz-
ing the above mentioned functional. Finally, we consider nonsymmetric domains € and provide
sufficient conditions which ensure that a stationary solution has a flat part.

Keywords. Newton problem, obstacle problem, quasilinear elliptic operators, flat solutions

1. Introduction

Seventy years prior to the derivation of the conservation laws for a nonviscous compress-
ible fluid by L. Euler in 1755 ([10]), L. Newton introduced, in 1685, one of the pioneering
problems in the Calculus of Variations: find the shape of a symmetrical revolution body
moving in a fluid with minimal resistance to motion (see [16]). As a matter of fact, the
problem had already been suggested by Galileo in his famous Discursi in 1638 (for a
detailed history see Goldstine [11]). Newton was able to derive the resistance law of the
body under the following assumptions. Firstly, he supposed that particles do not interact
with each other, “a rare medium consisting of equal particles freely disposed at equal
distances” !, and that each particle impacts the body at most once. Secondly, the impacts
were assumed to be elastic and the resistance proportional to the impact angle. If we write
the problem in terms of a vertical flow, we can describe the body as B = {{x,z) : x € Q,
0 <z < u(x)}, with u(x) = 0 for x € 3 and for a given bottom set {2 in R2. In this
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! In Newton’s original formulation.
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framework it is not too difficult to show (see, for instance, [1], [6] and [17]) that the total
resistance of the body is proportional to the integral

1
= —dx, 1
1= [ W

As mentioned in Armanini ([17]), in the same historical book Newton also considered other
resistance assumptions leading to different power expressions of the type

1
—  —dx 2
fg L+ [Vap @
withrn > 1.

In order to guarantee a single impact, it is common to assume the body to be concave.
Nevertheless, some other profiles have been considered in the literature for the more gen-
eral case in which any particle hitting the graph of « with vertical velocity does not hit
again (see [8]).

If some of Newton’s original assumptions are weakened, one might derive a similar
functional, by adding a correction term. For instance, in [17]? a resistance functional of
the type

I
fnlJrIVu(x)ya dx +fQP(x ulx))dx

was proposed. Nevertheless, it is worth mentioning that even though Newton’s resistance
model is only a crude approximation, it appears to provide good results in many contexts,
for instance, when dealing with a rarified gas in hypersonic aerodynamics. Many distin-
guished specialists in this area, von Karman, Ferrari, Lightill, and Sears have used this
model (see the exposition in the NASA report [9] and the book [15]).

In Newton’s formulation one looks for a minimum of the functional (1) {or (2)) in the
class of (suitably regular) functions satisfying two unilateral conditions O < u(x) < M
for x € 2. Due to that fact, the associated Euler-FLagrange equations must be suitably
understood, for instance, in terms of some variational inequality (for a general exposition
of this theory see, for instance, [13]). It can be shown that the Lagrange multiplier term
associated with the unilateral condition O < u vanishes due to the fact that the special
form of the functional leads to the concavity of any possible stationary point #(x) of that
functional, and thus this unilateral condition is triviaily satisfied once we assume the other
(and crucial) unilateral condition « < M (which, to the contrary, leads to a nonvanishing
Lagrange multiplier term).

1t is worth mentioning that the integrand in (1) (and (2)) is not globally convex in Vu
(although it is a convex function when |Vu(x)| = « for some suitable o« > 0). More-
over it is not coercive (in fact it converges to zero as {Vi(x)| — -400). Those two facts
arise quite often in many other special (bui relevant) problems of the Calculus of Varia-
tions (see, for instance, some other classical and more recent examples mentioned in [2]).

2 Here Wagner allows multiple impacts.
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This motivates us to consider a general class of functionals (invariant under symmetrical
changes of coordinates) of the form

f F(Vu(x)]) dx 3)
Q
with

F(|Vul) -0 as|Vu| = 4o 4
{the case of integrands of the form F(|Vu(x)]) — f{x)u(x) with f(x} # 0 will be the
subject of a separate study [7]). Actually, we shall not deal with the associated minimiza-
tion problem, but with the more general case of the Euler-Lagrange variational inequality

satisfied by any stationary point « fulfilling the unilateral constraint & < M. So, given

M = 0, we shall consider a class of quasilinear obstacle problems which can be formu-
lated as follows:

—div(A(|Vu)Vu) + () 20 in €2,
(OF) {u =0 onds2, )
where f is the maximal monotone graph (see Brezis [3]) in R? given by
Blu)y = {0} ifu<M,
(M) = [0, +c0),
Blu)=49¢ ifu>M,

and A € C1(0, +00) satisfies the following set of assumptions: there exists g > 0 such
that

the function ¢ + t A(¢) is decreasing on (0, ¢ 4) and increasing on (o4, +00), (6)

A<0 on[0,4o) and lim tA(t) =0, @)
f—=00
. ¢ dr
alfr{r_lmA(a)]w TAC < 1. (8)

In order to establish the existence of solutions for this type of noncoercive problems,
several different additional conditions have been introduced in the literature (mainly the
concavity of 1: see [5] and its list of references). In this paper we shall deal with solutions
of the obstacle problem (OP) in the class of functions such that

i e HD] () and |Vu(x)| = as ifulx) < M. (C)]

We first consider the radial case corresponding to 2 = B(0, R) and u in the class of
radially symmetric functions satisfying (9). It is easy to see that then the problem reduces
to the study of the one-dimensional free boundary value problem

_%%("A('”'U“W =0 in(p, R),
w(RY =0, ulp)=M, (10)
~u'(R7) > ag,

where p € [0, R) must be determined. Notice that the function 1 extended by M to Q2
satisfies (OP). Our main result is
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Theorem 1.1. Let R > 0 be given. Assume that A satisfies the above conditions. Then,
for every M > 0, there exists py € (0, R) such that for any m € (a4, -+00) there exists
a solution u(r) = u(r; m) of the obstacle problem which satisfies

() u= M in|0, pn]for some py € [pm, R),
Gy —u'(ow) = m,
(i) u is strictly concave in (p,,, R) and u € wleo(, R).

Finally, the map M — pyy is decreasing and convex.

We prove this theorem in Section 3, even under more general conditions on A.

Moreover, we prove that although there is not a unique solution to problem (10), there
is a unique radial minimizer for the functional (3) in the class of solutions of the associated
problem (10).

In the Newton case, P. Guasoni established in [12] the existence of a function in
HOl (£2) which is not radially symmetric, for which the value of the functional is smaller
than any value arising from a radial function. On the other hand, T. Lachand-Robert and
E. Oudet found in [14] numerically another function leading to an even smaller value of
the functional. We conjecture that similarly, radial solutions are not minimizers either for
the more general class of functions £ considered in this paper.

Another consequence of our results is that they reveal some kind of optimality of the
structure assumptions made in the regularity result by H. Brezis and D. Kinderlehrer.
Indeed, these authors established in [4] that, if the quasilinear operator A is “locally
coercive”, the solution of the associated obstacle problem fulfils # € W25 for every
1 < 5 < +00. In contrast, we show here that the solutions of (OP) are not of class C'.

Finally, a study of the coincidence set (the flat region of the body) without any sym-
metry assumption is presented in Section 4. In particular, we obtain some answers to a
question raised in [6, question (vi) on page 111.

2. Statement of the problem

We consider the problem

—div(A(|Vu[)Vi) + ) 20 in 2, a1
e HOI(Q), Vil > aqifu < M,

where 8 is the maximal monotone graph in R? given by

Bu) = {0} ifu < M,
B(M) = [0, +0),
Buy =1 ifu>M,
and
A e CHO, +o0) (12)

is such that there exists ¢4 > 0 for which

the function t > tA(#) is decreasing on (0, a4). (13)
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‘We also assume one the following sets of conditions: either

t — tA(?) is increasing on (a4, +00), (14)
A <0 on[0,+400), lim rA() =0, (15)
o 00
a d
lim A(a)f O oy, (16)
a—+0a wy TA(T)

or there exisis 84 > w4 > O such that

t > tA(t) is increasing on (&4, B4), (17

A<0 onf0,84), A(Ba)=0, (18)

fﬂﬁ e (19)
T]A(7T)]

Throughout, we will refer to assumptions (12}, (13), (14), (15) and (16) as Case 1,
and assumptions (12), (13) (17), (18) and (19) as Case 2.

Example 1. In the classical Newton obstacle problem, we search
n/gnf F([Vul)dx, F@®) =1+t)"",
Q

where K = {u € H(}(Q) v < M and u concave}. Thus, the associated Euler—Lagrange
formulation (in terms of maximal monotone graphs) is given by

Vu
[V

—div(F’(qul) )—i—ﬁ(u) 5 0.

In order te simplify the presentation for nonnegative functions u(x), we notice that in the
radial case and for nonincreasing functions u = u{r), r = |x|, we have

. y Vu Ferf fay 15y
- chv(F (|Vu|)—) =r(F(u ).
| Vi

In particular, we can identify the above Euler-Lagrange equation with formulation (11}
by choosing

—2t
At =F ()= ———
O =F0 =
and so

AD =y

(see [16], [11], [5]). It is easy to see that the function A satisfies the assumptions of Case 1.
In particular

¢ dt 1
o TA(T) 4

lim, 4@
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Example 2. The function A(t) == —t"=2 /(1 4+ "™)%, with m > 1, corresponds to other
type of resistance forces already proposed by Newton.

Example 3. A function A salisfying the conditions of Case 2 is, for instance, A(¢) ==
—(Ba — )7 witho € (0, 1).

3. Radially symmetric solutions

This section is devoted to the study of radially symmetric solutions. Then (11) leads to
the question: Given M > 0, find p € (0, R) and u satisfying

L Ay + B 30 in O, B,

r df' _ (20)
u(R) =0, —uw(R™) > aa,
u(ry=M [0, p] and u{r) <M in(p,R]

Qur study will mainly focus on the properties of the coincidence set:

Theorem 3.1. Let R > O be given. Assume that A satisfies the conditions of Case 1.
Then, for every M > O, there exists py € (0, R) such that for any m & {wy, +-00) there
exists a solution u(rY = u(r; m) of the obstacle problem satisfving

(1) u= M inl0, pm] for some py € [pp, R),
(i) —u'(om) =m,
(i) u is strictly concave in (py, R) and u € WH(0, R).

In Case 2, for every 0 < M < RBy4 there exist 0 < py, < py, < R such rhat for any
m € (w4, Ba) there exists a solution u(r) = u(r; m) of the obstacle problem satisfying

(1) u= M inl0, py] for some py € [par), Pr1y),
(i) ~u'(om) = m,
(i) w is strictly concave in (py, R) and u € wlooQ R).

Finally, in both cases, the map M +— py is decreasing and convex.

Remark 3.1. In the Newton case, g = 1/ /3, and the solution of the obstacle problem
which corresponds to a minimum of energy is associated with m = 1; see [16] and [11].

In the following we will write « instead of e 4 and § instead of f4 in order to simplify
the notations. The equation we have to deal with is

{
;_("A(W(J‘)DM'(F)) =0 (21)
dr
and thus r == r A(|1' )y’ (r) is constant. We look for solutions u such that:

u is defined in [0, R], u#(R) = O and u{p) = M for some p € (0, R). 22)
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The fact that ~p’(R™) > « implies there exists § > 0 such that
—u'>a on(R~34,R)forsomed > 0. (23)
Developing (21) we then obtain
Al ()’ () + r(A (e D’ (O + A D" () = 0. (24)
Employing {23) and (24) with (15) in Case 1 and (18) in Case 2 yields
(A"(lu (r) D1 ()] + A’ () D))u" (r) < 0. (25)

Lemma 3.1. For every solution u of (21) satisfying 0 < u < M, we have —u’ € (o, -+00)
in Case | and —u’ € {(a, B) in Case 2.

Proof. Case 1. Since for r in (R ~ 8, R) we have —u’(r) € (&, +00), and since u” < 0,
it follows that —u’ is increasing in this neighborhood and the property will be satisfied
as long as —u’ does not reach the value . Let us denote by p the maximal value of » in
(0, R) such that —u’ = «, if it exists. Then —u’ € (o, +o00) forevery r € (y, R). But we
also know that u’(y) == —a, and then taking r = y in (24) leads to A{z)a = 0. On the
other hand, we know that & > 0 and from (15) that A > 0, hence we get a contradiction.

Case 2. The proof is the same as the previous one, with —u'(r) & (¢, +00) replaced by
—u/(r) € (&, ) and the assumptions {6) by (17) and (15) by (18).

Now we will try to solve the equation (21) under the conditions (22) employing a
parametric method as in [8]. From (21) we have

rA(uw (r)u' (r) = RA(lu (R)Du'(R). (26)

Since the value of #'(R™) will play a crucial role, we introduce a = —u’(R™).

As 1 is concave, a will be the maximal value of the function —u'(r) in the interval
(p, R). Now, the idea is to take a new parameter to solve the differential equation. We use
t = —u'(r) and observe that, since u is assumed to be concave decreasing, ¢ > 0 and —u’
is bijective. The equality (26) can be written in the form

~rA{t)t = —RA(a)a
so that

~_ RaA(a)
Fo= TAG) = r(f). 27

We differentiate i with respect to f to obtain

(tAD)Y

d d , dr _ uAall))
Eu(r) = E(u! or(t)) =u (I‘(l‘)):l? = tRaA(a) r2A2(t)'
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Using the fact that #(R) = 0, we then obtain

u(R) —u(r) = f —dt —u(t)

= RGA(G)f A(r)zj;or(f)l(r) dr

_ A'(1) 1
= Radla )f ( rA(r))‘”

A
_ Ala) T dr
- (A() ) R‘”‘(‘”f, TA(T)

u(t) = Ra — Ra

That is,

-R Aa >f A(T) 28)

Thus, the problem can be rephrased as follows: let p € (0, R) and M > 0 be given.
We want to find ¢ > « such that there exists ¢{a) with

pt(a)A(t(a)) = RaA(a) 29)
and

M:Ra——Ra

—R ()f rA(r) (30)

We have the following thecrem:

Theorem 3.2. Let M > O be a given number. In Case 1, there exists py such that (29)—
(30) admits a solution if p belongs to (pay, R), and none if p € (0, pag)-

In Case 2, if M > Rp there is no solution and if M < RpB there exists a solution if
and only if p € (pm, (R — pa) B).

Remark 3.2. In Case 1, if we consider p € (pa, R) and look for solutions to (11} in
the annulus 2 = (p, R), we see that the functional is convex, therefore the minimizer
i$ unique, and since we have found a radial solution, it is the unique solution. The same
happens to be true in Case 2 under suitable assumptions.

In order to prove the above theorem we will need the following two lemmas:
Lemma 3.2. The function a > t{a) defined in (29) is an increasing function from
{(ap, +00) into (&, +00) in Case 1, and from (ap, B) into (@, B) in Case 2, where a,

is the solution of pa A(w) = RayAlay).

Remark 3.3, The existence of a, is ensured by the fact that ¢ A(w) is the minimum of
the function ¢ A(#) (which is negative) and since p < R.
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Proof Case 1. From the assumption (6) we know that the function ¢ > tA(¢) is increas-
ing on (o, +00) and then using Lemma 3.1, we obtain ¢(a) < a. Indeed, suppose not.
Then t(a) At (@)) > aA(a) with equality if and only if 7 (¢) = a. This contradicts (29) if
t(a) # a. In that last case (29) implies p = R, which is not possible since (o) = M > 0
and u(R) =0,

Now we differentiate (29) with respect to ¢ to obtain

d
PEZ;(A(I(G)) + A'(t(a)t (@) = R(A(a) + aA'(a)).

The two terms in brackets are positive by (6) and Lemma 3.1, so that dt /da > 0. Finally,
we know that ¢{a) has to be greater than «, hence the minimal value for a arises for
t{a) = «. Passing to the limit in (29) as « tends to +oc leads to

lim pt{a)A(t(a)) = 0.
{00

Therefore p > 0 impliss lim,— 400 t (@) = 400,

Case 2. The proof is the same as the previous one upon replacing (¢, -+20) by (o, B) and
assumption (6) by (17). By passing to the limit in (29) as a tends to §, we obtain

l.imb pr(a)A(t(a)) = 0.

Then, since p > 0, the only possibility is lim,_.g #(a) = f in view of assumptions (17)
and (18).

Lemma 3.3. The function a — u o t(a) defined by (30) is increasing and converges to

+00 as a converges to +oo in Case 1. The function a = u o t{a) defined by (30) is
increasing and converges to (R — p)p as a converges to B in Case 2.

_R" @ )f A(r))

Proof. We have

d d
Eu ot(a) = E(Ra — Ra

Using (29) we can express it as

d t()“"d<R—"( — Rad .[H r)
T E G\t e @)~ Radla) tay TACT)
dt L[4 dt W [ L
=R—p- - —RA) f,(a) TA(T) Rad® /t(a) TA(T)
| 1 dt
— RaA(a)[ Ala) - r(a)A(l‘(ﬂ)) EEE:I

= R(A(@) +aA (@) f(a) A



404 M. Comte, J. I. Diaz

Using Lemma 3.1 together with (6) in Case 1 and together with (17) in Case 2, we get
d .
—uot{a) > 0. (31)
da :

Thus, if a solution of (30) exists it is unique.,
Now, we split up the remainder of the proof into two cases.

Case 1. We have to compute

. dr
HETOO (Ra — pt(a) — RaA(a) f(a) rA(r)) (32)

and prove that it is equal to +00. Employing (6) we obtain

Ra — pt(a) - RaA(a) f(“) AW > (R — p)t(a)

and since p < R and lim,_ 4o 1 (@) = 400, we find the result.

Cuase 2. Here, we have to compute

) a dt
f}l—% (Ra — pt(a) — RaA(a) fr(a) fA(t))' (33)

From (29) we have (R — p)a = Ra — pt(a) - %t)—(‘i)—) On the other hand, from
(17) and (18) we get

RaA(a)(a — t(a))

Ra — pt(a) — tH{a)A(t(a))

> — pt(a) — RaA(a)f
z (R — p)t{a).

Then since lim,_, g ¢ (@) = B, we pass to the limit in the inequality to obtain the result.

Ha) TA('L')

Proof of Theorem 3.2. Step 1. We will now compute the minimal value of #. From
Lemma 3.2 we know that the smallest admissible value for @ occurs when r(g) = «;
we denote this value by a,. In that case we have

Afa,) 4 dq
wot(ap) =u(cx)=Rap(1~ A(‘Z’) —A(ap)ji TA(I)) (34)

and using (36) we can express it as

u(ce) = Ra, — pa wpaA(oz)f (35)

TA(‘L’)
This is the minimal value of i since u is increasing in a and if M < u(ce) there is no

solution of (29)—(30) in both cases. Additionally, if M > (R — p)}8, there is no solution
in Case 2.
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Step 2. The next point is to find a p such that (29)—(30) has a solution. If we write

poAla) = Ra,Aa,) (36)

and

iw(p) = Ra, — pa — paA(@) f ' @7

rA(t)
then for any given p € (0, R), there exists ;(p) > O such that the equation (30) can be
uniquely solved in Case | for all M € [p(p), +00) and in Case 2 for all M € [u(p),
(R —p)Bl.

We will first prove that the function p + (o) defined by (37) is decreasing from
400 to 0 in Case 1 and from RS to 0 in Case 2. In both cases it is convex. To this end, we
differentiate (37) with respect to p to obtain

d d
pO) _ gt —oeA(a)/ v_dr _ padle) dap 38)
dp dp « TA(T) apAlay) dp
Using (36) we get
du(p) f”ﬂ dt
= e —eA) | (39)

which is negative by (15) in Case 1 or (18) in Case 2. This allows us to establish that the
map M +— pyy is decreasing.
We now distinguish two cases.

Case 1. Passing to the limit as p tends to 0 in (36) leads to a, converging to -+-o00. Com-
bining (36) and (37} we obtain

YD dt
p(p) = Ra, — pa — RapA(ap)L A (40)
or
ap
w(p) = —pa + Rap( A(ap)/ tA(r)) (41)
Then, thanks to (16), we obtain
Y% dr
li —
ap->too (1 Alap) f rA(r)) 0 “2)
hence
lim w(p) = (43)

tp——+00

On the other hand, if p converges to R, we deduce from (36) and the assumption (6) that

lim a, = «a, (44)

p—R

thus lim,_ g u{p) = 0 by (37).
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Case 2. Passing to the limit as p tends to 0 in (36) leads to a,A(a,) converging to 0.
Since a, > a > 0, the only possibility is a, — S. Then passing to the limit in (37)
yields

hm wip) = RB —~ hm pocA(a)f 45)
'cA(r)
Since
. f“ﬁ dt fﬁ dt
lim = _
=0ty TA(T) « TA(T)
which is finite under the assumption (19), we obtain
lim z(p) = RB. (46)
p—0
We use (36) and the assumption (17) to get
lim a, =« 47

p—R

and thus from (37), we obtain lim,_, g t(p) = 0.

In order to prove the convexity of u, we twice differentiate (37) with respect to p and,
employing (36), we see that

du(p) _ wA@) da,

_— _ 48
dp? apAlap) dp “8)

Differentiation of (36) with respect to p yields

dag
aAl@) =R d— d—(tA(f))r =a,- (49)

The assumption (6) in Case 1 or (17) in Case 2 guarantee that

o, (50)
dp
and substituting this into (48) leads to
d2
w(p) -0 51

dp?
This implies that the map M +— pyy is convex, finishing the proof of the theorem.

We will now deal with the property of minimum solutions. We set €2 = B(0, R) and
consider the following problem associated to (10);

Minf F(|Vu|)dx, (52)
K Ja
where K = {u € Hol (§2) : u satisfies the assumptions of (10) and is radially symmetric}.

Notice that the formulation corresponding to the stationary points of the functional (52)
leads to A(jVu|) = F'(|Vul)/|Vu|. We have:



Minimal resistance body type problems 407

Theorem 3.3. Let M > 0 be given. Then there exists a unique value of m € (@, +03)
in Case 1, and m € (a4, Ba) in Case 2, such that the solution w(r; m) given in Theorem
3.1 is minimai among all solutions given in that theorem.

Proof. Let i, be a solution to (20). We have to compute

R
E{p) = f rF(u:)(,»-)) dr + fp rF(u’p(r)) dr,
o 0

which can be written as

R FQO
B = [ rru o) dr+ 2
P

Since E (p) cannot be expressed in a simple way as a function of p, we will use the former
parameterization, that is, t = —u/(r) and

—rA(t)t = —RA(a)a
so that
_ RaA(a)
7AW

= r(f). (53)

Integration by parts leads to

_ ) a FI(CI)ZF”(‘E)F(T)
E(p) = W(T,a) = —R [F e

R2 F(T)F'(a)? .o ¢ dT F(0)
2 (F() Fe L@ fr Flo) F’(T)Z)‘

The function ¥ (T, @) has to be minimized under the constraint {30), that is,

_ Fl(a) oo O dT
M = Ra — RT —— F’(T) RFE (a)fT e B(T, a). 54)
A careful computation shows
d _ 2F( ) "
G—‘P(T a) =R F’(T)?’F (TY(F(T) = F(0)),
_8_ _____2/()11 t Zfa df_“ )
aa\IJ(T,a)_ R F’(T)EF (a)(F(T)+F(T) . o) FO) ),
_Q.':: _ Fla)y _,
3T 2T, a) = RF’(T)ZF ()T,

d L :
EEH(T,a) RF’(T)F (a)(T+F(T)f F’(t))
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408

]

aw o

:d_

reduces to

3|m
°'l

Therefore, the Lagrange condition %—
F(O)) —(F(T)W-F(O))(T%—F(T)f F’(r))

¢ dr
F(T) + F'(T)? f
( T F'(t)
since the other terms do not vanish. This, again, can be simplified as
F(Q) = F(T)— F'(T)T (55)
which can be written in terms of A as
T
f TA(T)dr = TPA(T). (56)
0
Set g(t) = [y TA(r) dt — 1*A(). Thus,
(57

gty = —t(t A

and hence g is increasing from 0 to g(e,) and then decreasing (we used (6} in Case 1 or

(17) in Case 2). In particular, the equation (56) has at most one solution in (a4, +00) in
Case 1 orin (4, fa) in Case 2. On the other hand, employing (6) (or (17)) we have

fort > as (ort € (g, Ba)). (58)

t
f TA(T)dt < tAQ@)(t —aq)

A

Hence
(®) = /a,\ TA(M)dt + 1A —agy).
0]

Now thanks to (15) in Case 1,
L}
lim g(1) 5[ TA(T)dt <0,
+c0 0

and using (18) in Case 2,

a4
lim g(z) < f TtA(T)dr < 0.
t—fa 0

This implies the uniqueness of the value of T satisfying (55), which is called m in the

theorem, and it concludes the proof
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4. On the flat region for the non-radially symmetric case

In this section we give a partial answer to the following question raised by Buttazzo and
Kawohl ([6]): let # be a solution of the Newton problem of minimal resistance. Is there

always a flat region for such a solution, i.e. does there exist an open set $2o C €2 such that
i =M on Qq?
The results obtained in the previous section allow us to give the following answer:

Theorem 4.1. Let A and B be as in the previous sections. Let u € H(} (R2) be such that

—div(A(|Vu)Vu) + 8() 20 in 2,
O<u(x)<M forxe .

Assume that

|Vuj = ey ifu < M,
there exist xg € 2 and R > 0 such that

X — Xg
—A(Vu(x))Vul(x) - — =< Ala)a (59)
|x — xol

forsomea > ay and a.e. x € B(xg, R), where u(x) < M.

Then there exists pg € (0, R) such that u(x) = M for a.e. x € B{xg, pa).

In order to prove this we need the following result:

Lemma 4.1. Let u be as before, and let 1, (x) = w(|x —xol; a) be the radially symmetric
solution of the obstacle problem given in Theorem 3.1 (i.e., such that i, (x) = M for a.e.
x € B(xp, pg)). Define

Qu.R.p, = (x € Blxo, R) \ B(x0, pa) : u(x) < M}.
Then 1, (x) < u(x) for a.e. x € Ry, R, 0, -

Proof of Theorem 4.1. Since u(x) < M, we deduce from the comparison stated in the
previous lemma that, in particular, u(x) = M on B(xp, fa)-

Proof of Lemma 4.1. Taking [ua(x) —u {(x)]* as test function in the definitions of weak
solution. of the problems satisfied by u, and u, and subtracting both expressions we arrive
at

f (A(| Vg Vg —A(Vu) Vi) Vi, —u]™ dx+ f (by—b) [1tg — ul™ dx
Q.\‘[) M pa

Q-YU R

= ] (it — ult (A(IVuy)Vug — A(Vu)Vu) - mdx =1,
0 Q,\‘(),R.p(,
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where b € LY (), b, € L'(B(xp, R)), and b(x) € B(u(x)), ba(x) € Blu,(x)) for a.e.
x € L and B(xg, R) respectively. Write 82y, g,p, = [ U T3y U [y, where

FR = {x € asz,\‘(],R,p(, . |x - JC()l = R}’
Fﬂtl = {x € aQ«‘O,Rthr : |x - x(]l = Pa},
Par = {x € 08y,R,p, : u(x) = M},

we deduce that I > 0 (recall that 8 is a monotone graph and that, since the function

t — A(t)t is nondecreasing, the vectorial function v > A{}v|)v is a monotone operator
from R to EY). But

f (g — u]t (A(| Vi) Vg — A(Vu) Vi) -ndx =0
Uy
because [i, — 1]t = 0 there, and thus

[ [tta — ult (A(Viig)Vig — A(|Vu)Vu) - ndx > 0.
r

Pa

On T, . n=x— xg/lx — xq| and so, since |V, (x)| = —(;—il,uu(p,,) =aifx €Iy, by
using the assumption (39), we arrive at

(A(Vua) Vg — A(IVu)Vu) -n <0 only,.

Then
f {(A(Vug)Vuy — A(Vu) Vi) - Vg — ult dx =0,
Q

X Reba

which, by the strict monotonicity of A on this range of values, implies the conclusion.
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