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1 Introduction

The main goal of this paper is to improve some of the results of a previous paper by the authors
in collaboration with R. Temam [9] as well as the recent researches presented in [19] concerning
the Schrodinger type stationary equations equation with very singular potentials

—Aw+i(z) - Vw+ V(z)w = f(z) in Q, (1)
where € will be an open subset of of R" and f € L'(Q,§), with
0(x) :=d(x,00).

We assume given a flux transport term @ € L™(2)™ such that
divi=0 £,
{ o (2)

and a potential in the general class of functions satisfying V € Li (2),V > 0 a.e. on Q. Our

loc
main motivation is deal with “very singular potentials” in the sense that they satisfy

V(z) >

C
for some r > 2, near 0. (3)
o(z)"
We send the reader to [9] for considerations and references concerning the case of “moderate
singular” potentials corresponding to r € (0,2). Notice that our purpose, as already indicated in
the title of the paper, is to prove the existence and uniqueness of a suitable class of solutions of
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(1) without prescribing any boundary condition in an explicit way although we shall demand to
the solutions a certain integrability condition which implicitly assumes some behaviour on them
on 0€): we shall enter into details later.

In our previous paper [9] we offered a set of relevant applications leading to the consideration
of problem (1). In the special case of @ = 0 some of those motivations where: linearization of
singular and /or degenerate nonlinear equations, shape optimization in Chemical Engineering
and, very specially, the study of ground solutions (¢, x) = e~*Ptw(z) of the Schrodinger equation

0
iaif =AY+ V()Y in (0,00) x R"
P(0,z) = o(x) on R"

for singular potentials (satisfying (3)) which tray to confine the wave function of the particle
in the domain 2 of R™ . A very interesting source of concrete singular potentials examples was
described in the long paper [5] where only asymptotic technics were sketched for the treatment of
the problems. We recall that the confinement takes place once that we prove that the solutions

of (1) are, in fact, “flat solutions” (in the sense that w = g—z =0 on 092).

(4)

Concerning the case @ # 0 the main motivation mentioned in [9] was the study of the vorticity
equation in fluid mechanics. Schroedinger equations involving also a flux term motivated by some
questions in Control Theory where already considered also by several authors when proving the
“unique continuation property” (see, e.g. [13] and its references). Notice that the existence of
flat solutions to this equation implies the failure of the “unique continuation property” for such
very singular class of potentials.

So, roughly speaking, the aim of this paper is to study the equation

Aw = fin Q, (5a)
w =0 on 09, (5b)

where
Aw = —Aw+ 1 - Vw + Vw. (6)

2 Notations, definitions and previous results

We shall adopt the same notations as in our previous paper [9)].

We set
LY(Q) = {v : @ — R Lebesgue measurable}

and we denote by LP(€2) the usual Lebesgue space 1 < p < +o00. Although it is not too standard,
we shall use the notation W1P(Q) = WILP(Q) for the associate Sobolev space. We need the
following definitions:

Definition 2.1 (of the distribution function and monotone rearrangement). Let u € L°(Q).
The distribution function of u is the decreasing function

m=m, :R — [0,]Q]
t +— measure {z:u(z) >t} = [{u>t}|.

The generalized inverse u, of m is defined by, for s € [0, |Q|],

U ($) :inf{t: {u>t}] < s},



and is called the decreasing rearrangement of u. We shall set Q. =|0, || [.
Definition 2.2. Let 1 <p < 400, 0 < g < 400

e If ¢ < +00, one defines the following norm for u € L9(Q)

1
1 adt]e 1/t
ol = lallme = | [ [t ulee)]” §| " where fuloto) = [l (o)e
Q t Jo

. t
o If g = +o0,
[ullp.oe = sup 7 fulu(t).
0<t<|Q|
The space
179(Q) = {u e LQ) : |lully,q < +o0} (7)

is called a Lorentz space.
o If p=¢q=+o0, Lo>(Q) = L*(Q).
e The dual of L1 (Q) is called Leyp ()
Remark 1. We recall that LP4(Q) C LPP(Q) = LP(Q) forany p > 1, ¢ > 1.

Definition 2.3. If X is a Banach space in L°(Q2), we shall denote the Sobolev space associated
to X by

WX = {(p cLYQ): Vpe X"}
or more generally for m > 1,
wWmX = {<,0€V[/1X7 Va=(a,...,an) N |la|=a1 +...+ a, <m, D'“MpeX}.

We also set
WiX = WX nwy Q).

We shall often use the principal eigenvalue 1 € W5 of the homogeneous Dirichlet problem

—Ap1 =M1 in ®)
01 =0 on 02
where -
Wo={peC?*Q):¢=0in0Q}. (9)
We also need to recall the Hardy’s inequality in Lo (see, e.g. ...) saying that
/ M OVl e WL (@) (10)
Q
Definition 2.4. In the weak setting, by (2) we will mean
/chqS'ﬁ:f/gngoﬂ' Vo, p € Ws. (11)
Q Q



In fact we will consider either of this assumptions

VelLl (9),V >0, )
@ € LP1(Q)", for some p > n, and such that (11). !
or
VeLL(Q),V>0, (Ha)
@ € L™(Q)", with small norm as in [9], and such that (11). ?
Most frequently we will assume that
either (H;) or (Hz) holds (H)
Definition 2.5. Under assumption (H), the local very weak formulation of (5a) results
/ w(=Ap— U -Vo+ Vo) :/ fé Vo eliQ). (12)
Q Q
For V € L'(Q,d), we say that w is a very weak solution in the sense of Brezis of (5) if
Vws € L'(92) and
(13a)

/w(—A¢—u-V¢+V¢)=/f¢ Yo € Ws.
Q Q

When V is only in L}, (), we will say that w is a very weak distributional solution of (5) if

Vws € L'(R2) and

~ ) (13b)
/w(fA¢fu'V¢+V¢):/f¢ Vo € Co(9)-
Q Q
When f € L'(€,§) the natural setting for such solutions is
we L">(Q). (14)

In our previous paper [9] we proved that:

Theorem 2.1. Let f € L'(Q,6) and (H) hold. Then, there exists w € L™ >(Q) such that (13b)
holds. Furthermore if V € L'(€,6) then (13a) is satisfied.

Moreover we also proved the following uniqueness result:

Theorem 2.2. There exists, at most, one solution w of (13b) such that & € L*(2), for some
> 1.

One of the main aims of this paper is to show that this exponent » > 1 is not optimal in
the conclusion ii) because, in fact, r = 1 suffices. That improves a remark (following different
arguments) pointed out by H. Brezis to the second author concerning the case 7 = f (see [12]).
Moreover, we shall present here a numerous of other improvements with respect to our previous
paper [9], as, for instance, the study of the associated eigenvalue problem, the consideration of
flat solutions, the accretiveness in L'(£2,§%) of the operator when a € [0,1), the consideration
of the associated evolution problem, the confinement for the solution of complex Schroedinger
problem, etc.



3 Statement of new existence, uniqueness and regularity
results
First, we show the equivalent of the Brezis and distributional formulations, in the space L(£2,571).

Lemma 3.1 (equivalence of (13a) and (13b)). Assume that f € L'(€,6), (H) and let w €
L™ (Q)NLY(Q,67Y). Then (13a) if and only if (13b).

First we prove an existence result in L™ with additional bounds

Theorem 3.1 (general existence result). Assume that f € L'(Q,6) and (H). Then there exists
w € L™ °(Q) such that (13a). Furthermore, if f > 0, then w > 0. Besides

[vits<c. [ 1. (15)

where Cy, does not depend on V and f.
Then we will extend our uniqueness result

Theorem 3.2 (uniqueness in L'(Q,571)). Assume that f € L'(Q,5) and (H). Then, there
exists at most one w € L™ °°(Q) N LY (Q,071) such that (13a).

From this, several existence and uniqueness results follow:

Theorem 3.3. Assume that f € L'(Q,5), (H) and V > C§2 for some C > 0. Then there
exists a unique w € L™ °°(Q) N LY(,071) such that (13a).

Theorem 3.4. Assume that f € LY(Q) and (H). Then, there exists ezactly one w € L™ °°(Q)N
LY(Q,671Y) such that (13a). Furthermore, w € W3 L™ > (Q) and

[vii=c [ (16)

(/WMSmﬂ+WW@/U& (17)
Q Q

\Y% oo C 18
Vel e < Au| (18)

Theorem 3.5. Assume that f € L'(Q;0(1 + |logé|)) and (Hy). Then there exists a unique
we L") N LY (Q07Y) such that (13a).

Theorem 3.6. Let 0 < o < 1. Assume that (Hy), f € L*(€,6%) and @ € L™= (Q). Then, there
exists a unique solution w € L™ °°(Q) N LY (Q;571) of (13a). Furthermore, w € Wi L»F1¥s and

[ vists < [ 1si5° (19)

4 Proof of the equivalence of (13a) and (13b)

The proof is based on the following lemma, which improves [9].

Lemma 4.1 (approximation of test functions in Wa). Let ¢ € Wy. Then, there exists a sequence
¢; € C2°(Q) such that



1. There exists C > 0 such that |[Vo;|p~ < C for all j > 1.
2. |lgj = bl +[Vo; = Vo[ — 0.

3. 6A¢; — 6A¢ in L -weak-*.

4. % — % in L°°-weak-x.

Proof. Following [9], we shall consider h € C*°(R) such that

for j € N* set e = % and let h;(z) = h 6(“")78) , x € . Setting

Ej:{xeﬂzggd(x)gﬁ}, E; = Q\E;.

One has the following properties of h;:
1. Ahj(z) = |Vh;(x)| = 0 for x € E,

I o

2. hj(z) —— 1 for any = € Q since h;(z) =1 if §(z) >

. = T
Jj—+oo

3. [[6h; = d][ec = Max [6(x)hj(2) — ()] < 3(1 + [[h][co)e,

<

4. on Q, §(x)|Vh;(z)] < 3||W || and 6%(z)|Ahj(x)| < c;p, is constant depending on h and Q.

Let ¢ € Wa, the sequence ¢; = h;¢ is in C2(£2) and enjoy the following property,

there is a constant ¢ > 0 such [|Vg;||o < ¢||VP||-
Indeed
Vi (@)] < 3[17[|oo] Vo + [1Alloo| [V |-
Moreover, one has
[hjd = Blloo < c2l| Voo

and

/ Vo, — Vo|(z)dr < cmeas {x €N:(x) < §} — 0.
Q

j—+oo

J
More,

15(2)Ap; (2) — 3(2)Ad(x)| < |I5h; — 3| Ad()] for & € E.

For x € E;, we have

[6(2) A (x) = 0AG(x)| < [16h; = dlloo Ap(x)] + 6 (2)]|Vblloo| A ()]

+20()|Vh; (2)[[[ V]|

(20)

(24)

The statements (23) and (24) are obtained with a straightforward computation. From those

statements, we deduce that there is a constant cg > 0 such that

[[0Ap; — dAB|[oo < Co-

(25)



Since
meas (E;) — 0 and ||0h; — §||cc — 0.
Jj—+oo Jj—+oo

We then have
/ |0Ap; — 0A@|(x)de — 0. (26)
Q J—+oo

Indeed, we have

/ |0A@; — 0AP|(x)dzr < / [0Ap; — 6AQ|(x)dx + cymeas (E;)
Q ES

< 10k = 0lloo||AG oo + cpmeas (Ej) ——— 0. (27)

j—oo
One deduces from relations (25) and (26) that
dAgp; converges to §A¢ in weakly-x in L>(§2)
Since C2°(Q) is dense in C2(£2), we obtain the desired result. O
With this technique we can now move the proof of the equivalence.

Proof of Lemma 3.1. Let ¢ be in W5. Then we have a sequence ¢; € C2°(Q2) such that

[ wl-a0+avo,4ve)a= [ o (28)
Q Q
and with the convergence stated in Lemma 4.1. Therefore, we have
lim [ wAgjde =lim | = (6A¢;)dz = / wA¢dz, (29)
Jj—=+0 Jo J Q 1) Q

since % € L'(Q) and 6A¢; — §A¢ in L>()-weak-.
J

For the same reason, one has:
lim/ wi-Vojdr = / wi - Vodr
i Ja Q
since @-w € L' and V¢; — V¢ in L°°-weak-*.

lim/ wVeide = / wVdr since Vwd € L'(Q) and % - ? in L (2)-weak-x.
Q Q

We easily pass to the limit in equation (28). O

5 Proof of the existence and regularity results

We will consider the approximating sequence

—Awj + U - Vw; + Viw; = f;
w; € Wyl (Q) N W2LPL(Q)



ie.

[wit-8o-1-e+vio)= [ £ voew. (31)
Q Q
where
V() = min(V(z), 5), (32)
fi(x) = sign(f(z)) min(|f(z)], j) (33)

and @; € C°(Q2)™, such that (2) and
@; — @ in LPH(Q)". (34)
First we recall our result in [9] about the approximation of solutions

Theorem 5.1 (existence and approximation of solutions when f € L1(Q;d)). Assume f €
LY(9Q,6) and (H). Then, there is a unique solution w; € Wt () NW2LPL(Q) of (31) and there
exists w such that:

1. w is a solution of (13b)

2. wj —» w a.e. in Q,

3. wy = w in L -weakor and W9(,0)-veak, for g <777
4. wj = win L"(Q) forr <n'.
5

. wjﬁj — Wi n Ll(Q)n
6. / Vilw,|ddz < c(l n ||a’j||m,1)/ \f;]8da.
Q Q

7. Vjw;d = V wé weakly in L}, .(Q)

We can make some additional estimations if we restriction the set of datum f:

Proposition 5.2 (existence of solutions when f € L'(Q)). Assume that f € L'(Q) and (H).
Then, the sequence w; satisfies

IV oo < C / 5, (35)
/leijSC/lfjl- (36)
Q Q
Hence )
wj — w in Wy L™ (). (37)

and the (35) and (36) hold for w,V and f.

Proof. Let k > 0. Then the sequence given in Theorem 5.1 satisfies
/ U - Vw;Ti(w;)dr = 0 and / Viw;Tk(w;)dx > 0. (38)
Q Q

Therefore, we can use Tj(w;) as a test function in equation (30) and derive

| v <k [ e <k [ 11l (39)



From relation (39), we deduce (see [1] or [15]) that

[IVes]

Ln e < C|f|L1(Q)- (40)
While to obtain relation (36), we choose as a test function for ¢ > 0,
D(t;w;) = (lwj| — 1)+ sign(wy)-

Knowing as before that

/ ;- Vw;®(t;w;)de = 0. (41)
Q
One obtains from equation (30)
/ |Vw;|?dz + / Viw;®(t; wj)de = / i@t wj)de. (42)
|wj|>t Q Q
We derive with respect with respect to ¢ this equation
d .
— |Vw,|?dx +/ Vilwjldx = / f(z) sign(w;)dx (43)
Jwj|>t Jwj|>t |wj|>t

Since the first term is non negative, we derive from relation (43) that for all ¢ > 0

[ vilar< [ irwlds (a4
Jw;[>t

\wj\>t

letting t — 0, we get the desired relation (36). Since Vjw; — Vw e.e in €2, The Fatou’s lemma
yields

/ Viwldz < / 1 (2)|da (45)
Q Q
Since Vw; — Vw in L”/’C’O—weak—*, we derive

VWl oo < el flzre (46)

and the pointwise convergence (Vjw;)(z) — (Vw)(z) a.e with Fatou’s lemma implies

[ Vislae < [ £l (47)

That (13a) is satisfied is a consequence of Lemma 3.1, since by the Hardy’s inequality we have

< ||Vw|| oo < 00 (48)

’E
LY(@)

]

This concludes the proof. O
With this we proceed

Proof of Theorem 3.4. According to Proposition 5.2, the sequence w; is in a bounded set of

WEL™>°(Q) and since the sequence converges to a solution w of the equation (13b) given in
Theorem 2.1, we deduce that this solution w is in W{§L™>°(Q2) and satisfies the same kind
of estimates as w;. Moreover, ¥ € L'(Q) according to relation (48). Now we may appeal

Theorem 3.2 to conclude that w is unique. O



Finally we can prove

Proof of Theorem 3.1. Let f be in L'(Q;) and consider f; = sign (f(-)) min (|f];5), j = 0.
Then according to the above result Theorem 3.4, there exists a unique &; € W L™ () satis-
fying
/@[—Aq&—ﬁ-VqS—kV(ﬂdx:/qubdmy Vo e Ws. ((2)5)
Q Q

Since f; — fx € L'(Q2) for k and j in N, by the same corollary 1 of Theorem 3.2 and Theorem 5.2,
we deduce that @; — @y, is the unique solution of (2); — (2), then it satisfies

/V|&jfc~uk|5dac<cu/ |fj — frlddz
Q Q

and

|lw; — @il

Inlise < cu/ |fi — frld da. (49)
Q

Thus (w;); is a Cauchy sequence in L"°(Q) and (V@,;); is also a Cauchy one in L'(£2;6).
Therefore one has easily & € L™ °°() with V& € L'(Q;§) such that & satisfies equation (13a).
Moreover, [, V|©|ddx < ¢ [, f6dx and if f > 0 then f; > 0 therefore @; > 0 which yields that
w = 0. O

6 Proof of the uniqueness results
To complete the proof of the results we only need to proof the uniqueness of equations. Once

we complete the proof of Theorem 3.2 the rest of the proofs will follow as a corollary. The main
tool in this proof will a Kato inequality up to the boundary.

6.1 Kato’s inequality

Theorem 6.1 (Variant of Kato’s inequality). Let @ be in VVllocl(Q) N L™ (Q) with % € LY(Q)

and @ € L™ (Q)"™ with div (@) =0 in D'(Q), @ -7 =0 on 9.
Assume that Lw = —A© + div (¢w) € L'(;9).
Then for all p € Wy, ¢ = 0 one has

1. /E+L*¢dx</¢sign+(w)Lwd:z:
Q Q

2. || L* ¢pdx < | ¢ sign(w)Lwdz,
Q o

where L*¢ = —A¢p — @ -V = —A¢p — div (4 ),

1 if o > 0,

. _J1 ifo>0, Py - Z.fg _
sign, (o) = i and sign(c) =<0 ifo=0,
0 otherwise, | ifo <0
-1 ifo<O.

The proof of both theorem (Theorem 6.1 and Theorem 3.2 below) follow the same argument
as we did in [9] (Corollary 4 Theorem 10, Theorem 8). The only difference is the use of the
approximation Lemma 4.1. For convenience we sketch those proofs :

10



Sketch of the proof of Theorem 6.1. Let ¢ > 0, ¢ € W;5. Then according Lemma 4.1 one has
a sequence ¢; € C°(Q) such that 1. dA¢; — JA$ in L™(0)-weak-*, this implies with the

hypothesis that w% € LY(Q) that

lim wWiAgjdr = / Wi Agdr. (50)
Jj—=+ Jo Q
For the same reason
j—+oo 0 O

We conclude as in [9], knowing that the local Kato’s inequality (Theorem 10 in [9]) holds true. [
One of the consequence of the Kato’s inequality is the following maximum principle.

Corollary 6.2 (of Theorem 6.1). Under the same hypothesis as for Theorem 6.1, assume that
Lo = f(r) — G(x;w) € LY(Q;0), with G : Q x R — R a Caratheodory function (i.e for a.e z,
o — G(z;0) is continuous, and x — G(x;0) is measurable V), satisfying the sign-function
condition

sign(o)G(z;0) 20 Vo eR aex e

Then, if f <0 one has W < 0.

Proof. One has V¢ >0, ¢ € Wy
/E+L*¢d1' < / o) sign+(w)f(z)dx—/ ¢G(z; w4 )dx. (52)
Q Q Q

(Since G(x;0) = 0 and sign, (0)G(z;0) = G(x;04) = 0).
Therefore, from this last inequality (52), knowing that

we deduce that

Vo =>0, ¢p€Ws :/E+L*¢dx<0 (53)
Q

Since @ € L">°(Q) and L*¢ = —A¢ — @ - V¢ is in L™ (Q) for ¢ € W2L™1(Q) N HL(Q), thus, a
density argument leads from equation (53),

/ O L pdr <OV c WL Q)N Hy (), ¢ >0. (54)
Q

Thus, we get:
W4 = 0.

This completes the proof. O

6.2 Proof of the uniqueness results

Proof of Theorem 3.2. Let @ = w; — wy where w; are in L™ *°(Q) N LY(Q;6 ')and are two
solutions of equation (??) (with test function ¢ € Wy or ¢ € C?(12)), these formulations are
equivalent if w; € L'(Q;07!) (see Lemma ??). Then

Lw=-Vw e LY(Q;96).

11



From Theorem 6.1 one has V¢ € Wa, ¢ > 0

/ L ¢da < — / 6 sign(w)VE = — / oV [@ldz < 0, (55)
Q Q Q

As before one has :

/ |G|L*¢dr <0 Vo€ W2L™H(Q)NHH(Q), ¢=0. (56)
Q

Considering ¢, € W2L™1(Q) N HE(Q), ¢, > 0 solution of L*¢, = 1, we deduce / [oldz <0
Q
thus w = 0. O

Proof of Theorem 8.5. First let us assume that f > 0. Since f is nonnegative function in
L'(Q;0), the existence of a solution w > 0 is a consequence of Theorem 3.1. To prove the
uniqueness result, let us show that exists a ¢ > 0 independent of w, f and V such that

/ %da: +/ V wé(1 + [log 6])d / F(2)(1 + [log |)ddx (57)
Q
For this, we use the argument introduced in [17] by choosing as a test function

¢ = pilog (1 +¢), € >0,

1 the first eigenfunction of —A with homogeneous Dirichlet boundary condition.
One obtains

—/wA(gpllog(901+s))dx—/ﬂw'V(gpllog(cpl—l—s))dx—l— Vwepilog (¢1+¢€)dx :/ fo1log (p1+e)de.
Q Q Q Q

(58)
We develop each term in relation (58) as we did in [17] knowing that ¢ is equivalent to the
distance function (say Jeg > 0, ¢; > 0, cod < 1 < ¢10). We derive

w
v 2
[ vl

dx — / V wpilog (1 +€)dx (59)
Q

<c[/ dac—i—/f 1+|1og5|)5d4
+c/ ||u\|uog5\wdx+c/ ]|z

Since @ € LP1(Q), p > 1 then ||i||logé € L™1(2) and there exists a constant ¢ > 0.
[1anogs| | <elllzo o
Therefore, we have
e [ Nl logdlods +c [ |lleo(e)ds < cullwlln <c [ f@bads (@)
Q Q Q

From relations (59) and (60), we deduce

/ Vil
Q

dm—/ngpllog(gol +e)d /f + |log d])ddx (61)

12



As in [17] we write

/ V wei|log (p1 + €)|dx = —/ V wpilog (o1 + )dx + 2/ Vwpilog (o1 +e)dx.  (62)
Q Q p1t+e>1

Combining these two last relations, we get

w
Vo |2
/Q| el p1te

Noticing that in a neighborhood of the boundary 992 C U C ) one has ing IVei1?(z) > 0, we
EdS

d:ch/ V wepr|log (g1 +€)|dx gc/ f(z)(l+|log5|)5dx+c/ V wddz. (63)
Q Q Q

derive from relation (63) the inequality (57).
Let f be in L'(Q;6(1 + logé])), we decompose f = fi — f— where f,, f- > 0. Due to the

first part of the proof, we have w; (resp. wz) a nonnegative solution of (13a) associated to fi
(resp. f—). One has according to relation (57) for ¢ = 1,2

/—d —l—/le (1+ |logd|)d /|f| 1+ |logd|)ddz. (64)
Q

>[€

By linearity we deduce that @ = w; — ws is a solution of equation (13b) and satisfies £ € L'(Q).

We conclude with Theorem 3.2 to obtain the result.

7 Estimates when the datum f is L}(Q;6%), 0<a <1

Lemma 7.1. Under the same assumptions as for Theorem 8.5, if furthermore f € L(£;5%),
0 < a < 1 then the function @ solution of equation (13a) verifies

[ VB @ < co [ |7 @

Proof. For k > 0, let us consider V;, = min(V; k) and define the linear operator T} on L*(£2;4d)
by setting 7 f = Viwyy, where wyy is the unique solution of

/akf [—A¢+ﬁ-v¢+vk¢}dx:/f¢dx Vo c Wy (65)
Q Q

The existence and uniqueness follows from ([9] Theorem 7).
According to Corollary 3.4 of Theorem 3.2 and Proposition 5.2. Ty maps L'(Q) into itself
with

Tk flrro) = / Vilwkgldz < | flr o), (66)
and Ty maps L'(Q;6) into itself with

Tk fl L1 (2:5) < (1 + ||d]

L) flLress): (67)

Since L'(Q;6%) is the interpolation space in the sense of Peetre between L!(Q;6) and L(Q),

that is
L1907 = (L'@:6), @)

a,l

13



we derive from Marcinkewicz’s interpolation theorem (see[?] or [15]) that T}, maps L(£2; %) into
itself and
T flor ooy < (1 ld@lze 1) flrr(o0y, VS € LH(Q30%).

Considering the unique solution wy; for j fixed in N, of the equation

/kaj[ngbfﬁ~V¢+Vk¢}dw:/ijf;bd:v (2)k

where f; = sign(f) min|f|;j). Applying Theorem 5.1 with the sequence (Wg;)x, and due to the
uniqueness result we deduce that, when £ — 400, wy; — w; in L">(Q) and w; is the solution
of (2);. Therefore, one has

/ V‘&jwadl‘ < lim |Tk;fj|L1(Q;§a) < Calfj|L1(Q;§(x). (68)

As we have shown in the proof of Theorem 3.1, &; converges to w as j — +oo; we deduce the

desired inequality. O
The proof needs the following Lemma is given in ([9], Theorem 13)

Lemma 7.2. Let 0 < a < 1, g € LY(Q;6%), 4@ in LI%(Q)”, (2). Then, there exists a unique

solution w € L™ (Q) satisfying

/Szw[—AqS—ﬁ-V(é}da::/ﬂmﬁdx Vo e Wo. (69)

Moreover, there exists a constant K (o;Q) > 0 such that

1811y e gy < B (5 2) (1 fl] o ) gl oy (70)

Proof of Theorem 3.6. Let w be the unique solution (2) given by Theorem 3.5 when f € L'(Q;6%),
a < 1. Weset g=Vw— f. Then following Lemma 7.1, one has g € L*(£2;5%) and w satisfies
the same type equation (69). Therefore, we can apply Lemma 7.2 to conclude. O

8 Some consequences: principal eigenvalue and eigenfunc-
tion of —A+4-V and of the operator A, the m -accretivity
of A and the complex Schroedinger problem in the whole
space

8.1 Principal eigenvalue and eigenfunction for —A + @ -V and the m-

accretivity of —A+uV +V

Theorem 8.1 (Krein-Rutman’s theorem). Let X be a Banach space, K a cone whose interior
K is non void, T : X — X a compact linear operator which is strongly positive, i.e Tf > 0 if
f > 0. Then, the spectral radius of T, r(T) > 0 and is a simple eigenvalue with an eigenvector
P € K.

We recall the following definition of an m-accretive operator.

14
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Definition 8.1 (m-accretive operator). Let X be a Banach space. A linear unbounded operator
A:D(A)c X - X

is called m-accretive if

(a) The domain D(A) is dense in X : D(A) = X.
(b) V& € D(A), VA >0 |l@|lx < ||+ \AD||x.
(©) VA0, VfeX, 3 e D(A): &+ AT = f: R(I+) = X.
Let us consider @ € LP1(Q)", p > n (or in L™(Q)" but with a small norm as in [9]), we

define a compact operator B -
T:C(Q) — WiLPH Q) — C(Q)

by setting
—Aw—u-Vw=f

Tf = w if and only if
f=wif and only i {wGWOle’l(Q),p>n

(The existence, uniqueness and regularity of w in given in [9]).

Using the Bony’s maximum principle or Stapamcchia’s argument, we have for f > 0 the solution
w > 0.

Since the positive cone K = C (Q) = {(p cEC():p> O} has its interior K non void, we may

apply the Krein-Rutman’s theorem (see Theorem 8.3) to derive the

Theorem 8.2. There exist a real \1 > 0 and a positive function ¢ € W2LPH(Q) N HY(Q) such
that
=AYy — - Vipy = A

Moreover, L*(2;8) < LY (Q;41) and if @ € L>(Q)™ then ¢y > ¢d so that
LY(9;6) = L'(Q;¢1).

Remark 2.
The fact that L'(£2;9) < L'(2;41) comes from the fact

0 < ¢1(z) <I(@)|IVY1lloo < e||t1|lwzread(z) < 400, T € Q.

Next, we want to prove Theorem 8.3 concerning the m-accretivity of A= —A+4+4-V +V in
the Banach space L'(2;3%), 0 < a < 1. The argument is similar to the one given in [16].
First, we endow the space L!(£2;§%) with the following equivalent norm

£l = /Q |Fl(@)e (@) de,

11 is given by Theorem 8.2.
We shall introduce the following definition

Definition 8.2. Let @ be in L'(Q, ;%) with Vi € L'(Q;§%). We will say that Aw € L'(Q;6%)
if there exists a function f € L'(Q;§%) such that Aw = f and

/¢fdx:/w{—A¢—UV¢+V¢}dx, Vo e C3Q). (71)
Q Q
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Here, V' > 0 locally integrable and « is as in Theorem 2.1.
So we can define the operator A : D(A) C L*(Q;8%) — L'(Q;6%), where the domain of A is
D(A) = {w e LV (Q) N LM (Q; 6~ ) N LY (V) : Aw e LY 5@)}.
Therefore, we always have C%(Q)) C D(A) C L'(Q;6%) this implies that D(A) is dense in

LY(Q;0%), 0<a < 1.
Moreover, one has the :

Lemma 8.1.
If V > 0, locally integrable, @ bounded with div (@) = 0 and @ -7 =0 on 0, 0 < a < 1, then
VA >0, Vfe LY Q;0%), there exists a unique function w € D(A) such that

w+Aw=f.

Proof. Indeed, since L'(Q;6%) C L! (Q; 0(1+ [log (5|)), we may apply Theorem 3.5 to derive that
for all A > 0 all f € L'(Q;6) we have a unique function w € L"°°(2) with % e LY(Q),
Vw e LY(Q;6%) and for all ¢ € W2L™L(Q) € HL(Q),

/Q Fode = /Qw[¢) FAAG— TV vqs)] da. (72)

This is equivalent to say that w + AMw = f and w € D(A). O

So for 0 < a < 1, it remains to show that for all @ € D(A), for all A >0
@]la < [[w+AA Do (73)
That is to say, setting f =w + MA@,

/ Bl < / |Flosd. (74)
Q Q

To prove such inequality, we introduce as in [16] the

Lemma 8.2. Let ¢ > 0, ¢1. = (¢ +&)* —e* € W2L™Y Q) N H{(). Then for all & €
L"(Q), @ >0, one has

Jez/w[_Ala_’lj"(/)lg}d.IZO. (75)
Q
Proof. We develop the term —Aw. — @ - Y1, to derive the
Jo = [ - Aun =@ Vo] 42 e ol - a) [ Ve + o s
Q Q

= aAl/wzpl(wl +e)* Lt + a1 —a)/ |Vep1 |2 (1 + €)* 2@da > 0.
Q Q
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Let us decompose f = f, — f_, f+ € L*(;6%), f- € L}(Q;6%). By Theorem 3.5, we know
that we have wy € D(A) (resp. wa € D(A) such that

w1+ AMwy = fi wo + Awy = f_. (76)
So by linearity and uniqueness, one has
w = w1 — Wa. (77)

Therefore, it suffices to show that the inequality (74) holds for w; (resp. wj). That is to say
that is sufficient to prove the inequality for f > 0. But in that case, the unique solution of (72)
is non negative : @ > 0 and we can choose as a test function ¢ = ¥, given in Lemma 8.2. We
then have

/walgda: - /sz/)kda; + /\/Qw[ — At — @ - r]dx + )x/Qlegwda:. (78)

According to Lemma 8.2 and the fact that V w1, > 0 the two last integrals in relation (78) are
non negative. Therefore,

/ fiedr > / Wiredr,  €>0. (79)
Q Q

Letting € — 0 in (79), we obtain
/ wfdr < / fyide (80)
Q Q
whenever f € W+ AAw, w e D(A).

We have shown that the Schoedinger operator A = —A+1-V 4V is m-accretive in L (€2, §%),
whenever 0 < a < 1, as in the first statement of Theorem 8.3. O

We have a similar result in L!'(Q;4) provided that V(x) > ¢d(z)~? in a neighborhood U
of the boundary. The argument is similar to the preceding one but we need to replace the
use of Theorem 3.5 by Theorem 3.3. Indeed, if f = fy — f_ € L'(Q;0) and @ € D(A) satisfies
W+ AAw = f then, Theorem 3.3 allows us to spleet W = wy—w; with w; € D(A) and wi+AAw; =
f+ (idem wy + M ws = f_). therefore, it suffices to show the inequality

/w¢1dx < / firdx for f >0, w > 0.
Q Q

To do so, we choose ¢ = 11 in equation (72) and derive

/fwldxz (1+)\/\1)/w’(/)1d$+/ Vwyide. (81)
Q Q Q
We drop the nonnegative term with V' to derive
1
dr < ———— dr < dz. 82
/wa1x 1+)\/\1/9,701#196 /Qf%ilc (82)

This show the desired inequality and implies that
VA>0, Vwe D(A), w+ NAw = f € L (d)

/ Dlrde < / 1+ AA D[t da. (83)
Q Q

Therefore, we have shown the following theorem :
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Theorem 8.3. Let @ € L>®(Q)"™ with div(@) = 0 in D'(Q), @-7 =0 on 9Q, V = 0 locally
integrable.

Then the Schroedinger operator A = —A+1-V+V is m-accretive in L'(Q; 6%) for any 0 < o < 1.
If a =1 and V(z) = c§(x)~2 in a neighborhood U of the boundary then the operator A is still
me-aceretive in L'(Q;6).

Remark 3. (Parabolic equation)
The m-accretivity property implies many results on parabolic equations (see [14, 3, ?]) associated
to the same operator.

For instance, we may have
Theorem 8.4. Let T > 0, wo € D(A), f € WhH(0,T; L';6%)), a € [0,1]. Then, there exists a

function satisfying :

we (0.7 D) N ¢ ([0, 7] L1 (€:6°))

%";(t) +Aw(t) = f(t) = f(t), Yt € [0,T], w(0) = wo.

8.2 Complex Schrodinger problem

Let us apply our previous results to the mathematical treatment of problem 4. In some sense,
our main aim now is to show that the solution of this Schrédinger equation is localized for any
t > 0, in the sense that if we start with a localized initial wave packet 9o € H'(R™ : C) (here C
denotes the complex numbers), i.e. such that

support ¥y C Q,
then the particle still remains permanently confined in €2 in the sense that
support(t,-) C Q for any t > 0.
As in [8] we start by considering the auxiliary eigenvalue problem

—Aw+ U -Vw+V(z)w = inQ,

DP(V,\,Q
V2, 9) {w—O on 0f).

Proposition 8.5. Assume (3), then there exists a sequence of eigenvalues A, — +00, A1 >
A1 (the first eigenvalue for the Dirichlet problem associated to the operator —A + @ -V on Q),
A1 s isolated and w1 > 0 on §Q.

Proof. We start by arguing as in the proof of Proposition 3 of [9]. We introduce the space
W={peH)Q):Vp* e L'(V)}.

For any h € L?(2) we define the operator Th = z € W solution of the linear problem

(84)

Az=h inQ,
z=0 on 0f).

We recall that the existence and uniqueness of a solution was obtained in Proposition 3 when
h € W' (the dual space of W) and that, trivially, L?>(Q) C W’.Then the composition with
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the (compact) embedding HZ(Q) C L(Q) is a selfadjoint compact linear operator T' = i o T :
L?(Q) — L%(Q) for which we obtain in the usual way a sequence of eigenvalues \,, — +00. By
well-known results (see e.g. [18] or [2]) we know that A\; > 0 (notice that A\; = 0 would imply
that z = 0). In fact, since V(z) > 0, by the comparison principle we know that A; > A1 o. The
positivity of the first eigenfunction wy is an easy modification of Proposition 3.2 of [8]. Moreover
a variant of the Krein-Rutman can be applied (see [6]) and so we know that )\ is isolated.

Remark 4. When r = 2 in (3) then, by the Hardy inequality, W = H} ().
A different, and useful, consequence of Proposition 3 of [9] is the following:

Proposition 8.6. Assume (3), then the operator operator A : D(A)(C L*(Q)) — L*(Q) given
by D(A) =W ={p e H}(Q) : Vy? € L'(Q)} and Aw = —Aw + @ Vw + Vw if w € D(A) is a
mazimal monotone operator in L*(Q).

Proof. Given h € L?(f2), the existence and uniqueness of solution of the equation Aw+w = h
was obtained in Proposition 3 of [9]. Moreover, thanks to the assumptions on %, by Lemmas 2.6
and 2.7 of [9] we get that

||W||L2(Q) < ||hHL2(Q)

which proves the monotonicity in L?(Q) (i.e. the operator is m-accretive in L%(Q)).

Let us prove now that the singularity of the potential implies that all the eigenfunctions w,

Ow
of operator A are flat solutions (in the sense that w = o= 0 on 092). As usual in Quantum
n

Mechanics we shall pay attention to the associate eigenfunctions with normalized L?-norm, i.e.
such that

llwmll 20y = 1. (85)
(©)

Theorem 8.7. Let w,, be an eigenfunction associated to the eigﬂwalue Am- Then w, € L*(Q)
and wy, is a flat solution of DP(V, Ay, Q). In fact, there exists K,, > 0 such that

|wim ()] < K pmd(x,00)?  a.e. z€Q. (86)

Proof. It suffices to repeat all the arguments of Theorem 2.1 of [8] (concerning the case r = 2

and @ = 0) since the the main idea of the proof consists in the use of a Moser-type iterative
argument (as in [10]) and take as test functions

olx) = vfrf'];[l(x), with v,, y/ (%) := min{|w,, (z)], M} sign(wm, (z)), (87)

for any arbitrary M, s > 0. Then, by using (3) and Lemmas 2.6 and 2.7 of [9] we conclude that
¢ € H}() is an appropriate test function and

(2/<;+1)/ |U?V?(x)||Vwm|2dx+/ QQ 1;]2\'4£+1(5L')}|wm|d$
Q o ()
< (2/<;+1)/ |v12\/[“(x)| |Vwm|2dx+/ V(zx) '[)12\/[“+1(x)| |wim| dz
Q Q

= V2L | |wn | dz
= [ o3 @) o (88)
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where we used the simplified notation vp; = vy, 3 . This is exactly the same starting energy
estimate than the one used in the proof of Theorem 2.1 of [8] and thus the rest of the proof
(passing to the limit when M ' +00) applies without any other modification.

Remark 5. The flatness of the eigenfunctions w,, of operator A can be also proved by using
Proposition 2.7 of [19] nevertheless the statement given here supplies some decay estimates on
wyy near 0F) which are not given in the mentioned reference.

Remark 6. The decay estimates (86) is not optimal if » > 2 in (3). It seems possible to adapt
the formal exposition made in [5] developing asymptotically some Bessel functions to prove that
in that case

~

Ko
(r—2)

for some positive constants K,, and IA(m, but we shall not enter into the details here.

lw ()] < K p/d(x, 0Q) /4exp (— d(x,(?Q)(TQ)ﬂ) a.e. v €9, (89)

Remark 7. Arguing as in [8] it is easy to get several qualitative properties of solutions of the
complex evolution Schroedinger problem
.0 L . n
o = —AYp+u-Vyp+V(z)p in (0,00) xR
Y(0,z) = Yo (x) on R"
for very singular potentials over 2 which are extended (for instance) in a finite way to the whole
space. So, we assume now that there exists g € [0, +00) such that

Vo) = {V(m) if v € Q, (91)

(90)

q ifxeR™\Q

and that (3) holds. We can study the time evolution of a localized initial wave packet ¥y €
H(R™: C) such that support ¢y C Q.

Then we can prove that there exists a unique solution @ € C([0,+00) : L*(R™ : C)) with
¥ € C([0,+00) : HY(R" : C)) and V, o(x)y €L?(0,T : L*(R™ : C))} for any T > 0, and that the
Galerkin decomposition

Yalt,z) = ame lw, (), (92)
m=1

holds with convergence at least in L?(R™ : C)where where ), and w,, are the eigenvalues and
eigenfunctions given in Proposition 8.5 and

an = / o (@) () da.

For localizing purposes we assume that

Z || K, < +00, (93)
m=1
where K,, > 0 was given in Theorem 8.7. Thus, we conclude that
[(t,x)| < Kd(z,00)? for any ¢t >0 and a.e. z € Q, (94)
for some K > 0, and in consequence the unique solution of (90) satisfies that support 1 (¢,.) C Q
for any t > 0.
Concerning the existence of solutions, it is enough to apply the Hille-Yosida theorem (see,
e.g. [18], [2]). For the Galerkin decomposition we can adapt the arguments given in [4].
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