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Works [4, 6] are concerned with the investigation of
the asymptotic behavior of the solution of the varia-
tional inequality for the p-Laplace operator, where p €
[2, n) and e-periodically perforated domain with non-
linear Robin type boundary condition. In the present
work we investigate a similar homogenization problem
for the p-Laplacian in the case when p € (1, 2). It is
known (see [2]) that for this values of p the considered
problems describe the motion of non-Newtonian flu-
ids. This type of diffusion is also used to describe cer-
tain problems of Newtonian fluids in turbulent regime
(see, e.g., [3]). The operator also has some interest in
the context on non-linear elasticity.

Let Q be a bounded domain in ?n, n = 3, with a

11\

smooth boundary 0Q2. Denote Y = (—5, 5) and let GO

be the unit ball centered at the origin. For 6 > 0 and a
given set B  ?n we define 0B = {x|0—1x € B}. We also

define, forje ?n, G; =aeG0 + ¢j,

Q. ={xe Q|p(x,0Q) >2}, G =|]a!

JeT,
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(where 0<e? 1), ae = COeq, o0 = and

nh—p
Y., ={jeZ":(a.G, +€)NQ, # @}.

It is easy to check that Y| = de™, where d > 0 is a
constant. Finally, let us define ng =e¥+eg,je Y,
(Where we point out that G/ ¥, and that the center
of the ball G/ coincides with the center of ¥,) and

Q. =O\G,, S.=0G., 09Q,=9QNS,.

In this setting we consider the following nonlinear
diffusion problem

“Au. =f, xel
—0, U € e 'ou,), xeS,, (1)
u, =0, xedQ,

where p € (1, 2), Au =div(|VuP ~*Vu), 9, u=
[Vup —2(Vu, v) and with v the outward unit normal to

S.andy=a(p — 1), fe I/(Q), p' =L g and o the
following maximal monotone graph

00(7\')9 7\’ > 0’

g, A<,

where 6, € C'(R), 6,(0) =0, 6,(A) 2k, >0and k, isa
constant.

We note that boundary value problem (1) with a
function such as 6(A) in the boundary condition cor-
responds to the problem with the one-sided restric-
tions, i.e., Signorini type problem
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u, =0,
dy Uy + € '0y(ug) 20 and
Uu(dy ue +&'0o(ug)) =0, on S

Let us define the following functions

A
Y = I o,(V)dT, 3)
0
[, A20,
w(M—{M 2 )

This convex L.s.c. function y has ¢ as its sub differ-
ential, in the sense that

Yy -y < EA —w),
Viue R, &e o).

This is typically denoted ¢ = dy. The weak solution
of the problem (1) is defined as a function

(%)

u, € K, ={ge W"(Q,,0Q): g >0 a.e.on S,},
satisfying the integral inequality

[ Va2V, V(0 = u)dx + &7 [ (31(0) = Wiaee) s

Q, Se

(6)
> [ f(0-updx
Q,
for any arbitrary function ¢ € K.
Let H(A) be the solution of the functional inclusion
By|H|"H € o(\— H), (7

where B, > 0 is a constant. In the case of ¢ as in (2),
inclusion (7) has a unique solution of the form

H,A), A>0,
H(k)z{k()(?)wo

where H,(A) is the solution of the functional equation

(®)

By|H " H,y = 6,(A — H,). 9)

Note that Hy(0) = 0. If we decompose u = u* — u~

where u™, u~ > 0 are the positive and negative parts of
u then we have

Hw)=Hyu")-u",
[H@I" ™ Hw) = [Ho@ N Hou")=lu"u”

Also,

Lemma 1. Forevery s # 0,0 < H'(s) < 1. In particu-
lar, H is a Lipschitz continuous function.

Proof. If Hy(s) <0, since 64(0) =0, 6,(s) =k, >0

0> By|Ho(s)"Ho(s) = Go(s — Ho()) = ky(s — Hy(s)),
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then s < 0. So, fors > 0, H(s) = Hy(s) > 0. Hence, for
s >0, ByH ~'(s) = 6(s — Hy(s)). Differentiating with
respect to s, fors > 0

By(p = DH{(s) = Gy(s = Hy(s))(1 = Hy(s)),

Go(s = Hy(s)) .
By(p — DH{7(s) + Gy(s — Hy(s))
It follows that 0 < H'(s) < 1. for s > 0. Since, fors <0,

H(s) = s we finish the proof.

Remark 1. If G is given by (2), H(s) < s forall s € R.
Fors <0 this is obvious and for s > 0 we point out that
H(0)=0and H(s) < 1.

Let i, € W,”(Q) be a W' P—extension of u,, that
satisfies the following inequalities

Hos) =

”I:ZS”WLF(Q) < K””SHWLF(QE)’

(10)

L7(Qy)’
Considering (6) it is easy to check that
IVl < K.

L7(Q,)

Hence, using this inequality and estimations (10)
we conclude that there exists a subsequence (denote as
the original sequence), such thatase — 0

i, —u weakly in  W,"(Q). (11)
We will use systematically that the function
. N ' N )
©, L"(Q)" - L(Q)", E~[g7E (12)

is continuous in the strong topology (see [8]).

The following theorem gives us the description of
function u. What is remarkable in it is that a sequence
of variational inequalities converges to the solution of
a single-valued quasilinear equation with a Lipschitz
absortion term.

Theorem 1. Let 0. =

n_y=op—1),pe(,2),

n—p
n > 3. Suppose that u, € W' P(Q,, 0Q) is the weak solu-
tion of the problem (1), where o(\) is given by formula
(2) and ii, € W,"(Q) is a W' P-extension of u, satisfying
(10). Then, the function u defined in (12) is a weak solu-
tion of the following problem

{—Apu + A, P\ HW 2Hw) = f, xe Q

13
u=0, xedQ, (1)

where H()) is given by formula (8), Hy(\) is a solution of

p-1
the Eq. (9) for B, = [’1—117) Co?, A, p) =

p—1
sphere in R".

p-1
(n — pj Cy "o, and W, is the surface area of the unit
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We will use the following auxiliary function W,
defined as follows

ng, xe ng\Gé/, je T,
W, =<1,

x € G,,

0, xeR\[J7/,

JeYe

where wg is the solution of the following boundary
value problem

Awl =0, xeT/\G/,
wl =1 xedG/,
w! =0, xeodl/

and 7,/ denotes the ball of radius €/4 which center
coincides with the center of cube Y.’ It is easy to show
that

J' VW, |'dx < Kgn(p—q)/(n—p)’

QE

(14)

where 1 <g<p. W, — 0in W, (Q) ate — 0, for g < p.
Also, the WOI"’ norm is bounded, so it has a weakly
convergent subsequence. The limit of that sequence
must be its Wy? limit, hence W, — 0 weakly in
W, (Q) as e — 0.

Proof of Theorem 1. Taking into account (3) and
using the monotonicity of function AP =2\ for p > 1,
from inequality (6) we derive that u, satisfies the fol-
lowing inequality

[1V017? VoV© - udx +e7 [ 0y(0) (@ - u)ds

Qe Se

(15)
> [ /0 - updx,

QE
for any function ¢ € K.

Let ve C)>(Q) and let us consider ¢ = v— W H(v)
as a test function, where H(A) is defined by (8). Notice
that ¢s, = v — H(v) 20 due to Remark 1, and hence

0 € K. Let us define y, = ¢ — i, and rewrite (15) as
Igl + 182 > 183 where

Il = j V(v - W,H@) V(v - W H @)V y.dx,
Q

€
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1} =€ [ o(v— Hw)y.ds,
SE

1 = | fy.ax
QE

Let us define

& =0,(V(v-W.H(v))),
& =0,(Vv), &=, (VIW.HW))).

We write I} = J. + J. + J., where

Ji= [ € - @& -8 V.,
QE

Jsz = J-&Z 'V\Usdx’ Js :_J- &3 'VWSdX'
Q. Q.
Lemma 3 below implies the inequality |§, — (§, —
p-l
EDI< CUE,JES) 2 . Hence, we can write

p-1 p-1

< K1V 2 VOV Hw))L 2

Q.

X(VOVH @)+ |V v]+|Vu)dx

1 b+l pHl P!
<K [(VVI 2 VOV H@) > +[VV 2 VOV H ) 2

QE
=l =l

+|Vv] 2 VW, H)) ? [Vudx
Pl =
<K [ (VW2 +Vu VW, 2 dx.
Q.

Applying Holder’s inequality for p on the second
term

p-1
2

2 2\r

1 1

<KV 17 +||Vug||m)[j|vwg|2J dx 10
L% Q)

Q
as € — 0, by taking into account that E, ptl < pand

estimate (14). Moreover, convergence (11) implies

limJ2 = j VAPV vV (v — u)dx. (16)
Q

e—0
Consider J;. Splitting V(W,H(v)) = W,VH(v) +
H(v)VW,, since W,VH(v) — 0 in L(Q)", @, is con-
tinuous and , is bounded in W' ? we have that

e—0 e—0

limJ} = —lim j @ ,(HW)VW,)- Vi dx.
Q,

On the other hand, it is easy to check that
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£—0
€

lim [ VWPV W, - VH@ P H@W,)
Qg

= lim j @ (HW)VW,)- Vi dx.
-0
Q,

Hence

I == [ VWV W VIH
Q¢
xHW)(v-W.H(v)—u,)ldx + a,,

where o, — 0 as € = 0. From Green’s formula we
derive that Js = I(S1 + Kf

K==y j s W HW"Hv) (v — H(v) — u,)ds,

JeYe aGt{

k2=-> j Ay, WIHWN HW) (v — up)ds + o
JjeYe BTJ
Taking into account that y= ou(p — 1), u, =2 0 on S
and

n

| e
3y wll,, == (17)
LT -G - Ky)
. n— 22("—1)/(P—1)C(n—P)/(P—l)el/(P—l)
3wl == 0 , (18)

(p-Dd=x)
where K, — 0 as € — 0 and that y= ou(p — 1) we obtain,
taking into account (9) that
K+ 1} =& [lo( - Hv) - BHH(v)]

Se
X(v — H(v) — u.)ds + B,

=e [V v, Hv,) ~ uds + B,

Se

=& [ lv_l"v_] (-u.)ds + B < B,
SS.
where B, — 0 as € — 0 since u, 20 on S,.
We will use the next lemma to pass to the limit

in K (see [10]).
Lemma 2. Letp > 1, h, € HOI(Q) and h, — uy as
e — 0in Hy(Q), then

NE
20y j hdS — o, j hodx| = 0, € — 0,
J=1ary, Q

where ®, is the surface area of the unit sphere in R".
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Due Lemma 2 we deduce that

Ki = ol p)[[HON H(v) (v — ),
Q
as € —0.

19)

p-1
n= Cl’®,. From (15)—(19)

where A(n, p) = (

we derive that u satisfies following inequality

I| Vu " VvV(v — u)dx

Q

+ln p[IHO H@ v —wdx— Q0)
Q

> j (v = u)dx.
Q

This inequality implies that u is a weak solution of
the problem (13).

In the next theorem we will prove the convergence

in the norm of space Wol’p (€,) of the solution of the
problem (1) with a corrector to the solution of the
homogenized problem.

n_y=a@—-1),pe (1,2),

n—=p
n > 3. Suppose that u, € W' ?(Q,) is a weak solution of the
problem (1) and u is a weak solution of the problem (13)
possessing the additional smoothness u € W' ><(Q). Then

\V(ue + W H(u) — u)| e—>0 (21)

Theorem 2. Lef 0. =

ey = 0, as

In particular, since W, — 0 in W' 4(Q) for q < p, we

have, for all g < p
V(e =)l o, >0, €0

Remark 2. Under some smoothness hypothesis of G,
and f,u € W">(Q) is often achieve. See [1, 5,7, 9].
Proof of Theorem 2. Inequality (6) implies that
J‘ V| > Vu V(0 — u,)dx
o (22)

+[oy@©@—u)ds 2 [ (0 -up)dx.
SE QE

In inequality (22) we substitute ¢ = u — W _H(u)

and in the weak formulation of problem (13), namely,

'[|Vu|p_2Vu -Vvdx + A(n, p)J.lH(u)lp_zH(u)vdx
Q Q

- j fvdx
Q
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we take, as a test function, v = —¥
W, Hu) —
define,

e Where W, = u —
i, and i, is a W' ?-extension u, on Q. Let us

&f = q)p(vus)a &2 = (I)p(vu)
By adding (22) and the integral identity for u, we

obtain /| + 15+ I5>1}, where

If= [ @ -8) VWax, I5[& - V¥.ax,
Q. G,

I¢ = e*Yj o(u — H(u))¥ dx

Se

—sl(n, p)[|H @I H@)W o,
Q

I = I Y. dx.

Gi‘.

Itisclearthat 75, I § — 0 as€ — 0 due to weak con-
vergence and the fact that |G| — 0. We define

& =2,(VW.HwW)), & =,Vu-W.Hw)).

We decompose /| =J; + J5 + J5, where

Ji = [ (& -8 - ViPax,

Qe

5= [ G -E+ED VWdx, Ji=—[ & V¥.dx.
Q. Q.
Applying Lemma 3 we have that
p-1 p1
sI<C [ IVl 2 [V H) 2
Q,
X|V(u - W.H@u) —u.)ldx — 0, as

On the other hand, we can write

€ —0.

IS == [ VWPV WIAH @ H@Y Hdx + 5,

QE

==y I 3y wilH )" H(w)¥ ds

JeYe aG{

-y j 3y Wi HW\" " Hw)¥ ds + 3.,
JeYe o1/
where 8 — 0. Therefore, J; + I; — 0ase — 0, due

to the explicit expression of E)prej and H. So, finally,
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J{ — 0. We will use the following inequality (see [2]).
Forall1<p<2and&,me R"

C |§ — T]|2
e
Hence, for § =&} and & = &}, we deduce that

<(EE-MmE -, (23)

| Ve, —u+ WH@)P
o Vul ™+ V= W H @)

< j(gf —E5) VW, dx = Jf 0.
Q.

as € — 0. Using Holder’s inequality (21), which con-
cludes the proof.

APPENDIX A
AN AUXILIARY LEMMA

Lemma 3. Letp € (1,2),n=2. Then there exists con-

stant C = C(n, p) such that for all a, b € R" following
inequality is valid

p—1

lla — b (@ — b) - (|a|” a —[b]"*b) < C(lallB) > .

Proof. Without loss of generality we can assume

that]a| =[5> 0. Letu=2, v=L l=|v|=1,E=u- v,
a1l
Ee [-1,1], k= ﬁ > 1. The desired inequality written

in these new variables takes the following form
lku — " ku —v) = (k" "'u — v)| < CkP "2,
By squaring this inequality we get
K(k,E) = (k> = 2kE+ )" + k277 +1-2k"7E
—2k” = 2kE+ DTk +1-kE—K"TE) < C

Consider function

Stk iy 28 1)
R )

(p-2)/2
kP K —2&,—2(1 —2—‘3+sz
k Kk
(k" —E— k" + k7).

Decomposing functions (1 — 2&/k + 1/k*)B for B =

p—1,(p—2)/2in Taylor seriesas k —> oo, k> 1+ «/5,

and identifying the coefficients of corresponding
degrees, we obtain

PR ) p-2 1
f(k,&) =ak " +Pk +o(k),
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where o and B depend only on p and &. Hence,

flk, &) — 0 as k — oo. Thus there exists k; > 1 + /2
such that fik, ) < 1 for all k > k,, [§| < 1. It’s easy to
show that function f{k, &) is continuous on the set D =
{(k, E)|1 <k <k, [E|<1}. So there exists a positive con-
stant M that depends on p such that max [f(k, §| < M.
(kE)eD
Hence, function | f] is bounded by max(M, 1) for all
permissible k£ and &.
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