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Abstract. This paper deals with nonnegative solutions of the one dimensional degenerate
parabolic equations with zero homogeneous Dirichlet boundary condition. To obtain an existence
result, we prove a sharp estimate for |u,|. Besides, we investigate the qualitative behaviors of
nonnegative solutions such as the quenching phenomenon, and the finite speed of propagation.
Our results of the Dirichlet problem are also extended to the associated Cauchy problem on the
whole domain R. In addition, we also consider the instantaneous shrinking of compact support
of nonnegative solutions.
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1 Introduction

In this paper, we study the nonnegative solutions of the following equation:

Opu — (|ur|p72uw)m + ui’BX{u>0} + f(u) =0 in I x (0,00),
u(_l>t) :u(l>t) =0 te (0,00), (1)
u(z,0) = up(z) in I,



where 8 € (0,1), p > 2; and {0} denotes the characteristic function of the set of points (z,1)
where u(x,t) > 0, i.e

|1, ifu>0,
Mu=0} = { 0, ifu<o.

Note that the absorption term X{u>0}u_ﬂ becomes singular when w is near to 0, and we impose
X{u>0}u*ﬁ = 0 whenever u = 0. Through this paper, we assume that f : [0,00) — [0,00), is a
nonnegative locally Lipschitz function, i.e: for any r > 0, there is a real number C(r) > 0 such
that

(H) |f(s1)— f(s2)| <C(r)|s1 — s2|, Vs1,82€[0,r]; and f(0)=0.

If f is nondecreasing on [0,00), we can then relax the locally Lipschitz property in (H), see
Lemma 13 below.

As already known, problem (1) in the semi-linear case (p = 2, and f = 0) can be considered
as a limit of mathematical models arising in Chemical Engineering corresponding to catalyst
kinetics of Langmuir-Hinshelwood type (see, e.g. [31] p. 68, [28] and reference therein). The
semi-linear case was studied in many papers such as [28], [23], [26], [9], [10], [11], [20], [12],
[32], and references therein. These papers focused on studying the existence of solution, and
the behavior of solutions. The existence result of the semi-linear case was first proved by D.
Phillips for the Cauchy problem (see Theorem 1, [28]). The same result holds for the semi-linear
equation with positive Dirichlet boundary condition (see Theorem 2, [28]). Moreover, he proved
a property of the finite speed of propagation of nonnegative solutions, i.e, any solution with
compact support initially has compact support at all later times ¢ > 0. The finite speed of
propagation was later studied for a more general formulation of the singular equation by means
of some energy methods by J. I. Diaz, see [14].

The semi-linear problem of this type was also extended in many aspects. In [12], J. Davila,
and M. Montenegro proved the existence of solution with zero Dirichlet boundary condition with
a source term f(u) being sub-linear. Furthermore, they showed that the uniqueness result holds
for a particular class of positive solutions, see Theorem 1.10 in [12]. Recently, N. A. Dao, J.
I. Diaz and P. Sauvy, [11] proved a uniqueness result for a class of solutions, which is different
from the one of [12]. However, Winkler showed that the uniqueness result fails in general, see
Theorem 1.1, [32].

After that, the equations of this type was considered under more general forms. For example,
Dao and Diaz [9] proved the existence of solution of equation (1) for the case f = 0. Further-
more, they also showed the behaviors of solutions such as the extinction phenomenon and the
free boundary. We also mention here the porous medium of this type, which was studied by B.
Kawohl and R. Kersner, [24].

Inspired by the above studies, we would like to investigate the existence of nonnegative
solutions and the behaviors of solutions of equation (1). Before stating our main results, let us
define the notion of a weak solution of equation (1).

Definition 1 Given 0 < ug € L'(I). A functionu > 0 is called a weak solution of equation (1) if
F(u)ux sy € L (I (0,00)), andu € LE, (0, 00 WP (1) L (T x (0, 00))NC([0, 00); LA (1))

loc loc



satisfies equation (1) in the sense of distributions D'(I x (0,00)), i.e:

/ / (et + el b0 + 0™ X punoy 6 + F(W) ) dadt =0, ¥ € C2(1 x (0,0)).  (2)
0o JrI
Then, we have the theorem on the existence of weak solutions.

Theorem 2 Let 0 < ug € L®(I), and f satisfy (H). Then, there exists a mazimal weak
bounded solution u of equation (1). Moreover, there exists a positive constants C = C(B,p) such
that

Do, T < Cut =P, m) (77 oI5 + O, lolloo) luoll e + Lip(f, o) o [7 +1) - (3)

for a.e (x,7) € I x (0,00), where Lip(f,up) is the local Lipschitz constant of f on the closed
interval [0, 2||uolloo], and ©(g,7) = Jnax {lg(s)|}-
. <s<r

In addition, if (ud ) € L=(I), with v = T then we have

Dl ) < Cut P, 7) (Iluoll 5P + OCF, luolloo) ol + Lin(f, wo)lJuoll 7 + 1), (4)

1
for a.e (xz,7) € I x (0,00), with C = C(8,p, [(ug )zlls) > 0.
As a consequence of (3) (resp. (4)), we have

Corollary 3 For any T > 0, there is a positive constant C = C(B,p, T, |I], ||uo|lec) such that

lu(z,t) —u(y,s)| < C (|x —y|+|t— s|%) , Vz,yel, Vts>T. (5)

1 1
Furthermore, if (ug ). € L*°(I), then there is a constant C = C(,p, |1|, ||uolloo, ||(tg )z |loo) such
that )
lu(z,t) —u(y,s)| < C <|:c —y|+|t— s|§) , Vx,yel, Vts>0. (6)

Remark 4 The above corollary implies that w is continuous up to the boundary. This result
answers an open question stated in the Introduction of [32] for the semi-linear case.

Remark 5 Estimate (6) says that u continues up to t = 0.

A second goal of this article is to study the most striking phenomenon of equations of
this type, the so called quenching phenomenon that solution vanishes after a finite time. This
property arises due to the presence of the singular term u* X{u>0}- It occurs even starting with
a positive unbounded initial data and there is a lack of uniqueness of solutions (see Theorem
1.1, [32] again and see Theorem 3 of Y. Belaud and J.I. Daz, [4]). Then we have the following
results:

Theorem 6 Assume as in Theorem 2. Then, there is a finite time Ty = To(5, p, ||uollso) such
that any solution of equation (1) vanishes after Tj.

As a consequence of Theorem 6, we show that the assumption f(0) = 0 is not only a necessary
condition, but also a sufficient condition for the existence of solution.



Corollary 7 The condition f(0) =0 is a necessary and sufficient condition for the existence of
a solution of equation (1).

Beside of the consideration of the Dirichlet problem, we shall investigate also here the exis-
tence of solution of the Cauchy problem associated to equation (1).

atu - (‘UCC|p_2ux)x + u_BX{u>0} + f(u) = 0’ in R x (07 OO)) (7>
u(z,0) = up(z), in R.

In [9], Dao and Diaz studied equation (7) for the case f = 0. They proved the existence of
solution. Moreover, they also studied the behaviors of solutions of equation (7) such as the
quenching phenomenon, and the finite speed of propagation (see Theorem 19 and Theorem 20,
[9]). Of course, these properties still hold for any solution of equation (7) because the appearance
of nonlinear absorption term f(u) does not influence to these properties. In this paper, we will
study the instantaneous shrinking of compact support (in short ISS), namely, if uy only goes to
0 uniformly as |z| — oo, then the support of solution is bounded for any ¢ > 0. This property
was first proved in the literature in the study of variational inequalities by H. Brezis and A.
Friedman, see [8]. After that this phenomenon has been considered for quasilinear parabolic
equations, see [7], [18], [21], and references therein for more details. Then, our main results for
the Cauchy problem are as follows:

Theorem 8 Let 0 < ug € L'(R) N L>¥(R), and let f satisfy (H). Then, there erists a weak
bounded solution u € C([0,00); LY(R)) N LP(0,T; WLP(R)), satisfying equation (7) in D'(R x
(0,00)). Furthermore, u satisfies estimate (3) in R x (0, 00).

1

Besides, if (u] )z € L(R), then u satisfies estimate (4) in R x (0, 00).

Theorem 9 Let 0 < ug € L*(R)NL>®(R). Suppose that ug(z) tends to 0 uniformly as |z| — oco.
Then, any nonnegative solution of equation (7) has the ISS property.

The paper is organized as follows: Section 2 is devoted to prove gradient estimates, which
are the main key of proving the existence of solution. In section 3, we shall give the proof of
Theorem 2, Theorem 6, and Corollary 7. Finally, we give the proof of the existence of solution
of equation (7) and Theorem 9 in Section 4.

Several notations which will be used through this paper are the following: we denote by C' a
general positive constant, possibly varying from line to line. Furthermore, the constants which
depend on parameters will be emphasized by using parentheses. For example, C = C(p, 3, 7)
means that C' only depends on p, 5, 7. We also denote by I,.(z) = (x —r,x + ) to the open ball
with center at z and radius 7 > 0 in R. If x = 0, we denote [,(0) = I,. Next dyu (resp. O:u)
means the partial derivative with respect to = (resp. t). We also write d,u = u,. Finally, the
L*-norm of u is denoted by ||ul|co-

Acknowledgement 10 The first author would like to express his gratitude to Ton Duc Thang
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2 Gradient estimate for the approximate solution

In this part, we shall modify Bernstein’s technique to obtain a variety of estimates on |uy|
depending on f(u). Roughly speaking, the gradient estimates that we shall prove are of the type

g (x, )P < Cu'=P(x,t), for a.e (x,t) € I x (0,00). (8)

It is known that such a gradient estimate of (8) plays a crucial role in proving the existence of
solution (see e.g. [28], [12], [32] for the semi-linear case; and see [24], [9], for the quasilinear of
this type). By the appearance of the nonlinear diffusion, p-Laplacian, we shall establish previ-
ously the gradient estimates for the solutions of the regularizing problem.

For any € > 0, let us set
_ . s
ge(s) = 57 e(s), with ¢o(s) = v(2),

if s <1,

and 1 € C*°(R), 0 <4 <1 is a non-decreasing function such that v (s) fs>9

Il
——
o

Now fix € > 0, we consider the following problem:

Ou — (a(ug)ug)y + ge(u) + f(u)be(u) =0, in I x (0,
u(_l7t) = u(Lt) =1, te (07
u(z,0) = ug(x) +n, T

)
); (9)

with a(s) = b(s)¥, b(s) = |s|*> + 1% and n — 0F. Note that a(u,) is a regularization of
|uz|P~2. Then, problem (P.,) can be understood as a regularization of equation (1). The
gradient estimates, presented in this framework are as follows:

Lemma 11 Let 0 < ug € C°(I), ug # 0. Suppose that f € C([0,00)). Then, for any 0 < n <
e < |Jug||oo, there exists a unique classical solution u., of equation (9).

i) Moreover, there is a positive constant C = C(,p) such that

Ottc (@, )P < Culz @, 7) (77 uoll 22 + O, uolloe) ol + O, uolloe) uoll 57 + 1)
(10)
for (x,7) € I x (0,00). Recall here for a convenience O(h,r) = Jnax {lh(s)|}.

1
i) If we assume more that (ug )z € L™(I), then there exists a positive constant
1

Outen(, DIP < Culiy (2, 7) (o157 + O(F, Juolloe)llwo 12 + O(S, luolloe) o157 +1) .
(11)

for any (xz,7) € I x (0,00).



Proof: i) Obviously, equation (9) is not degenerated. Thus, the existence and uniqueness of
solution u., € C>(I x [0,00)) is well-known (see, e.g. [34], [21], [25], and [33]). In short, we
denote u = u. 5. Then, we observe that n (resp. |[ug|/) is a sub-solution (resp. super-solution)
of equation (9). Thus, the strong comparison principle yields

N <u < ||uglleo, in I x (0,00). (12)

For any 0 < 7 < T < oo , let us consider a test function £(t) € C2°(0,00), 0 < £(¢) < 1 such
that
1, on [1,T], c
0
g(t) = ) and |€t| < ?7
0, outside (3,7 + 7).

and put
uw=p) =17, w(zt)=~EE)v2(x,t).
We write briefly a(u;) = a, (a(uy))s = az, and (a(uz))zr = Ggz-
Then, we have
Wy — QWgpg = §tv§, + 28v, (vp — AVLy) — 25@1)%30 + 20,V Vgg - (13)

From the equation satisfied by u, we get

"
Vi — AUy = AUy + cwg(p—/ - gg(jo) - f(ip)¢/a(<,0) (14)
¥ P
Combining (13) and (14) provides us
/!
W — AQWgg = gtvg + 2&v, (awvx + avi% — 95;9/0) — f(go);b/g(go)) — Qfavzl, + 280,005, (15)
x

Now, we define

L = max {w(x,t)}.
Ix[0,00)

If L =0, then the conclusion (10) is trivial, and |z;(z,7)| = 0, in I x (0,00). If not we have
L > 0. This implies that vy (x0, o) # 0, and the function w must attain its maximum at a point
(wo,t0) € I x (5,T + §) since w(x,t) = 0 on 9 x (0,00), and w(.,t) = 0 outside (3,7 + ).
Therefore, we get

{ wy(zo,to) = wy(zo,t0) =0, and
0 > waa (o, to) = 2€(to)v2, (%o, to) + 2£(t0)va(Zo, to)Vaza (0, to),

which implies
U$$<$O7t0) = 07 (16>
and
Ux(l'Oa tO)Uxxx(fEOa tO) < 07 (17)

At the moment, our argument focuses on the functions v, and w at the point (zg, o). Note that
by (16), inequality (15) reduces to

i !
0 < wy — awyy = &2 + 280, <amvx + axvgg, + av? (%) — (gdjp)) — <f(90)¢j5(90)> ) .
2 e S ¥ x




0<6e 2+ 2 ( o+ a2 4 ar? (@) _(ge@) _<Jw<so>>>
iy €T X TrxrVx x€x xgp/ T 90, N i ) X

1 1 B 1
—avy, <SO,> < &2 4 agv? + amviw—/ — Uy (gs(jo)) — Vg <f(90)¢/s(90)> . (18)
o' ). 2 @ . .
By using the fact vy (z0,t0) = 0 again, we get

—4
(a(uz))e = (p = 2)b"7 (ug)¢'¢"v2,
" nor 2
(£) - (22—
xT

(a(tz))zz = (0 — 2)(p — 41" (1) (/") + (p — 27 (uz) (P2 + " Y
+ (p - Q)b% (ux)QOIZUxU:m::u

Next, we compute

Thanks to (17), we obtain

—6 —4
(@) e < (0= 2)(p — D7 (uz) (@' ") 205 + (p — 20" (ug) (9" + @' )vi. (20
After that, we have

v <Qa(90)) = (g — 96%)0326 = (1/};(90)11_5 —(B+ ’y;l)%(@v—(ﬂrﬁ)v) vl

('0/
f(@)Ye() _ / ﬂ _ 2 v v L_l v
o (LD — ((uey = (0 B ) 2 = ()2 = Fleto el (5
Since f, e, 9L >0, and 0 < 9. < 1, we get
9= () _ L_l v )7y
Ux< S0/ >$Z (/8+ ~ ) (1+5 g’
(21)
o (L) > potonatetune - () stoton ot

Inserting (19), (20), and (21) into (18) yields

1. p—6 p—4
SEET 2 (P = 2P — BT (1) (P90} + (p = BT (ua) (20" + "]
B

+(B+ V,Y_l)v_(”ﬁ”vi + n,y_l)f(sO(v))v_”vﬁ — (W) (p(v))vl > (Y= 1o %a(z)vy (22)



Now, we handle the term B

pP—

B=(p-2b= " ()0 (P (@' ") 207 + (20" + ' ") b( )

(p— 2097 ()0} (0 — 209" + ') +7°(p - 2)(2s0”2 + 90’90”’)17 ? 9

(p—2)(p(y = 1) = V)7’ (y = 1)p*? /2b = ()05 + 72 (p — 27 (y = 1)(3y = 90> BT (uy )0
B1 Ba

It is clear that By < 0 since p(y — 1) — v < 0, thereby proves
B < Bs. (23)
From (22) and (23), we get
1

S0+ (8 T () flplo))u e = (o) elilo))e? + B

> (v — Dv%a(ug)vs.
Since p > 2, b%() is an increasing function, thereby proves
a(uz) = BT (ug) > uy P2 = AP~ 20 DDy (-2,

It follows then from the last two inequalities

S6EE 4 (B T () (o)™ = (o)) + B

> (v — DyP 200" De=2)=2)y, p+2,

By noting that 2 — (v —1)(p—2) = (1 4 8)~, we get

1

S6ET0E + (8+ T 02 4+ (L2 f(pf))u 2 = F(p(0)e(p(0)ed + B

> (3 = Dy? 20y 2,

Multiplying both sides of the above inequality by v(:#)7 yields

1 v—1

56 o2 4 (54 T2 + () ()02 = Fe)bele(@)o

R ITB, > (3~ 1) a2 (21)
Now, we divide the study of inequality (24) in two cases:
(x) Case: 3y —4<0.

We have By < 0. It follows then from (24) that

(= D a2 < (a4 (34 10 + () o)

/(@) (o (0))p T2 2.



Since vy (wg,t0) # 0, we can simplify the term |v;|? of both sides of the above inequality to
obtain

(=17l < (;&fl“(”ﬁ 74 (84 20 + (D) flo(w) - f/<so<v>>wa<<p<v>>v<l+ﬁ>v) |

Y Y
(25)
Since 1.(.) < 1, there is a positive constant C' depending on (3, p such that
fonl? < € (Jgle 00T 4+ 14 Fp()o™ + | (p(0)) [0 (26)
Remind that v = ¢(v) = v?. Thus, we infer from (12) and (26)
vel? < C (I&\&’l(to)\luo!\éiﬁ + [luoll%O(f, luolloo) + l[uoll P O(S, l[uolloo) + 1) - (27)

p
2

By multiplying both sides of (27) with ()2, we get

(Etolve (o, t0) ) E < C (Ieuleto) E o112 + E(t0) % ol O, luolloc) +

(o) ol 7O, uolloo) + €(10) % )

Since £(t) < 1, and |&(¢)] < co7 1, there is a positive constant (still denoted by C) such that

wwo,to)® < C (77 oI5 + uoll ZOCS, uolloe) + [[uollS7O(F lluolloo) + 1) -
Remind that w(zg,tg) = max  {w(z,t)}. The last estimate induces

(z,t)€I%[0,00)

D
2

w(z )} < C (7 uoll P + [uoll 2O [uollo) + 07O Jugllc) + 1)
for any (x,t) € I x (0,00). By noting that {(7) = 1, we obtain

v (2, 7)|P = w(z, 7)” < C (T_lHungxfﬂ + [|uo | 3O (f: luolloo) + l[uollx PO(f', [luolloo) + 1) :
which implies

[ug (2, 7P < Cul =P (z,7) (T_IHUOH},SLB + [luoll%O (S, luolloo) + l[uoll s O(S, l[uolloe) + 1) :
This inequality holds for any 7 > 0, so we get (10).
(%x) Case: 3y —4>0<=p <4(1-p).

p—6 . . .
Now b2 (.) is a decreasing function, so we have

b2 (2,) < |27 = (02",

which implies

VITEIBy <P (p = 2)77 (7 = 1)(3y — 4)y? O DFIHEH O D@0y, .



Note that 2(y —2)+ (1+ 8)y+ (v —1)(p —6) = —2(y — 1). Then, we obtain
oHIIBy <P (p =277 (7 = 1)(By = 4)P 020D g P (28)

A combination of (28) and (24) gives us

566002 4 (8 T ol + () f o002 = (0 eloo))u 0

+ 02 (p — 273 (v — 1)(3y — P S0 20 D0, P > (y — D)y 2, [PH2

1 1 _2(y—1)
The fact v = ui > ni implies v20-1) < p g Therefore, there is constant C = C(3,p) > 0
such that
ool 10)*2 < € (&l 0 + 14 (000 — £ (0] (o ()7 ) 120, o)
_2('v 1))
+Cn? vz (o0, t0)|P-

Now, if |vi(zo,t0)] < 1, then we have w(zg,tg) = &(to)|ve(z0,t0)|> < 1, thereby proves
w(z,t) < 1,in Ix(0,00). Thus, estimate (10) follows immediately. If not, we have |v,(zg,%0)|P <
|vz (0, o) [PH2, then it follows from the last inequality

[oalo 10) 7+ < © (gl ™00 4+ (o)™ = £ () (p()o T 1) w2 (a0, 0)
O o (o, )72,
or

(1= Cn7) loa(wo, to) P < € (kg™ 0 4 F(o(0)0™ = F () elp (@) 1))

Because 7 is small enough, there exists a positive constant C; = C1(8, p) such that

vz (o, to)[” < C1 (|§1t|f_111(1+5)7 + Fle@)v® = F(p(v))be(p(v)) o7 4 1) '

This inequality is just a version of (25). By the same analysis as in (%), we also obtain estimate
(10).

(1) Now, we prove estimate (11). For any T > 1 large enough, let us consider the cut-off
function £(t) € C*>°(R) instead of £(t) above, 0 < £(t) < 1 such that

1, ift<T, c
= 0
£(t) = and [§,] < 7.
0, ift> 2T,

The proof of estimate (11) is most likely to the one of estimate (10). In fact, we observe that
Either w(z,t) attains its maximum at the initial data, i.e:

1 1
max  {w(z,t)} = w(z,0) = v2(w0,0) = |(ug )z]* < ||(ug)zl|%, for some zg € I,
(z,t)€Ix[0,00)

10



thereby proves

1
Jug (2, P < AP\ (ug )alBer’ =7 (2, 1), for any (x,t) € I x (0, 7). (29)

Or there is a point (zg,t0) € I x (0,27) such that ~ max  {w(z,t)} = w(xo, o).
(z,t)€Ix[0,00)

Then, we repeat the proof in 7) to get for (x,t) € I x (0, 00)
a2, )P < C(B,p)u P () (T ol 57 + OCF, oo lluoll s + O lolloo) o157 + 1)
Since T' > 1, we obtain from the above inequality

ua (@, )P < Cu P (1) (Jluoll 57 + O, luolloo) 1% + OF, luolloo) o1 5# +1) . (30)

A combination of (29) and (30) implies that there is a positive constant (still denoted by C)
1
depending only on 3, p, ||(ug )z|lec such that

jua ()P < Cul P, ) (ol 2 + O, ol [uoll, + OF oo o [557 + 1), (31)

for (z,t) € I x (0,00).
This puts an end to the proof of Lemma 11. O

If f is only a local Lipschitz function on [0, 00), we have then

Lemma 12 Assume as in Lemma 11. Suppose that f is only a locally Lipschitz function on
[0,00). Then estimate (10) becomes

et PP < Culy? w,7) (7 ol + O, uolloc) 0l + Lip(f,wo)fuol[ 537+ 1)
(32)
for (x,7) € I x(0,00), where Lip(f,uo) is the local Lipschitz constant of f on the closed interval
[0, 2[|uol|oo]-

1
Moreover, if (ug )x € L>(I), then estimate (11) becomes

Brtte (. 7P < Ol (. 7) (ol + O, Juoll o) o + Lin( . uo)fuoll 3% +1) . (39)
1
with C = C(B,p, ||(ug )zllss) > 0.
Proof: At the beginning, we regularize f on [0,00). To do it, we extend f by 0 in (—o0,0)

(still denoted by f). Let f, be the standard regularization of f on R. Then, we consider the
following equation:

Opu — (a(ug)uz)e + ge(u) + frn(u)e(u) =0, in I x (0,00),
U(—l, t) = ’LL(Z, t) =, te (07 OO), (34)
u(z,0) = up(z) +n, rvel.

11



Let £,n be in Lemma 11. Then, equation (34) possesses a unique classical solution u,,. Thanks
to Lemma 11, we have

Dt )P < Cur~(a,7) (7 o157 + O fs luolloo) o + O(Fps uolloo)luoll 557 +1)

(35)
for any (x,t) € I x (0,00). One hand, we observe that for any n > 1
1
O(fn, lluolloc) = O(f, [[uolloc + ) < O(f, 2][uolls0). (36)
Other hand, Rademacher’s theorem (see, e.g., [17]) ensures that
. 1 :
O(fu:lluolloe) < Lip(f: lluollos + —) < Lip(f, 2]uolloc)- (37)

From (35), (36), and (37), we observe that |0 un(z,t)| is bounded by a constant not depending
on n. Then, the classical argument allows us to pass to the limit as n — oo in (35) in order to
get the gradient estimate (32).

Similarly, we also obtain estimate (33). O

If f in Lemma 12 is nondecreasing on [0, c0), then we can relax the term Lip(f, uo) in (32)
and (33).

Lemma 13 Let f be a continuous and a nondecreasing function on [0,00). Then, there ezists
a positive constant C' = C(B,p) such that

Bpte (TP < Culiy (2,7 (77 woll 7 + F(uollo) ol +1) (39)

for (z,7) € I x (0,00). Note that O(f,||uolleo) = f(||uollec) in this case.

1 1
Furthermore, if (ug). € L>®(I), then there is a positive constant C = C(B,p, ||(u] )z|loo)

such that
Outicy(, ) < Cuk (1) (o157 + F(lluolloe) ol +1) (39)

Proof: We can assume without loss of generality that f € C1([0,00)). If not, we work on the
standard regularization of f, i.e f,, above. Note that f, is also a nondecreasing function.

The proof of this Lemma is most likely to the one of Lemma 11. In fact, we just make a slight
change in (25) in order to remove the term containing f’. Let us recall inequality (25) here for
a convenience.

(=1 ol < (5660 4 5+ )4 () o) = (el

Since f’ > 0, we have

_ 1. -1 —1
(= D ool < (G o4 5+ T 4 (1

)™ )
Obviously, the term containing f’ does not appear in the last inequality. Then, we just repeat

the proof of Lemma 11 to get estimate (38).
Finally, by the same argument as in the proof of ii) Lemma 11, we get (39). O
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Remark 14 Note that the solution in Lemma 13 is unique because of the monotonicity of f.

Remark 15 Note that the estimates in the proof of Lemma 11 (resp. Lemma 12, Lemma 13)
are independent of n, €. This observation allows us to pass to the limit as n,e — 0 in order to
get gradient estimates for solution u of equation (1).

Next, we pass to the limit as  — 0 to obtain a solution of the following equation.

Opu — Oy (|aa:u|p_26xu) + gs(u) + f(u)ws(u) =0 in/X (03 OO),
(P:)q u(=lt)=u(l,t)=0 t € (0,00),
u(z,0) = up(z) on I.

Theorem 16 Let 0 < ug € L*°(I), and let f satisfy (H). Then, there exists a unique weak
solution u. of equation (P:). Furthermore, u. is bounded by ||up|lso, and it fulfills gradient
estimate (32) for a.e (z,t) € I x (0,00).

1

Besides, if (ug )z € L>(I), then u. satisfies estimate (33) for a.e (z,t) € I x (0,00).

Proof: Note that we can regularize initial data ug if necessary. Then, the proof of this Theorem
is obtained by passing n — 0 in equation (9). It is today a classical argument, see, e.g., [34],
[33], [16]. Thus, we leave the details to the reader. O

Remark 17 Up to now, we have not used the assumption f(0) =0 yet. However, this assump-
tion will be utilized in the step of passing € — 0.

3 Existence of a maximal solution

Proof of Theorem 2: Thanks to Theorem 16, equation (P:) has a unique (bounded) weak
solution u.. Furthermore, u. satisfies gradient estimate (32).

Now, we claim that {u.}c>0 is a nondecreasing sequence. Indeed, we observe that 1., (s) > ¥, (s)
for any €1 < €9, thereby proves

ey (Uey) = Geo (Uey ), and f(ue, )0e, (Uey) = f ey )ey (U, )-

These facts imply that u., is a sub-solution of equation satisfied by w.,. By the comparison
principle, we obtain
0 < ey < gy, inl x(0,00).

Thus, there is a nonnegative function v such that as e — 0
ue(z,t) L u(z,t), for (z,t) € I x (0,00).

Now, we claim that
U_BX{’I.L>0} € Ll(I X (07 OO)) (40)

One hand, it follows from the energy estimate of the regularized equation that

e @) L (rys 192 (ue) | rx (0,00))s @0 [ f (ue) || 21 (1% (0,00)) < w0l L1 (nys (41)

13



for any € > 0. Other hand, the monotonicity of {u.}. yields

e (ue) > ge (Ue)X{u>0}-

Thanks to (41) and Fatou’s Lemma, there exists a nonnegative function ® € L'(I x (0, 00)) such
that
liminf g.(u;) = ® > U_6X{u>0}? (42)
e—0
and || P11 (7 (0,00)) Hu‘ﬂx{u>0}||L1([X(07oo)) are also bounded by |[[ugl|z1(py- Or, we get claim
(40). We will prove after that
liminf g.(us) = u_ﬁx{u>0}, in LY(I x (0, 00)). (43)
e—0

Next, (41) allows us to apply a result of L. Boccardo et al., the so called almost everywhere
convergence of the gradients (see [5], [6]) in order to obtain

Opue(x,t) — Ogu(z,t), for a.e (z,t) € I x (0,00),

up to a subsequence. Therefore, u also satisfies estimate (32) for a.e (x,t) € I x (0,00). In
addition, we have

Optte = Ogu, in L"(I x (1,T)), for any 0 < 7 < T < oo, and for r > 1. (44)

At the moment, we demonstrate that u must satisfy equation (1) in the sense of distribution.
For any 1 > 0 fixed, we use the test function 9,(u:)¢, ¢ € C°(I x (0,00)), in the equation
satisfied by u.. Then, using integration by parts yields

/ ( = Wy (ue)de + 1‘8xu€‘p¢/<%)¢ + laxus|p_2axus¢xwﬂ(u6)
Supp(¢) Ui n
+9e (ue) Yy (ue) @ + f(ue) e (ue )by (ue )@ )dxds =0,

with WU, (u) = / Yy(s)ds. Note that the test function 1/,(.) plays a role in isolating the
0

singularity when wu. is near to 0. Thus, there is no problem of going to the limit as ¢ — 0 in the
above equation to get

/ (—\Ifn<u>¢t+1|uxr%’< ><z>+|uxrp2ux¢an<u>+u%n<u>¢+f<u>wn<u>¢) durds = 0.
Supp(¢) n

u
n
(45)
Next, we will go to the limit as 7 — 0 in equation (45).
We first note that u=%v,(u)(w,t) 1 ufﬁx{uw}(:v,t), for any (z,t) € I x (0,00). By (40), the
Monotone Convergence Theorem deduces u™ "ty (u) T u’x(ys0p in L'(I x (0,00)), thereby
proves

Py (u)d = u Pxpus0yd,  in LI x (0,00)). (46)

Since f(0) = 0, it follows from the Dominated Convergence Theorem that
hrr(l)/f(u)wn(u)gb dxds = /f(u)gi) dxds. (47)
n—

14



On the other hand, we have
1
lim 210,ulPy (L) dads = 0. (48)
10 Supp(e) 1 n
In fact, we have
1 1 ;U
- |Opu|Pay’ ( )¢ dxds = — |0z ulPY' (=)@ dxds.
1 J Supp(9) "' J Supp(¢)n{n<u<2n} n

Because u satisfies estimate (32), we have then

1 1
/ Oyul | (Yll6| duds < O B dds
1 J Supp(é)n{n<u<2n} n N J Supp(p)n{n<u<2n}
<2C u_’Bd:Eds,
Supp(p)N{n<u<2n}

where the constant C' > 0 is independent of 7. Moreover, u™? X{u>0} is integrable on I x (0, 00)
by (40). Thus, we get

lim wPdrds =0,
10 ) Supp(¢)n{n<u<2n}

thereby proves the conclusion (48).
A combination of (46) , (47), and (48) deduces

/ (—ud)t + e P2 ug gy + u_ﬁx{wo}(b + f(u)qﬁ) dxds = 0. (49)
Supp($)
In other words, u satisfies equation (1) in D'(I x (0, 0)).
As mentioned above, we prove (43) now. The fact that u. is a weak solution of (P:) leads to
/ (_usﬁbt + |axus|p_26xusar¢ + ge (ue) 9 + f(us)ws(us)ﬁb) dxds = 0,
Supp(¢)
for ¢ € C°(I x (0,00)), ¢ > 0. Letting € — 0 in the last equation deduces
/ (—ugr + |ux|p_2um¢m) dzrds+lim ge(ue)o d:Eds+/ f(uw)¢ dzds = 0. (50)
Supp($)

€20 J Supp(9) Supp($)
By (49) and (50), we get

lim / / e (ue) duds = / /I WX fumy @ dads. (51)

According to (51) and Fatou’s Lemma, we obtain

/ /<I><;5 dxds —/ /hmmfgs Ue)p dads < / /u X{u>0}¢ dzds,

Vo € C°(I x (0,00)), ¢ > 0. The last inequality and (42) yield
u? X{us0y = @, a.ein I x (0,00).

Or, we get (43).
It remains to show that w is the maximal solution of equation (1).
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Proposition 18 Let v be a weak solution of equation (1). Then, we have

v(z,t) <wulx,t), fora.e (x,t) €l x(0,00).

Proof: For any € > 0, we observe that g.(v) < v_ﬁx{wo}, and f(v)ye(v) < f(v). Thus, we
get
O — (]vx\p*%x)x + g:(v) + f(v)e(v) <O0.

This means that v is a sub-solution of equation (P.), so the comparison theorem yields
v(z,t) <wue(x,t), forae (x,t) €l x(0,00).

The conclusion follows by letting ¢ — 0 in the last inequality.
This puts an end to the proof of Theorem 2. O

If f is a global Lipschitz function, or f is a nondecreasing function on [0,00), then the
existence result holds for L!-initial data.

Theorem 19 Let 0 < ug € LY(I). Suppose that f is a global Lipschitz function on [0,00), and
f(0) = 0. Then there exists a mazimal weak solution u of equation (1). Furthermore, we have

lu(®) oo < Cp. )¢ ol gy, ¥ > 0, with A = 2(p — 1), (52)
Besides, for any T > 0, u satisfies the following gradient estimate

Jua (2, )7 < C(B.p)u' =" (2, ) (T_lHU(T)Hiiﬂ +O(f, lu(m) o) llu(m) 13 + Lip(H)llu(r)]I7 + 1) ;
(53)
for a.e (x,t) € I x (1,00), where Lip(f) is the global Lipschitz constant of f.

Theorem 20 Let 0 < ug € LY(I). Suppose that f is continuous and nondecreasing on [0, 00),
and f(0) = 0. Then, equation (1) possesses a mazximal weak solution u satisfying the universal
bound (52). Moreover, for any T > 0, we have

s, )P < OB )P (e, t) (7 )P + @) ) () +1) . (54)
for a.e (x,t) € I x (1,00).
Proof: The proof of Theorem 19 and Theorem 20 is just a combination of the one of Theorem
2 and the L!-framework argument in [9] (see also [11] for the semi-linear case). Then, we leave

the details to the reader. O

Remark 21 We emphasize that our existence results also hold for a class of C'-functions
fu,z,t) such that f(0,z,t) =0, ¥(x,t) € I x (0,00), see the paper [10].

Next, we give the proof of Theorem 6 and Corollary 7.

Proof of Theorem 6: It is sufficient to show that the quenching result holds for the maximal
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solution w.
Indeed, let v be the maximal solution of the equation:

00 — (|ve|P2v) s + U_ﬁX{y>o} =0 in I x (0,00),
v(=l,t)=v(l,t) =0 t € (0,00), (55)
v(x,0) = up(x) in I.

Thanks to the result of Theorem 13, [9], there is a finite time Ty = Ty (53, p, ||uo||) such that
v(x,t) =0, V(z,t) €I x (Tp,0).
It follows from the construction of v and v that
u<wv, V(z,t)elx(0,00).

Thus, we get the conclusion. [J

Proof of Corollary 7:
If f(0) =0, then the existence result follows from Theorem 2 above.
Next, assume that equation (1) possesses a weak solution w. Thanks to Theorem 6, there is a
finite time Ty such that
w(z,t) =0, forxel, t>Tp.

Thus, it follows from equation (1) that f(0) =0. O

4 The Cauchy problem

4.1 Existence of a weak solution

We first give the proof of Theorem 8.

Proof: Let u, be the maximal solution of the following equation

O — (|ug|P~2ug)s + u_ﬁx{u>0} + f(u) =0 in I, x (0,00),
u(=r,t) =u(r,t) =0, vt € (0,00), (56)
u(z,0) = up(z), in I,

see Theorem 2. It is clear that {u,},~o is a nondecreasing sequence. Moreover, the strong
comparison principle deduces

wn(,1) < ol ogays  for (2,8) € Iy x (0,00). (57)

Thus, there exists a function u such that w, T u as r — co. We will show that u is a solution of
problem (7).
First, the energy estimate provides us

lwr ()l 211y < lluollrry,  for any ¢ € (0, 00),
(58)
£ ) |1 (1x 000y 100 X g0y |21 (1 x (0,000 < Nlt0]] 21 (1)
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It follows immediately from the Monotone Convergence Theorem that u,(t) converges to u(t)
in L'(R), and f(u,) converges to f(u) in L'(R x (0,00)) as r — 0o, likewise

JuC, Ol @) < lluollprw), for any ¢ € (0, 00),
(59)
1 (L1 ®x(0,00)) < llwollpr(m)-

Furthermore, u, satisfies gradient estimate
Ouin ()7 < Cul= (e, 1) (7 o7 + O(F, ol ol + Lip( o) ol 57 +1) . (60)

for a.e (z,t) € I, x (0,00). By the same argument as in the proof of Theorem 2, there is a
subsequence of {u,},>o (still denoted as {u,},>0) such that 0O, u, =2 9,u, for a.e (z,t) €
R x (0, 00).

By (60), we obtain

el O < Cul = (e, ) (47 o2 + ©(1. Juolloc) ol + Li( £, uo)Juoll 5 +1) . (61)
for a.e (z,t) € R x (0,00), and

T—>00 .
Optty — Uy, in L

(R x (0,00)), Vg>1. (62)

Now, we show that u satisfies equation (7) in the sense of distribution. Indeed, using the
test function 1, (u,)¢ for the equation satisfied by u, gives us

[ (= W)+ 00205t ) + O 0surt! ()
Supp(¢) Ui n
P 0y U () + (1) ()9 dsda =0, Vo € C2(R x (0,0)).

We first take care of the term u?ﬁx{u»o}wn(ur)gb in passing r — oo and n — 0. It is not
difficult to see that ur_ﬁx{w>0}wn(ur) = ufﬁwn (u,) is bounded by n~#. Then for any > 0, the
Dominated Convergence Theorem yields ur_ﬁz/zn(ur) X w Py (u) in L} (R x (0,00)).
By (58), we obtain

[P (W)l L (R x 0.00)) < w0l (w)-
Next, using the Monotone Convergence Theorem deduces u_5¢,7(u) tu B X{u>0} 0
LY(R x (0,00)), as  — 0, thereby proves

1™ X s 01 122 @ x (0,00)) < |20l L1 (R)- (63)

Thanks to (62), (58) and (57), there is no problem of passing to the limit as r — oo in the
indicated variational equation in order to get

9

1
/ ( - qln(u)¢t + |ux|p_2um¢zwn(u) + *|Uz‘p_2uwwl( )
Supp(¢) n n

+u T ()6 + F(u)y(w)d) dsdz =0, Vo € C(R x (0,00)).
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By (59), (61), and (63), we can proceed similarly as the proof of (45)-(48) to obtain after letting
n—0

/ (—uqbt + g P up g + u_ﬁx{u>0}¢ + f(u)¢) dxds =0, V¢ e CX(Rx(0,00)). (64)
Supp(¢)

Or u satisfies equation (1) in the sense of distribution.

Then, it remains to prove that u € C([0,00); L(R)). Let us first claim that

u € C([0,00); Ly (R)). (65)
In order to prove (65), we use a compactness result of Porretta, [29]. We present it here for a
convenience.
Lemma 22 (Theorem 1.1, [29]) Letp > 1 and p’ its conjugate exponent (% + z% = 1), a,be

R, and define the space

VP(a,b) = {u: Q x (a,b) = R; w e LP(a,b; WyP(Q)),
ug € L (a,b; W5 (Q)) + LY x (a,b))},

where  is a bounded set in RN . Then, we have
V(a.b) € C(la, b): L ().

For any r > 0, we extend wu, by 0 outside I,., still denoted as u,. Use u, as a test function to
the equation satisfied by u, to get

T
1 1
/ /lﬁxur\pdxdsg / B2z < ~lupll i luoll =@y, for T >0,
o Jr 2 2

r

which implies HUZ‘HZI?J’(RX(O 7)) 18 also bounded by %HUOHLl(R)HUOHLw(R), or u, € LP(R x (0,7)).
By (59) and the boundedness of u, it follows from the Interpolation Theorem that
u € LP(R x (0,7)), for any T' > 0. Thus, we have

w e LP(0,T; WHP(R)). (66)
According to (66), (59) and (63), we get from the equation satisfied by u
u; € L (a,b; W5 (R)) + LY(R x (0,T)). (67)

Then, a local argument of Lemma 22 yields the claim (65).
Note that the last conclusion does not implies u € C([0,00); L!(R)) since the proof of Theorem
1.1, [29] depends on the boundedness of €.

To prove u € C([0,00); L*(R)), it suffices to show that u(t) is continuous at t = 0 in L!(R),
ie: %iH(l) [|w(t) — uoll 1 (w) — 0.
—
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In fact, we have for any m > 1
/ lulz, £) — uo(x)|dz g/ lu(z, 1) —uo(x)ydx+/ (i, £) — uo(x)|da
< / u(z, £) — uo(z)|dz + / w(e, t)dz +/ wo()d =

Im, R\ Zm,

R\ T,

/Im lu(z, £) — uo(x)|dz — (/I (u(z, t) — uo(a:))da:) + /Ru(a:,t)d:c _ /Im wo(w)d + /R\Im o () da

m

< 2/1m (i, £) — ()| dz + /Ruo(a:)da: _ /Im o () dar + /R\Im wo()da =
2/1 (i, £) — uo(x)|dz + 2/R o () dz.
m \m

Taking lim sup both sides of the indicated inequality deduces
t—0

limsup/ |u(z,t) — up(z)|dx < ZIimsup/ lu(z,t) — uo(z)|dx + 2/ uo(z)dz.
t—0 JR t—=0 JI, R\Im

By u € C([0,00); L} (R)), we obtain from the last inequality

loc

lim sup/ lu(z, t) — up(z)|de < 2/ uo(x)dx.
R R\ I,

t—0

Then the result follows as m — co. Or, we complete the proof of Theorem 8. U

Remark 23 The existence result also holds for f, a nondecreasing function on [0, 00).

4.2 Instantaneous shrinking of support of solutions

Now, we prove Theorem 9.

Proof: Let u be a solution of equation (7). Since f(u) > 0, we have for any ¢ € (0,1)

Fu) +u Xm0y = coud,

1

B+aq

with Cy =
[|uo ”Loo(]R)

. This implies that u is a sub-solution of the following equation:

{ Ow — (Jwe|P 2wy )z + cow? =0 in R x (0,00), (68)

w(z,0) = up(x), in R,
Note that equation (68) has a unique solution w (see, e.g, [21], [34]). Thus, the comparison
principle implies
u(x,t) <w(z,t), inR x (0,00).

Thanks to the result of Herrero [21], w has an instantaneous shrinking of compact support, so
does u.

Thus, we obtain the conclusion. Il
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