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Abstract. We consider the convergence of solutions and cost functional in some
optimal control problems arising in the study of the adsorption chemical phenomenon
in which some microscopic reactant particles are placed over an internal manifold v of
the chemical reactor 2. The chemical reaction is given by some Robin-type boundary
condition on the boundary of the periodic set of particles. We consider the special case
in which there is a critical relation between the coefficient of the reaction, the size of the
particles and the dimension of the space. This gives rise to a “strange term”, which is
not occurring for other scales, and thus the limit cost functional must be suitably defined.
In a last section, we use this type of technique to prove a similar “energy convergence”
result (improving the H}(Q)—weak convergence) for the problem without control for the
critical scale case.
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1 Introduction

It is well-known that the extension P.u. of the solution u. of some homogenization prob-
lems, given by a second order equation with some Robin-type boundary condition on the
boundary of a set of periodic particles, merely converges in the weak topology of Hj(f2),
to the solution uy € H}(Q) of associated homogenized problem (see, e.g. the exposition

made in the monograph [2]). This fact creates some natural difficulties for the treatment



of the convergence of some control problems in which a cost functional J.(v) must be
minimized. In order to know in which sense the homogenized problem is optimized, by
taking a family of controls v., we must show, not only the convergence of the controls
v. t0 a macroscopic control function vy, but also the convergence of the cost functional
sequence J.(v) to some global cost functional Jy(v). This type of question is especially
interesting in the case in which the “microscopic” cost function J.(v) depends on the
gradient of the “microscopic” states u. and when the scale of the particles is critical and
some “strange term” arises in the homogenized equation ([6], [1] and [2]).

Among the possible formulations in which the above problem can be considered, our
interest in this paper will be concentrated on the case in which the set of particles (or
equivalently, of perforations) are placed along an internal manifold ~. This type of problem
arises very often in many applied contexts, for instance in adsorption processes in chemical
engineering in which the reactant medium is located merely on some kind of grill (or
perforated surface); see, e.g. the presentation on the modeling made in [5] and [7].

The spatial domain is given by
Q. =Q\G.,
and we distinguish the different parts of the boundary by means of the notation
0Q. = 0al Js., S. = 0G..

Let us indicate now the structure of the periodic distribution and size of the particles.
We assume that  is a bounded domain in R", n > 3, with smooth boundary 0f,
v = QN{x; =0} is an (n—1) — dimensional domain in the plane z; =0, Y = (—1/2,1/2)"
and Gy is the unit ball {|z| < 1}. We set 6B = {x: 6 'z € B}, § > 0. We denote by Z'
the set of n - dimensional vectors of the form z = (0, 22, ...,2,), 2; € Z, j = 2,...,n. Let
¢ be a small positive parameter. We set a. = Cye”, and assume that k takes the critical

value given in (1) below, with Cy > 0 a given constant. We define the set G. = |J G,
Jj€Ye

where GI = a.Go+¢j, j€ Z, Y. ={j € 7 : GI C Qand p(Eg,aQ) > 2¢}, so that
we have the estimate on the cardinality |T.| & de'™", for some constant d > 0. Define
Y? =¢eY +ej, P! =¢j, j € Y.. Note that Glc Y7 and the center of the cube Y coincides
with the center of the ball GI = ¢Gy+¢j. For a generic set A C R, A" = {(xy,--+ ,2,) €
A :xy >0} (and similarly for A7) and moreover, A° = {(z1, -+ ,2,) € A: 2, =0}. So,
v=QnN{x; =0} = Q% We will use the space

1
H(Q.,09) = {u € C=(£2.) : u vanishes on a neighborhood of 8Q}H (QE)_

The starting formulation of the optimal control problem is the following: For a given

control v € L%((2.), and data f € L*(Q), a € C*(Q), a(z) > ag = const > 0 and under

the crucial assumption
n—1

k= (1)

n—2’




we denote by u.(v) € H'(Q.,9Q) to the state associated to this control as the unique

weak solution of the problem

—Au.(v) = f+ v, x € €,
Ou.(v) + e *a(x)u.(v) =0, z€ 8., (2)
uE(U) = 07 X E 89,

where v is the unit outward normal vector to S.. We consider the cost functional J. :
L*(Q.) — R, given by

Ul N
Jo(v) = SlIVue(v)=Vur|7z ) + T lvlz2@), (3)

where

ur € Hy(9) (4)
is a given target function and 1, N are given positive parameters. It is well known (see,
e.g., [8]) that there exist a unique optimal control v. € L*(Q.) such that

J-(ve) = inf  J.(v). (5)

vEL2(Qe)

A first goal of this paper is to study the limit, as ¢ — 0, of the optimal control
v. and of the limit value of the cost functional J.(v.). We point out that when the
parameter 7 is large enough we get the approximate controllability property in H* (€., 9Q)
(in the sense that the associated state u.(v) is as close as we want to the target function,
||Vu5(v)—VuT||%2(QE) < 0, for any § > 0 arbitrarily small: see, e.g. [3], Section 1.6).

Since the exponent k is critical we know (see, e.g. [14] and [2]) that in the absence
of controls (v = 0) and if P.u. is the extension of u. on Q\ €., such that P.u. € H}()
then P.u. — ugweakly in H (), as € — 0, where ug € H}(Q2) is the weak solution of the

problem involving some transmission conditions over the internal manifold - :

—Aug = f reQtUQ,
[uo} =0, T €, (©)
[@cluo} = A, H,(x)ug x €,
ug =0, x € 0f.
where H,(z) = %, Ay = (n—2)Ch 2w, C, = ”C—_OQ and w,, is the surface area of

the unit sphere in R™. Notice that we are using the following notation for the jump of a

general function v across 7:

o)y (2) = T (0o + hey) = v(z — hey))

where e; is the first element of the basis of R®. Notice also that now the notion of

weak solution of (6) is given in the following terms (see, e.g. Section 5.1 of [2]): for any



Y € C5°(Q)
VuoVibde + A, | Ho(@)ugdz = | fuda.

We point out that the assumption (1) is the main reason why the value of the function
H,(x) is unexpected, corresponding to what in other similar frameworks is denoted as a
“strange term” (see, e.g. [6], [1] and the monograph [2]). Some strong convergence results
are also possible under additional assumptions (see, e.g., [14] and Section 4.7.1.4 of [2])
but the strong convergence needs to be stated with the help of certain auxiliary functions.

As a matter of fact, we will show the convergence of the extension of the optimal
controls 0. — wvg, weaklyin Hg(€2), where vy is the associated optimal control for the
homogenized problem (where the right hand side f must be replaced by f + vg) and vy is
optimal in the sense that

Jo(’l)g) = inf Jo(’l})

vEL2(Q)

where now in the cost function Jy gives rise to a new term on ~:

Jo(v) = g/|Vu(v)—VuT|2dx + %/Hi(f)ﬁ(v)d@—i—%/ﬁdm. (7)
Q B Q

Notice that the target function ur may correspond, for instance, to the case in which

there is a desired distribution of the chemical products having some special transmission

over the grill. The optimization of the transmission profile is possible thanks to the

assumption ur € H}(2) and the fact that the difference between ug and ur is estimated

in the norm of H} (). As a matter of fact, we will prove that

lim Je(v2) = Jo(vo). (8)

In a final Section, we will use this type of technique to prove a similar convergence
result (improving the H}(Q)—weak convergence) for the problem without control (2 [with
v =0 and ur = 0]) for the critical scale case (1). We will prove (see Theorem 2 below)
that if ug € Hg () is the weak limit of the extension P.u. satisfying (6) then we have the
“energy convergence”

2 2 a(z) . 2 1
o |\Vu(z)|" dz — /Q |Vuo(z)|” dx + An/7 (m) uo () dz. 9)

As mentioned before, stronger convergence results to the mere weak convergence
P.u. — ug, weakly in H} () usually requires an additional assumption on the data in or-
der to know that w,. satisfies some additional regularity properties (see, e.g. the exposition
made in Section 4.7.1.4 of [2] and its references).

We point out that this approach (building some artificial complementary system to
get the energy convergence) can be applied to other homogenization problems (see, e.g.,

[10] and its references).



The structure of this paper is the following: Section 2 is devoted to the considera-
tion of the above-mentioned control problem, while Section 3 contains the proof of the

convergence result in absence of any control argument.

2 The optimal control problem

Although the existence of a unique optimal control v. € L*(.) satisfying (5) is today
a standard matter, the associate optimality conditions are not usually mentioned in the
literature since, quite often, the cost functional is stated in terms of ||u5(v)—uTH%2(Qs)
and not in terms of the gradient of the difference. The following result shows a possible
particularization of the abstract version of the Pontryagin maximum principle applied to
elliptic PDEs mentioned in Section 1.3 of Lions [8].

Proposition 1. Assume (4) and let v. € L*(Q.) and u.(v.) € H(Q, 00Q) be the optimal
control and the associate optimal state. Let p. € H* (2., 09) be the unique solution of the

problem
—Ap. = —Au.(v.) + Aur, x € Q,,
O, (p. — u:(v.) +ur) + e *a(x)p. =0, =z €8, (10)
pe. =0, x € 0f).

Then the optimal control is given by

Proof. Since v, is the optimal control we know that for any other control v € L?(2.)
1
}gl(l) X(JE(UE + ) — J.(ve)) = 0.
It is easy to see that if, for a given A € R, we define
1
we(v) = X(ua(vg + Av) — u.(ve))
then

|V (v + A\o)=Vur|? — |[Vu.(v.)—Vur)® = 2A(Vw. (v), Vu. (v:)—Vur) + o(\), A — 0.

In consequence, we have

0= /l\irr(l) %(JE(UE + ) — J(v)) = n/ng(v)(Vug(vs)—VuT)d:U + N/vgvdx. (12)
Qe Qe

On the other hand, w, = §(u:(v: + Av) — uc(ve)) € H (2, 09) is a weak solution of the

problem:



—Aw, = v, x € .,
ow. + e *a(x)w. =0, z€ 8.,
w, =0, x € 01,

so that, for any test function ¢ € H'(2.,99Q) we get

SZ Vw.Vipdr + e * / a(r)w.pds = / vipdz.

Se Qe

Then, if p. € H' (2, 99Q) is the unique solution of (10) we know that for any test function
¢ € H(Q.,09) we have

/ Vp.Vodr +cF / a(x)p.ods = / (Vue(v)—Vur)Vedar.
Qe

Se Qe

Then, by taking ¢ = p. and ¢ = w.(v) we get that (12) is equivalent to the condition

0= /(7710E + Nv.)vdr = 0 Vv € L*(5,).
Qe
So, we conclude that v, = —yN"!p..a
Concerning the homogenization (as € — 0) we will use the usual continuous extension
operator P. : H*(Q.,00Q) — H(Q) (see, e.g. Section 3.1.1 of [2] and its references).

Theorem 1. Assume (4) and let f € L*(Q) and (u.,p.) € HY(Q.,00)? be the weak

solution of the coupled system

([ —Auc = f—nN"'p. z € Q.
—Ap. = —Au, + Aurp x € €,
Oyue + e *a(z)u. =0, T €S, (13)
Oype + e Fa()pe = dyuc(v:) — dyur,, x €S,

[ us =p- =0, x € 0.

Let P.u. and P.p. be the extensions of the functions u. and P. on '\ Q., such that
P.u., P.p. € HY(Q). Then

| Petel| gy < Kllucllmaoo0), |VPucllrz) < K[ Vue| 20, (14)

[ Pepel ) < Kllpellmoco0), [V Pepell20) < K| Vpellr20.), (15)

where the constant K here and below is independent of €. Then as ¢ — 0 we have
Pou, — ug, weakly in H}(S), (16)

P.p. — po, weakly in Hy(S), (17)



for some (ug,po) € HY(Q) x HY(Q) satisfying, in a weak sense, the system

(

—Aug = f —nN"1pg reQTUQ,
—Apy = —Augy + Aup reQtuU0T,
[Uo} = [po] =0, T e,
0x1u0} = A, H,(x)ug x €7, (18)
0z, (Po — uo + UT)] = A Hn(2)(po — Hu(2)uo), T e,
| wo=po =0, x € 0N.

where Hy(x) = a(;;i)C'n’ A, = (n—2)C8%w,, C, = "0—_02 with w, the surface area of the

unit sphere in R™.

On the other hand, if we consider the optimal control of the optimization problem

Tolto) = e )

for the functional Jy(v) given by (7), where, for a given control v € L?(Q) the function

u(v) is the weak solution of the problem

—Au():f—i—v reNTUQ,
[u(v)] = [8$1u )] = A Hy(x)u(v), T €7, (19)
u(v) =0, x € 012,

Then we can prove the following result.
Proposition 2. Under the above assumptions, the optimal control v € L*(Q) is given by

vo = —nN"py. Moreover, we have (8), i.e. lir% Je(v:) = Jo(vo).

2.1 Proof of the homogenization theorem

Before to start with the proof we point out the following convergence lemma already

proved in [9] (see also [4]):

Lemma 1. Let P! be the center of the ball GI and let T] denote the ball of radius /4
with center P?, j € Y.. Then, there exists a constant K > () such that

‘Z / wds — 2272y /wdi*‘ < Kve|wllme, we HY(Q). (20)

aT? v

The proof of the homogenization theorem will be divided in several steps.



2.1.1 Stepl. Uniform in ¢ estimates of u. and p.

Let us prove the following a priori estimate

el oe00) < K, (|pell 102,000 < K,

for a generic constant K > 0. Taking p. as test function in the variational formulation of

problem (10) and applying Cauchy-Schwartz we obtain

VPl + 27 [ alalptds = [ Vpu(u~Tur)da

(21)
< NIVpell 200 (Ve 2200 + [Vur | 12@.))-
Taking into account the variational form of the problem on u.(v.) we have
/VpEVueda: + e_k/a(x)uepsds = /(f —nN"'p.)p.dx (22)
Qe Se Qe
and using the function u.(v.) as a test function in (10) we derive
/Vu€Vp5dx +e7* / a(z)u.p.ds = / |Vu|*dr — /VUEVUTdI. (23)
Q. S. Q. Q.
This, together with equation (22) and Holder’s inequality leads to
IVuelliz.) = /(fp6 — N 'pH)dr + /VUEVqux <
- 1 1Qe (24)
< / | f]|pe|dx + §||vu5||%2(ﬂs) + §||VUT||2L2(QE)
Qe
Hence, we get
Vel < KO [ 1Fllelds + [9ur ) (25)
Qe

for some K > 0. From (21), (25) we get

[ 19p.Pds < ([ 19lpebde + [ Vurlae,) <8 [ o+ Cs [ fdo+ 21 Vurlag, <
Qe Qe

Qe Qe
gKd/|Vp€|2dx—|—C’5/f2dx—|—2HVUTH%Q(QE),
Qe Qe

where ¢ > 0 is an arbitrary positive number, for some constant C'; Cs > 0. Summarizing,

we have derived the estimates
IVPellz2i) < Ko Ipell 20 < K, (26)
for some generic constant K > 0. From (25), (26) we conclude

el 1 (0..00) < K. (27)



It follows from (26), (27) that the extensions P.u., P.p. of the functions u.,p. to the
entire domain (2 satisfy the estimates (14), (15).

Thus, from estimates (26) and (27) it follows that there is a subsequence (still denoted
by P.u. and P.p.) such that, as ¢ — 0,

P.u. — ug weakly in Hy(Q2) and P.u, — ug strongly in L*(), (28)
P.p. — po weakly in H}(Q2) and P.p. — po strongly in L*(£2). (29)

2.1.2 Identification of the limit problem for u

Let us show that ug is a weak solution of the problem

~Aug=f — N ""po, reQrua,
[UO} =0, [6361“0} = AnHp(2)uo, e, (30)
up(z) = 0, x € 0.

According to (16) and (17), we only need to find the limit as € — 0 of the following

term in the variational form for the problem (2)

6_k/a(x)u€¢ds, Vo € C5° ().

Se

As in Section 5.7 of [2], we introduce the term

H, = / Vu.V(W.)dz,
Qe

where o
wi(z), veT! \GL jeT,,

€

Wa(l') = 17 T GZ‘J j S Tea
O, xr E RTL \ Uje’rng/4,

T!), is the ball of radius /4 with the center in the point P, and with w? the solution to

the cell problem

wl =1, r € 0GY, (31)
w! =0, xG(’?TgM.

Since W.¢ is a good test function for the condition of weak solution satisfied by u. we
have
H. = —6_k/a($)u€gbds + /fngde —nN~! /pgwggbdx.
Se Q. Q.
Taking into account that W, — 0 weakly in H} () as ¢ — 0, we get

H. = —8k/a(:z:)u€¢ds + Key ke — 0, e — 0. (32)

Se



On the other hand we have
H. = /VWEV(uggb)da: + Ki1e, K1e — 0,6 — 0.
Qe

From the definition of W., we derive

H. = &?_kC’n/qubds — (n —2)Cp—22%"2 Z / uspds + me, (33)
~ J
Se 7€ 8TEJ/4
where m. — 0, as ¢ — 0. Comparing expressions (32) and (33) we obtain
ot / (a(z) + Co)ueds = (n — 2032222 3 / wds + e, (34)
Se jeTeaTj

/4

where k. — 0, ¢ — 0.

We set ¢ = a(;)(f-)C' () in (34) as a test function, where v is an arbitrary function

from C§°(2). Then, passing to the limit we get

lime™ [ a(z)upds = (n —2)CF 2 lim 222 Yy [ (a)(i)c upds
e—0 S e—0 jer i alxr n
€ 68T€/4

(35)
= A, [ Hy(x)ugpdz.

Note that the last equality follows from the convergence lemma 1. Therefore, from

(35), the limit function ug satisfies the variational formulation

/Vuovwdx + An/Hn(w)ugwdi = /(f — N Py)ypdx, Y € CP(Q)
Q o7 Q
and thus, u is the weak solution of (30).

2.1.3 Identification of the limit problem for p,

Let us find the equation satisfied by pg. Define

I. = /Vp6V(gz5W€)dx, where ¢ € C5°(Q).
Qe
From the variational formulation for p, it follows that

. +e* / a(z)p.pds = /V(ua —ur)V(pW,)dzx. (36)
Se Q.
Taking into account the variational formulation for u. we obtain

/ Vu.V(¢W.)dx = —&* / a(x)u.pds + / (f =N "'p.)oW.dz.
Qe

Se Qe



From (35) and properties of the function W, we derive

hm Vu.V(pW,)dx = — A, /H Yuppdz:. (37)
Qa

Thus, from (36) we deduce

7. = —ak/a(x)p5¢ds — A, / H, (x)ugpdz + k., (38)
Se
where #. — 0 as ¢ — 0. On the other hand, using that w! is a weak solution to the

problem (31), we get

1. = f VWV (p-o)dz +

Qe

— ek, [ peds — (n— 2)C029 2 Y [ pgds + 8., (39)
Ss jETe:aTj
e/4
where a., f. — 0 as ¢ — 0. Comparing (38) and (39) we derive
e f ) + Cr)p=pds
(40)

= —A, [ H,(x)uopds + (n —2)Cy22% 2 3 [ pegds + a,
¥ jGTaaTEJ'M

where a. — 0 as ¢ — 0. Setting ¢ = H,(z)1 in (40), where ¢ is an arbitrary function
from C§°(2), passing to the limit as ¢ — 0 and applying Lemma 1, we get

limek/a(a:)pswds = —An/Hg(x)uowdﬁ:+An/Hn(x)p0wdj:. (41)

e—0
Se

Consequently, using (41) we get that p, satisfies the following identity

/V(po — uptur)Vipdr + A, / H,(z)podi = A, / H?(2)ugrpdz, (42)
Q o
for Vi € C3°(€2). Hence, py is a weak solution of the problem

—Apo = —AUO+AUT, WS Q+ U Q_,
[Po] =0, [@1(?0 —uo +ur)| = Ay Hn(2)(po — Hn(2)uo), x €7,
Po = O, x € 0N.

Thus, Theorem 1 is proved.g



2.2 Proof of Proposition 2

The proof that the optimal control vy € L*(f) is given by vy = —nN!p, is entirely
similar to the proof of Proposition 1. So, let us show the convergence result (8). For the

function v, = —nN!p., we have

J.(—mN'p.) = /|v . —up)|? d:v+2N pidx.
Qe

From Theorem 1 we already know that

1 1
lin(1] — | V(ue — up)Vurdr = 3 / V(ug — ur)Vupdz.
Qe

On the other hand, from (22), (23) and Theorem 1, it follows that

lln(l)z/v —uT)Vuedx—hm /f NN 'p.)p.dr =

1/(f — N po)poda = %/(—Auo)pod:ﬂ.

T2
Q Q
Notice that, by an abuse in the notation we are identifying

(—Auo,p0>H,1(Q)XH6(Q) with /(—Auo)podx.
Q
By taking pg as test function in the variational formulation of the equation of ug, and by
taking ug as test function in the variational formulation of the equation of pg, in (18), we

get the cancellation of the term A, f H,(Z)pouodz, and thus

lim — /V e — up)Vudr = /V Ug —uT)VugdaH——/H2 (z)uidx.

e—0 2

Finally, using this expression, we derive

li_r)%(]( nN~ 1P)—hm /|V c—ur)| dx—i—N/ =

= g/]V uy — ur)|? do + =0 /H2 upd? + —— 5N /pgdx = Jo(=nN "'po).m
Q
Remark 1. It seems possible to genemlzze the above results to some wariants of the
above optimal control problem: by including some transport terms and possible different
diffusion coefficients on Q= and QF (see a formulation in [5]), by modifying the cost
functional including other gradient expressions which are not necessarily the ones given
by the diffusion coefficients (in the style of the paper [13] for the case of Dirichlet boundary

conditions on the internal boundary S.), etc.



3 Stronger convergence for the problem without con-

trol

In this last Section we will prove the energy convergence (by including in the limit energy

a part of the strange term of the homogenized problem) by introducing the artificial

complementary system (10) which corresponds formally to the case v = 0 and ur = 0.

Theorem 2. Let u. be the solution of (2) with v = 0 at the critical scale (1).

ug € HY(Q)) be the weak limit of the extension P.u.. Then we have the convergence

7 2
2dz — 2 An/ a(@) 2027
/]Vu |“dx /|Vu0\ dx + <—a(§) +Cn> ug(7)d
0. Q

v

Proof. 1t is known that u, is a weak solution of the problem

([ Aug = f, zeQ UQT
uo} =0, T €,
8x1u0} = A, H,(z)up, x €7,

[ uo(z) =0, x € 09,

Where Hn(x) — a(z)(i)c,n, ATL = (n — 2)03_2(,0”; Cn g nc,—_oz.

Let us introduce the weak solution p. of the problem

Ap. = Au, x € Q,,
Ope — Oyue + e Fa(x)p. =0 x €S,
Pe = 0 x € 0f).

Let

As in the proof of Theorem 1 we get that P.p. — py weakly in HJ(2) as e — 0 with py

the weak solution of the problem

—Apy = —Auy reNTUQ,
[po] =0, T €7,
[02,00] = AuHa(2) (o — Ha(w)uio) + Oyt e,
po =0, x € 0N.

From the variational formulation to the problem (2), with v = 0, we have

/VUSVpEd:B%—e_k/a(x)uapgds = /fpgda:.
Q. Qe

Se

Similarly from the variational formulation to the problem on p. we derive

/Vpsvueda;jtgk/a(x)psueds :/]Vu€|2dx.
Qe

Se Q.



Thus we have

[ 1vuds = [ fote— [ gt -
Q. Q

Qe

:/VUQVpodI—f-An/Hn(/ZE\)UOpod?L‘\:

Q v
_ / Vuo|dz + A / H2(F)ndz,
Q Y
which ends the proof. g

Remark 2. It is well known (see, e.g. Section 4.7.1.4 of [2] and the references indicated
there) that if we know that ug € W1°(2) then we can get some results implying the strong
convergence of u. plus a suitable correction. Notice that the conclusion presented in this

paper (9), follows completely different arguments.

Remark 3. In the case of Dirichlet boundary conditions some similar kind of convergence
was established already in the pioneering work [1]and in some of their multiple generaliza-
tions (see, e.g. [13] and its references). But it always was stated in terms of a “strange
term” given by a measure p. The interest of the convergence (9) is that there is no mea-
sure at all but a strange term given by a completely identified function (in our case given

by the explicit expression A, H,(x)uy on 7).
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