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Abstract

We consider nonnegative solutions of degenerate parabolic equations with a singular absorption term and
a source nonlinear term:

pu — (ux 1P 2u)e +u™P xpusoy = fw,x, 1), inlx(0,7),

with the homogeneous zero boundary condition on / = (x1, x3), an open bounded interval in R. Through
this paper, we assume that p > 2 and $ € (0, 1). To show the local existence result, we prove first a sharp
pointwise estimate for |uy|. One of our main goals is to analyze conditions on which local solutions can
be extended to the whole time interval ¢ € (0, oo), the so called global solutions, or by the contrary a finite
time blow-up tp > 0 arises such that zinrlo lu(®)|l Loo (1) = +00. Moreover, we prove that any global solution

must vanish identically after a finite time if provided that either the initial data or the source term is small
enough. Finally, we show that the condition (0, x,#) =0, V(x,t) € I x (0, 00) is a necessary and sufficient
condition for the existence of solution of equations of this type.
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1. Introduction

In this paper, we are interested in nonnegative solutions of the following equation:

du — (lux|P2u)y +u=P xpus0y = fu,x,t) inl x (0,T),
ux, ) =u(x,t)=0 te(0,7), (1)
u(x,0) = ug(x) inl,

where I = (x1, x2) is an open bounded interval in R, 8 € (0, 1), p > 2, and x{4~0) denotes the
characteristic function of the set of points (x, ) where u(x, t) > 0, i.e.:

1, ifu>0,
Xu=01=10, ifu<o.

Note that the absorption term up X{u>0) becomes singular when u is near to 0, and we im-
pose tactically ub X{u>0; = 0 whenever u = 0. Through this paper, we always assume that
f:10,00) x I x[0,00) —> R is a nonnegative function satisfying the following hypothesis:

f€C([0,00) x T x [0,00)), and £(0,x,1) =0, ¥(x,t) € I x (0,00), and
(H)
flu,x,t) <h(u), V(x,t) € I x (0,00), for some h € Cl([O, 00)).

Nevertheless, in some occasions we shall relax the regularity f € Cl([O, 00) X T x [0, oo)),
see Lemma 13, and Theorem 17 below. Our main interest is to consider problem (1) for the
case p > 2, although several of our results are also valid for the case p = 2. This case will be
considered in our forthcoming paper.
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In the case N-dimension and p = 2, equation (1) becomes

du— Au+u=Pxps0 = fu,x,t) inQx(0,T),
u=0 ondQ e (0,7), ()
u(x,0) =ug(x) in 2,

where € is a bounded domain in RY. Problem (2) can be considered as a limit of mathematical
models describing enzymatic kinetics (see [1]), or the Langmuir-Hinshelwood model of the
heterogeneous chemical catalyst (see, e.g. [27] p. 68, [9], [24] and references therein). This case
was studied by the authors in [24], [17], [21], [8], [6], [29], and references therein. These authors
focused on studying the existence of solution, and the behaviors of solutions. It is of course that
the delicate point is to get the integrability of the singular term u~# X{u>0y- In [24], D. Phillips
proved the existence of solution for the Cauchy problem associating (2) in the case f = 0. The
case in that f(u) is sub-linear, i.e.: f(u) < C(u + 1), for u > 0, was considered by J. Davila
and M. Montenegro, [8]. They proved the existence of solution. Moreover, they also showed that
the measure of the set {(x,) € Q2 x (0,00) : u(x, ) = 0} is positive (see also a more general
statement in [10]). In other words, the solution may exhibit the quenching (or the extinction)
behavior. Moreover, M. Winkler [29] showed that equation (2) with f = 0 has no uniqueness
solution in general.

Recently, problem (1) was considered by Giacomoni et al., [ 16], with the source term f(u, x)
satisfying f(0, x) =0, and the natural growth condition, i.e.:

0<f(u,x)< Al v, 3)

with A, v >0, and 1 < g < p. These authors proved first a local existence result. Unfortunately,
their proof of the integrability of the singular term contains a technical point, which was not
correctly justified. Then, our first purpose is to prove a local existence of solution of equation (1),
even for a more general class of functions f(u, x,t) satisfying (H). As far as we know, our
analysis of a general source term f (u, x, t) of the equations of this type has not been studied yet
in the literature. Moreover, if f is independent of x, 7, then we only assume f a local Lipschitz
function on [0, 00), instead of f € C2([0, 00)) required in the previous works (see e.g. [8], [23]).
For example, our results can take into account the function f(u, x,t) = ti—zl (e" — 1), which does
not satisfy (3). Or, the function f(u) = (u — 1)Tu is a local Lipschitz function on [0, c0), but it
does not belong to CL([0, 00)).

As in [6] (but now with the additional difficulty of the presence of the source term), to show a
local existence result, we first prove a priori pointwise estimate for |u,| involving a certain power
of u, say briefly as follows:

lux(x, )P <Cu'"P(x,1), for(x,t)el x(0,T), “)

for some positive constant C > 0. It is well known that such an estimate (4) plays an important
role in proving the existence of solution for equations of this type. For instance, in the case p =2
and f =0, estimate (4) was obtained by the authors in [24], [8], [29] (see also [ 18] for the porous
medium of this type).

The second purpose of this article is to study the global existence of solutions. In particular,
we are interested in the extinction phenomenon that any solution vanishes identically after a
finite time under some circumstances. To illustrate the global existence result, we first consider
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equation (1) with the simplest model Af (1) = 2u?~!. In some of our considerations, a crucial
role is played by the first eigenvalue XA; of the Dirichlet problem:

{ —0, (109117 20x1) = 1)~ in )
$1(r1) =91 (x2) =0,

where ¢; is the first normalized eigenfunction ( f ;@ (x)dx = 1). It is well known that the value
of A; is computed as follows:

Tp

). with 7, =2 /P

M= 1)()62 — X sin(r/p)’

(6)

see more details in [2], and references therein. Then A; decreases when the measure of the spatial
domain I increases, and conversely.

For our purpose later, let us remind some classical results on the global and non-global exis-
tence of solutions of equation (1) without the singular absorption:

O — (lux|P2u)e =2u?"' inI x (0, T),
u(xy, 1) =u(x2,1)=0 te(0,7), (7)
u(x,0) =ug(x) in 1.

In [28], M. Tsutsumi proved that if ¢ < p, then problem (7) has global nonnegative solutions
whenever initial data ug belongs to some Sobolev space. The case g > p is quite delicate that
there are both nonnegative global solutions, and solutions which blow up in a finite time. Indeed,
J.N. Zhao [31] showed that when ¢ > p, equation (7) has a global solution if the measure of
is small enough, and it has no global solution if the measure of I is large enough. The fact that
the first eigenvalue A; decreases with increasing domain can be also used as an alternative expla-
nation for Zhao’s result. For example, in the critical case ¢ = p, Y. Li and C. Xie [22] showed
that if A; > A, equation (7) has then a unique globally bounded solution. While, the unique so-
lution blows up in a finite time if A; < A, see Theorem 3.5, [22]. We also note that this one is
globally bounded if provided that A; = A and initial data ug(x) < k¢;(x), for some x > 0. We
would like to refer to the results of H.A. Levine [20], V.A. Galaktionov [13], V.A. Galaktionov
and J.L. Vazquez [14], and references therein for a rich source of the blowing-up topic.

Roughly speaking, any weak solution of equation (1) is a sub-solution of equation (7). Thus,
the comparison theorem implies that the global existence result holds for equation (1) if provided
that either g < p, or ¢ > p and ug (resp. X, the measure of I) is small enough. Here, we shall
show that the global existence of solutions of (1) holds for a general source term f (u, x, ¢) under
some suitable conditions, see Theorem 4 below.

Concerning the quenching phenomenon, let us first mention the semi-linear case p = 2. Any
weak nonnegative solution of equation (2) is extinct after a finite time if f = 0, even begin-
ning with a positive bounded initial data, see e.g. [24], [8], and references therein. The case
of a nonnegative initial datum satisfying merely ug € L'(2) was considered in [7]. Still in the
semi-linear case, M. Montenegro [23] considered equation (2) with the source term A f (u), for
some A > 0, and f(u) is sub-linear. He showed that there exists a positive real number Ao so
that if A € (0, Ap), then any solution must vanish identically after a finite time, that he called the
complete quenching phenomenon.
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For the quasilinear equation (1), with p > 2 and f =0, N. A. Dao, and J. I. Diaz [6] showed
that the extinction result also holds for any solution, even beginning with a positive initial data.
It is known that the presence of the singular absorption term u~# x,,- ¢ causes the extinction phe-
nomenon. Furthermore, Giacomoni et al., [16] considered equation (1) with the source term
Aud'. These authors showed that the extinction of solution occurs if provided ¢ < p, and
A7 > A, see Theorem 2.2, [16]. Their argument is based on the observation that the diffusion
term dominates the source term Au9~! in this case (see also M. Montenegro, [23] for the case
p =2, and Giacomoni et al., [ 15] for a quasilinear problem). However, this argument is no longer
applicable to other cases, such as: g > p, or the critical case, ¢ = p and A = A;. Thus, it is nat-
ural to address the question of the extinction phenomenon to the general source f(u, x,t). We
recall that the presence of supercritical sources terms can be the main reason of the existence
of blowing-up solutions for reaction—diffusion parabolic equations. Thus, we shall analyze the
interaction between the nonlinear diffusion, the singular absorption, and the nonlinear source
term. In fact, we shall show that the singular absorption plays a role not only in preventing the
blow-up, but also in driving solution to the extinction under some circumstances. This refers to
the title of our paper: “the extinction versus the blow-up”.

To illustrate the influence of u~# X{u>0} in the extinction phenomenon, we consider equa-
tion (1) with the source A f (u, x,t) = AuP~1 and initial data ug(x) = ¢1(x). Then, our complete
quenching result of this case is as follows: any nonnegative solution of equation (1) is extinct
after a finite time if 0 < (A — A;) is sufficiently small, see Theorem 21 below. It is interesting
to compare with the unique solution of equation (7) which blows up whenever A > Ay, see [22].
This result can be explained as follows: when A > XAy, the diffusion term —(Ju,|? ~2u,), is not
strong enough to prevent the blow-up caused by the source Au”~!. In the point of view of in-
equality (4), the absorption term u—# X{u>0) strengthen the diffusion term, in order to control the
influence of the source term. Therefore, we can imagine that an amount of uPp X{u>0) 1s used
to prevent the blow-up, and the remaining part of u~# X{u>0) forces solutions to the extinction.
This is a reason why the complete quenching phenomenon of solutions of equation (1) can be
extended to the case, where 0 < (A — Ay) is small enough. At the end of this paper, we will
provide some numerical experiences in order to illustrate the difference between the behavior
of solutions of both equations (1) and (7). Specifically, the numerical results show that with the
same data, the maximal solution of equation (1) vanishes identically after a finite time, while the
unique solution of equation (7) is blowing-up, see Section 7.

A different purpose of this paper is to study the non-global existence of solutions of equation
(1). To state our results, suppose for simplicity, that f(u, x, ) = f(u) and define

u

F(u):/f(s)ds.

0

It is convenient to introduce the total energy at time ¢ > 0, associated to the equation (1), by
means of the expression

1 1
E(t)=/(—|ux(t)|1’+—u ﬂ(t)—F(u(r))) dx. (8)
J p 1-p8

In the supercritical case: f(u) = u9~!, for ¢ > p, Giacomoni et al. proved that the maximal
solution of equation (1) is blowing-up if provided E(0) < 0, see Proposition 5.1, [16]. It is
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interesting to ask whether the critical case p = g is belong to the blow-up range or not. Moreover,
the other cases of nonlinear source f(u#) have not been considered yet for the equations of this
type in the literature. For example, the case f(u) = u”~'In(u + 1) is neither the critical case,
nor the supercritical case. Thus, we would like to extend the blowing-up result to more general
source f(u). In fact, we will prove that the blowing-up result holds if provided that Fu (,'f) is
nondecreasing on (0, 0o), and some additional conditions on initial data u(, and the measure
of 1, see Theorem 8 below. Obviously, our result includes the supercritical case and the critical
case f(u) = uP~!, and the functions like f () = u”~'In(u + 1) above. Remind that any solution
of equation (1) exists globally in the sub-critical case. Thus, our blow-up results are sharp in the
context of the blow-up range.

Finally, we show that the condition f(0,x,7) =0, Y(x,7) € I x (0,00) in (H) cannot be
eliminated. If this one is violated then equation (1) have no solution for any small initial data.
Thus, this one is a necessary and sufficient condition for the existence of solution of problem (1).

The paper is organized as follows: In the next section, we will give the preliminary and main
results, and some definitions. Section 3 is devoted to prove a sharp gradient estimate, which is
the key of proving the existence of solution. In Section 4, we shall prove the local existence of
solution. In Section 5, we study the global existence of solutions, and the extinction phenomenon
of solutions. The non-global existence of solutions is considered in Section 6. Finally, we point
out some numerical experiences in the last Section.

2. Preliminary and main results

In the sequel, we always assume u( > 0, and f satisfies (H). At the beginning, let us introduce
the notion of a weak solution of equation (1).

Definition 1. Let ug € L°°(I). A function u > 0 is called a weak solution of equation (1) if

u=Pxu=0y € L'(I x (0,T)), and u € LP(0, T; W(}’p(l)) NL®( x (0,T))NC(0, T); L'(I))
satisfies equation (1) in the sense of distributions D’(I x (0, T)), i.e.:

T
[ [ (Fut s 2 0 6 = Pl 0) dxde =0, ¥ € CX(T x O.7).
0 I

9)
Let us call I'(¢) is the solution of the equation:
I'=n(T), in(0,7),
10
{F(0)=2||uo||oo, (10)

where & is the function in (H) above, and T is the maximal existence time of I'(¢). Note that T
only depends on ||ug| L, see Chapter 1, [5].
Then, we have a local existence theorem.

Theorem 2. Let ug € L°°(I). Then, there exists a time Ty > 0 such that equation (1) has a
maximal weak solution u in I x (0, Tp), i.e.: for any weak solution v, we have v < u in I x (0, Tp).
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Moreover; there is a positive constant C = C(B, p) such that

|y (x, )P < Cu' =P (x, r)(r‘r‘“’(zTo) + TP 2T)O(D, £, T 2To))+
» (11)
+By
L7 (2T0)O(Dy f, T (2Ty)) + 1>,

Sfora.e. (x,7) el x (0, Tp), with ©(G,r) = max (1G @, x, D)|).
O<u<r,(x,1)el x[0,2Tp]
; 1

Besides, if (uo7 )x € L), then there is a positive constant C = C (8, p, ||(ug)x||oo) such
that

lux(x, )P

1+8y
<cCu'P(x,1) (F”ﬂ QTy)O(D, f, T 2Tp)) + T 7 (2Ty)O(D, f, T(2Ty)) + 1) , (12)

forae. (x,t) el x (0, Tp).

Remark 3. As a consequence of (12), the above solution is continuous at t = 0, see Proposi-
tion 14 below.

Next, we have a global existence result for the source Af (u, x, t).

Theorem 4. Let ug € L*°(I), and ). > 0. Assume that there are an open bounded interval Iy, and
a positive real number ko such that I CC Iy, and

uo(x) < ko, (x), forae xel,
(13)
hiokd T 0 00 + kg PP (1) 2 Af (ko (1), x. 1), ¥(x.1) €1 x (0, 00).

Recall that Ay, and ¢y, are the first eigenvalue and the first eigenfunction of problem (5) in .
We observe that ing{q‘no} > 0, so (bl_oﬁ (x) is well defined for any x € I. Then, any solution v of
X€

equation (1) exists globally and
v(x, 1) <k (x), inl x(0,00). (14)
Remark 5. It is clear that (13) holds if either A or ||ug|| is sufficiently small.

Still consider equation (1) with the source Af (u, x,t), we have then a complete quenching
result.

Theorem 6. Let ug € L°°(I), and h(0) =0 in (H). Then, every weak solution of equation (1)
vanishes identically after a finite time if provided that either ||lug|lco or A is small enough.
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As a consequence of the complete quenching result, we will show that the condition
f(@O,x,t) =0, Y(x,1) € I x (0,00) is the necessary and the sufficient condition for the exis-
tence of solution of equation (1).

Theorem 7. Equation (1) has a nonnegative solution for any bounded initial data if and only if
fO,x,t)=0,VY(x,t) € I x (0, 00).

Concerning the non-global existence of solutions of equation (1), we have the following the-
orem.

Theorem 8. Let ug € W(}’p(l), and T > 0. Assume that f(u,x,t) = f(u), and Z(l'f) is nonde-
creasing on (0, 00). Then, the maximal solution u in Theorem 2 blows up at a time Ty € (0, T] if

provided

4@Bp -1

PE0) + —T(p 2
1

ubdx <O0. (15)

As a consequence of Theorem 8, we have

Corollary 9. Let ug € Wol’p(l). Suppose that f(u,x,t) = f(u), and Fa g nondecreasing on

up
(0, 00). Then, the maximal solution u blows up in a finite time if provided E(0) < 0. Moreover,

the blow-up time
43p -1
ne(o 2220 4]
—pPEO)(p—-2)

1

Proof. Indeed, let

T:Ll)z/u%dx>0.
—PEmﬂp—Z)I

Thus, (15) holds, thereby proves the above corollary. O

Several notations which will be used through this paper are the following: we denote by C a
general positive constant, possibly varying from line to line. Furthermore, the constants which
depend on parameters will be emphasized by using parentheses. For example, C = C(p, 8, 1)
means that C only depends on p, 8, 7. We also denote by d,u (resp. d;u) means the partial
derivative with respect to x (resp. t). We also write dyu = u,.

3. Pointwise estimates for |u, |

In this part, we shall modify Bernstein’s technique to obtain an estimate for |u,| like (4), the
so called gradient estimate in N-dimension. As mentioned in the Introduction, such a gradient
estimate of (4) plays a crucial role in proving the existence of solution. The degeneracy of the
diffusion operator as p > 2 leads obviously to a considerable amount of additional technical
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difficulties. In the case f =0, it is not difficult to show that estimate (4) becomes an equality for
a suitable constant C, when considering the stationary equation of (1). That is the reason why
such a gradient estimate of this type is called a sharp gradient estimate (since the power of u
in (4) cannot bigger or smaller than 1 — 1/y). By the appearance of the nonlinear diffusion, we
shall establish previously the gradient estimates for the solutions of the following regularizing
problem.

For any ¢ > 0, let us set

ge(s) = s P (s), with e (s) = w<§>,

and ¥ € C*®(R), 0 < ¢ <1 is a non-decreasing function such that ¥ (s) =0, if s < 1; and
Y(s)=1,if s > 2.
Now fix ¢ > 0, we consider the following problem:

du — (a(ux)ux)x + ge(u) = f(u), inl x(0,00),
(PS,T]) u(xlvt)zl’t(x2vt)=n’ te(ov OO),
u(x,0) =uo(x) +n, xel,

with a(u) = b(u)pTJ, b(u) = |u|® + n*; and n — 0T. Note that a(u,) is a regularization of
lu, |P~2. The gradient estimate, presented in this framework is as follows:

Lemma 10. Let ug € C3°(I), ug # 0. Then, there is a time Ty € (0, 00) such that problem (P; y)
admits a unique classical solution u. y in I x (0, Tp).
i) Moreover; there is a positive constant C = C(B, p) such that

|Oxtte,y (x, )P < Cul P (x, r)(r—lr“ﬂ (2To) + TP QTo)O(D,, £, T 2To))+
(16)

r% 2Ty)®(Dy f, T (2Ty)) + 1>,

for (x,t) el x (0, Tp).

ES 1
ii) If (ul )x € L°(1), then there is a positive constant C = C (B, p, ||(u? )xlloc) such that

|axl48,77(xs T)|p

<Culf@x,0) (r”ﬂ QT)OD, f,TQTY) +T 7 QTy)O(Ds £, T2Ty)) + 1) . a7

forany (x,t) el x (0, Tp).

Remark 11. In the case p =2 and f = 0, estimate (16) was obtained by the authors in [8], [6],
[24]. Note that inequality (17) implies that the solution obtained by passing to the limit as n — 0
is continuous at t = 0, see Proposition 14 below.
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Proof. We prove i).

Note that equation (P ;) is non-degenerated. Thanks to the classical result (see [19], [31],
[30]), equation (P ;) possesses a unique classical solution, u, , € C®(I x [0, T)). Moreover,
the strong comparison principle yields

ugy(x,t) <I'(¢), for(x,t)el x(0,T). (18)
Let us put Ty = T'/3. For the sake of brevity, we remove the dependence on &, 17 in the notation
of ug ,, and put u = ug ;.
Next, we observe that 7 is a sub-solution of equation (P ,), so the comparison principle
yields
n=u(x,t), inlx(0,T). 19)

For any 0 < t < Tp, let us consider a cut-off function £(¢) € C2°(0, 00), 0 < £(¢) < 1 such that

(L on [z, Tp],
E(t)_{o, outside (7/2, To + 1/2),

and |&| < CT" for some constant co > 0, and put
u=pw)=v", wk, = é(t)vz.
Then, we have
Wy — AWyy = é,vf 4+ 280 (v — AVxy)x — 2§av§x + 2&a, Uy (20)
From the equation satisfied by u, we get

"

2§0 _gS((p)+f(‘P»xst)

Vr — QUxy = dyxVx +aVy— o o 21
Combining (20) and (21) provides us
9" ge(p) | flp,x,1)
Wt _awxxzétU;%‘FzSUX <[a(ux)]xvx +avf_/ - — + ;
@ @ @ x
—28av7, + 2 [a ()] vy (22)
Now, we define L = max {w(x,1)}.
1x[0,2Tp]

If L = 0, then the conclusion (16) is trivial, and |uy(x, 7)] =0, V(x, 1) € I x (0, Tp). If not
we have L > 0, which implies that w attains its maximum at a point (xg, tp) € I x (0, 2Tp) since
w(x,t) =0o0n dl x (0,T1), w(x,t)|;=0 =0, and w(x, 1)|;>27, = 0. Note that &(#p) > 0, and
|vx (x0, t0)| # 0. Thus, we obtain

wy (X0, 10) = wy (xo, o) =0,

and
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0> wix (X0, 0) = 2£ (t0) vz (x0, f0) + 28 (10) Vi (X0, f0) V-x (X0, f0). (23)
Since vy (xo, f9) # 0, we get
wy (X9, to) = 0 if and only if v, (xg, o) = 0. 24)
By (24) and (23), we get
Vx (X0, 10) Vxxx (X0, f0) < 0. (25)

At the point (xo, fy), a combination of (22) and (24) provides us

4 "
0<w; —awyy = gtv)% + 2& v, ([a(ux)]xxvx + [a(ux)]xv)%(p_, + avf ((p_/> (—gs(fp))
¢ ¢ Jx @

_l’_
<f(90 Xosto)> )

3(¢" | 2 39"
—avy <_/) =< Eétg vy + [a(ux)]xxvx + [a(ux)]xvx_,
© Jx ®

_ (ge(fﬂ)> ot (f(sﬁ,x/o,to)> o 26)
® x 2 x

Now, we compute the terms of (26) in detail. Using (24) yields

or

la )]y (x0. f0) = (p — 2)b"T ()¢ "3, @7)
and
[a () ]x (x0. 70) = (p — 2)(p — Db () (99”208 + (p — 0BT () (@2 + ¢/ +
(P - Z)b% (ux)go/zvx Uxxx-

Thanks to (25), we get from the last equation
(@) Tex (. 1) < (p=2)(p=Ab'T (W) (/0" V8 +(p=2b'T ()¢ > +¢'¢"" ! (28)

Next, we have

; (f((P,XO,to)> _ Dxf(p. x0.10)
x (p/ . (,0/

(p//
vy + Dy f (@, x0, 1)V — f(@, X0, to)ﬁvf
1 _ y—1 _
= ;Dxf(%xo,lo)v] vy 4+ Dy f (9, X0, t0) 07 — <T)f(<p,xo,ro)v Y2,

Since f >0and y > 1, we get
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f (g, x0, 10) 1 _
Uy <T < ;Dxf((p, x0, 10)v' 7V vy + Dy £ (@, X0, 10) V2. (29)
X

After that, we handle the following term:

. ) " _1 B
s (g @) = (g, — g L2 (wgw)v — B+ e “*ﬂw) 02
@ X % Y

Since ¥/ > 0, and 0 < v, < 1, we obtain

- (giff)) <+ Yo, (30)
Inserting (27), (28), (29), and (30) into (26) yields

(v — v 2au)vf < lézé_lvf

+(p=2(p—H"T W)@V + (p—2b"T ) (20" + @9 N0 +
B

—1 1
B+ VTW“HMJ% + ;Dxf«o, x0, 10)0 7Y vy + Dy (9, X0, to) V2. 31)
By computation, we have
p=6
B=(p— b )l (0 =400l + 20" +¢'¢" b)) =
—6
(p= 29" W)} (0 = D¢ 2+ ¢/'¢") + 1 (p = 220" + 99" b7 ()l =

_ p=6
(p—=2(p(y — 1) —)y2(y — DV*Y 2% (u,)0d
By

p—6
+12(p =212 (y — DBy —H T Db ()’
B>

Since p(y — 1) — y <0, we have B; <0, thereby proves
B < B;. (32)

By (31) and (32), we get

_ 1 _ 1
v — Do 2auov? < —gE 2+ (B + L y )v A2 4 — D F (@, x0, t0)v" 7 v+

[\S]

D, f (g, x0, 10)v> + Ba.
(33)
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p—2
The fact that b7 (.) is an increasing function since p > 2 leads to

=2 p=2 2 e (y—D)(p—
a(uy)=bz (ux)z(v§<p/2) T = v |P 2y P D)

Inserting the last inequality into (33) deduces

_ ERTYI | y—1_ _
(y_l)yp ZU(V D(p—2) 2|Ux|p+255‘(;:té lv)%_i_(ﬁ_i_T)v (I‘HS)Vv/%_i_

1 _
;Dxf(go,xo, t0)v" 7Y vy + Dy f (9, X0, t0)v2 + Ba.

Note that 2 — (y — 1)(p —2) = (1 + B)y, thereby

2 | y—1 _
(v = Hy" (Hﬂ)’”lvxI”*szEtéf 1vf+(ﬂ+7)v APy 24

1 _
;Dxf(fp,m, t0)v" Y vy + Dy f (¢, X0, 10)v2 + Ba.

Multiplying both sides of the above inequality by v! A7 yields

_ I, _ y—1 1
(y — DyP 2o P12 < S&ik L7 (B + T)vf + ;Dxf(w,XO, 1) PV v+

Dy f (¢, x0, 1) TP v 1T B,
(34)

At the moment, if |vy (xo, fo)| < 1, then we have w(xq, fo) = & (fo)|vx (X0, 10)|*> < 1. This im-

plies w(x, ) <1 since w(xgp, ty) = max {w(x,t)}. In particular, we have w(x, 1) =
(x,0)€l x[0,2Tp]

v)% (x, t) <1, thereby proves
u(x, 7 <y?u'P(x, 1),

and we get estimate (16).
If not, we have |v,(xg, fp)| > 1. Then, it follows from inequality (34) that there is a positive
constant C = C(B, p) such that

o172 < € (Igle ™Y 41D, f (g, x0. Y + 1D, f 9,0, )0 TPV 1) 02

+U(1+ﬂ)7/82‘
(35)

We now divide the studying the term 5, in inequality (35) into two cases.
a) If B, <0, then we have from (35)

ol < € (16167 07 41D, £ (9. %0, 1)l TP 4Dy £, x0, )0 Y 1) 02,
(36)
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Since u(x,t) =v¥ (x,1) <I'(2Tp), V(x,t) € I x (0, 2T)), inequality (36) deduces

|vx |p
1+8y
c <|§,|slr”ﬂ Q2To) + TP QT0) Dy f (@, %0, 10)| + T 7 (2T0)| Dy f (9, X0, 10)] + 1) :

(37

By noting that 0 < £(fp) < 1, we multiply both sides of (37) with & (to)% to get

w(xo. 10)| 2 = (£(t0)|vy]?) 2

=C (|st|§%—1(ro>r“'3 (2Tp) +& % (10)T* Q2T0) | Du f (9. x0. 10)|+

Ez(to)r s (2T0)|D S (o, xo,to)l-i-gz(to))
Since |£(1)] < CT—O we obtain

P
|w(xo, 10)] 2

sc( 1P+ QTy) + T4 QT0) Dy f (9. x0. 10)| + T 7 (2T0) | Dy f (@, xo,ro>|+1>

Remind that w(xg, f9) = max {w(x, 1)}, thereby
(x,1)€T x[0,2Tp]

P
lw(x, 7)|2

§C< 1P+ QTy) + T4 QT0) Dy f (9 x0. 10)| +T 7 (2T0) | Dy f (@, xo,ro>|+1)

for any x € 1. In addition, we have w(x, 1) = vf (x, 7), thereby proves

lve(x, T)|P

SC< SIP4BQTy) + T4 QT0) Dy f (9 x0. 1) + T 7 (2T0) | Dy f (0, xo,to)|+1)
for any x € 1. Then, we obtain
lux (x, )7 < Cru' P (x, T)<T_1F1+ﬂ(2To) + TP QT0) D f (9, x0, t0) |+

LBy
(2To)|Dx f (¢, x0, t0) [ + 1 ),

with C1 = C1(B, p) > 0. The last inequality holds for any t € (0, Tp), so we get estimate (16).
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b) If B, > 0, we have from the expression of B that 3y —4 > 0 < p < 4(1 — ). Therefore,
p—6
b (.) is a decreasing function, so

—6
b7 (1) < |1y |70 = | (v)v, |70
Then,

U(1+'BWB2 < nz(p _ 2)y2(y _ 1)(37/ _ 4)y[7—6U2(V_2)+(1+ﬁ)7+(}’_1)(17_6)|vx|[7

< (p = 2y*(y = DGy =y w20V,
The last inequality and (35) deduce that there is a positive constant C = C(8, p) such that
ocl7*2 < € (Ig1e™ P 41D f (g, x0. Y+ 1D, f (g x0, Y 1) 24
C772v—2()/—1)|vx|l?_

Note that |v, (xo, f9)| > 1, thereby proves |v, (xo, 10)|” < |vx(x0, 10)|P+2. Thus, it follows from
the last inequality that

(1= o2 a2 < € (161~ 0P + 1D f (0o x0, )Y+
IDuf (. x0, )0 1) 2,

Simplifying v% in both sides of the last inequality yields
(1= o2 0) el < € (1gle™ o7 41D, f (030, )Y+

IDuf (@, x0, )]0 4 1).

1 1 _20-D
By (19), we have v =u» > nv & v 20/~D <577 | Inserting this fact into the indicated

inequality above yields

2y—1)

== _
<I—Cn 7 )val”SC(I%‘zlé WY D (g, x0,10) 0P+

1D f (¢, x0, 10) 077 + 1) .

2
(1=cn? )l

= € (I&le™ 0" + Do f (@30, 10) [0 7 + 1D, £ (0, 50, 0) [0 1)
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2
Since n — 0t, we have (1 — Cn7) > 0. Therefore, we obtain

[ucl? < €2 (1&l6 ™ 07 11D, £ (9, x0, 1) [0 4 D f (0,50, )]0 1),

C
with C» = ————. This inequality is just a version of (37). By the same analysis as in a), we
1—Cnyr

also get estimate (16).

Finally, we prove ii).

The proof of estimate (17) is most likely to the one of estimate (16), so we just make a slight
change. Let us consider a cut-off function £ (¢) € C*°(R) instead of £(¢) above, 0 < £(¢) < 1 such
that

and §t (t) <0. Then, we observe that
Either w(x, t) attains its maximum at the initial data

1

max _ w(x, 1) = w(xg, 0) = E(0)v2(x0, 0) < ||(uf )x||%, for some xq € I,
(x,)el x[0,2Tp]

which implies

1
lux (2, D17 < yP [l x5’ P (x, 1), forany (x, 1) € I x (0,2T0). (38)

Thus, we get estimate (17) immediately.
Or there is a point (xg, f9) € I x (0, 2Ty) such that max w(x,t) = w(xg, ty), since

(x,0)€l x[0,2Tp]
w(.,t) =0 fort > 2Ty.
Then, we repeat the proof of i) until (34). It is convenient for us to rewrite inequality (34)
here.

y—1

_ P X
(y — DyP o P2 < 55,5 A L (B + o2 + ;Dxf((p,XO, v Y v, +
l)uf(gg7 X0, to)v(l-Hg)V v)zr + U(1+5)VB2.

Since &,(t) <0, we get from the indicated inequality

- y—1 1
(y — DyP o P2 < (B + — w2 + ;Dxf((p,xo, 100! B,
+ D, f (@, xo, t())v(l—i_ﬂ)yv)% + U(H‘ﬁ)sz.

By repeating the proof of i) after this inequality, we obtain
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|MX('xa T)|p

<cCu'"P(x,1) (r”ﬂ QT)OD, f,TQT) +T 7 2T0)®(Dx f. T 2To)) + 1) , (39)

with C = C(8, p). A combination of (38) and (39) yields estimate (17). This puts an end to the
proof of Lemma 10. O

Remark 12. If f(u, x, t) is independent of x-variable, then the term ® (D, f, .) in both estimates
(16) and (17) can be eliminated. Thus, (16) and (17) are relaxed respectively as follows:

s, DI < Cu' P, 0 (7 THQTY) + TP QTNODL L TCT) + 1), (40)
and
x5, DI = Cul P, 1) (T QIO D, £, T Tp) + 1), (41)
for (x,t) € I x (0, Tp).

If f(u,x,t) = f(u), and f is merely a local Lipschitz function on [0, c0), then we have the
following result.

Lemma 13. Suppose that f is merely a local Lipschitz nonnegative function on [0, 00), and
f(0) =0. Then equation (P ) has a unique solution (denoted by u for short), which satisfies

o, DI < Cu' P x, o) (7T PRI + TP QI LID(LTCT) +1), (42)

for (x,7) € I x (0, Tp), where Lip(f, I'(2Ty)) is the local Lipschitz constant of f on the closed
interval [0, T (2Ty)].
1

Moreover, if(ug)x € L°°(I), then we have
|0,u(x, 7)|” < Cu'P(x, 1) (r”ﬁ(zTO)Lip(f, T + 1) , (43)

1

with C = C(B, p, l1(ug )xlloo) > 0.
Proof. At the beginning, we regularize f on [0, 00). To do it, we extend f by O in (—o0, 0)
(still denoted by f). Let f,, be the standard regularization of f on R. Then, we consider equation

(Pg,,) with the source f,(u) instead of f(u). Thanks to Lemma 10 and Remark 12, equation
(Pg,) possesses a unique classical solution, denoted by u,, satisfying

[8xun (x, )P < Cul=P(x, 1) (r—lrl+ﬂ(2T0) + TP 1)0(D, £, T (2TH)) + 1) . (44)

for any (x,t) € I x (0, Tp).
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On the other hand, Rademacher’s theorem (see [11]) ensures that

1
O(f,,T'(2To) < Lip(f, T (2Tp) + = Lip(f,2I'(2To)). (45)

By (44) and (45), we observe that |du,(x, t)| is bounded by a constant not depending on n.
Then, the classical argument allows us to pass to the limit as n — oo to get

Up —>u, Oyu, — 0yu, pointwisein I x (0, Tp).
Thus, gradient estimate (42) follows. Similarly, we also obtain estimate (43). O

Next, we shall show that u, ; is a Lipschitz function on I x (z, Tp) with a Lipschitz constant
C being independent of ¢, 7.

Proposition 14. Let u, ,, be the solution of problem (Pg ;) above. Then, for any t € (0, Ty) there
is a positive constant C (B, p, 1|, t, To, ||uollec) such that

|Me,n(x7t)—us,n(yas)|SC(|X_Y|+|I_S|%)1 V-xvy€7’ VS,[E(T, TO) (46)

1 1
Moreover, if (ug )x € L>(I), then there is a constant C = C(B, p, To, |1|, ||uollco, II (] )xlloo) >
0 such that inequality (46) holds for x,y € I, and for s, t € [0, Tp).

Proof. For the sake of brevity, we keep the notation u = u, ;.
Let us first extend u by n outside 7, still denoted as u. Multiplying equation (P ;) by 0;u,
and using integration by parts yield

t

t
//|8[u|2+a(ux)ux8,ux—i—gs(u)a,udxdcr=//f(u,x,a)8,u dxdo,
I s

S
fort > s> 1. (47)
Next, we observe that

p=2

auudnies = (jux? + 1) 7

1 1 P
~ 0 (uxl®) = =3 (us > + 177
2 p

By this fact, we deduce from the above equation

t

/ / |0su(x, cr)|2dxdcr
I

N

t

1 2 2 %
s/—(mx(x,sn +1) dx+/Gg<u<x,s>>dx+//f(u,x,o—)a,udxda
p
1 1 1

N
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t
1 5 1
5/—<|ux(x,s)|2+n2>2dx+—/u(x,s)lfﬁdx—i—//f(u,x,o)a,udxda
p 1-p J

1 1 K
with
r r rl_lg
Ge(r)=/gs(S)ds s/s‘ﬁds= 5
0 0

It follows from Holder’s inequality that

t
1 P
//|3tu|2dxdo5/—(qu(x,s)|2+n2>2dx—i——/u(x ) Pdx+
p 1-p
s 1 1
1
t 2 t
//f2(u,x,a)dxda //|8,u|2dxda
s 1 s 1

By Young’s inequality, we obtain

t
1
—//|8,u|2dxdo
2

s I

<—/|ux(s)|pdx+—/ =B (s)dx + = //f (u,x,0)dxdo + O(n),

where lirr}) O(n) =0. Since f(u,x,t) <h(u), we obtain
n—

t t
1 5 I 1 " 1 5
- |0;u|"dxdo < — | |ux(s)|Pdx + —— [ u "P(s)dx + = h*(u)dxdo + 1.
2 D 1—B 2
s 1 1 T s T

Or

t t
1 1 1 1 i,
—//|3[u|2dxda§ —/||ux(s)||£odx+—/F“/’(To)dwr—//hzdxdaﬂ,
2 p 1-8 2
s 1 1 1 s 1

for any 7 <s <t < Ty, and h= max {h(s)}. Thus, there is a constant C = C(B, p, |1|, Tp)
0<s<I'(Tp)

such that

t
[ [ atando < ¢ (st + 0Pty + 72+ 1). (48)

N
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Thanks to (16), we have

lux (x, $)P < Cu' =P (x, s)(s—lr”'3 Q2To) + TP (2T) O (D, f, T (2T0))

1+8y

r (2To)®(Dxf,F(2To))+1>,
for any s > t. Then,

luy (x,)|” < CT'P(2Ty) (r—lr”ﬁ (2Ty) + TP 2Ty) O (D, f, T (2Ty))+

1+B8y

I QT0)O(Dy £, T2Ty)) + 1>,

for any s > 1.
The last inequality and (48) imply that [|0;u] 12/« (¢, 7)) is bounded by a constant depending

Only on ﬂ’ p» Tv |I|’ TO? ||u0||00
Next, for any x, y € I and for Tp >t > s > 7, we set

1
r=|x—yl+|t—s|3.

According to the Mean Value Theorem, there is a real number x € I, (y) such that

RPN 1 2 ! 2 ! 2
[0ru(x, 0)|” = 10;u(l, 0)|"dl = > 10;u(l, 0)|"dl < o |0;u(l, 0)|"°dl
r r
1

[ (y)|
I (y) I.(y)nI
(49)
Note that d;u(.,t) = 0 outside 1.
Now, we have from Holder’s inequality and (49)
t t
l‘_
(. 1) — (i )P < —s)/ oz, 0)Pdo < 10 //|a,u(l,a>|2dldo—,
r
s s 1
or
t
_ _ 2 1 2 2
lu(x, 1) —u(x,s)|” < E(t —5)3 [0;u(l, o)|"dldo. (50
s 1
From (48) and (50), there is a constant C = C (8, p, ||, t, To) > 0 such that
U@E 1) —u(E, )| <C(t —s5)3, Vi<s<t<T. (51)

Now, it is sufficient to show (46). Indeed, we have the triangle inequality
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lu(x, 1) —u(y, )| < lulx, 1) —u(y, Ol + |luly, 1) —u(y, )| < lulx, 1) —uly, |+
|M(y7 t) - M()E, Z‘)| + |u()z7t) - M()E,S)| + +|M(.7E,S) - M(Y’S)L

where x € I.(y) is above. Then, the conclusion (46) just follows from (51), estimate (16), and
the Mean Value lTheorem.

Finally, if (uo7 )x € L°°(I) then the constant C in (46) does not depend on t by using estimate
(17) instead of using estimate (16). Thus, we get the above proposition. O

Note that the estimates in the proof of Lemma 10 and Proposition 14 are independent of 7, €.
This observation allows us to pass to the limit as 7 — 0 in order to get estimate (16) (resp. (17))
for problem (P;) below.

oru — 0y (|8Xu|”_28xu) +g:(u)= f(u,x,t) inl x (0, Tp),
(Pe) § u(xy,t)=u(x2,1)=0 t € (0, Tp), (52)
u(x,0) =uop(x) on /.

Then, we have the following result

Theorem 15. Let ug € L*°(I). Then, there exists a finite time Ty > 0 so that equation (P¢g)
possesses a unique bounded weak solution u, in I x (0, Ty). Furthermore, u. satisfies estimate
(16) for a.e. (x,t) € I x (0, Ty), and the regularity result in Proposition 14.

1

Moreover, if(ug )x € L*°(1), then u, satisfies estimate (17).

Proof. Let us first assume that ug € C2°(7). It is well known that problem (P;) possesses a
unique solution u, in I x (0, Tp), which is the limit of solution u, ; of problem (P ;) as n — 0,
see details in Theorem 2.1, [31]. As a result, u, fulfills estimate (16) for a.e. (x,t) € I x (0, Tp),
and the Lipschitz property (46).

If ug € L°°(I), then we make a regularization to ug by considering a sequence {uq ,}n>1 C
C2° (1) such that ug g in L"(I), forany r > 1, and |lug.n|l L < lluoll L.

For any ¢ > 0 fixed, there exists a unique solution u, , of problem (P;) corresponding to
initial data ug ;.

Since u, , satisfies (40), it follows from the Ascoli-Azela Theorem that there is a subsequence
(still denoted as {u, ,}) such that u, , converges to u,, uniformly on any compact of 1x(0,Tp) as
n — o0o. Using the diagonal argument deduces that u, ,, converges to u, pointwise in I x (0, Tp)
up to a subsequence.

Then, we obtain from the boundedness of u. , and the Dominated Convergence Theorem

n—o0

Ugy —> Ug, inL"(Ix(0,Tp)), Vr>1. (53)

At the moment, we derive some priori estimates for ug .
Using u, , as a test function in equation satisfied by u, , and integrating on [ yield

1d
Eafug,n(t)dx+/(|8xu8,n|p+gs(ua,n)us,n)dx:/f(us,n, X, S)Ma,ndx~ (54)
1 1 1
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After integrating both sides of (54) on (0, t), we get

t
1
Efuﬁ,n(t)dx+/f(Iaxus,nlp+gs(ug,n)ue,n)dxds
1 0 I

t

1
:[/f(ug,n,x,s)umdxds—i—E/‘ug’n(O)dx

0 I 1

t
< / / e e ndxds + 11102 )
0 I

This leads to

t

l 2 p

3 ug ,(t)dx + (|3xu8,n| +gg(u8,n)u5,n)dxds
0 I

1

< Tol e ull oo x 0,700 + 10130 p- (55)

Estimate (55) and the boundedness of u, , by I'(Tp) on I x (0, Tp) imply that u, , is bounded in
WLP (I x (0, Tp)) by a constant being independent of ¢ and n.

Next, we show that g, (u,) is bounded in L' (7 x (0, Tp)) by a constant not depending on &.
In fact, we have L!-estimate

To Ty
/ug,,,(To)dx+//g8(u8,n)dxds5//f(ug,n,x,s)dxds—i—/u&n(O)dx.
I 0 I 0 I

1

Thus, we obtain

Ty
/ / ge (e w)dxds < TolTle + uo.nll 11 (56)
0 I

Thanks to the Dominated Convergence Theorem, we can pass to the limit in (56) to get

Ty
//gs(ua)dXdS < Toll|h+ lluoll1py- (57)
(V4

Next, from equations satisfied by u. , and u, ,,,, we have

at(ue,n - Ms,m) - (laxua,n|p_28xus,n - |axu£,m|p_23xu£,m)x + gs(”e,n) - gs(ue,m)

= f(uen, x,t) — f(Uem, X, 1).
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Multiplying the above equation with wy, , = ue 5 — ue, » and integrating on I x (0, ¢) yield

t

1 _ _
5 / wﬁ,m(t)dx + / /(|8xu8,n|p 2axu£,n - |8xu£,m|p 28xu£,m)8an,dedS+
1 (V4

t
// (gs(us,n) _gs(us,m))wn,dedsz (58)
0 I

t
1
//(f(us,n,x,t)—f(ug,m,x,t))wn,mdxderE/wﬁ,m(o)dx,
0 7

I

for any t € (0, Tp).
By the strong monotonicity of p-Laplace operator, and the global Lipschitz property of g,
we get

t

t
-2 -2
c//|aan,m|deds5//(|axus,n|p 8xus,n_|8xus,m|p axus,m)aan,dedsv
(VI
t

0 7
t

/ f 1 (ten) — 8o ttom)l[wamldxds < Cs / / (wam Pdxds, (59)
0 I 0 I
t

S

t
f | f oy X0 1) = [ toms 2 D)l m|dxds < / / 2w ldxds,
1 0 I

where ¢ > 0, and C; is the global Lipschitz constant of g;.
From (59) and (58), we get

t t

1 _

E/wrzl,m(t)dx—i—c//|8an,m|pdxds§2h//|wn,m|dxds+
(Vs (VI

I

t
1
C, / / |w,,,,,,|2dxds+5 / 1. — tto.m|*dx. (60)

0 7 1

Since {uo,,}»>1 is a Cauchy sequence in L2(I), and by (53), it follows from (60) that {9,ue n}n>1
is a Cauchy sequence in L? (I x (0, Tp)). Thus, we get

dctton —> deutg, in LP(I x (0, Tp)). ©1)

As aresult, there is a subsequence of {9xue ,},>1 (still denoted as {dyu¢ »}n>1) such that

Please cite this article in press as: N.A. Dao, J.I. Diaz, The extinction versus the blow-up: Global and non-global
existence of solutions of source types of degenerate parabolic equations with a singular absorption, J. Differential
Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.029




YJDEQ:8922
24 N.A. Dao, J.I. Diaz / J. Differential Equations eee (eeee) see—see

Otten —> dyug, forae. (x,1) €1 x (0, Tp).

This implies that u, also fulfills estimate (16) for a.e. (x,t) € I x (0, Tp).

On the other hand, by (60) we observe that u, , is a Cauchy sequence in C([0, To]; L2(1 ),
thereby proves

ue € C([0, Tol; L*(I)). (62)

Now, we will show that u, satisfies equation (52) in D’(I x (0, Tp)). In fact, we write equation
satisfied by u, , under variational form as follows

Ty
[ [ (St st 2001008+ 2100 = G .5)9) dds =0,
0 I

for any ¢ € C2°(I x (0, Tp)). Thanks to the Dominated Convergence Theorem, (53), and (61),
we obtain after letting n — oo

To
// (_”s¢t + |axus|p_23xu8¢x + ge () — f(ue, x, S)¢> dxds =0,
0 I

V¢ € C2°(I x (0, Tp)).
In brief, u. is a weak solution of equation (52).
Finally, the uniqueness result follows from the standard argument due to the local Lipschitz
property of f(.,x,t). O
4. Local existence

In this section, we give the proof of Theorem 2.

Proof. Forany ¢ > 0, by the result of Theorem 15, there is a unique weak solution u, of equation
(52)in I x (0, Ty). We first claim that {u.}.~¢ is an increasing sequence. In fact, we observe that

g:(s) < gg(s), foranye>¢g >0, Vs>0.

This implies that u, is a super-solution of equation satisfied by u./. Therefore, the comparison
principle yields

Ug Z u&‘/a in I X (0’ To)a

or we get the above claim. As a result, there is a nonnegative function u such that u, | u as
& — 0. We would like to emphasize that the monotonicity of {u.}.~o will be intensively used in
what follows, although one can utilize Ascoli—-Azela Theorem to show that u, — u.

According to (56), the boundedness of f in I x (0, Tp), and the fact that u, | u in I x (0, Tp),
we can use a result of gradient convergence of Boccardo et al., [4], [3] in order to obtain
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e—0
Oxus —> 0xu, forae. (x,1) el x (0, Tp). (63)

The reader who is interested the proof of (63) in detail can find in [6]. As a result, u, fulfills
estimate (16) for a.e. (x,t) € I x (0, Tp), and

e =90, inL'(Ix (t1,0), Vr>1, forO<t <b<T. (64)
Next, let us show that
u™P xu=0y € L'(I x (0, Tp)). (65)

From (57), applying Fatou’s lemma deduces that there is a function ® € LY(I x (0, 00)) such
that

1ig61fgg(u5) =&, inL'(Ix(0,Tp)). (66)
The monotonicity of {u.}.~o ensures that
e (ue)(x, 1) = ge(ue) X{u>0) (X, 1),
o)

limi(r)lfgg(ug)(x, t)=o> u_ﬂx{u>0}(x, t), forae. (x,1) el x(0,Tp). ©67)
E—>
Thus, conclusion (65) just follows from (66) and (67). Actually, we will show at the end that

®=u"P =0, inL'(Ix(0,00)). (68)

Now, we demonstrate that u# must satisfy equation (1) in the sense of distribution.
For any n > 0 fixed, we use the test function ¥, (u,)¢, ¢ € CZ°(I x (0, Tp)), in the equation
satisfied by u,. Then, using integration by parts yields

1  Ue -2
<_ \yn(ua)(pt + ;lax“swlp (7)(1’ + |3x’48|p axus¢x1ﬁn(“s)+

Supp(¢)

8e(ue)Yy(ue)d + fue, x, )Yy (”a)¢>dXdS =0,

u
with ¥, (u) = / Y, (s)ds. Note that we use the function ;) (.) in order to avoid the singularity

0
of the term u—* X{u>0}, as u is near 0. Thus, there is no problem of going to the limit as ¢ — 0 in
the indicated equation:
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1 Pl
— Wy + —lux| "' (—)¢
n n
Supp($)

+ |ux|p_zux¢x1//n(u) + M_ﬂllfn(u)fﬁ + f(u, x, S)wn(u)(b)dde =0.

Next, we go to the limit as n — 0 in the above equation. By (63), (64), (65), and the bound-
edness of f and u in I x (0, Tp), it is not difficult to verify

T}iir%) W, (u)pdxds = / ugp;dxds,
Supp(¢) Supp(¢)
tim [l Pty @drds = [l grdrds,
" Supp($) Supp(¢p) (69)
rgi_r)r}) / u_ﬂl//,,(u)qbdxds = / u_ﬂx{u>o}¢dxds,
Supp () Supp ()
lim / fu,x, )Y, w)epdxds = / f(u,x,s)pdxds.
" Supp () Supp ()

(Note that the assumption f (0, x, ¢#) = 0 is used in the final limit of (69)).
On the other hand, we show that

1
lim ~ 1ol Py (Lypdxds = 0. (70)
n—0 n n

Supp(¢)

In fact, since u satisfies estimate (16) for a.e. (x,t) € I x (0, Tp), we have
1 ,u 1 g
- |3xul P 1Y (=)¢ldxds < C— u'"Pdxds
n n
Supp(¢) Supp(p)N{n<u<2n}

<2C u_ﬂdxds,

Supp($)N{n<u<2n}

where the constant C > 0 is independent of 7. Since up X{u>0) 1s integrable on I x (0, Tp) (see
(65)), we obtain

lim / uPdxds =0,
n—0
Supp(¢p)N{n<u<2n}

which implies the conclusion (70). A combination of (69) and (70) deduces
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(—ugy + lux”2usdy +uP xu=01¢ + f(u, x, 5)¢)dxds = 0. (71)
Supp(¢p)

In other words, u satisfies equation (1) in D'(I x (0, Tp)).
As mentioned above, we prove (68) now. The fact that u, is a weak solution of (52) gives us

(= ety + 185ue P20, uedx + ge (ue)p + f(us, x, )$)dxds =0,

Supp(¢)

for ¢ € C°(I x (0, Tp)), ¢ > 0. Then, letting ¢ — 0 deduces

[ (et 20, ) axas

Supp(¢)

+ lin}) ge(ug) dxds + / fu,x,t)¢ dxds =0. (72)

Supp(p) Supp(¢p)
By (71) and (72), we get

lin}) ge(ug)gp dxds = / uiﬂx{wo}cﬁ dxds. (73)
£—

Supp(9) Supp(¢)

According to (66), (73) and Fatou’s lemma, we obtain

u_ﬁx{u>0}¢dxds > / dp dxds, Voe Cfo(l x (0, Tp)), ¢ = 0.

Supp(¢) Supp(¢p)

The last inequality and (67) yield conclusion (68).

Finally, the conclusion u € C([0, Tol; L! (1)) is well known, so we skip its proof and refer to
the compactness result in Theorem 1.1, [25], (see also [6], [26]).

In conclusion, u is a weak solution of equation (1).

We complete this Section by proving that u is the maximal solution of equation (1).
Proposition 16. Let v be any weak solution of equation (1) on I x (0, Tp). Then, we have

v(x,t) <u(x,t), forae. (x,t)el x(0,Tp).
In fact, for any ¢ > 0, we observe that

g (v) < v P x(p-0).

Thus,

o= (") +g:) = f0x,0), n D' x 0. Ty)),

Please cite this article in press as: N.A. Dao, J.I. Diaz, The extinction versus the blow-up: Global and non-global
existence of solutions of source types of degenerate parabolic equations with a singular absorption, J. Differential
Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.029




YJDEQ:8922
28 N.A. Dao, J.I. Diaz / J. Differential Equations eee (eees) see—see
which implies that v is a sub-solution of equation (P;). By the comparison principle, we get
v(x,t) <ug(x,t), forae. (x,t)el x (0, Tp).
Letting ¢ — 0 yields the result. Thus, we complete the proof of Theorem 2. O
If f(u,x,t) = f(u), we have then a local existence of solution.

Theorem 17. Assume that f(u,x,t) = f(u), and f is alocal Lipschitz function on [0, 00). Then,
equation (1) has a solution in I x (0, Ty) satisfying gradient estimate (42).
1

Moreover, if(ug )x € L°(1), then the above solution fulfills estimate (43)

Proof. The result is proved by a combination of the proof of Theorem 2 and Lemma 13. We
leave it to the reader. O

5. Global existence of solution, and the extinction phenomenon
5.1. Global existence and the extinction of solution

It suffices to prove Theorem 4, and Theorem 6 for the maximal solution .
Proof of Theorem 4. We first note that the local existence of solution u in I x (0, Tp) is estab-
lished by Theorem 2. To prove that u is a global solution of equation (1), it is sufficient to show
that u is bounded by a constant not depending on ¢.

In fact, let us put

@ (x) = ko, (x). (74)
1
We have in1;{¢>10(x)} > 0 since I CC Ip. Then, for any ¢ € (0, 3 ing{GJ(x)}), we get g.(P) =
xXe xXe
® B, likewise
Lo(®) 1= D — (|Px]" 2 D) + ge(®) — Af (B, x,1)

= —(|Px|P 20 + 7 = Af (@, x,1). (75)

By (13), we observe that L.(®) > 0, in D'(I x (0, Tp)), so ® is a super-solution of equation
(Pg). Thus, the strong comparison theorem yields

Uug(x,1) <d(x), Vix,t)el x(0,Tp).

The standard argument deduces the global existence of solution u.. Then, u exists globally and
the conclusion (14) follows immediately by the monotonicity of u,. O

Next, we will show that for a given A > 0, the maximal solution # must vanish identically
after a finite time if ||ug||co is small enough.
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Proof of Theorem 6. One hand, the assumption /(0) = 0 implies that f(s,x,7) - 0ass — 0,
uniformly for any (x,7) € I x (0, 00). Other hand, since |lug|l~ is sufficiently small, we can
then choose an open bounded interval Iy containing [, and ko > 0 small as well such that (13)
holds. Thanks to Theorem 4, the maximal solution u exists globally, and it is bounded by M =

sup{®(x)}, where ® is the function in (74). Note that M is as small as ||ug]|cc-
xel
Using the test function u to equation (1) gives us

1d

S uz(t)dx+/(qu(t)lp+u1_ﬁ(t))dx=X/f(u,x,t)udx
1

1 I

§AM/3 max {h(u)}/ulfﬂ(t)dx.
0<u<M
I

lifuz(t)dx+/|u (O|Pdx+(1—c )/ul_ﬁ(t)dx—o (76)
2 dt X M =Y,
1 1 1

where ¢y = AMP OmaXM{h(u)} tends to 0 as M — 0. Thus, (1 —cypr) > cg > 0, when |lugl|o 18
<u<

small enough. It follows from (76) that

%% W2 (t)dx + co/ (|ux(t)|1’dx + u‘—ﬂ(t)) dx <0. 7
1

Now, using Garliardo—Nirenberg’s inequality yields

<
—
|
>

@27y < luxON o lu @70, = ¢ f lux (1)|Pdx / uydx |
1

with 0 = ; Thus,
4-2p-1
O+1-0 b+1-0
le@)l 2 < ¢ f(|ux<r)|”+u<r))dx <c f(|ux(r)|P+Mﬁu1—f’<t>)dx
1 1
941-9

P

o [(uwr+aPo)a)
1

with ¢ =c¢(p), cy = c1(B, p, M) > 0.
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Then, we obtain

o

fu2(t)dx < Cz/ (|ux(t)|p 1 ul—ﬁ(r)) dx, (78)
1 1
with o = ; € (0,1),and ¢ = c2(B, p, M) > 0.

25 +1-0)
By (77) and (78), there is a positive constant ¢z = c3(8, p, M) > 0 such that

() +c3z° () <0, fort>0, (79)

with 2(1) = [u(®)7,-

If we can show that there is a time fy € [0, 00) such that z(zy) = 0. It follows then from (79)
that z(¢) = 0, for any ¢ > f¢, thereby proves Theorem 6.

In fact, we argue by a contradiction. Assume that z(¢) > 0, for any ¢ > 0. Solving the ordinary
differential inequality (79) yields

2(1—0)

2700 + (1 =0y < w35, V=0, (80)
which leads to a contradiction as ¢ is sufficiently large.
In other word, we complete the proof of Theorem 6. O
2(1—
N o IOz,
Remark 18. Inequality (80) implies that the extinction time of u, denoted by T* < ﬁ
caa(l—o

Remark 19. Similarly, we also obtain the complete quenching result for the case A small. As a
result, Theorem 6 follows.

Now, we will show that f(0,x,¢) =0, for any (x,¢) € I x (0, 00) is the necessary and the
sufficient condition for the existence of solution of equation (1) for any small initial data.

Theorem 20. Let 0 < f € Cl([O, 00) x 1 x [0, oo)). Assume that there exists a function h €
C'([0, 00)) such that fu,x,t) <h(u), for any (x,t) € I x (0, 00). Assume that equation (1)
has a solution for any initial data. Then, we have f(0,x,t) =0, for any (x,t) € I x (0, 00).

Proof. We argue by a contradiction that there exists (xg, fg) € I x (0, 00), such that

£, xp, 19) > 0. @81

Let ||uplloo be sufficiently small, and v be a weak solution of equation (1).

By f(0, xo, o) > 0, we can assume without loss of generality that #(0) = 1. Consider an open
interval Iy such that I CC Ij.

Put

~ uolls B
Ko = W’ and @ (x) = ko, (x),
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where ¢y, is the first eigenfunction of equation (5) in Iy. We note that ing {¢1,(x)} > 0. Then for
Xe

any ¢ € (0, %irelg{d)lo (x)}), we consider

L (D0) = (Do) — (|(D0)x [P 72(P0)x)x + &6 (Do) — A (Do)
=k o +rg Lo’ — hikogr).  inD'(D).

Next, we observe

. B
inf {(»b[o (-x)}

xel

B, —B -B
Ko ;" > luollos | =
0 Th %\ max{gy, (x)}
xel

which implies that &, P ¢[—0ﬂ is large when |luglloo is small. While, h(ko¢y,) is bounded by a
constant. Thus, £, (Pg) > 0 in D'(I), thereby

Le(Po) = L(Po) > 0.
Or, @ is a super-solution of equation (P;).
On the other hand, v is a sub-solution of equation (P;), see the proof in Proposition 16.
Therefore, the comparison principle deduces
v(x) < kodppy(x), inl x (0,00).
By the same analysis as in the proof of Theorem 6, we obtain
v(x,t) =0, forany (x,7)el x (T*,o0), (82)

where T* < c||u(0)||i(21(;)0 )

By equation (1) and (82), we obtain

, for some constant ¢ > 0, see Remark 18.

2(1-0)

f(0,x,t)=0, foranyxel, andfort>c||u(0)||L2(1) .

i(zl(;)“). Thereby, f(0,x, %) =0, forany x € I.

This contradicts (81). Or, we complete the proof of Theorem 20. O

Since |lug|loo is small enough, then 7y > c||u(0)||

5.2. The critical case A f (u, x,t) = auP~!

As mentioned in the Introduction, it is interesting to study our extinction result for the critical
case: f(u) = ruP~!. We will show that the maximal solution of equation (1) vanishes after a
finite time if provided 0 < (A — Ay) small enough. We emphasize that the proof of the following
theorem will illustrate the role of the singular absorption term 1 —# X{u>0} in preventing blow-up
and in forcing solution to the extinction.

Theorem 21. Let ug(x) = ¢y (x). Assume that 0 < (A — Ay) is sufficiently small. Then, the maxi-
mal solution u vanishes identically after a finite time.
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Proof. We first claim the global existence of the maximal solution u. The idea is similar to the
one of Theorem 4.

Indeed, let us put I5 = (x1 — &, x2 + ), where § > 0 small enough. Let A;; and ¢, be the first
eigenvalue and the first eigenfunction of problem (5) in /5. Because A is a continuous function
with respect to /s, then we can choose § > 0 small such that |A;; — A| is small as well.

Fix § > 0 small, there is a positive constant ko > O such that

koo, (x) > ¢o(x), Vxel,

and for any ¢ € (0, 1 in£{¢,; (x)}), we have
xe

Lekops) = Ak o (1) + ko P () — Ak ol ).

Since ¢1_3ﬂ (x) is large when x is near to xy (resp. x2), and |A — A, | is small enough, then it is not
difficult to verify that £, (ko¢s) > 0 in D’(I x (0, Tp)). Thus, the comparison theorem yields

ug(x, 1) <kops(x), V(x,1)el x(0,To), (83)
which implies the global existence of u,. Or, we get the above claim.

Next, we prove the extinction result for the maximal solution u.
By multiplying the test function u to equation (1), we have

1d
S uz(t)dx+f (qu(t)lp +u1—f‘(z)) dx :/,\updx. (84)
1 1 1
L47)
Since A; = inf M}, we have

vewlray JplvlPdx

1
/updxf—/|ux|pdx.
Al

1

I

A combination of this inequality and (84) deduces

1d [ 1-8 o / p
3T u (t)dx—i—/u (tHdx < ()\] D[ Jux@)|Pdx. (85)
!

I 1

Thanks to estimate (16), and the boundedness of u in (83), we obtain
jux e 017 = €8, pu' Py (M 4 (p = DMPHT 1))
fora.e. (x,t) eI x (0, 00),

with M = sup{ko¢s(x)}. Therefore, we get for any ¢ > 1,

xel
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s e, 017 < CB.p) (MU 4 (p = DMPHF 1) ! P e, ), (86)
Insert inequality (86) into the right hand side of (85) to get

1d [, 1-p
S | wode+ ¢ [ W Pdr <0, fore> 1, (87)

I I

A

with C; =1—C(8, p) (M'™P + (p — HMPTF~1 1 1) (A— — 1) > 0. Note that C; > 0 since
1

|A — A is small enough.

From (86) and (87), there is a constant C, > 0 such that

d 1d
E/uz(t)dx+C2/ (qu(t)|p+u1_ﬁ(t)) dx < Eafuz(t)dx+C1/ul_ﬁ(t)dx <0,
1 1 1 1
forr > 1. (88)

By the same argument as in the proof of Theorem 6 after (77), we obtain

@) +C32°() <0, fort>1, (89)

with C3 > 0, and z(r) = ||u(t)||%2(1).
Now, if we can show that there is a time #g € [1, 00) such that z(#y) = 0. It follows then from
(89) that z(¢) =0, Vt > t9. Then, we complete the proof of Theorem 21.
By contradiction, we assume that z(¢) > O for any 7 > 1. Solving the ordinary differential

inequality (89) yields

2(1—0)
Lxn

7O+ C(1—0)t = 1) < Ju()] vi > 1,
which is ridiculous when ¢ is large enough. In other words, we get the above theorem. 0O
6. Non-global existence of solution

We give the proof of Theorem 8. The proof follows from the lemmas below.

Lemma 22. Let ug € Wol’p(l). Suppose that f(u,x,t) = f(u). Then, the maximal solution u of
equation (1) in I x (0, T) satisfies the energy relations: for any t € (0, T)

t
%/u%x,r)dx— %/u%(x)dx://(uf(u)—|ux|p—u1_’3) dxds, (90)
(V4

1 I
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//u dxds—i—[ (llux(t)lp—}- Lulfﬂ(t) - F(u(t))) dx
P 1-p

! O

</(l|(u0) ! ul_ﬁ—F(uo))dx

Proof. The proof of Lemma 22 is classical, so we skip it, and refer its proof to Theorem 2.1,
[16]. O

on (0, 00). Ifu € LI x (0, T)), then we have

4Bp—1)

1

PEO) +

Proof. Let us put

2 /2d z—T( 2)
T(p 2)2 u -x’ 0_2p £

and

1
1 1
H(t) = 3 / / uz(x, s)dxds + 3 /(T — t)u%(x)dx +oa(t+ t0)2.
0 I
Obviously, we have from (90)

H'(t) = %/zﬂ(x, t)dx — %/u%(x)dx + 2a(t + ty)

1 I

=//(uf(u)—|ux|p—ulfﬂ)dxds—i—Za(t—}—to),
(U

H”(t):/(uf(u) lux|? —u'™ )dx+2a (93)

I

By Holder’s inequality

t
|%fu2(x,t)dx— %/u%(x)dﬂ :%f/(uz)tdxdﬂ

1 I (U
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t t % t
5//|uu,|dxds < //uzdxds //utzdxds
0 I 0 I 0 I

1
2

Thus

t t
|H' (0> < //u2dxds f/u,zdxds) + 40>t + 10)?
0 I 0 I
1 1
t 2 t
+4a(t + ty) //uzdxds /fu?dxds
0 I 0 I

2
By the definition of H (), we have for any 7 € [0, T']

(94)

4o (t + t0)? < 4o H (1),

t+10 </ ED,

o

‘ (95)
//uz(x,s)dxds <2H(®).
0 I

Inserting (95) into the right hand side of (94) yields

t t
|H'(1)]? < H(1t) //u%dxds + 4420 //utzdxds + 4o
0 1 0 1

By Schwarz’s inequality, we obtain

t
|H'(1)|? < H(1) 2/fu$dxds+ 120 (96)
0 I

Thus, it follows from (93) and (96) that

H(H (1) — §|H’<t)|2

t
> H(t) /(uf(u)—|ux|P—ulfﬁ)dx+2a—p//ulzdxds—6pot
0 I

I

Thanks to (91), we get
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—1
H(nH" (1) — §|H’<r)|2 > H(r)( / (uf () — pF(w))(t)dx + % f u' P (t)dx
1 1

p
1-5

+/(pF(uo)—|(uo)x|p—

I

uy ")dx —2a(3p - 1))

Since is non-decreasing on (0, o), we have

d (F(u)

— >0, foru=>0,
du \ u?

thereby proves
wf () — pF(u)=0.
Then

fﬂ ul™PVdx —20(3p — 1)).

H(OH" (1) — ng/(l)lzzH(t)</(PF(uo)— |(uo)x|” — 1
1

Or
P 2 4Bp-=D [ »
H(H"(t)— =|H' ()| >H@)| — pEQO) — ———= dx ).
()H" (1) 2I O = ()( PE(0) T(r =272 updx
Iy
Now, if conclusion (92) fails, then
4Bp-1 2
EQO)+ —— dx <0,
p ()+T(p—2)2 Upax =
Iy
thereby
1 p l 2

H(H (t)—EIH(t)I >0,
or

2

1-2

W(H 2(1)) <0, forte(0,T). 97)

Clearly
_pv —H'"%(0)
H©)>0, (H'"2)(0) <0, - =T

(H'=5)©0

Solving the ordinary differential inequality (97) yields
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T
IO ————
H'™20) +t(H'"2)(0)

which implies that H (¢) is blowing-up at a time ¢ € (0, T]. This contradicts the boundedness of
H(t)in [0, T], so Lemma 23 is proved. O

Lemma 24. Suppose that the hypotheses of Lemma 23 holds. Let u be the maximal local solution
of equation (1). If we assume that

4@p -1

I

PE0) +

then there exists a time 1y € (0, T]| such that

lim ||u ()| Loo (1) = +00.
=17

Proof. Let t =sup{r € (0,7):u e L x (0,1))}.
If T < T, then there is a positive constant M > 0 such that

lu@)loc <M, forte(0,7].

Put

) fa, ifu<M+1,
fM(u)_{f(M—i—l), ifu>M+1.

It is clear that f), is a global Lipschitz function on [0, co). We consider the following equation:

ov — (|vx|p_zvx)x + v_ﬂX{v>0} =fu) inl x (0,T),
v(xy, 1) =v(x2, 1) =0 te(0,7), 99)
v(x,0) =uo(x) inl.

Thanks to Lemma 13, and the boundedness of f)s, equation (99) has a maximal continuous
global solution v. Since u# and v are the two maximal solutions on (0, 7], then we obtain

v=u, on(0,1],
which implies that v < M on (0, t]. It follows from the continuity of v that
v<M+1, on(0,1+e¢],

for some ¢ > 0. Note that fs(s) = f(s), if s < M + 1. This implies that v is also the maximal
solution of equation (1) in I x (0, T + ¢). This contradicts the definition of t.
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If t =T, then u is bounded in I x (0, T). This contradicts Lemma 23. Thus, # must blow up
atatime tg € (0, T']. Or, Lemma 24 is proved. O

To complete the proof of Theorem 8, it remains to show that the set

43p—1)

E(T)= {uo e Wy’ (I): pE(0) + ———
T(p—2)?
(r=2 J

u%dx < O}

is not empty. Then, we have

L,p . F(u)
Lemma 25. Let ug € Wy~ (1), and ug # 0. Assume that lim

U—>00 1Yy

= +o00. Then, kug € E(T)

for k > 1 large enough.
In the critical case: f(u) =uP~", then kug € E(T) if |I| and k are sufficiently large.

Proof. By contradiction, if kug ¢ £(T), for any k > 1, then we have

-8 _ 43p — k2
p/F(Kuo)dx <Kp/|(uo)x|pdx+ liad /u(l) ﬂdx+u/u(2)dx.
1 I

1-p T(p—-2)?
1 1
Or
I=p=p 43p — DHi?>P
D pK 1-8 Bp— Dk
K—p/F(Kuo)dx</|(u0)X|de+ﬁ/uo dx+w/u(2)dx (100)
1 1 1 1

It is clear that the right hand side of (100) is bounded by a constant not depending on the param-
eter k > 1.
On the other hand, we have

1 F
s / F(kug)dx = / ug (K(::)Op) dx — 400, ask — +oo.
1

1
This contradicts the boundedness of - / F(kug)dx, so we get the conclusion for the case:
K

I

F
lim (u) =400

u—o0o yb

Next, we prove for the critical case.

Without loss of generality, we assume [ = (—[,[), with [ > 1 large enough. We consider an
initial data ug € C2°(1), such that ug =1, 0on (=/+ 1,/ —1),0 <up <1, ug = 0 outside (-1, 1),
and |(uo)x| < co.
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Fig. 1. Evolution of the unique solution of equation (7).

Then

1 1 P 2
— | Flkup)dx = — [ ug(x)dx = —( —1),
kP P P
I

1

I-B—p
/ o)y Pdx + B — [l Pax
1-8
I I
43p — D2P

T(p—2)2 /uédx =C(B.p.co.T) ((Kl‘ﬂ‘f’ + .27+ 1) :
I

Thus, kug € £(T) if «, |I| are sufficiently large. Or, we get the above lemma.
This puts an end to the proof of Theorem 8. O

7. Numerical experiences

In this part, we illustrate our theoretical results with some numerical experiences. Our numer-
ical scheme mimics the one in the paper of Ferrera et al., [12]. Similarly, we use the linear finite
elements with mass lumping in a uniform mess for the space variable to discretize our equations
(1) and (7). The reader who is interested in detail can find in [12].

In the sequel, we consider equation (1) and equation (7) for the case: g = p =2.3, 1 = (0, L),
and ug(x) =x(L —x),and f(u) = Al We fix B =0.8, L =3.1273. It follows then from (6)
that A; = 0.9999.

With A =1 > A; (just alittle bit difference), the unique solution of equation (7) blows up after
t = 4286, see Fig. 1.

With A = 1.269, the maximal solution of equation (1) vanishes after t = 7.6, see Fig. 2.

With A = 1.270, the maximal solution of equation (1) blows up at t = 23, see Fig. 3 (compare
to the case A = 1.269 in Fig. 2).
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Fig. 3. Evolution of the maximal solution of equation (1).

References

[1] H.T. Banks, Modeling and Control in the Biomedical Sciences, Lect. Notes Biomath., vol. 6, Springer-Verlag,
Berlin—-New York, 1975.

[2] R.L. Biezuner, G. Ercole, E.M. Martins, Computing the first eigenvalue of the p-Laplacian via the inverse power
method, J. Funct. Anal. 257 (2009) 243-270.

[3] L. Boccardo, T. Gallouet, Nonlinear elliptic and parabolic equations involving measure data, J. Funct. Anal. 87
(1989) 149-169.

[4] L. Boccardo, F. Murat, Almost everywhere convergence of the gradients of solutions to elliptic and parabolic equa-
tions, Nonlinear Anal. 19 (6) (1992) 581-597.

[5] E. Coddington, N. Levinson, Theory of Ordinary Differential Equations, McGraw—Hill, New York, 1955.

Please cite this article in press as: N.A. Dao, J.I. Diaz, The extinction versus the blow-up: Global and non-global
existence of solutions of source types of degenerate parabolic equations with a singular absorption, J. Differential
Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.029



http://refhub.elsevier.com/S0022-0396(17)30384-4/bib42616E6B73s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib42616E6B73s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib426945724Ds1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib426945724Ds1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib426F4761s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib426F4761s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib426F4D75s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib426F4D75s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib436F642D4C6576s1

N.A. Dao, J.I. Diaz / J. Differential Equations eee (eeee) see—see 41

[6] A.N. Dao, J.I. Diaz, A gradient estimate to a degenerate parabolic equation with a singular absorption term: global
and local quenching phenomena, J. Math. Anal. Appl. 437 (2016) 445-473.
[7]1 A.N. Dao, J.I. Diaz, P. Sauvy, Quenching phenomenon of singular parabolic problem with L' initial data, Electron.
J. Differential Equations 2016 (136) (2016) 1-16.
[8] J. Davila, M. Montenegro, Existence and asymptotic behavior for a singular parabolic equation, Trans. Amer. Math.
Soc. 357 (2004) 1801-1828.
[9] J.I. Diaz, Nonlinear Partial Differential Equations and Free Boundaries, Res. Notes Math., vol. 106, Pitman, London,
1985.
[10] J.I. Diaz, On the free boundary for quenching type parabolic problems via local energy methods, Commun. Pure
Appl. Anal. 13 (2014) 1799-1814.
[11] L.C. Evans, R. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press, Boca Raton, Ann Arbor, and
London, 1992.
[12] Raul Ferreira, Arturo De Pablo, Mayte Perez-Llanos, Numerical blow-up for the p-laplacian equation with a source,
Comput. Methods Appl. Math. 5 (2005) 137-154.
[13] V.A. Galaktionov, Blow-up for quasilinear heat equations with critical Fujita’s exponents, Proc. Roy. Soc. Edinburgh
Sect. A 124 (1994) 517-525.
[14] V.A. Galaktionov, J.L. Vazquez, The problem of blow-up in nonlinear parabolic equations, Discrete Contin. Dyn.
Syst. 8 (2) (2002) 399-433.
[15] J. Giacomoni, H. Maagli, P. Sauvy, Existence of compact support solutions for a quasilinear and singular problem,
Differential Integral Equations 25 (7-8) (2012) 629-656.
[16] J. Giacomoni, P. Sauvy, S. Shmarev, Complete quenching for a quasilinear parabolic equation, J. Math. Anal. Appl.
410 (2014) 607-624.
[17] B. Kawohl, Remarks on quenching, Doc. Math. J. DMV 1 (1996) 199-208.
[18] B. Kawohl, R. Kersner, On degenerate diffusion with very strong absorption, Math. Methods Appl. Sci. 15 (1992)
469-477.
[19] O.A. Ladyzenskaja, V.A. Solonnikov, N.N. Uralceva, Linear and Quasi-Linear Equations of Parabolic Type, vol. 23,
AMS, 1988.
[20] H.A. Levine, The role of critical exponents in blowup theorems, SIAM Rev. 32 (2) (1990) 262-288.
[21] H.A. Levine, Quenching and beyond: a survey of recent results, in: Nonlinear Mathematical Problems in Industry II,
in: GAKUTO Internat. Ser. Math. Sci. Appl., vol. 2, Gakkotosho, Tokyo, 1993, pp. 501-512.
[22] Y. Li, C. Xie, Blow-up for p-Laplacian parabolic equations, Electron. J. Differential Equations 2003 (20) (2003)
1-12.
[23] M. Montenegro, Complete quenching for singular parabolic problems, J. Math. Anal. Appl. 384 (2011) 591-596.
[24] D. Phillips, Existence of solutions of quenching problems, Appl. Anal. 24 (1987) 253-264.
[25] A. Porretta, Existence results for nonlinear parabolic equations via strong convergence of truncations, Ann. Mat.
Pura Appl. (4) 177 (1999) 143-172.
[26] J. Simon, Compact sets in the space L” (0, T'; B), Ann. Mat. Pura Appl. (4) 196 (1987) 65-96.
[27] W. Strieder, R. Aris, Variational Methods Applied to Problems of Diffusion and Reaction, Springer-Verlag, Berlin,
1973.

[28] M. Tsutsumi, Existence and nonexistence of global solutions for nonlinear parabolic equations, Publ. RIMS, Kyoto
Univ. 8 (1972-1973) 211-229.

[29] M. Winkler, Nonuniqueness in the quenching problem, Math. Ann. 339 (2007) 559-597.

[30] Zh.Q. Wu, J.N. Zhao, J.X. Yin, H.L. Li, Nonlinear Diffusion Equations, World Scientific, Singapore, 2001.

[31] J.N. Zhao, Existence and Nonexistence of Solutions for u; = div(qulp_ZVu) + f(Vu,u,x,t), J. Math. Anal.
Appl. 172 (1993) 130-146.



http://refhub.elsevier.com/S0022-0396(17)30384-4/bib416E684469617As1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib416E684469617As1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib416E684469617A31s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib416E684469617A31s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib446176696C612D4D6F6E74656E6567726F737572766579s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib446176696C612D4D6F6E74656E6567726F737572766579s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib445069746D616Es1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib445069746D616Es1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4469617A31s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4469617A31s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4576616E7347617269657079s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4576616E7347617269657079s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib46504Cs1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib46504Cs1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib47616Cs1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib47616Cs1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib47616C2D56617As1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib47616C2D56617As1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4D614769536175s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4D614769536175s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib47695361536572s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib47695361536572s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4B61776F686Cs1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4B61772D4B6572736E6572s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4B61772D4B6572736E6572s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4C61536F55s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4C61536F55s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4C6576s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4C6576696E65s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4C6576696E65s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4C69586965s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4C69586965s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib4D6F6Es1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib5068696C6C697073s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib506F727265747461s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib506F727265747461s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib5369s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib53747269656465722D41726973s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib53747269656465722D41726973s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib547375s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib547375s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib57696E6B6C65722D6E6F6E756E697175656E6573s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib57754A696E67487569s1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib5A68616Fs1
http://refhub.elsevier.com/S0022-0396(17)30384-4/bib5A68616Fs1

	The extinction versus the blow-up: Global and non-global existence of solutions of source types of degenerate parabolic equations with a singular absorption
	1 Introduction
	2 Preliminary and main results
	3 Pointwise estimates for |ux|
	4 Local existence
	5 Global existence of solution, and the extinction phenomenon
	5.1 Global existence and the extinction of solution
	5.2 The critical case λf(u,x,t)=λup-1

	6 Non-global existence of solution
	7 Numerical experiences
	References


