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Abstract. By using some rearrangements technics, jointly with a study of the radially symmetric
case, we prove that the bifurcation curve for some sublinear elliptic eigenvalue type problems converges
to zero when the eigenvalue parameter \ converges to infinity. The result improves some previous work in
the literature (dealing mainly with the one-dimensional case or imposing some restrictions to the spatial
dimension of the open set) and has application in several contexts.
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1 Introduction

We study in this paper the bifurcation diagram, with respect to A, of non-negative solutions to the
semilinear elliptic equation

—Au+ g(2)|u|* Ty = \u in Q,
Plgan = { 24 i 1)

where ) is a smooth bounded domain in RY (N > 1), A is a real parameter, 0 < o < 1 and g(z) > 0 is
a real function satisfying that there exists ¢y and g, with 0 < ¢o < @, such that

go < q(z) <7 ae z €. (2)

Notice that, obviously, © = 0 is always a solution of problem (1) and so our interest relies on the existence
of nontrivial solutions of the problem.

One of the main motivations for studying problem P(gq,«a, ), with 0 < o < 1, arises from some
previous results ([15]) concerning solutions of the linear elliptic Schroedinger equation associated to the
so-called infinite well potential. For instance, in the one-dimensional case, we can formulate it as

{ —u" +V(x)u=AIu in (—R,R), 3)
u(£R) =0,

for a given R > 0, or on the real line, R = 400 (and thus it is assumed that V(z) = 400 if ¢ (—Ro, Ro)
for some Ry > 0). It turns out that there is some ambiguity in the treatment of the case of the real
line: what is mentioned to be “the solutions” in most of the text-books are not classical solutions of
the problem since Dirac’s deltas appear at x = £R. Such functions are solutions merely in the sense of
distributions, but besides that, they satisfy a different equation where deltas at © = + R must be included.



In this situation solutions of the semilinear equation P(gq,a, A) provide some kind of, say, "alternative
approach" if we assume that V(z) := q(z)|u|*"! (see a detailed analysis in [15]).

The one-dimensional case of P(q,«, ), with Q = (=R, R) and ¢ = 1, was studied in [17] by using
some phase plane methods in ODEs. There it was proved that for 0 < A < Ay there is no solution to (3)
and for \; < A < A\* | where \* is a critical value given explicitly, there is a unique solution uy > 0 with
Ouy/On(£R) < 0 bifurcating at infinity for A = A;. Moreover u) is decreasing as a function of A and
the solution uy~ > 0 in (—R, R) is such that u).(£R) = 0: this corresponds to the definition of a flat
solution. Moreover, from this flat solution solution it is possible to build continua of compact support
solutions. We also obtained in [17] the asymptotic behaviour (in A) of the solutions when A — +o0;
namely

C
”u)\HLOQ(fR,R) < m @

Notice that this asymptotic behavior of the bifurcation curve, in the plane R2?, with variables A and
lluall L (—R,R)’ is quite exceptional in contrast to many other nonlinear problems exhibiting bifurcation
phenomena: in many cases it can be shown that the corresponding solutions uy satisfy that |ux|| ;e
+o00 when A — +4o00.

Coming back again to the consideration of the Schroedinger equation, the results of [17] imply that
A > 0 and uy- > 0 are, respectively, the first eigenvalue and its corresponding eigenfunction for the
linear eigenvalue problem of Schroedinger type

{ —w" +|ur-|*"w= v in(—R,R),

[e3%

w(ER) = 0. (5)

Moreover u).(+R) = 0 (which allows to prolongate this function by zero to the rest of R without
generating any Dirac delta at the points © = £R). It is in this sense that we have an "alternative
approach" for solutions to linear Schrodinger equation for such type of singular potentials V(z).

Obviously, problem P(q,, \) also arises in many other contexts since it is a typical example of the
so-called diffusion-reaction equations (see, e.g. [32], [33], [11]). If ¢ = 1 and o > 1 it is the well-known
logistic equation in population dynamics. In this case there is a unique positive solution u, for any
A > A1, where A; > 0 is the first eigenvalue of the Laplacian with Dirichlet boundary conditions and
it follows immediately from the Strong Maximum Principle that if uy > 0, uy # 0, is a solution then
uy > 0 in © and ‘%} <0 on 019, i.e., all non-negative solutions to the logistic equation are actually
positive. But this is not the case for P(q, «, \) for ¢ =1 and 0 < a < 1 and for some problems of this kind
previously studied. These one-dimensonal results were extended in [21] to the case of the p-Laplacian as
well as possible singular zero order terms —1 < a < p — 1.

Problem P(gq,,\) is studied in [24] for ¢ = 1 and 0 < « < 1 as a particular case of a much more
general class of problems allowing more general nonlinear terms and boundary conditions. The main
result in [24] is the existence of an unbounded continuum of non-negative solutions bifurcating from
infinity at the asymptotic bifurcation point A;. The method of proof was to apply global asymptotic
bifurcation theorems by Rabinowitz [30] by using as a tool some theorem in [10]. Many other references
on related problems can be found in the list of references of [18].

Existence of a bounded weak non-negative solutions for any A > A\; was obtained later by Porretta
[29] (also for ¢ = 1 but for a more general linear elliptic second order operator). He proves that

li sy =0
/\jfoo Juallg Q)

under the assumption
N -2

N +2
He used some variational methods, namely a variant of the Ambrosetti-Rabinowitz Mountain Pass The-

orem. Some complementary results concerning, for example, several estimates for some norms of the
solutions are also obtained there.

<a<l.




A more general set of results (in the N-dimensional case) was presented in the paper [18]: by using
some variational methods (Nehari manifolds), it was proved there that for any A > \; there exists (at
least) a non-negative solution. These solutions bifurcate from infinity at A; and generate an unbounded
continuum of non-negative solutions. In this paper we proved a Pohozaev type identity showing the
relevance of the coefficient ¢(x) concerning existence (or not) of a flat solutions (satisfying that uy > 0 in
Q and 80% =0 on 99N) and compact support solutions. The existence of solutions with compact support
in © was considered in Section 5 of [18]. With the usual philosophy of reaction-diffusion equations giving
rise to a free boundary (see Section 1.2 of [11]), the results of the mentioned paper show that, in the
case of problem (1), the "diffusion-absorption balance" condition on the nonlinearities is satisfied (since
a < 1) and that the "balance condition between the data and the domain", necessary for the formation
of compact support solutions (and thus of flat solutions) is here represented by means of the requirement
of assuming A large enough (see also [23]). It is important to remark that the existence of solutions with
compact support in [18] was obtained by using, in a crucial way, the assumption that limy_ 4 [lux||,, =0
(that was also used in the proof of a similar result in [23]). So, once again, decay estimates of the type
(4) are relevant for different purposes. The stability of solutions was considered in [19].

The main purpose of this paper is to get some asymptotic estimates on the bifurcation curve for
A — 400, similar to those obtained (4) for the one-dimensional case and ¢ = 1, improving the results of
[29] and [18]. We shall show that no additional condition on « (or N) is needed.

A very rough argument, without any rigorous justification, to expect such estimate on the bifurcation
solutions curve could come (according this author) from the rough idea that for many purposes the
Laplacian operator —Awu can be substituted by the zero order expression Aju, where \; is the first
eigenvalue of the Laplacian with Dirichlet boundary conditions for this domain Q. In this way, if we
assume that ¢(z) = qo we “could arrive to the approximated identity “ A\ju + gou® ~ Au. From here we

can see that o )
ur —-—— with C = ————.
(A —\p)/(0-a) qé/(lfa)

This also indicates that if A\ < A; no positive solution must be possible. In fact, in Porretta [29], as an
intermediate step in his proof the author proves that, for any 0 < o < 1

C
[uall sy < =) (6)

The following theorem shows that this rough idea can be made precise, by some arguments which are
far from trivial and make precise the correct decay estimate on the bifurcation solutions curve. Since, in
contrast with the onedimensional case and g(x) = go, we can not ensure the uniqueness of weak solutions
of P(q,a, \) it is opportune to mention that our result will be valid also for a concrete subclass of weak
solutions; the so called ground state solution, i.e. a weak solution uy of P(g,a, A) which satisfies

Ex(ux) < Ex(wy)

for any other nonzero weak solution wy of P(q,a,A). Here E)(u) is the energy functional corresponding
to P(q,a, \) which is defined on the Sobolev space H}(Q2) as follows

1 1 A
E,\(u):§/Q|Vu|2d$+aiﬂ/gq(x)|u|a+ldx—§/Q|u|2da:.

Theorem 1. Let q(x) satisfying (2). Let

\E = ('9'>2N ™)
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Figure 1: Bifurcation curve for ¢(z) constant.

with wy := |B1(0)|. Then, for any X > N there exists a weak solution uy of problem P(q,a, \) such
that c

[uxll oo () < = (8)

for some C > 0 depending only on || and qo. In addition the above weak solutions uy may be assumed
to be ground solutions and, in any case, they have compact support.

We point out that in the case q(z) = qo it was proved in [27] that any possible weak solution of
P(q, a, \) must be radially symmetric with respect to some point z¢ € Q. Obviously this is not necessarily
true for the case of a general coefficient g(x) satisfying (2) and so the last conclusion of Theorem 1 seems
to be new in the literature (the results of [33] require a change of sign in ¢(z)). In some sense, estimate (8)
shows that there is a continuous curve bifurcating from the infinity but now from the “point” (4+o0,0). We
also recall that according Proposition 2.2 of [18], the bifurcation curve (A, [[uxl| < (q)) of ground solutions
bifurcates from the infinity but now from the “point” (A1, 400),when A\, A; (as in the one-dimensional
case and ¢(x) = qo)-

Theorem 1 gives answer to the following question arising in the controllability of elastic vibrations of
a body Q: assume the open bounded set €2 vibrating (unidirectionally) in its first natural vibration mode
and with a very large amplitude. So, let v4(z) satisfying

—Av =\ in Q,
v=20 on 02,

with [[val[ e (q) = A and A very large. Given € > 0 we want to control the vibration (i.e. to stabilize
the vibration to the static rest) of the body, i.e., connecting the vibrational state v4 with the total
equilibrium v = 0, by means of unidirectional forces fy(z), of a decreasing amplitude, || f\|| L) N0, as
the parameter A * 400 such that if wy is the state associated to the control fy(z)

—Aw = \w+ fa(z) inQ,
w=20 on 012,

then we want to have



A— ||w,\||Lw(Q) < e if A — A1 is small enough

and
[wall o () < €if A is large enough.

Questions of this type can be understood as a peculiar approximate controllability property (see, e.g., the
monograph [7]). Given 0 < a < 1, by taking the feedback control fy(z) := (A — A\1)w(z) — |w(z)|*~tw(z)
and applying Theorem 1 we see that estimate (8) shows that ||f)\||Lw(Q) N 0as A +oo.

Corollary 1 It is possible to stabilize a very large vibration v4 of an elastic body 2, in its first natural
vibration mode, by means of a family of feedback controls fx(x) of decreasing to zero amplitude. Moreover
the spatial action of the controls family fx is a decreasing family of compact subsets of the body.

2 Proof of the main result

The main idea of the proof will be to reduce the derivation of the estimate (8) to the simple case of
radially symmetric solutions and then to extend the conclusion to the case of general domains by using
rearrangement techniques. So, the first step is the consideration of a simpler formulation. Inspired in the
proof of Proposition 5.1 of [18] we have:

Proposition 1. Let q(z) = qo > 0. Then, if \* is given by (7) the conclusion of Theorem 1 holds
for the radially symmetric solution of P(q,a,A) on = Bg(0), for any R > R* with

R - (“;;)N )

Proof. We make the change of variables

un@) = (L) (i) (10)

with U solution of the special problem P(1,«,1) on 2 = Bg(0), i.e.

{ —Au+ [ul*'u=u  in B 5,(0),

u=0 on 9B /55(0). (11)

Then, if R = R*, since 1/R*? = \* the transformed problem P(1,a, 1) takes place on the ball B;(0) and
thus by the results of [26] we know the existence of a unique radially symmetric flat solution uy«(z) =
uy+(|z]). Since this solution can be extended to the whole RN by zero outside Bg-(0), for any A > A%
we can introduce a change of variables leading to the relation

JRgEs
uA(w:(AA) mf%#x),

# =
lealoo = (5] Tl

which leads to the estimate (8). Moreover, for any g € Bgr(0) such that BWR(QCO) C Bg(0) we can
2L R

and thus

construct the solution

1

AN Lo VA
AT Uy ( | — xo]) on B /= (x0),
ux (75 20) = ( A ) AINE LR
0 on Br(0)\ B ;7 (%0),
VAR



which also satisfies the estimate.g
Now we pass to the consideration of a general bounded domain 2.

Proof of Theorem1. 1%t step. We assume for the moment that ¢ € W1(Q) and satisfies (2). Let ¢*(|z|)
be the radially symmetric increasing rearrangement of ¢(z) (see, e.g. [11], [12] and its many references).
Then we know that ¢# € W11 (Bg(0)) and that

qo < q#(|x|) <g ae. z € Bg(0), (12)

where Bgr(0) (which we can denote by ©*) is taken such that |Br(0)| = €], i.e.

QI\ /N
n- ()
WN
Given a radially symmetric positive coefficient function @Q(|x|) we define the general set of radially sym-

metric problems
[ —Au+Q(z))|ul*tu =Au  in Bg(0),
P(Q. Br) = { u=0 on 9BR(0). (13)

Let U, and Uy be the (unique) corresponding radially symmetric solutions of P(g, B R#Q and P(qo, Br~),
respectively, given in the proof of the above proposition, for A = \* := 1/R*? = Since both flat
solutions are positive and radially symmetric, arguing as in [26], we deduce that

U, (|z]) £ Ux(|z|) for any = € Br-(0).

Moreover, thanks to (12) we know that U, (respectively Uy) is a subsolution (resp. a supersolution) to
problem P(q*, Bp+). Then, by the iterative method of super and sub-solutions we know that there exists

the minimal and maximal associate solutions Q&QZCD, U§(|x|) of problem P(q#, Bg-) such that, for any
other weak solution such that U, (|z|) < U(z) < Ux(Jz|) we must have

Un(l2l) < U4(a]) < U(w) < T(J2l) < Ta(l2]) for any = € Ba-(0).

Moreover, we know that Q§(|x|) and U§(|x|) can be assumed to be ground solutions (see, e.g. [34], p.17).
As in the proof of the above proposition we can construct solutions with compact support for any A > \*.
274 step. Let uy be any weak solution uy of problem P(q,a, \) and let uy be the symmetric decreasing
rearrangement of uy (see, e.g. [11] and its many references) by

u} QO — R, with u}(z) := Uy (wn]z|V),

with wy the scalar decreasing rearrangement of uy. At least formally, ) is given as the inverse function
of the distribution function wy of ux

R =R, 5y (0) :=[{z € Q:ur(z) > 0},

([11]). We define, €2 := (0,]9|) and for any s € [0,]Q|] the function

K(s) = / " d(o)i(o) do,

where q(s) is the scalar increasing rearrangement of q(z). Notice that

u(s) = L% s)) a.e. s



where
1 .
() = |r["'® sign(r).
It can be proved that k(t, s) verifies (in a weak sense) the inequality

d 1 dk 1 dk
~a(s) g g () 4 K(5) <975 (80 om (0,102,

with
2
a(s) == (Nw}v/Ns(N_l)/N) .

The proof of this inequality is quite long and technical but it is an obvious adaptation to the present
framework of Theorem 1 of [12] (see also Theorem 2 of [13] and Theorem 1 of [14]).

374 step. The scalar decreasing rearrangement U&(s) of the radially symmetric maximal solution Uﬁ)\(|m|)
of problem P(q#, Br) gives rise to a function K(s) defined by

K(s) = /S f]\(a)a\(o)ada,

0

which satisfies p 1 dK 1 dK
—a(s) 2 - (40) K ) = (2 S 3)) om (01]9)

The proof of this is again an obvious adaptation to our framework of the similar results of the above
mentioned references. Moreover, in both cases, we have the boundary conditions

k(0) = K(0) =0,
{ dE(1Q)) = £ (1)) = 0. (14)

474 step. By using the T-accretiveness in L>(£2) of the operator

we get the comparison result
k(s) < K(s) for any s € [0,]9]]. (15)
Although this comparison can be proved by using the techniques of [3] we shall follow here a different

method which uses the T-accretiveness in L*°(£2) of operator A (a well-known result in the previous

literature; see, e.g. [4], [8]). We know that 4 2K ¢ C1(g,|Q]) for any 6 > 0. Then, we can reason as in

[9] by using the interior semiproduc on L (f2)
7(z,y) = limess sup{(signz(s))y(s) : s € J(z,¢)}
e\.0
where B
J(z,6) ={s € Q: |2(s)| > l|2ll oo i3y — €}
Thus, multiplying (by means of 7) the difference of the differential expressions for k and K by

if we assume that z(s) > 0 we get a contradiction since for

98) = (—a(s) 17 (= G 0)) = = alo) 7= G (5)



we know that 7(z,y) > 0 (the T-accretiveness in L () of A), for

we get that

T(2,y) = ”[k*Kh”Leo(ﬁ) >0

and for
1 dk 1 dK

y(s) = ’Y(@% S _7(@E(S
we have that
7(z,y) = 0. (16)

The proof of (16) uses the definition of the set J(z,¢), the fact that 9%, 2K € C1(4,|Q]) for any 6 > 0,
and that then there exists so € (0, |©2]) such that

maxe [k(s) = K(3)], = k(so) ~ K(s0).

since obviously sp > 0 and so < |©|. Then

dk dK
3(30) = E(SO)

and hence
, 1 dk LA T
imesssup 215 5 ) —v(as)dsw} s e (=)} = 0.

574 step. The inequality (15) is stable by passing to the limit in a regularizing process on ¢ and so we
can assume merely that ¢(z) satisfies (2). Moreover, by using the Hardy-Littelwood-Polya property (see
e.g. [11]) we know that (15) implies the comparison

fad
loallzey < [ T3], .
Finally, since

1
=4 — qo\ T= |—
HU’\HLoo(Q*) = HU’\HL°°(Q*) = ()(\)) 1 HU/\*

we get the estimate (8). The proof of the compactness of the support of the constructed solutions follows
the same arguments than the proof of Theorem 5.1 since the key ingredient is to have estimate (8).g

Loo(Q)

Remark 2 [t is illustrative to compare the above bifurcation results with the ones which are available in
the literature for the opposite sign of coefficient q(x), i.e. when q(z) < —qo < 0. In this case there is
again a phenomenon of bifurcation from the infinity near the first eigenvalue of the Laplacian Ay but now
the existence of positive solutions requires the condition A < Ay: see, e.g. [28]

Remark 3 The estimate (8) can be also obtained for some solutions of the associated periodic problem

u — Au+q(@)ul*tu= u  inQ:=QxR,
(P)q u(z,t)=0 on ¥ := 00 xR,
u(z,t+T) = u(x,t) in Q.

The techniques to get a similar treatment of the radial case (and spatially compact support solutions) were
given in [2] for a family of related problems. The symmetrization of time-periodic problems was already



studied in [25] for some other eigenvalue problems but the extension to the above problem can be obtained
easily. We point out that in [22] it was shown the reverse inequality

C
ua(t, M oo () = e

(17)
for some C > 0 (see their Theorem 3.4). In the stationary case we also can prove a reverse type inequality
as (17) at least for the one-dimensional and radially symmetric formulations.

Remark 4 Theorem 1 can be extended to a quasilinear version of problem P(q,c, ) by replacing the
Laplacian operator by the p-Laplacian diffusion

Apu = div(|VulP~?Vu), p > 1.

The question is much more delicate (and in fact it is an interesting open problem) when we replace the
Laplacian operator by an anisotropic diffusion of the type

pi—2
ou
—), p; > 1.
az32,) P

The basic comparison result dealing the p-Laplacian can be already found in the references indicated in
the proof of Theorem 1. The case of anisotropic diffusion was studied recently in [1]. The associated
etgenvalue problem has now a richer structure since the associated eigenvalue problem is not so easily
defined as for the p-Laplacian case (see references in [6]). Notice that the arguments of the Proposition
1 do not apply (at least directly) to the case of anisotropic diffusion.
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