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Pointwise gradient estimates in multi-dimensional slow diffusion
equations with a singular quenching term.
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Abstract

We consider the high-dimensional equation, 0;u — Au™ + ufﬁx{uw} = 0, extending the
mathematical treatment made on 1992 by B. Kawohl and R. Kersner for the one-dimensional
case. Besides the existence of a very weak solution u € C ([0, T]; L} (2)), with u’ﬂx{uw} €
LY ((0,T) x Q), § (x) = d (x,09), we prove some pointwise gradient estimates for a certain
range of the dimension N, m > 1 and 8 € (0, m), mainly when the absorption dominates
over the diffusion (1 < m < 2+ ). In particular, a new kind of universal gradient estimate
is proved when m 4 8 < 2. Several qualitative properties (such as the finite time quenching
phenomena and the finite speed of propagation) and the study of the Cauchy problem are
also considered.
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1 Introduction and main results

1.1 Introduction

The main goal of this paper is to extend to the high-dimensional case, the 1992 mathematical
treatment made by B. Kawohl and R. Kersner [49] for a one-dimensional degenerate diffusion
equation with a singular absorption term. More precisely, we will study nonnegative solutions
of the following possibly degenerate reaction-diffusion multi-dimensional problem

Oru — Au™ + u_ﬁx{u>0} =0, in (0,00) x £,

u™ =0, on (0,00) x 01, (P)

u(O,x) = Uo (1’) , in §,
where Q is an open regular bounded domain of RY (for instance with 9 of class C1%, for some
a€ (0,1]), N>1,m>1 (m > 1 corresponds to a typical slow diffusion) and mainly 8 € (0,m)
(some remarks will be made on the case 5 > m at the end of this paper). The case of the whole

space, Q = RY will be treated separately. Here X{u>0} denotes the characteristic function of
the set of points (¢,x) where u (t,x) > 0, i.e.:

1, if w(t,z) >0,
Xpusop (@)= if w (t, ) = 0.

Note that the absorption term u=#y {u>0} becomes singular (and the diffusion becomes degen-
erate if m > 1) when u = 0, and that by this normalization we have that UiﬁX{u>o} (t,x) =0if
u (t,x) = 0. Notice that the boundary condition implies an automatic permanent singularity on
the boundary 0f2, in contrast to other related problems in which the singularity is permanently
excluded of the boundary

Ou — Au™ + uiﬁx{u>0} =0, in (0,00) x €2,
u™ =1, on (0,00) x 09, (P(1))
u(0,z) = ug (x), in Q.

Notice also that the change of unknown v = 1 — ", with u solution of (P(1)), in the semilinear
case (m = 1), for instance, leads to the formulation
X{v<1}
(1—v)”
v =0, on (0,00) x 0%, (1.1)

v(0,2) =1—wug (), in Q.

0w — Av = in (0,00) x €,

In this way, the study of the associated Cauchy problem
{ Oopu — Au™ + ufﬁx{uw} =0, in (0,00) x RY,

u(0,2) =ug (z), in RN,



can be regarded from two different points of view according to the assumptions made on the
asymptotic behavior of the initial datum when |z| — +o00. The case ug (z) \( 0, as |z| = +o0,
can be considered as a limit of problems of the type (P), and the case in which g () is growing
with |z|, as |z| — +00, corresponds to a limit of problems of the type (P(1)) (see, e.g., [43]).
Our main goal in this paper is to analyze problems of the type (P) and (CP) when ug (z) N\, 0
as |z| — +o0.

The literature on this type of problems increased very quickly in the last decades. Problem
(P) (and (P(1))) was regarded as the limit case of the regularized Langmuir-Hinshelwood model
in chemical catalyst kinetics (see [3, 25, 34] for the elliptic case and [7, 55] for the parabolic
equation). Some regularized singular absorption terms also arise in some models in enzyme
kinetics ([8]). See also many other references in the survey [44].

As mentioned before, what makes specially interesting equations like (P) is the fact that
the solutions may raise to a free boundary defined as 9 {(¢,z);u (t,z) > 0}. In some contexts,
problem (P (1)) was denoted as the quenching problem. It was soon pointed out the appearance
of a blow-up time for dyu at the first time 7, > 0 in which u (T,,z) = 0 at some point z € Q
(see, e.g., [46, 52, 55]). More recently, parabolic problems with a singular absorption term of
this type have been investigated by many authors (see, e.g., [20, 21, 22, 23, 48, 52, 55, 62],
and references therein). Concerning the associate semilinear Cauchy problem we mention the
papers [40], [42, 43], and their references. The case > m presents special difficulties when the
free boundary 0 {(t,z);u (¢t,x) > 0} is a nonempty hypersurface. This set corresponds to the
so-called set of rupture points in the study of thin films ([63]). This case, 5 > m, also arises in
the modeling of micro-electromechanical systems (MEMS), in which mainly m =1 and g = 2
([43, 54]).

A great amount of the previous papers in the literature concern only with the one-dimensional
case. To explain some historical progresses in founding gradient estimates for such kind of
problems we start by mentioning that the existence of weak solutions to (P) was obtained firstly
by Phillips [55] for the case N > 1, m = 1, and € (0,1). Later, Davila and Montenegro [23]
proved an existence result to equation (P) with m = 1 and including also a possible source term
f (u) satisfying a sublinear condition, i.e., f(u) < C(1+u). They proved that the pointwise
gradient estimate:

|Vu (t,x)] < Cu's” (t,z), in (0,00) x Q, (1.2)

plays a crucial role in proving the existence of solutions of (P). Besides, a partial uniqueness
result was obtained by the same authors for a class of solutions with initial data ug(z) >
Cdist (z,0Q)", for u € (1,2/ (1 + B)) and some constant C' > 0 (see also [22] for a uniqueness
result in another class of solutions). The uniqueness of solutions fails for general bounded
nonnegative initial data [62].

Concerning the qualitative properties satisfied by the solutions of (P), one of the more
peculiar facts is that the solutions may vanish after a finite time, even starting with a positive
initial data. This phenomenon occurs by the presence of the singular absorption u=?y {u>0} and
can be understood as a generalization of the finite extinction property which arises for not so
singular absorption terms of the form u?, 0 < ¢ < 1. Another motivation of the present paper is
to complete the previous work [27] in which the finite speed of propagation and other qualitative
properties were proved by means of some energy methods (see, e.g., [37], [2]) in the class of local



weak solutions of the more general formulation

0y (v)
ot

—div A (z,t,v, Dv) + B (z,t,v, Dv) + C (z,t,v) = f (x,t,v),

for a singular absorption term. In that paper [27] the existence of weak solutions was merely
assumed (and not proved), so our goal is to give some answers in this complementary direction.
We also point out that, more specifically, when m = 1, 8 € (0,1) and we consider equation (P)
with a sublinear source term Af (u), A > 0, it was shown in [53] that there is a real number
Ao > 0 and a time ty > 0, such that uy (tg,z) = 0, a.e. in Q, VA € (0,)\p): he called this
phenomenon as the complete quenching (see a more general statement in [40] and [27]). Other
qualitative properties were studied in [42].

The extension from semilinear to some one-dimensional quasilinear degenerate equations
of the p-Laplacian type was considered in [41] and [19]. In that one-dimensional case, the
formulation was

o — Oy <|um|p72ul«) + U_BX{u>O} =0, in (0,00) x Q,
u=0, on (0,00) x 09, (1.3)
U(O,.%') = Uo (.%'), in €,

with p > 2, 8 € (0,1). To obtain the existence of solutions of (1.3), it was proved in [19] the
gradient estimate:

lug (t,2)] < Cu' v (t,z), in (0,00) x €. (1.4)

We note that (1.4) is a generalization of (1.2) as p > 2. Furthermore, it was shown in [19] that
any solution of equation (1.3) must vanish after a finite time. A complete quenching result for
equation (1.3) with a source A\f (u) was obtained by the same authors in [20]. The extension of
the gradient estimates to the higher dimensional case remains today as an open problem.

As mentioned before, the first result in the literature for the one-dimensional problem (P)
with a slow diffusion (m > 1) was due to Kawohl and Kersner [49] in 1992. Once again, a
suitable gradient estimate was the key of the proof of the correct treatment of the problem.

They proved that
(=)
U 2
xT

in the regime in which the absorption dominates the nonlinear diffusion, which corresponds to

<, (1.5)

1<m<2+4. (1.6)

Notice that the exponent in estimate (1.5) may be written also as 1/y with v := 2/ (m + 5).
As a matter of fact, in [49] it was also considered the opposite regime in which the diffusion
dominates over the absorption (m > 2 + [3) and it was shown that the correct value for the
pointwise gradient estimate is a different value of the exponent 7 (this time 1/(m —1)). We
will not be specially interested in such a case in this paper but, in any case, see more details in
the second part of Lemma 2.

Our N-dimensional approach to derive a pointwise gradient estimate of the type (1.5) will
adapt the classical Bernstein method (see, e.g. [4, 13, 32, 58]) with some ideas introduced by



Ph. Bénilan (see, e.g., [5, 10, 13]). In fact, for the special case N = 1, we will extend the results
of [49] to unbounded initial data. Our proof requires two technical additional assumptions:

1<m<1+ (1.7)

1
VN -1’
and

56<mr—L—JAmWLJm—J:kJAmW),WﬁhAmWﬁzl—(N—lﬂm—lf. (1.8)

We think that such auxiliary assumptions arise merely as some limitations of our technique of
proof. The question of how to avoid them (in the framework in which the absorption dominates
the nonlinear diffusion, 1 < m < 2+ f3) remains an open problem for us. Nevertheless, thanks
to our technique of proof we will prove a new gradient information for the case

B+m <2, (1.9)

(which applies to the semilinear framework) which seems to be unadvertised in the previous
m+8

2
Vu,,

m+p
literature: or the L* norm of gradient of u"s" (t) is smaller than or if the

L=(©)
above norm is strictly smaller than this bound then it is smaller than an universal constant
C = C(m,3,N), independent of €2, then it is always smaller than this constant for ¢t € (0, +00).

Moreover, we will give some concrete examples proving the optimality of the estimate (1.5).

For the existence of solutions we will use a monotone family of regularized problems and we
will pass to the limit thanks to the monotonicity of the approximation of the singular nonlinear
term and the contractive properties of the semigroup associated to the (unperturbed) nonlinear
diffusion over suitable functional spaces. The pointwise gradient estimates will be previously
obtained for solutions of the regularized problems and then extended to the solutions of (P)
and (CP) by passing to the limit in the regularizing parameters. In the case of the assump-
tion (1.9) we will pass to the limit in the gradient term Vu™ by means of a generalization of
the almost everywhere gradient convergence technique (introduced initially for p-Laplace type
operators in [15]). Finally, we will consider several qualitative properties of solutions of (P)
and (CP) implying the finite speed of propagation, the uniform localization of the support, and
the instantaneous shrinking of the support property. The well known results for solutions of the
porous media equation with a strong absorption (see, e.g. [1, 32, 45, 58]) remain being valid for
solutions of the problem (P). Here we will get some sharper estimates rather than to deal with
local solutions as in [27]. Our special interest is to analyze the differences arising among the
behavior of solutions of the porous media equation with a strong absorption and the solutions
of the porous media equation with a singular absorption term u = ?y {u>0}- In the case in which
the singularity is permanently excluded of the boundary, such as for the problem (P(1)), the
behavior of the solution (its “profile”) at the first time ¢ = 7 in which there is a quenching
point, was studied in [38]. In our formulation (P), we know that there is an permanent singu-
larity on the boundary 9€) and thus our interest is to describe the profile of the solutions near
the boundary 0Q2. We will construct a large class of solutions showing that their profile near
the boundary follow the gradient estimate proved in this paper. So, such gradient estimates are
sharp. Some commentaries on the case § > m will be also given at the end of the paper.



1.2 Main results

Let us first introduce the notion of weak solution that we use for the case of €2 bounded and
bounded initial data.

Definition 1. Let uy € L™ (), up > 0. A nonnegative function u(t,x) is called a weak
solution of (P) ifu € C ([0,00); L' (2)) N L>® ((0,00) x Q), u_ﬁx{u>0} e L' ((0,T) xQ), u™ €
L?(0,T; H}(2)) for any T > 0, and u satisfy (P) in the sense of distributions D' ((0,00) x €2),
1.e.,

/ / < —up; + Vu™ - Vo + u_ﬁx{u>0}<p) dxdt =0, Yo € C° ((0,00) x ).
0o Jo

Any weak solution is also a very weak solution to equation (P) (see e.g., [6, 49, 58]). Since
the reaction term u_BX{u>0} is required to be in L! ((0,00) x ), a natural weaker notion of
solution will be used sometimes in the paper for the class of nonnegative initial data which are
merely in L' (Q):

Definition 2. Let ug € L (), up > 0, and T > 0. A nonnegative functionu € C ([0,T]; L (Q))
is called a L'-mild solution of (P) z'fu*BX{DO} € L' ((0,T) x Q) and u coincides with the unique
L'-mild solution of the problem

Ou— Au™ = f, in (0,T) x Q,
u=0, on (0,T) x 09, (1.10)
w(0,2) = uo (z), in Q.

where f(t,z) = —u=8 (t,) X{us0} (£, ) on (0,T) x §2.

As a matter of fact, a weaker notion of solutions can be obtained when introducing the
distance to the boundary as a weight: ug € L} (Q) = {ve Ll (Q); [ov(2)d(z)dz < oo},
where

d(x) =d(z,00).

Definition 3. Let ug € Lj (Q2), ug > 0, and T > 0. A nonnegative functionu € C ([0,T]; Lj (2))
is called a L}-mild solution of (P) if u_ﬁx{u>0} € L'(0,T; L} (Q)) and u coincides with the
unique L}-mild solution of the problem (1.10), with f := —u_BX{u>0}.

We recall that the notion of mild solution of the problem for the non-homogeneous problem
(1.10) is well-defined thanks to the fact that the nonlinear diffusion operator —Au™ (with
Dirichlet boundary conditions) is a m-accretive operator in L! (Q2) with a dense domain (see, e.g.,
[10, 14, 58] and their references). The similar properties of this operator on the space L} () will
be shown in this paper as easy consequences of well-known results ([16, 17, 35, 57, 61] and Section
6.6 of [58]). In fact, there are other equivalent formulations for very weak solutions obtained as
L};—mild solution of the problem (1.10). One formulation which is specially useful for our purposes
starts by introducing the auxiliary equivalent weight function ¢ (z), ¢ € C* (2)NC* (Q), ¢ > 0,
given as the unique solution of the problem

{-Ag: 1, in €,

1.11
¢ =0, on 09. ( )



It is well known that
C6 (r) < (¢ (x) <06 (x), for any x € €, (1.12)

for some positive constants C < C, so that L} () = Lé (©2). Then, it is easy to see that
every Li-mild solution of (P) is a very weak solution of the problem (1.10) in the sense that
weC([0,T];L5(Q), u>0,u™e L*((0,T) x Q), f = —uPxqus0y € L' (0,T; L (2)), and for
any t € [0,T7,

/ (t,x da;+// (t,z) dzdt = / dx+//ftx z) dzdt.

In what follows, our main interest will deal with the cases of N > 2, and m > 1 since the two
other cases (N =1, m > 1; and N > 1, m = 1) were studied in [49] and [55], respectively. We
also mention that some singular reaction terms were considered previously in the literature for
the case of m € (0,1) (see, e.g., [18, 24]). Some of our results also hold for m € (0,1) but we
will not pursuit such a goal in this paper.

Our main result in this paper is the following one:

Theorem 1. i) Let ug € L} (Q), ugp > 0. Assume m > 1 and 3 € (0,m). Then, problem (P)
has a maximal L}-mild solution u. Moreover if ug € L* () then u is also the maximal
LY-mild solution.

i) Let up € L} (), ugp > 0 and assume (1.6), (1.7), and (1.8). Then

m+8

HVU > (¢ )HLOO(Q) <C (ti“’ + 1> , a.e. t€(0,400),

for some positive constants w = w(m,B,N) and C = C(m,5,N,Q) if m > 1, C =
C <m B, N, HUOHLl(Q > if m = 1. Moreover the maximal L'-mild solution is Hélder con-
tinuous on (0,T] x Q.

m+

m+p
iii) Let ug € L} (), ug > 0 such that Vuy? € L™ (Q) and assume m > 1, (1.6), (1.7), (1.8)
and (1.9). Then

m+43

m+8
< max HVUO 2

HVuT (t)H (m+B)vV2+B—m

L) \/2m (Am,N B+l m)2>

Lo°(Q) ’

a.e. t € (0,400).

We point out that in the rest of the paper we will denote by C different positive constants,
possibly changing from line to line. Furthermore, any constant, depending on some parameters
will be emphasized by a parentheses indicating such a dependence: for instance, C = C (m, 5, N)
will mean that C' depends only on m, 8, N



Remark 1. Concerning the one-dimensional quasilinear case, m > 1, Theorem 1 extends the
results by Kawohl and Kersner [/9] to a class of more general initial data. Notice also that the
gradient estimate given by in part iii) is new with respect to the paper [/9] and also with respect to
the literature on the semilinear problem. It can be useful for many different purposes (for instance
to control possible approrimating algorithms when there are some additional perturbations in the
right hand side of the equation, and so on).

Remark 2. We emphasize that the gradient estimates prove (see Proposition 1 below) that in
m—+1

fact w3 is Hélder continuous on (0,00) fgﬁ (and in fact also on [0,00) x Q provided that ug®
is also Holder continuous on 0 and Vug? € L™ (Q)).

The existence of solutions to the Cauchy problem (CP) can be obtained as a consequence of
Theorem 1. Moreover, the above gradient estimates hold on L*° (RN ) for a.e. t € (0,T) (see
Theorem 3 below).

This paper is organized as follows. In the next section, we will prove the pointwise gradient
estimates of solutions of a regularized version of equation (P). Section 3 is devoted to prove
Theorem 1 and its application to the study of the Cauchy problem (CP). Different qualitative
properties will be considered in the final Section 4.

2 Technical lemmas

In this section, we will adapt to our framework the classical Bernstein’s technique and some
ideas of Ph. Bénilan and his collaborators, in order to obtain a gradient estimate of the type
|Vu1/“f‘ < C with v :=2/(m+ ). Let ¥ € C*(R:[0,1]) be a non-decreasing real function

such that
o (s) 0, if s <1,
S) =
1, if s > 2.
For every ¢ > 0, we define g. (s) := s P4 (s), where ¢ (s) = 9 (s/c), for s € R. Tt is
straightforward to check that g. is a globally Lipschitz function for any ¢ > 0.

Now, for every € > 0 and 1 > 0, we consider the regularized version of problem (P) given by

Ou — Au™ + g (u) =0, in (0,00) x Q,
(Peyy) =< u=mn, on (0,00) x 0,
u(0,z) = ug (z) +n, in Q.

The main goal of this section is to get some pointwise estimates for Vu,, (with Ue,y the
unique solution of (P ,)) which will allow to pass to the limit, as 7, ¢ | 0, to prove the gradient
estimates indicated in Theorem 1.

We start by showing a general auxiliary result which is useful to handle expressions containing
terms of the type |Vu|2 Aw arising in the study of gradient estimates in the multi-dimensional
case. Our proof corresponds to a slight generalization of Bénilan’s ideas (see, e.g., [5, 10] and
the application made in [9]).



Lemma 1. Letu € CQ(RN R), and g € C' (R, [0,00)). Then, the following inequality holds over
the set {xERN,g 750}

(N —1) g (w)?Vul*
4g (u) '

w) | D?ul” + ¢ (u) <%Vu -V (|Vu|2) - |Vu|2Au> >

Proof of Lemma 1. Set w := |Vu|* and denote by S(g,u) the left-hand side of the wanted
inequality. Then S (g, u) can be rewritten as

1

As in [9], we can adapt the Bénilan’s method presented in [10] in the following way:

S(g,u) = g(u) Z (85u)* Z 0;ud; u@,ju—wZBQ

i,j=1 i,j=1

(Bfu)Q + % (u) ((@'u)2 — w) 8124 + g (u) Z [(Biju)Q +

which completes the proof. I

Given ug € C} (2), up > 0, up # 0, m > 1 and 0 < 1 < min {e, |lug||. }, the existence and
uniqueness of a classical solution u., of (P: ) is a well-known result (see, e.g., [51]). Moreover,
the comparison principle applies and thus

0 < ey (b2) < luollog 41 < 2o, in (0,00) x .

We will prove the gradient estimates in a separate way: first for the case N > 2 and then for
N =1.

Lemma 2. Let ug € CL(Q) be nonnegative, 0 < n < min {e, |luo|| .} . Let N > 2 and m > 1
be such that Ap, v > 0. Define v := miw and assume (1.8). Then there is a positive constant
C =C(m,B,N) such that

(vum ¢ x)( < c(t—l luoll ;50 +1), in (0,00) x Q. (2.1)



In addition, if one assumes (1.9) and Vu(l)/fy € L™ (), then

m+p3
‘Vul/’Y (t x)‘ < max HVUO 2

mtHy2thm i (0,00)x . (
(@) \/2m (AWN_(ﬂH_m)z)

2.2)

Proof. Let he, = u;,/,? . Then, h. , satisfies the following equation:
Orhey — mh2" Y Ahyy —m (my — 1) BRI DV he |2 + 97, (B,) k70T =0, (2.3)
Differentiating in (2.3) with respect to the variable z, we obtain

O Vhey — mhI" IV ARy = mey (m — 1) B2V Ah , Vhe
+m (my—1) (y(m—1) = 1) RV VA ,[*Vhe
+m (my —1) hg,(nmil Y (|Vh€,n| > — 1, (hg,n) h;g Vhf-?,n
—y N1 =y (14 B) Y. (h2,) he D Vh, ), in (0,00) x Q. (2.4)

For any 0 <7 < T < o0, let ( € C* (R :[0,1]) be a cut-off function such that

1, ift € [r,T], ‘o
t) = and |¢’| < = for some positive constant cg.
=1, iftg (2.7+5), 1= P 0
2 2
Consider now the function v, (t,x) := ¢ (t)|Vhey (t,z)*. Let M = mMaXg o). Ve 16 is

enough to assume M > 0, otherwise it is clear that Vh, , = 0, likewise Vu,, = 0. Therefore,
there is a point (to,x0) € (7/2,T +7/2) x Q such that v, (to,z0) = M (since v., = 0 on
[0,00) x Of2). As a consequence, one has

v <|Vh€m|2> = 0 and Qv — 1nhg7(nm_1)Av£_;777 >0, at (tg,zo)- (2.5)
This implies

m— 2
C\Vhey? +20Vhe ) - 0V he y > 2mCh2m <|D2h5,,7| + Ve, - VAhw,) , at (to, zo)
or, equivalently,
/
(Vhey - (atwlg,n - mhg,(,]m_l)VAh&n) > —%\Vhw,!z +mChI Y| D2he |, at (to, o) -
Combining this with (2.4) and the former version of (2.5), we obtain
m (my = 1) (1 = (m = 1)) LGV 72| Vhe !

!/
< %\thm\z—i—m'y( — 1) Ch2 D AR [V he 2 — m¢h2 Y| D2he |
— ¢ (h2,) R [V he | + (14 8 —771) ¢, (BY,) ha ] W[V he 7, at (to, 20) . (2.6)

10



m—1)

From (2.5), applying Lemma 1 to g (s) = s7( we get

m— 2 —
B2 D2he y[* — ~ (m — 1) 2§DV he P Abe,

— 2 me1)—
= w20 DD, * 4y (m— 1) B2 Ul(évmw-vamﬂﬁ-ﬂvmmﬁAmm>

1 _1)—
> =7 (N = 1) (m = 1R D72 Vhe ", at (to, 20).

A combination of this equality, (2.6), and Vh, y (to, zo) # 0 implies

m|(my=1) (1= (m = 1)) =42 (N = 1) (m — 1)*/4] R D72 Ve

C — v (W2, e+ (1+ B =571 G, (h2,) b)) at (to,20).  (2.7)

Denote

_m{Am]\;—(ﬁ—i—l—m)2
}_ (m + B)*

Note that the assumption (1.8) on § implies that B > 0. Since ¥, > 0, it is clear that the second
term on the right hand side of (2.7) is non-positive. As a consequence, we get

B f(my = 1) (1= m 1)) = 32 (¥ = 1) m = 1)

CI —y(m— — —y(m
Bu., = B¢|Vhe,|* < 5h§m'7( Db (148 =771 ¢v. (h2,) k27D at (to, o).
Note that 2 —y(m —1)=2(1+8)/(m+B) >0and 1+ 3 —~y~1 =(2+ 8 —m) /2 > 0 (since
Ay N > 0 implies m < 14+ 1/v/N —1 < 2 for all N > 2), the last inequality then implies

1 1+
M < oz | 2(2fuollo0) 42+ 8—m].

Since ve, (t,2) < M in (0,00) x €, the last inequality implies, in particular, at ¢t = 7:
1
‘Vul/v T x)‘ < 2B <21+BCO’7'_1 ||uo||cl>j5 +24+ 8- m) , Vo e Q.
The proof of the second statement is a small variation of the above case. For any 7 > 0, it suffices

to make a slight modification by replacing the cut-off function ¢ (t) by ¢ (t) € C*= (R :[0,1])
defined by

cy = PIIST 4P <omR
Vo, ife>ar, OS5 =T

Now, if define ., = Z\Vhw,\z and assume that T, attains its maximum at (0,z) for some
z € 2, then we have

C(O) [Vhey (t,0)* = Tey (t,2) < T,

2(1-2
: (m)

(0, > (Vhep (0,2 >12:$<uo<w>+n>2<i1>\Vuo<w>\2

= [9]
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where we have used v > 1 stemming from the additional assumption 5 < 2 — m. Thus
‘Vu%;" < HVU(IJMHOO’ in (0,00) x Q.
Otherwise, T., must attain its maximum at some (fp,Zg) € (0,27) x  since T., = 0 on

{(27,00) x Q}U{(0,00) x 9Q}. Then, repeating the proof of the first statement until (2.7), and
from the fact that ZI < 0, we deduce

B, = B(|Vhey|* < (1+8—~71) v, (h2,), at (fo,Zo) -

By the same argument, this leads us to

1
24+ 8—-m\2 .
1/ <
‘Vua,n (t,:ﬂ)‘ = < 28—> , 11 (0,00) x Q.

Then, combining both estimates we arrive to the conclusion. I
Now we will consider the one-dimensional case to prove similar gradient estimates to the

ones obtained in the above result. Moreover, we will get also a gradient estimate for the case in
which the diffusion dominates over the absorption (similar to the one given in [47]).

Lemma 3. Let N = 1, m > 1, 3 € (0,m). Consider ug € C}(Q), ug > 0, ug # 0 and
0 <n <min{e, [Jug|| }. Then

i) if m < B+ 2, there is a constant C = C (m, ) such that
2
() o) <€ (5 o lf iy +1) , in (0,00) x 0

/
In addition, if we assume (1.9) and (u(l]/v) € L* (), we get

[(7) (t,)] < max {‘ (Y

it) If m > B+ 2, then there is a constant C' = C (m) such that

_m+B
Loo(Q) ’ 2m (m — ﬂ)

}, in [0,00) x Q.

2
(), )| < Culfly s in (0,00) x .

Proof. 1) Repeating the proof of Lemma 2 until (2.5) we get
Qihgm =0 and Oyveyy — mhg(nmfl)(?gvem >0, at (to, o) -

Then

g(amhe,n)2, at (thxO)'

Combining this with the 1D-analogue of (2.3) and 82h. ,, (to, o) = 0 we obtain

Ca:vhs,n (&Emhs,n - mhg,(nmil)aghe,n> e

m (my —1) (1= (m — 1)) Ch25" D725 he )?
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/

Y

<z —¢b) (B2, he + (1+ B —771) . (h2,) ha U9, at (to, o) -

N |

Using the same argument, we arrive at the desired estimate.

ii) Let now 7 := 1/ (m — 1) and define h, , := u;,/i Then, h,, satisfies
m _ .
Othey — mhe yOrhe y — m(axham)z + (m — 1), (hg’n) h;mv(HB) —0.

As in [4] (see also [47] and [32]), we consider the auxiliary function p(y) = Noy (4 — y) /3, for
all y € [0,1], where Np := (2/|uo||.)™ . Note that p is invertible and

2Ny 4N, 2N, "' 1
0 0]7 n_ 0’<p) < -7 in (0,1,

37 3 3 '\p /) —

pel0,No],p e -
p

Its inverse function is given by p~! (z) = 2 — (4 — 32/Ny)*/? for all z € [0, Np]. Finally, define
Ve 1= p~ Lo he 5. We obtain the following equation, satisfied by v, ;-

m _
Opvey — mp (ven) (ﬁve,n - (ﬁp/ + mp(pl) 1p/l> (Ve,n) ((93305,77)2
+(m—1)¢, (p7) plT71+A) (p')f1 (Vey) =0, in (0,00) x Q. (2.8)

Differentiating in (2.8) with respect to the variable z, we obtain
m 1 /
Ora e,y — mp (Ve ) agv&n = mp/ (Ven) axvs,naive,n + (mpl + mp(p/) p,/> (Ve,n) (amve,n)s
m_ N1 2
+2 <m —P + mp(P) D ) (Ve,n) OpVe nOyve n (2.9)

—(m =) (0. () P @) ) () D in (0,00) x

Let us consider now the function w, , := C(@mve,n)z and use the same argument as in the proof of
Lemma 2. Then, there is a point (to,zo) € (7/2,T + 7/2) x Q where w, , attains its maximum
and thus

8%1)5,,7 =0 and Qywe; — mp (vey) nggm >0, at (tg,zo) -

Then

(Orve (&gmvgm —mp (ve,p) 82%,77) > — (8332}5,,7)2, at (to, o) -

CI
2
Combining this and (2.9), we get

<3 =S (07) 07 (ve) + (m = 1) G () P (0) T (v,)
+(B+2—m) ¢ (p7) p T (ve,), at (to, o). (2.10)

x
Note that all the last three terms in the right hand side of (2.10) are non-positive, and

AN 2 2
m ., P 2m* Ny m 2m* Ny
“m | — £ > -0 >~ 70
m<m—1p +p<p’> > (V) 2 3(m—1) * 4p(v€,n)_ 3(m—1)

13



Then (2.10) implies the following estimate

3co(m—1) 4

——T .
4m2N0

By using the same arguments than in Lemma 2, the last inequality implies

2 —
(&cham)Z (r,2) = (p')2 (ves) (8361)6’7])2 (r,2) < (4?0) 3CZ£nTzN01)T_1

2™ty (m
- 2

C(azvvs,n)2 (th xO) <

-1
a )7'71 HuOHZLofl , Vo € Q.

The rest of the proof is straightforward. I

As in many other parabolic problems, the spatial gradient estimates given in Lemma 2 imply
the global C*-Holder regularity of the solutions. Similar results hold for the one-dimensional
case by using Lemma 3.

Proposition 1. Assume the conditions of the first part of Lemma 2. Then, for any T > 0, the
following estimates hold for all (t,x), (s,y) € [1,00) x Q:

m—+1 m—+1

1 1
e (tx) —uep (s,y)] < Cy [Cg <]w —y|+ |t — 3]3_N> + Cslt — s|3

3 18
Cl - C(T)’L,,@,N) <T71 HUOHZ’)—OB(Q) + 1) ’ ) CZ = HUOHLEO(QV
1 m=—p
Cs = 912 |fuoll;Z
if 6 <1, and
m+

m+1 m+1

w3 () =l )| < G |Gl =l +le— o)
C1 = C(m, B, ||luoll oo (a))s 1

_m+1
Oy = 2( —1 HUOHHBQ) i 1) 2(m+/3),

+Cg’t — 8’3:|

if B> 1. Moreover, if B +m < 2 and Vu(l)/'y € L™ (), then

m+1 m+1

1 1
Uep (t,x) —ue s (s,y)‘gKl [(|x—y|+|t—s|ﬁ)+K2|t—s|§]’

K gﬂ 1= /v (2+B8—m)(m+B)* s
=82 ] ol gy o [V

1

1 m—p
Ky = C (m, 8, N) 9] (77 luol ;o) + 1) luoll .2 g

for all (t,x), (s,y) € [0,00) x Q.

Proof. Let us first extend u, , by 1 outside €2 if needed and denote still by u. , to that extension.
For arbitrary ¢ > s > 7 > 0, by multiplying the equation by duf’, = muf’ atue,, and
integrating by parts over (s,t) x Q we get

/ /mu6n1|8tu€n| dxd0+2dt/ / |Vu6n| dmd0+/ /mum7 e (uep) Optie pdado = 0.
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Define Ge (r) := m [; s™ g (s) ds. Notice that
" m
Ge (r) < m/ s s = ——— B e > 0.
0 m—f
Then the last equality implies that

/:/ﬂmugfn_lmtu&nﬁdxda < %/Q{Vu;nn (s,x)‘zdx %—/QG5 (Ue,p (5,2)) dx.
Let z. == %/ﬁu?}iﬂ)/z/ (m+1). Using (2.1) we get
[ [ 100zeafaado < €. N) (7 ol +1) [ 0 s, do
< C/(m, B, N) |9 (v luoll” + 1) lluoll 2 = Co.
Given z, y € Q, define r := |x — y| + |t — s\ﬁ Then, for some = € B, (z):
|22 (6, %) — e (5,2)* < (t—5) /St |Or2e, (0,2)[*do

2
t—s (! 2 Colt —s| _ Colt —s|3
= 0, dzdo < <
| B, | /s /r(x)‘ Ve (0, 2} dedo < ayr¥ T ay

where ay := |By| = 27V/2/ (NT (N/2)). From the triangle inequality one has
|2en (£, ) = Zepy (5,9)]
< zem (60) = 2e (6,2)] 4 |2, (6,7) = 22 (8, 2)| + 22,9 (5, T) — 2 (5,9)] -
Then, if 5 <1,

2e (8, ) — 22,5 (5,9
— Co 1/2 1/3 —
< Ve ()l 2= 2+ (E2) 7l = 5 + V20 (5)llo 12— o]

Combining this with the estimate

m—1 1-8

Ve ()] = Ve (4,2) [Ty (4,2)] < C (m, B, N)uch (42) (7 uoll g +1) 7,

N

we get the first desired estimate.
m+8

If B > 1, then, since z.,, (t,z) = C(m, B) (u?) with v = (m+1)/(m + ) and v € (0,1),

using the Hoélder continuity of the function r — r¥ we get

|2, (t,2) = zey (¢, 7))

m+p m+p

sc<m,ﬁ,uuoum)>1ueﬁ (o) —ud (t,2)

m+p3

+
Vuei (1)

< C(m,ﬁ, Hu0||L°°(Q))
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and we argue analougously with the term |z, (s, %) — 24 (s, )| to get the desired estimate.

The proof of the remaining statement can be obtained easily by using (2.2) instead of (2.1) in
the last inequality. Note also that f < 2 —m < 1. This completes our proof. §

Before ending this section we point out that the estimates (2.1) and (2.2) are independent of
€ and 7. Thus, they play a role of some useful a priori estimates which will allow the passing
to the limit as 7, € | 0, successively. So, for any € > 0 fixed, since g. (s) is a globally Lipschitz
function, we can pass to the limit as n | 0 showing that u., — u. and that u. is the (unique)
weak solution of the problem:

Ou — Au™ + g- (u) =0, in (0,00) x £,
(P:){ u=0, on (0,00) x 082,
u(0,2) = uge (x), in Q,
where, more in general, we can assume that the initial datum is also depending on the parameter

e >0, with ug. € L™ (), up > 0 (see details, e.g., in [6] or [58]). Moreover, obviously u. also
satisfies the corresponding pointwise gradient estimates given in Lemma 2 and Lemma 3.

In the following section we will justify that the limit € | 0 allows us to prove the existence
of solutions of equation (P) presented in Theorem 1.

3 Proof of Theorem 1 and study of the Cauchy problem

In order to complete the proof of Theorem 1 we will structure it in a series of steps.
Step 1: Monotone convergence in L' (O,T; L% (Q)) for bounded initial data.

Let us first consider the case in which uy = ug. € L*> (), up > 0. The family of functions,
(¢e).~q, Obtained at the end of the previous section, forms a bounded monotone sequence.
Indeed, from the definition of g. we see that

Ger (8) > gy (5), Vs €R, for 0 < g1 < eg.

This implies that u., is a subsolution of the equation satisfied by u., and then since the com-
parison principle holds for the problem (P.) (see e.g., [6]) we get that

Ugy < Ugy, In (0,00) x Q, for 0 < g1 < e9.
Then, there is a nonnegative function u € L' (0,T; L} (2)) such that
us Ju, ase 0.

From the L} (Q2)-contractivity proved in Section 6.6 of [58] we know that for all T’ € (0, cc),

/Qus (T,CU)C(w)dﬂer/OT/Qgs (ue)C(l’)d:vdtS/QUO (z) ¢ (z) de.
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It follows from the last inequality and the Dominated Convergence Theorem that there is a
function T such that
limg. (u:) =Y, in L' (0,T; L5 ().

el0

Moreover, the monotonicity of (u.),., implies

e (ue (t,2)) > ge (ue) Xqus0y (£, 7) , a.e. in (0,00) x €,

S0
liiIOl ge(ue (t,2)) =71 (t,x) > u_ﬁx{u>0} (t,x), a.e. in (0,00) x 2. (3.1)
[

Thus,

x| < [ wo(e)g(a)da.

L1(0,T;LE(Q))

As a matter of fact, we will prove later that

T = u_ﬁx{u>0}, in L' (O,T; L% (Q)) . (3.2)

Step 2: Passing to the limit in C ([0, 7]; L' (?)) and C ([0,7]; L§ (Q2)) for bounded initial
data.

Let us start by presenting some arguments which are valid to the case in which uy € L (),
ug > 0. Since u, are limits of classical solutions, by applying Section 3 of Benilan, Crandall and
Sacks [12], we know that (u.).., are generalized (and L'-mild) solutions of the problems

Ou — Au™ = f., in (0,T) x £,
u=0, on (0,7) x 08, (3.3)
u(0,2) = upe (), in Q,

with f. € L' (O,T; L (Q)) given by f. (t,z) = —ge (ue (1, 2)).

From the Step 1 we know that f. — =7 in L' (0,T;L' (?)) and up. — up in L' (), as
e | 0. Then, by [12, Theorem I} we know that u. — w in C ([0, T];L* (Q)) with u the unique
generalized (and L'-mild) solution of the problem

Ou— Au™ = =0, in (0,7) x Q,
u=0, on (0,7) x 052, (3.4)
u(0,2) = up (z), in Q.

Let us now prove (3.2). Since u. is a weak solution of equation (F:), one has
J[ (cudie = bt g (ue) o) dadt =0, ¥ € € (0.T) x 2), 9 20,
Supp(¢p)

Letting ¢ | 0 and since u is also a very weak solution of problem (3.4), we get

— // (udip + u™Ayp) drdt + hm // (ue) pdxdt = 0.
Supp(e) Supp(<ﬂ)

17



Thus,

lim // 9 (ug) pdxdt = // u_ﬁx{u>0}cpdxdt, Vo e C((0,T) xQ), ¢ >0. (3.5)
&l0 J Jsupp(y) Supp()

Then, T = UiﬁX{u>o}7 in L' (0,T; L* (Q)) follows from (3.1) and (3.5).

The same conclusion also holds for similar arguments for the more general case in which
ug € L}; (©), up > 0. The only modification to be justified is the application of the continuous
dependence result for mild-solutions of (3.3). The mean ingredient of the proof of Theorem I of
[12] is that the abstract operator associated to problem (P;) is a m-T-accretive operator on the
Banach space X = L' () but the same conclusion arises once we prove the same properties on
the space X = Lé () = L} (Q) (with ¢ given by (1.11)). This is more or less implicitly well-
known property (see, e.g., Section 6.6 of [58]) but since we are unable to find a more detailed
proof we will get here a short proof of this set of properties. Given f € L% () and A > 0, we
start by recalling the definition of very weak solution of the stationary problem

—A(Jul ™ ) + M= f, in Q,

3.6
lu| ™ty = 0, on OQ. (3:6)

Definition 4. Given f € L} (Q) and A > 0, a function u € L} (Q) is called a very weak solution
of P(f, ) if [ul™ tu e LY (Q) and for any ¢ € W2 (Q) N Wy ™ (),

/Qum(x)Az/J(x)dw—i—)\/ﬂu(x)w(x)dx:/Qf(x)z/z(x)dx.

We have
Lemma 4. Let X = L% (Q), m > 0 and define the operator A : D (A) — X given by
Au= —A(lu|™ ) =: f, ue D(A),
with
D(A)={ue Lé (Q);u is a very weak solution of P (f,0) for some f € Lé Q)}.

Then A is a m-T-accretive operator on the Banach space X and D (A) = X.

Proof. To show that A is a T-accretive operator on X we have to show that, given f, ]/”\E Lé (Q)
and A > 0, if u, u are very weak solutions of P (f,A) and P <f, )\>, respectively. Then

Aw - sH P F | (3.7)
=l <[ 71,
But by introducing v = |u|™ ' u then v € L' (Q) is a very weak solution of
1
~ —Av+ MNo|= o= f,inQ,
P(f,\) = 3.8
(:) { v =0, on 0f2, (38)
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(and similarly for ¥ = |@|™ * @). Assume for the moment that f, f > 0 and thus the positivity of
u, u was proved in [16] (see also [17]) and the estimate (3.7) coincides exactly with the estimate
(19) given in Theorem 2.5 of Diaz and Rakotoson [35] (notice that although L% Q) = L} (),
thanks to (1.12), the norms H'HL(}(Q) and H-||L[15(Q) are related by some constants: by replacing

H-HL};(Q) by the norm H'HL}(Q) then the constant C' arising in the estimate (19) given in Theorem

2.5 of Dfaz and Rakotoson [35] becomes exactly C' = 1 as needed in (3.7)). By using the
decomposition f = f; — f_ the estimate (3.7) holds for general f, f € Lé (©). An alternative
proof can be obtained by applying the local Kato’s inequality given in Theorem 4.4 of [28].

The proof of the m-accretivity of A (i.e., R(A+ AI) = X) was already proved in [16] (see
also [17] and Theorem 2.5 of [35]).

Moreover, given f € Lé (©) we consider u, € D (A) be the unique solution of «Aug+uq = f.
Then making « | 0 we have (again by Theorem 2.5 [35]) that u, — f in Lé (€2), which proves

that D (A) = X. 11

As a consequence of Lemma 4, we can apply the Crandall-Liggett theorem and by the
accretive operator theory we know that f. — —7Y in L! (0, T, Lé (Q)) and ug . — ug in Lé (Q),
implies that u. — uw in C ([O,T] ;L% (Q)> with u. and w the unique Lé (€)-mild solutions of
the problems (3.3) and (3.4), respectively, as ¢ | 0. Now, the adaptation of the proof of [12,
Theorem I] to show that u. — u in C ([O,T] ;L% (Q)> as generalized solutions is a trivial fact.
This implies, as before, that T = ufﬁx{u>0}, in L (O,T; L% (Q))

Remark 3. We point out that the uniqueness of a generalized (or L'-mild) solution of the prob-
lem (3.4), when Y (t,x) is prescribed in L <0,T; Lé (Q)) does not imply the uniqueness of the

generalized (or L:-mild) solution of the non-monotone problem (P). This question remains as an
open problem: as in [62], the uniqueness of solutions fails even for general bounded nonnegative
initial data. Some partial results are given in [31].

Step 3: Maximality of the above constructed solution. Let us show that if v is a different
solution of equation (P) then,

v(t,x) <wu(t,z), ae. in (0,00) x €.
Indeed, since g. (v) < UﬁﬁX{wo}a Ve > 0, then
O — Av™ + g- (v) <0, in D' ((0,00) x ),

which implies that v is a subsolution of problem (P.) (with the same initial datum). Since g (s)
is a globally Lipschitz function, thanks to Lé—contraction result (consequence of the T-accretivity
of Ain X = Lé () (see also [6] or [12])), we get

v(t,x) <we(t,z), ae. in (0,00) x Q.
Passing to th elimit as € | 0 we obtain the wanted inequality.

Step 4: Treatment of unbounded nonnegative initial data wug. Let ug € L% (Q), up >0
and let

ugpn () = inf {ug (z) ,n}.
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Then ug, € L™ (), uo,n > 0 and ug, T ug in L% (©) as n 1 +oo. Then, as before we can apply
the comparison principle to deduce that, for any € > 0, if u, y is the (unique) solution of problem
(P.), then

Uemy < Uen, i1 (0,00) x Q, if ng < ng.

Moreover, we have the uniform bound
0 <uy(t,x) <U(t,x), ae. in (0,7) x Q, (3.9)
with U € C <[0, T) ;Lé (Q)> the unique Lé—mild solution of the homogeneous problem

U —AU™ =0, in (0,T) x Q,
U=0, on (0,T) x 99, (3.10)
U(0,z) =ug (z), in Q.

Indeed, it suffices to use that for any n and € > 0 we have —g. (uey) (t,2) < 01in (0,7) x 2, and
to use the comparison principle for the unperturbed nonlinear diffusion problem. Then, passing
to the limit, as in Step 2, we deduce that if u,, is the mazimal Lé—mild solution of (P) associated
to up,, € L™ () then

Un, < Up, in C([0,T];L¢ (), if ny < no.

Moreover,
u;lﬁ > u;f on {(t,z) € (0,00) X Q, up, (t,x) > 0}, if n; < no,

and that, in fact, {u,, >0} D {up, > 0}. Then Y, := —uﬁﬁx{%w}, is a monotone sequence
of nonnegative functions in L' (07 T;L} (Q)) which converges to some Y in L' (O, T;L} (Q)) and
thus we can apply, again the extension of the Benilan-Crandall-Saks [12] argument to pass to
the limit of Lé—mﬂd solutions of problems of the type (3.3) and thus we get that w, — u

in C ([O,T] ;L% (Q)> with « the unique L% (©)-mild solution of the problem (3.4), as n 1 +o0.
Arguing as in Step 2 we get that T = —UfﬁX{u>o} and thus UiBX{u>o} eL! (07 T; L% (Q)) The
proof of the maximality is again similar to the arguments of Step 4.

Step 5: Gradient estimate for ug GLé Q).

Notice that, from (3.9) we get (after passing to the limit, as n T 4+00)

0<u(t,x) <U (t,x), ae. in (0,T) x Q, (3.11)

On the other hand, by applying the smoothing effects shown in Veron [59] (see also [57] for the
semilinear case), and the explicit sharp estimate given in [58, (17.32)] (see a different proof via
other rearrangement arguments in [26] combined with Theorem 3.1 of [35]), we know that for

any m > 1
cQ . .
U Oll ey < T2 ol (3.12)

with
N q 2
a=————ando=————.
Nm—-1)+2 Nm—-1)+2
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In the special case of m > 1 we have an universal estimate for U (see, e.g. Proposition 5.17 of
[58])

1

10 )@y < Clm, N)Rm-1” ot (3.13)
where R is the radius of a ball containing €.

Thus the same estimates (3.12), for m > 1, and (3.13), for m > 1, also hold for u. Using Lemma
2 we get that for any ¢ > 0, a.e. x € , and for any A € (0,t) we have

B)o
2 _ [ et = NI )+ lul57g
(vu;/w,x)‘ =C t— A ) < (t—)\)a—i—l( il
if m>1, or
1+8 _2 1 1148
‘v 1/ (t )‘2 < Hu(t—A)HLoo(Q) | <c C(m,N)Rmfl(t_)\) pe— »
U, y L — t— A - (t _ )\) R

if m > 1. Passing to the limit, first as A | 0 and then as ¢ | 0, (using the convergence of the
Step 2 and weak-x convergence in L (€2)) we get the pointwise gradient estimate given in ii) of
Theorem 1, withw=a+1ifm>1andw=(B+m)/(m—1) if m > 1.

Now, the proof of the fact that the mazimal L'-mild solution is Hélder continuous on (0, 7] x Q
is a simple consequence of Proposition 1 and the above convergence arguments.

Step 6: Case m + (3 < 2: gradient convergence and proof of iii) of Theorem 1.

In order to prove part iii) of Theorem 1 we shall use other type of convergence arguments. As
a matter of fact, we will prove a stronger result showing the gradient convergence as ¢ | 0:

Vu:, — Vu, ae. in (0,7) x Q,

up to a subsequence. Indeed, from the equations satisfied by u. and u. for any € > ¢’ > 0, we
have
O (ue — uzr) — (Aul' — Ault) + ge (ue) — gor (uer) = 0.

For any § > 0, let us define

T; (s) = s i) <9, and S5 (r) = /T Ts (s) ds.
Ssign (s). if [s] > 0. :

For any 0 < 7 < T < o0, by using Ts (u: — u./) as a test function in (3.5), and integrating both
sides of (3.5) on (7,7T) x €, we obtain

T
/ Ss (ue —uer) (T, ) dz + / / (mu?*quE — mu?_1Vu5/) - VTs (ue — ur) dadt
Q T Q

+/TT/Q(95 (ue) — gor (u)) T (ue—ugr)d:vdt:/ﬂs(; (e — uer) (7, 2) da.

It follows from the facts S5 (r) > 0 and S5 (r) < d|r|, Vr € R that
T
/ / mu?_lv (ue — uer) - VTy (ue — uer) dadt
T Q
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T
+/ / m (ut = w1 Vue - VT (ue — uer) dodt
T Q
T
+f /Q (e () — gt () T (e — ) dadt < /Q (e — ur) (7, 7) | d.

Since |Ts (s)| < 6, Vs € R, we obtain from the last inequality

// Ul (0, — o) Pzt < 48]woll 1
{‘uE_uE’I<6}
T
+ / / |(u£n71 - u?fﬁl) Vue - VTs (ue — u5/)| dxdt. (3.14)
T Q

Then, from (2.1) and the Dominated Convergence Theorem we get

/ / ‘ (i Lo u?fﬁl) Vug - VT (ue — uer)

/A <6} u?_l\v (ug — ue/)\Qdacdt < 4(5“110”[/1(9) +o0 (E,E’) s
Ue —Us | <

and

where o (g,¢’) — 0 as g,¢’ | 0. Moreover, it is clear that

// |V (ue — ur)Pdzdt < 51™ // U™V (ue — ue ) [ dadt.
{ue>6, [ue—u | <o} {ue>08, lue —u,s|<8}

It follows from the last inequality that

/ / IV (ue — uer)[Pdadt < 465%™ |ug|| 11y + 6" 0 (c,€') .
{ue>9, |uc—u s |<d}

Thanks to (2.1), we obtain

2(1-2 1
// Vudsdr < [ 07 e < o1 2072),
{ue <4, Jue —ur|<d} ue <8, lue—u_r|<8}

where the constant C' > 0 is independent of €, §. Since u. > u./, and by the same argument, we

also obtain
1
/ / Vo |2dadt < c52(-7).
{ue <4, |ue—ur|<o}

Combining these, we get

_1
// IV (ue — uer)Pdadt S 6™ uo| 1 gy + 6" "0 (e,€') + 520-3).
{lue—us|<8}

Here we used the notation A < B in the sense that there is a constant ¢ > 0 such that A < ¢B.
Thanks to (2.1), and the fact that u. — u, we obtain

// IV (e — uer)|Pdzdt < Cmeas ({Jue — uor| > 6}) < Co (,€'),
{lue—u[>6}
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with C' = C (m, 8, N,7,T, ||u| ) It follows from that

T
/ / IV (ue — uer)Pdadt < 52_mHuoHL1(Q) + 1+ o (e,€) + 52<17%>.
T Q

Hence,

T 1
limsup/ / IV (ue — uer) P dadt < 527m\|u0||L1(Q) + 52(1_?>.
el0 T Q

The last inequality holds for any ¢ > 0 and since, now, m + 8 < 2, we obtain

T
lim sup/ / IV (uz — uz)|2dzdt = 0.
el0 T Q

Consequently, we have
Vu. — Vu, in L? ((7,T) x Q).

Up to a subsequence, we deduce Vu. — Vu a.e. in (7,7) x Q. A diagonal argument implies
that there is a subsequence of (u.),. (still denoted as (u.)..,) such that

Vue = Vu, a.e. in (0,00) x Q.

Hence, u also satisfies the gradient estimates (2.1) and (2.2).

This puts an end to the proof of Theorem 1. ]

Remark 4. An alternative proof of the reqularity u € C ([0,00) ; L' (2)), in part iii) of Theorem
1, when ug € L (), is the following: for any 1 < p < 2, thanks to Lemma 2, we have that for
any finite time T > 0

T T 5
/ / VulPdadt < C / / W (75) (17 o152, + 1)”/ dudt < 1, (3.15)
0 Q 0 Q

where Cy; > 0 only depends on T, S, HuOHLw(Q), and the parameters involved. Since u is bounded
on (0,00) x Q, it follows from (3.15) that

Vu™ € LP ((O,T) W (Q)) .
This implies that
— m -8 P —Lp 1
By = div (Vu™) —u Py (ysop € L ((O,T) W (Q)) ALY ((0,T) x Q),

where W~LP (Q) is the dual space of Wol’p (). Then, by a compactness embedding (see [56]),
we obtain u € C ([0,T], L* ().

The rest of this section is devoted to consider the associated Cauchy problem for initial

data up € L' (RV) N L> (RY). The existence of solutions to the Cauchy problem (CP) can be
obtained as a consequence of Theorem 1. Here is a simplified statement:
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Theorem 2. Assume m, N, 3 as in Theorem 1. Let uy € L* (RN) N L>® (RN), ug > 0. Then,
problem (CP) has a weak solution u € C ([0,00), L' (RY)) N L> ((0,00) x RY) satisfying (CP)
in the sense of distributions:

/0 /]RN < —up, —u" Ap + u_ﬁx{uw}cp) dadt =0, Ve € D ((0,00) x RN) .

Moreover, the gradient estimates of Lemma 2 remain valid with C = C <m, B, N, HUOHLI(Q)> for
any m > 1.

Proof. We will start by constructing a sequence (ue),- of solutions of the regularized problem

{ dyu — Au™ + g (u) = 0, in (0,00) x RY, (3.16)

w(0,z) = ug (z), in RY,

After that we will prove that u. — u, with u a weak solution of problem (CP).

The proof of the construction of (u ), is quite similar to the one given in the proof of Theorem
1. Thus, we just sketch out the main idea. We start by considering the approximate problem
over (0,00) x Bpg, for any R > 0, taking as initial data the function wugy B+ By some classical
results on the accretive operators theory (see, e.g., [6, 58]) we know that there is a unique weak
solution wu. g of the approximate problem in (0,00) x Bg. and that (from the construction of
the initial datum on Bpg), for any €, R > 0, we have the estimates

HUE,R (t)HLl(BR) < HUOHLl(RN), Vi > 0,

and
tteu )l e ) < ey W > 0.
Thanks to Lemma 2, we also know that

2

< c<f1 o)) 2 )+1), in (0,00) x Bp.

1
‘VUQR (t,x) Lo (RN

Moreover, for any fixed € > 0, it follows from the L!-contraction property (for the unperturbed
nonlinear diffusion problem) that the sequence (uc r) Rr>0 18 pointwise non-decreasing. Thus,
there exists a function, denoted by wu., such that u. g T u. as R — 0o. Consequently, u. satisfies
the corresponding estimates for the respective L' (RN ) and L (RN ) norms. Moreover, since
ge (+) is a globally Lipschitz function, the classical regularity result (see, e.g., [6, 58]) implies that

Vul'p = Vu', ae. in (0,00) x RY,

up to a subsequence. Similarly as in the proof of Theorem 1, we observe that (u.).., is a
non-decreasing sequence. Thus, there exists a function v such that u. | u in (0,00) x RY, as
€} 0. Then, we mimic the different steps in the proof of Theorem 1 to pass to the limit as € | 0.
We point out that the continuous dependence in C ( [0,7], L (]RN )) is quite similar to the case
of a bounded domain € since we do not need to approximate the nonlinear term (u) = u™.
Then we get that u is a weak solution of equation (CP) and in fact u is the maximal solution of

problem (CP). &
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Remark 5. In a similar way to the case of bounded domains, the accretivity in L' (RN ) can
be replaced by the accretivity in some weighted spaces L;a (]RN) allowing to get the existence of
solutions for the Cauchy problem for a more general class of initial data ugy (x) growing with |x|,
as |x| — +o00. That was started with the paper [11] and then developed and improved by several
authors (see the exposition made in Chapter 12 of [58]). The mentioned accretivity in L;a (RY)
holds, for any, m >0 and N > 3, for the weight given by

1

Pl = ey

with o given such that 0 < a < (N — 2)/2. For other values of N and o > 0 there is only
existence of local in time solutions of the Cauchy Problem ([58]). This property could be used
to get some generalizations of the results of [43] for the study of (CP) when m > 1, but we will
not pursuit this goal in this paper.

4 Qualitative properties
We start by recalling that the existence of a L}-mild solution of (P(1)) (for more regular solutions
see, e.g. Subsection 5.5.1 of [58]).

Definition 5. Let ug € L} (Q), up > 0, and T > 0. A nonnegative functionu € C ([0,T]; L} (Q2))
is called a L}-mild solution of (P(1)) if UiBX{u>o} € L' (0,7 :L§ (2)) coincides with the unique
L};—mz’ld solution of the problem
Ou — Au™ = f,in (0,T) x Q,
u™ =1, on (0,T) x 0%, (4.1)
u(0,z) = ug (x), in Q,

(1.10) where f := —u_ﬁx{u>0}.

The existence and uniqueness of a L§-mild solution of (4.1) for a given f € L' (0,T :Lj (2))
is an easy modification of the results of [16], [61], Theorem 1.10 of [33] and Step 2 of the above
Section. Indeed, given f € L% () and A > 0, we start by recalling the definition of very weak
solution of the stationary problem

=A™ )+ A= f in Q,
P(f’Aa 1) - { |u| m—lu =1 on 0. (42)

Definition 6. Given f € L} () and A > 0, a function u € L} (Q) is called a very weak solution
of P(f,\) if [ul™ u € LY(Q) and for any pe W2(Q) N Wy () Jou(z)™ Ap(x)de +
Jo Xu()p(a)de = fo @) (@)de— [oo5h ().

In a completely similar way to Step 2 of the above Section we have

Lemma 5. Let X = L% (©), m > 0 and define the operator A : D(A) — X given by

Au=—A(lu]™u) := f ue D(A)
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with
D(A)={uc€ Lé (), w is a very weak solution of P(f,0,1) for some f € Lé (Q)}.

Then A is a m-T-accretive operator on the Banach space X and D(A) = X.

Thus the Crandall-Liggett theorem can be applied to get the existence and uniqueness
of u € C([0,T];L} () L§-mald solution of (4.1). Moreover, u is a very weak solution of
(4.1) in the sense that u € C ([0,T];L§(Q)), u > 0,u™ € L' ((0,7) x Q), f = UiBX{u>o} €
L' (0,T :L} (€2)) and for any ¢ € [0, 7]

/Qu(t,x) C(w)dm—i—/ot/ﬂu(t,x)mdmdt
= /Quo(x)g“(x)dm—i— /Ot /Qf(t,x)C(x)dxdt— /Ot /(mg—:{:(x)dx

The rest of arguments is completely similar to the case of problem (P).

Now, let us present some explicit examples of solution of (P(1)):

Lemma 6. i) Let g € (—o0,1), 9 € RN, and for C > 0 define the function
vgo(@) = Cla — x| ™1 . (4.3)
Then, for any A >0

2(N(1 —q) +2q)
(1-q)?

L(v) = —Av+ M = [)\CQ - C’] |z — xo = (4.4)

In particular, if we define

T (45)

Hovan = [2<N<1 — ) +2

then L(v) =0 if C = Kngx and L(v) >0 (resp. L(v) <0) if C < Ky g (resp. C > Ky g.2).
ii) If for m > 0 and § € (0,m) we define

ugm,c(x) = (vq,c(x))l/m: cl/m |z — xo i , G.e. with q = —B/m,

then
— A(ugme)™ + Mugme) ™" = [ACQ _ Iy ((;”j_r 55))2_ 26 )C] & — 20|75 . (4.6)

ii.a) Define .
s = i ) - 7 it

then Knmpx >0 and —A(ugm o)™ + )\(u57m7c)*5 =0m RN ifC = KN g
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i.b) If zo € Q then —A(ugmc)™ + Mugmc) ™ € L (Q) and —A(ugmc)™ + Mugmce)™? >0
(resp. <0) if C < Kngx (resp. C > Kng)-

i) If m > 0 and B € [m,+00) then (4.6) holds in RN. Moreover, the constant given by (4.7) is
such Knm gy > 0 if and only if N > 2.

iti.a) If zg € 0Q and 6(z) = |z — x0| then —A(ugm.c)™+MNugmc)™? € L} (Q) and —A(ug mc)™+
Mugmc)™® >0 (resp. <0)if C < Kyga (resp. C > Ky ).

ii.b) If xo € Q then —A(ugm,c)™ + Mugmc) ™’ ¢ L; ().

Proof. Part i) was given in Lemma 1.6 of [25]. Part ii) result from i) by a simple change of
variable. Moreover, the fact that —A(ugm.c)™ + A(ugm.c) ™" € L} () holds because

28
+1> -1, 4.8
m+ [ (48)
for the case xy € 9 and since
283
> 1, 4.9
m+ (4.9)

(thanks to the condition 8 € (0,m)) when z¢p € Q. From the definition (4.7) we see that if
B € [m,+00) then the positivity of K, g fails only for N = 1. Moreover, inequality (4.8) still
holds true, but we see that for any interior point zy € € the weight §(z) is not from any help
and thus the singularity is not integrable (since condition (4.9) fails if 5 > m).

Corollary 1. Let Q = Bpr(xg) and take ug(x) = ugmc(x) with C = Knmpy and X = 1.

Let R > 0 be such that R7+% = 1. Then u(t,x) = ugm,c(x) is the unique solution of (P(1)).

Moreover .

7055 0] =

Lo (Q)

for some C* > 0 and the exponent mTwLB cannot be replaced by any other greater exponent «

such that [[Vu® ()| e (o) < +00.0

In order to prove some other qualitative properties it is useful the following result:

Lemma 7. i) Let g € (—00,1), 29 € RNty > 0 and for C > 0 define the function
vg,c(z) =Clz — xo\%q . (4.10)

Given tg > 0,0 >0 and X > 0, let

1

Yaon(t) = [0179 = XA — q)(t — t0)] 7, fort > to,

so that .
—q
Yg.ox(t) =0 for any t > m
Then, given m > 1, if C < Ky 4 x, the function
1
U(t,z) = [vg,c(@) + yg o)™ (4.11)
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satisfies

U — AU™ 4 U > 0 on (g, +00) x RY,
with = 2\.
i) If for m > 1 and g € (0,m), we define

_m
m+3 m + ,8 m+3

Zm .o (E) = |07 m = A(=——=)(t —to) , fort > tq.
+

and thus

3=

W(t, ) = [ugmc(®)™ + zmpox(t)"]™,

then, if A = % and C' > Ky 4., we have

oW — AWm+W7ﬁX{W>O} <0 on (t(], +OO) x RV,
Proof. Notice that

dy(é,t@)\ + Ay‘q{97>\ = 0
Yg,0.1(to) = 6.

Moreover, from the convexity of the function s — s™ we get that

_m—1,m—1 dy O\ dy 0.\
a U — U ™ yq’@’/\ q,9, > 9,9, ,
! . —  dt

moreover

—AU™ = — Avg c.

Notice also that

s bT'
(a+0)" > @t , for any a,b >0 and r > 0.
Then
d
QU = AU™ 4 Ut 2 TEA - Av o422 [g,0(2) + g0 (1))
d
> (% + )\yg,e’)) — Avgo+ M = 0.

The proof of ii) is similar but uses now that

T b_r
(a+b)" < %, for any a,b > 0 and r > 0.

Here are some applications of the above Lemma.
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Proposition 2. Let m > 1, § € (0,m) and consider uy € L>®(2), ug > 0. Then:
i) Complete quenching and formation of the free boundary: there is a finite time 79 > 0 such
that if u is the mild solution of (P)

u(t,x) =0, Vt € (19,00) and a.e. x € .

ii) Letm > 1, 5 € (0,m). Assume (for simplicity) 1 > ug > 0. Ifu is the mild solution of (P(1))
then for a.e. xg € Q such that §(zo) = d(xg, 0S2) > (KN7q7>\)71%q there exists a 7o = To(xo) > 0
such that

u(t,z9) =0, Vt € (19,00). (4.12)

iii) Let m > 1, g € (0,m).If

2 1
0 <wup(x) <Kngx |z — o i a.e. on Bj(z)(m0) N Q and 6(x0) > ————— =5
(-Kv]\ﬂq,)\)W
then, if u is the mild solution of (P) we get that
0 <u(t,z) <Knygxlx— x0|1%q a.e. on (0,400) X Bj(gq) (o) N2
and, in particular u(t,zy) = 0 for any t > 0.
iv) Let m > 1, B € (0,m) and assume
1
uo(z) > [05(90)% L om| ™, 8(x) = d(z,00) (4.13)

for some C' > Ky 4. Then if u is the mild solution of (1.3) and 8 <1 we have
u(t,z) >W(t,x) for any x € Q and any t > 0.

In particular, if 0 > 0 then

m+8

2ml m

t,z) >0 €Q andte [0, ———
u(t, x) for any x an [ o

).

The conclusion holds for solutions of (P), for any x € Q and t > 0 if in the assumtion (4.13)
we take 6 = 0.

Proof. i) Let M = |Juo|| oo (- Notice that since u™? > pu® for any u € (0, M] and any ¢ € (0,1)
if0<p< M(@+B) then

0<u(t,z) <U;(t,x), ae in (0,T) x Q, (4.14)

with U, the unique mild solution of the porous media homogeneous problem with a possible
strong absorption

BU — AU AU =0, in (0,T) x €,
U™ =0, on (0,T) x 09, (4.15)
U (0,2) = uo ()., in €,
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since we know that 0 < u(¢t,x) < M. Then if U is given by (4.11) we get that

0<Uy(t,z) <U(t,x) on (0,400) x
if we take tg = 0 and § > M (remember that vy c(x) > 0). Taking zg (in the definition of (4.3))
arbitrary in RN we get the conclusion.

ii) We argue as in i) and thus
0<u(t,z) <Uy(t,x), ae in (0,T) x Q, (4.16)
but now with U, the unique mild solution of the problem

U — AU™+ANU? =0, in (0,T) x Q,
U™ =1, on (0,T) x 09, (4.17)
U(0,2) =ug (z), in €,

We use the function U given by (4.11) as supersolution and we conclude that if we take ty = 0
2
and 6 > M and x¢ € Q2 such that 6(z¢) = d(xp, Q) > (Kn4x) ¢ then (since y, 91 (t) > 0)

U (t.2) < 1< Co(0) 0 < vg.0() < U™ () for & € OByuy) (o)

and thus

0<Uy(t,z) <U(t,xz) on (0,400) x B(;(mo)(xo)

if we take tp =0 and 0 > ||uoHLoo( which proves (4.12).

Bi(ag) (0))’
The proof of iii) is similar to to the proof of ii) but even simpler than before since now u = 0
on the boundary and the supersolution is nonnegative.

The comparison of solutions u of (1.3) (respectively (P) with the subsolution W (¢, x) uses some
properties of the function 0 (z) = d (z,09) and follows the same arguments than [23] (see also
[31] and Theorem 2.3 of [1]) thanks to the assumption 5 < m.q

Remark 6. Conclusion iv) of Proposition 2 is very useful in order to prove the uniqueness of
the very weak solution of (P) (see, e.g. [23] and [31]).

A sharper estimate on the complete quenching time can be obtained without passing by the
porous media homogeneous problem with a possible strong absorption.

Proposition 3. Assume the same conditions of Theorem 1, part i). Then, every weak solution
of equation (P) must vanish after a finite time, i.e., there is a finite time To > 0 such that

u(t,z) =0, Vt € (T9,00) and a.e. z € .
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Proof. By Theorem 1, it suffices to show that the maximal solution u constructed in the
above Section vanishes after a finite time 79 > 0. Thanks to the smoothing effect we can
assume without loss of generality that the initial datum is a nonnegative bounded function
ug € L™ (2) .We shall use some energy methods in the spirit of ([2] and [19, Theorem 3]). For
any q > 3+ 2, we can use u?~! as a test function to equation (P) and we obtain

1 4
d uq(t:v)dx%—L/‘V (m+q- 1)/2(253:)‘ da:—i—/qul(tx)d = 0.
g dt (m+q—1 0
Define v := u("+2=1)/2_ By applying the Sobolev embedding to v, one obtains
[0 ()l 2+ () < C(N) [V ()l 220 (4.18)

with
2N
*i={ N—-2’
I, forl e (1,00), if N =1,2.
As we shall see, it is enough to consider the case of N > 3 since the cases of N = 1,2 can be
obtained by easy modifications. Observe that (4.18) is equivalent to

it N > 3,

% (N—2)

@ (N=2) /o 2
[l (t)HLq*I(VQ) <C (N)/ ‘Vu(quqf )2 (¢, )| da,
Q
with g, := (m 4+ ¢ —1) N/ (N — 2). Note that ¢, > g. From the interpolation inequality

lw (®)l] oy < e () 70w e e )11

with 1/¢ =6/q, + (1 —0) /(¢ — 8 — 1), by a combination of the above inequalities, we deduce

4% (N—2)

Hu(t)HLq(T) < CHVU m+q— 1)/2‘

(1-0)qx (N—2)
N

12(Q) Hu (t) Hquﬁfl(Q)

(1—0)gx (N—2) (- 9)q*(N 2)

<CA€A (¢—B-1)N :C’AGJr @—B-DN

where 9
A::/ ‘Vu(m”*l)/z (t,l“)‘ dw+/uq51 (t,z) dz.
Q Q
This implies
o N | 1-6 1, 20
lu (0) pagy < C (Nym,q) Aw N2 < CAa T N=2)ax

Then 14

Gt uq(tx)dm—l—C(mq)A<O
In particular, we obtain that y (¢ ) = flu )], () satisfies the following ordinary differential
inequality

y (t)+ Cy° (t) <0, (4.19)
with o :== (142¢0/ (N —2)¢,))"" € (0,1). Then, as in ([2]) we deduce that there is a time
7o > 0 such that y(79) = 0 and then y (t) = 0 for any ¢ > 7 since y () is a non-negative
function. Thus, u (t,z) =0, in (7¢,00) x Q. Indeed, if on the contrary we assume that y (¢) > 0
for every ¢ > 0 then by solving (4.19), we get that y'=7 (t) + Ct < 77 (0). and since this
inequality holds for any ¢ > 0 we arrive to a contradiction for t large enough. This ends the
proof.g
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Remark 7. We note that the above arguments are independent of the size of 2. Thus, one
can easily verify that the quenching result also holds for the case Q = RYN as pointed out in the
Introduction. Moreover the formation of the free boundary given in Proposition 2 can be also
adapted to solutions of the Cauchy problem.

Remark 8. Although several energy methods were developed in the literature (see, e.g., [2, 25],
and their references) the main new aspect was the application to the case of singular absorption
terms. The method applies to the class of local weak solutions of the more general formulation

9 (v)
ot

—div A (z,t,v, Dv) + B (z,t,v, Dv) + C (z,t,v) = f (x,t,u), (4.20)

in which the absorption term can be singular and then including equation (P) as a special case.
More precisely the assumptions made in [27] were the following: under the general structural

assumptions
|A(z,t,7,q)| < Clal,Clal* < A(z,t,7,q) - q,
Clr|** < G(r) < C* [+,

where .
Glr) = () r — / w(r) dr,
0
and
Clr|* < C(z,t,r)r,
flatr)r < M| + g(a, t)r, (4.21)

with p > 1,q € R and the main assumptions
0 € (0,1), (4.22)

and a € (0,min(1,26)). Notice that by defining v =u™ (and thus u = v'/™), problem (P) can be
formulated as

dpol/™ — Av + viﬁ/mx{q»o} =0, in (0,00) x Q,

v=20, on (0,00) x OS2, (4.23)

v (0,z) = ué/m (), in Q.

Thus, it corresponds to equation (4.20) with
A (z,t,v,Dv) = Dv, B (z,t,v,Dv) =0, f (x,t,u) =0

C(x,t,r) = v_ﬁ/mx{ vs0p and ¢ (v) = v'/™. Then the corresponding exponents are 6 = 1/m,
m—_

a= and the energy method apply presented in [27] applies to the cases:

B € (0,m) if m € [1,2]
B € (m—2,m) if m > 2.

Theorem 1 of [27] shows the finite speed of propagation, and more exactly a stronger property
which usually is as called ”stable (or uniform) localization property” (see also [2], Chapter 3).
A sufficient condition for the existence of local waiting time (or, what we can call perhaps more
properly as the non dilation of the initial support): the free boundary cannot invade the subset
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where the initial datum is nonzero was given in Theorem 3 of [27]. Finally, the local quenching
property (i.e. the formation of a region where u = 0 even for strictly positive initial data:
sometimes called also as the instantaneous shrinking of the support property: see [2] and its
references) was shown in Theorem 4 of [27].

Remark 9. Let us recall that in the case of the semilinear formulation of problem (5), with
B > 1 it is known that there is a finite time blow up 7o of the time derivative O;u in the interior
points g € Q where the solution quenches (u(To,xo) = 0) and that weak solutions ceases to
exits for t > T (see, e.g., the exposition made in [46], [49], [52] and [38] [/3]). Nevertheless,
1t 1s possible to show that in the case in which the singularity is automatically present on the
boundary of Q) from the initial time t = 0, the existence of a very weak solution can be obtained
at least until the time in which the solution also quenches in some interior point xg € ). The
mean reason of this fact is that the weight §(x) = d(x,00Q) used in the definition of very weak
solution, when asking that UiBX{u>o} eL! (O,T :L} (Q)), allows to compensate the singularity
arising in the boundary (but obviously it is ineffective for singularities arising in the inerior of
the domain ). In fact the above compensation of the boundary singularity, when > m, with
the weight §(x) was already pointed out in parts iii.a) and iii.b) of Lemma 6. A global example
which requires some additional assumptions and holds for a modified equation

O — Au™ + Aé(x)”u_ﬁx{ ws0y =0, in (0,00) x O

for some suitable values of A > 0 and v > 1. This corresponds to an easy adaptation to the
framework of the slow diffusion with a singular term some of the results announced in [30] and
Section 7 of [57] concerning the associate semilinear problems.
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