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Abstract

We consider a class of semilinear equations with an absorption nonlinear zero order term of power
type, where elliptic condition is given in terms of Gauss measure. In the case of the superlinear
equation we introduce a suitable definitions of solutions in order to prove the existence and uniqueness
of a solution in RY without growth restrictions at infinity. A comparison result in terms of the half-
space Gaussian symmetrized problem is also proved. As an application, we give some estimates
in measure of the growth of the solution near the boundary of its support for sublinear equations.
Finally we generalize our results to problems with a nonlinear zero order term not necessary of power
type.

1 Introduction

In this paper we focus our attention on a class of semilinear elliptic Dirichlet problems, whose prototype
is
~div(Vu(z) p(x)) + co [u(@) "~ u(@)p() = f(2)p(z) inQ (1)
1
u=20 on 092,

z _l=?
2
is the density of standard N —dimensional Gauss measure v and the datum f belongs to a suitable Zyg-

mund space. A more general diffusion operator is in fact considered in all this paper.

Problem (1) is related to Ornstein-Uhlenbeck operator Lu := Au — 2 - Vu and our approach allows

where cg > 0, p > 0, an open subset of R not necessary bounded, p(z) = ¢y (z) := (27) 2 exp

us to consider an extra semilinear zero order term cq |u|” “lu, O = RN and a weak assumption on the
summability of datum. Notice that we can formally write div(Vu p(z)) = Aup(z) + V() - Vu which
justifies the multiplicative role of ¢(x) in the equation of (1). The idea of “symmetrizing the operator”
—Au(x) — x - Vu in order to solve the drift equation

—Au(x) — 2 - Vu+co u(@))P " u(z) = f(z) inQ
(2)
u =0 on 0,

comes back from a pioneering paper [K] by Kolmogorov in 1937 for ¢y = 0. For some recent survey in this
direction see [Ro]. It is well-known the above diffusion operator with a drift is related to the stochastic
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Ornstein—Uhlenbeck process with applications in financial mathematics and the physical sciences (a model
for the velocity of a massive Brownian particle under the influence of friction ). This is sometimes also
written in terms of a Langevin ordinary differential equation with noise (see, e.g. [R]).

We remark that if ¢ = 1 problem (1) was largely considered in the literature (see, e.g. [BB] when 2
is bounded and [W] and [DO] when § is unbounded and p > 1).

In the weighted case when p < 1 and v(Q2) < 1 the existence and uniqueness for problem (1) is an easy
consequence of Lax-Milgram Theorem once we assume f belongs to the dual space. For example we can
require f € L?log L~z (©,7), a functional space which we recalled in Section 2, where other preliminary
notions will also be collected.

If we consider = R” one of the difficulties that arises when solving (1) is due to lack of a Poincaré
inequality. As a consequence we have to consider the Banach space H*(RY,v) equipped with the norm
ull 2m~ ) + [Vl L2 @y ). In the linear case, p = 1, the existence and uniqueness of a weak solution
u € HY(RY,v) to (1) follows again from Lax-Milgram Theorem and we also get the correct growth
condition on f(x) as |z| — +oo (see, e.g. the exposition made in [O]).

The superlinear case p > 1 is different. In Section 3 we shall prove the existence and uniqueness
giving a suitable notion of weak solution for the case of @ = RY and p > 1. We point out that in the
superlinear case when v(Q) < 1 the existence and uniqueness of a weak solution can be obtained through
an easy adaptation of the results of Brezis and Browder [BB]. In order to consider 2 = RY we follow an
the idea of [DO], giving an alternative proof and enlarging the applications of the pioneering result on
superlinear problems by Brezis [Br]. Thanks to the assumption p > 1 we get some a priori estimates on
any given half-space allowing us to obtain a general existence and uniqueness result without any growth
condition at infinity on the datum f (and so with less summability than f in L2log L™z (RY,~)).

In a second part of the paper (Sections 4 and 5) we deal with comparison results in terms of the
half-space Gaussian symmetrization of solutions of (1) and its generalizations. We point out that when
Q is bounded the usual radially symmetrizarion method, when applied to an elliptic operator with a drift
term as (2) modify drastically the drift term in the symmetrized equation (see, e.g., [TV]). In contrast to
that, the half-space Gaussian symmetrization method allows to preserve the more important facts of the
drift term (see Remark 11) as well as to deal with an unbounded domain. We recall that in [BBMP] the
authors compare the solution u to problem (1), when () < 1, with the solution v to a simpler problem,
called the half-space Gaussian symmetrized problem, without zero order term defined in the half-space
O* = {(z1,...,25) € RY : 1 > w} with w such that v(Q*) = 4(Q) and with a datum depending
only on the first variable. Here we are interested to prove some comparisons in term of the solution to
symmetrized problem keeping also a nonlinear zero order term. As in the unweighted case (see e.g. [D2],
[D4]) we are able to obtain some integral estimates, that imply a comparison between Lebesgue norms.
Other comparison results related to Gauss measure are contained in [dB, dBFP], [C] for the parabolic
case and [FSV] in the non-local case. As an application, we give some estimates in measure of the growth
of the solution near the boundary of its support for sublinear equations p € (0,1) when the datum f
possibly vanishes on a positively measured subset of €).

Finally in Section 5 we generalize our results to problems with more general zero order terms b(u),
not necessary of power type as in previous Sections.

2 Preliminaries

Let v be the N-dimensional Gauss measure on RY defined by

- |2 |2 N
dy = on (z)dr = (27)” 2 exp 5 dz, zeR
normalized by v (RY) = 1. In what follows we will set o (z) = ¢(z) for simplicity.
It is well-known that an isoperimetric inequality for Gauss measure holds (see e.g. [B]): among all
measurable sets of RY with prescribed Gauss measure, the half-spaces take the smallest perimeter (in



the sense of this measure). In particular, the perimeter of a (N — 1)—rectifiable set E of R™ with respect
to the Gauss measure is defined as

2
P(F)= (277)7% /dE exp (—ﬂ) Hy-1 (dzx),

where Hy_1 denotes the (N — 1)—dimensional Hausdorff measure. The following isoperimetric estimate
(see e.g. [B])
P(E) > g1 (27 (v(B))) (3)

holds for all subsets E C R™, where ¢;(s) = (27r)_% exp (—%) for s € R and

+oo
D (N = /}\ p1(s)ds for A € RU{—o0, +o0}, (4)

the 1— dimensional Gauss measure of line (A, 00).
Now we introduce the notion of rearrangement with respect to Gauss measure (see e.g. [E]). Here the
balls of Schwartz symmetrization is replaced by half-spaces

Hy,:={z = (21,....,an) RN : 21 > w} for some w € RU{—00,+00}. (5)

If u is a measurable function in ), we denote by u® the decreasing rearrangement of w with respect to
Gauss measure, i.e.

u® (s) =inf {t > 0: 7, (t) < s} s€10,1],

where v, (t) = v ({z € Q: |u|] > t}) is the distribution function of u with respect to the Gauss measure.
Moreover the rearrangement with respect to Gauss measure of u is defined as

u* (@) = u® (@ (21)) v e, ©)
where
O* := H,, with w such that (Q*) =7() (7)

and ® is defined in (4).
By definition «* is a function which depend only on the first variable and its level sets are half-spaces.
Moreover u, u® and «* have the same distribution function.

If u (z), v(z) are measurable functions an Hardy-Littlewood inequality hods:

’YH(Q)
ul\r)vix U*x’U*fE = U®S'U®S S.
[u@v@lar< [ w@or @ a= [T 0 @000 a (®)

For general results about the properties of rearrangement with respect to a positive measure see, for
example, [CR].

We recall that for every open set 2 C RY the weighted Lebesgue space LP(€2,v) with p > 1 is the
space of measurable functions u such that

1
P
Fll ey = ( / |upd~y) .

Moreover, as usual, H*({,~) states for the weighted Sobolev space of functions u such that u, |Vu| €
L?(Q,v) equipped with the norm lull 22 (02,) + VUl 2, - Finally we denote by HL(Q,~) the closure of
C5°(€2) under the norm [|Vul| 2 ). We remark that a Poincaré inequality holds only when () < 1:

/ |Vul|? dy > Cp/ u? dy (9)
Q Q



for every u € H}(Q,~), where Cp is a positive constant depending on €.

The Sobolev space H}(2,7) is continuously embedded in the Zygmund space L?(log L)%(Q,W) (see
[G], [FPo], [FPa] and references therein). We recall that given 1 < p < 0o and —o0 < a < +00, a
measurable function u belongs to the Zygmund space L?(log L)*(p, Q) if

1
Tn () e
1wl Lr (log L)~ (@,7) = (/ [(1- logt)o‘u@a(t)]th) < 0. (10)
0

Then, it is well-known that there exists a constant Cs depending on 2 such that

HUHLZ(IOgL)%(Q,’y) S CS ||Vu||L2(Q7’y) (11)

for all u € H}(£2,v). This explain why Zygmund spaces are the natural spaces for the data of problems
as (1). We observe that these spaces give a refinement of the usual Lebesgue spaces. Indeed by definition
(10) the space LP(log L)°(£2,7) = LP(Q,~). For the definition and properties of the classical Zygmund
space we refer to [BR].

When Q = R¥ we explicitly underline that inequality (11) holds by replacing the norm of the gradient
by the norm of H'(RY ).

3 Existence and uniqueness of solutions for the superlinear prob-
lem in RY without growing conditions

In the present section we focus our attention to existence and uniqueness of solutions to problem (1)
when = RY. Precisely we consider the more general second order elliptic problem

N

— Z £ <aij (@gg@)) +e(e) [u@) P ul@)e(z) = fz)e(z) in RY. (12)

ij=1

As recalled in the introduction, to deal with Q = RY we will need a suitable definition of weak
solution. We refer to [Br, DO] for unweighted case ¢(z) = 1.
We introduce the natural energy space for the linear problem (for the case p = 1)

V(RY) = {w:w e H'(H,) for any w € R},

where H,, is defined in (5). We stress that for a given function f such that f € L%(log L)~ 2 (H,,,~) for

any H, the integrals
| rean
H,

are well-defined for any 1 € V(RY) (even if f is not necessarily in the dual space of H!(RY ~)).
In this section we will assume the following structural conditions:

(Al) p>1

N
(A2) % € L>*(H,) YweRand > a;j(x)&& > ap () €] for a.e. x € RN, V¢ € RNVwith o > 0

ig=1 a
(A3) ce L' (H,,v) and ¢(z) > ¢y > 0 for x € H,, for any w € R

(A4) f e L2(logL)~2(H,,~) for any w € R.



Definition 1 A function u € V(RN) is a weak solution to problem (12) if ¢|ul’~" u € L' (H,,,~) for any

w € R and v
ou 0 _
S [ g gedet [ el wway= [ foay (13)
ig=1 RN 8ZCZ 8$ RN

for every v € H*(Hy,,~) N L> (H,,) with support contained in H, for any w € R.

We stress that under our assumptions all terms in (13) are well-defined. Obviously in Definition (1)
we can consider any half-space

{zeRN :2-€>w} VeeRY with ||¢]| =1 and Vw € R,

not only the ones with boundary perpendicular to e;.
Let us fix wg > 0 and let us introduce for any w € R the auxiliary function

0. (x) = 02 (x,) for any x; € R,
where 6, € C*(R) is such that 0,,(z1) = 1 for 1 > w+ wp and 6,,(x1) =0 for 1 < w.

Theorem 2 Let us suppose that (A1)-(A4) hold. Then, there exists a unique weak solution in the sense
of Definition 1 to problem (12) such that ¢|u|’*" € L' (H,,~) for any w € R and (13) holds for ¢ = u®,,
for any w € R.

Proof.
Step 1. Existence. For a given M € N let us consider the following localized problem

= 52 0, (0@ 22 (@) + e (o) @) u(e)o@) = F@)p(@) i Hou
i,7=1 (P,M)
u = O7 on BH_]\/[.

We will adapt Brezis-Browder’s proof (see [BB]) to prove the existence and uniqueness of a weak solution
upn € HY(H-_pr,7), d-e. clup|P € LY(H_pr,7) and

> /H oy gt ot [ el s i = | e (14)

i,5=1 Zj - H_

for ¢ € HE(H_p) N L% (H_pr). Moreover we get clup|PT € LY(H_pr,7) and for w > —M

Dun D
Z/ s Gt o o (1O )dac—l—/ ¢ [t @m:/m Fun©. dny. (15)

1,9=1 w
Indeed take ¢ = T, (upr)O,, in (14), where
Tpn(r) := min {m, |r|} sign(r) Vr € R and Ym € N. (16)

When m goes to co we get (15).
Finally we extend uys by zero over RN \ H_j; and we denote again this extension by u;.
Now we prove an estimate of uys, which is independent of M thanks to the crucial assumption p > 1.

Lemma 3 Let us assume that u € HY(H_yy), clu[Ptt € LY(H_p1,7),wo > 0 and for any w > —M

p+1 <
Z/ aij 5‘:51 8% (u© )dx+/ clul"" O, d’y_/Hw fu®,, dvy (17)

i,5=1 w



holds when f € L*log L= (H,,) for any w > —M. Then

J,

+o0 t+oo
(m-1)(p+1) _ am (m—1)(p+1)
|Vul|? dy <K, [/ SR g “To(w+s)ds + / & o(w+s) ds}
0 0

2
t K2Hf||L2 logL_%(Hw)

wtwg

and

T am-np+1)  am T am-nety
|u|PT dy <K, [/ s pn 7ﬁcp(w +s)ds + / st p(w+s) ds}
0 0

2
A, g L™ 5 (H,)

J,

for some positive constant Ky and Ko independent of u,w,p and f.

wtwg

Proof. Indeed by (A2) and (A3) we get

a/ |Vul? dvza/ |Vul|?0, dvga/ |Vul|?0, dy < Z/ Ou Ou O, dz
H

Qij
wwo Heotwg i,j=1 8:61
ou 00,
B JZ1 / " 3 8 UG le / Y 9, Ox; O yi Tn, U4

and
co/ |u[PT dy = co/ lulPTte,, dy < co/ lulPTte,, dy < / cluPte, dy.
H H

w+twq w+wqo w w

Using (17), (20) and (21) we get

ou 0©
?0,, d / prt d</ de:/l —“udz.
a/H |[Vul©,, dy + o [ul"" Oy dy fu®,, dy i 9z 8xju x

w i,j=1

Since p > 1, by Young inequality we get that

S R R T

3,j=1 i,j=1
Q4
22/ a”a L0 (21)0. (zl)udx§2nl12}>( ?J / (Vul 0], (1) 6, (1) |u] dy
i,j=1 ’ oo / He
<gemax || [ (vupeLdy+20E max | [ 0P P
2% P o JH,, 2% oo J Hy,
< 2e max %ij / |Vu|?0,, dy 4 20C () max dij / |ulPTtO,, dy
vJ @ oo J Hy, “J P oo JH,

Qi

¥

+ 2C(6,¢) max
i

, 2pt) 2
| e el
oo/ He
for some positive constants € and d that can be chosen later. Moreover we have

2
+€H Ou ||L210gL2(H)

/ fu®, dy < C(e"?

L2log L™ 2(H )

(18)

(19)

(23)



for some positive constant & that can be chosen later. Sobolev inequality (11) and Young inequality
allow us to obtain

2 2 2
N A Ny B CC ]

w w

< k(o) + o / P 0, + ks / Va2, dy + ke / 0, (21) 2 420, dy

H, H, H,
(25)
for some positive constants kg, k1, ko, k3, kg. As before we get
2(p+1)
|l Peudy <8 [ urtieudy+o@) [ o) 6. d, (26)
H, H, H,

for some positive constant ¢’ that can be chosen later. Taking 6/,(z1) = O (jw — 21|[™™!) with m > 0,
then

! 2(p+11) 7% 2(m=D)(p+1) _ 4m_
10, (x1)] P O " (21) dy < ks lw— 21| 71 7Ty
- s (27)

—+oo
2(m=1)(p41) _ 4m
:/4;5/ s » 1 rTp(w+ s)ds
0

for some positive constant k5 and the last integral is finite if m > Z%}. Moreover

’ 2(p+1) T (- L+
/ 100, (x1)] 77T Ou(1) dy < ke/ s 1 p(w+s)ds (28)
0

w

for some positive constant kg and the last integral is finite if m > 1. Choosing ¢,¢’,§ and ¢’ small enough
and using (27), (28), (26), (25), (24), (23) in (22) we get

/ |Vul?0,, d7+/ luP™ @, dv
H, H,

+oo +oo (29)
<k SZ(m;%pH) _%w(w +s)ds+ 52(m;2§p+1) o(w+ s)ds| + ks|| f||?
= 0 S 2 10g L% (1)

for some positive constant k7, ks. Using (20), (21) and (29) we obtain (18) and (19). =

Using (18) and (19) we can conclude that uys is bounded in H'(H,.,) and it follows that there
exists u such that (up a subsequence) uy; — u weakly in H'(H,,) for any w € R, weakly in LP*1(H,,,~)
for any w € R, strongly in L4(H,,~) for any w € R with ¢ < p+ 1 and a.e. in H, for any w € R. Using
these convergences and the monotonicity of function G(s) = |s|[P~1s we can pass to the limit in (14) and
we conclude.

Step 2. Uniqueness. Let u; and us be two different weak solutions to Problem (12) such that
clup [P, clug|Ptt € LY(H,,7) for any w € R. We stress that they satisfy (13) with ¢ = 410, and
1 = u90,, for any w € R. Let v = u; — uy. Since v € H'(H,,,y) N LPT1(H,,,~) for any w € R we get

ov 9(vO,,) 1
a; d r Pl o, dy =
Z/ T o+ [ M@t oL =0

7,7=1

where

wy ()P ug () —|us ()P tus ( .
) e ety i w() # ua(a)

I'(z) =

Co if up(z) = ua(x).



For p > 1 we have I'(x) > ¢ a.e. in RY. Then Lemma 3 can be applied obtaining

J,
J,

for some positive constant K; . Lebesgue’s dominated convergence theorem allows

+oo m—1)(p+1 m
[Vunm|? dy < K, [/ SIS o0+ 5) ds} (30)
0

w+twq
and N
X 2(m-1)(p+D) _ am
lup [P dy < K {/ R 7ﬁ<p(w + ) ds} (31)
0

wtwg

+oo

lim s
w—r—00 0

2(m—=1)(p+1) _ 4m
p—1

—Tp(w+s)ds = 0.

Putting w goes to —oo we get Vo = 0 a.e. on RY by (30) and then v = 0 a.e. on RY using (31). This is
a contradiction and the uniqueness result follows. m

Remark 4 Arguing as in the proof of the uniqueness result it is possible to prove that if uy is a weak
supersolution and us is a weak solution to problem (12), then u; < ug a.e. on RN

Remark 5 We stress that Definition 1 and Theorem 2 can be easily adapted to problems defined in open
subsets of RN with () = 1.

Remark 6 The hypothesis p > 1 is crucial to prove existence of a weak solution in the sense of Definition
1 relazing the standard assumption on the datum, namely f belongs to the dual space of H'(RYN 7).
Otherwise in the case p < 1 if the datum belongs to the dual space of the energy space, the existence of a
solution in HY(RYN,~) follows arguing as in Theorem 4.2 of [D1], because the space H* (RN v) coincides
with HY (RN ) N LPTY (RN, ) and both topologies are equivalent.

Remark 7 Since in Theorem 2 the existence (and uniqueness) of solutions is obtained without any decay
condition on f it is natural to search about possible decay estimates of the solutions when |x| — +o0.
The estimates obtained in [DO] was extended to other different settings by several authors (see, e.g. [KN]
and its references).

4 Comparison results in terms of the half-space Gaussian sym-
metrization

In this section we will give results comparing a solution of problem of type (1) with the solution to a
simpler problem defined in an half-space having data depending only on one variable.
We need starting with the case v(Q2) < 1 and we consider the following class of Dirichlet problems

-2 2 (@25 @) + e () ul) P ule)e(@) = F@)plz) 0
hi=1 (32)
u=20 on 0N.
The structural assumptions (instead of (A1) — (A4)) are now the following;:
(A0) Q is an open subset of RY (N > 2) such that v(Q) < 1,
(A1) p> 0,

N
(A2") % € L>*(Q) and ) ai;(x)&i& > ap () €7 for a.e. z € Q,VE € RN with o > 0,

ij=1



(A3) ce LY (Q,7), c(z)>co >0,
(A4") f € LPlog L7Y2(Q, 7).

We recall that under assumption (A2') a Poincaré inequality holds and that f € L?log L~/2(Q,~) can
be identified with an element in the dual space of Hg(Q,~) (see [BFP]). Then, under our assumptions,
all terms in the corresponding notion of weak formulation are well-defined using (11) and (9). Since
~7(2) < 1, the existence of a weak solution to (32) comes easily by adapting the Brezis-Browder’s proof
([BB]). Moreover, the uniqueness of solutions is standard.

The first result of this section shows a suitable integral comparison between the solution u to problem
(12) and the solution v to the following symmetrized problem

—div(aVu(@)p(@)) + co [v(2) " v(@)p(z) = f(z)p(z) in Q*
(33)
v=20 on ON*,

where Q* is the half-space defined in (7) and fiS such that fz f*, the rearrangement with respect to
Gauss measure of f defined in (6).
First of all, we prove that the solution to (33) coincides with its half-space Gaussian rearrangement.

Proposition 8 Let assume that f € L?log L*%(Q*,'y), Then problem (33) has a unique nonnegative
weak solution such that v (x) = v* (z) in Q*.

Proof. Since f: f*7 then f > 0. As a consequence the existence of a unique nonnegative weak solution
is standard. We only detail the proof of v (x) = v* ().

Let v(z1) be the solution to

" e = Flaen(@) in (w, +50)

~

— (a%l(xl)wl(x1))/ +co |v(w1)

where ¢;(x1) is the density of 1-dimensional Gauss measure and w is such that y(Q*) = (). By

)
uniqueness v(z) = v(z) is the unique weak solution to Problem (33). Thus it remains to be proved the
monotonicity. Since

L jm HOR

it is enough to show

~!

v(s)} p1(s)ds = v (x1)p1(x1) for 1 > w,

~

v(s)

‘P—l ~

wen) o= | - 76— alit| i) pias > 0 for o 2w (34)

1

Suppose that ¥(z1) < 0 for some x1 > w and consider 7 € [w, +00) such that ¥(z7) = [ min )\I/(xl). It is
w,400
obvious that ¥(Z7) < 0. We have that T > w, otherwise it follows that %l(xl) < 0 in some neighborhood
of w, in contrast with v(z;) > 0 in (w, +oc) and v(w) = 0.
In a similar way we show that there exists 1€ (w,Z7) such that ¥(z;) > 0. Indeed otherwise
%l(xl) <0 in (w,Z7), in contrast with v(x;) > 0 in (w,400) and v(w) = 0.
Since ¥(z1) > 0 there exists z1 < T < Z7 such that U(z7) = 0 and ¥(z1) < 0 in (27,27) and

p—1

N/ T~ rs . . . .
min ¥(z;) = U(Z7). Then v (z1) < 0 in [z7,71]. As a consequence f — ¢ v is increasing in

[#1,71]

[#1,771], i.e. W'(x1) is decreasing and ¥(zy) is concave in [z7,77]. Since ¥(z;) has a minimum in

v

‘ ~




[#1,77]), it follows that ¥(z;) = 0 in [z7, 7], in contrast with ¥(z7) < 0 and ¥(zy) = 0. This proves
(34). m

Now we are in position to prove the following comparison result.

Theorem 9 Assume that (A0) and (A1’ )-(A4’) hold. Let f be a nonnegative function, f € L2log L=1/2(0% ~),
let uw and v be the nonnegative weak solution of (32) and (33), respectively. Then

MM—WAhwmm»S%Wf—fhhwmm»
where
ues) = [y a V(o) = [ 1o d (33)
)= [ o ar Fo) = [ P a

for s € (0,v(Q)]. In particular, if we suppose that

F(s) < F(s) for any s € [0,7(Q)],

then
U(s) <V(s) for any s € [0,~(Q)].

Proof. We argue as in [D2], [D4]. Let us define the functions u,,; : @ — R as

0 if |u(z)] <t,
Ut () = (Ju(x)] —t) sign (u (x)) ift<|u(@)|<t+kr
K sign (u (z)) ift+k < |u(x)

for any fixed ¢ and x > 0. Observing that u, ; belongs to H}(2,v), and Vu, ; = X{t<|u|<t+x} VU @.€. in
Q, function wu,; can be chosen as test function in (18) and by (A3’) we get

1 1 _ —
7/ Vul” d’erf/ elulP ™ u (Ju) — t) sign(u) d’y+/ clulP usign(u) dy
K Jt<|u|<t+r K Jt<|u|<t+r

|u|>t+k

: i sign
<t s [ e

K |lu|>t+rK

In the standard way by (A5) we have

o RO

Tt |f] dvy — / Co |u|p_1 usignu dry for t > 0.
lu|>t lu|>t lu|>t

By Hardy-Littlewood inequality (8), we obtain

d

9 Yu(t) Yu (1)
- |[Vu|”dy < / f®(s) ds —/ co[u®(s)]? ds for t > 0.
dt Jju|>t 0 0
Using (3) by standard arguments (see [T}]) it follows that

| < —7u(®)
(o1 (@7 (u(®)))?

[F(vu(t)) — coU(yu(t))]  fort>o0.
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Then 1
(~u®(9))" <

T (e (@71(9))?
By (35) the derivative of U equals

[F(s) —colUU(s)] for s € (0,~v(92)). (36)

U'(s) = [u®(s)]? for a.e. s € (0,7(2)). (37)
Relations (36), (37) and (35) yield

{@n@1@m2[i@wuﬁﬂ+%um<f@ for s € (0.7(9)

UO0) =0, U((Q) =0.

Now let us consider problem (33). The solution v to problem (33) is unique and v (z) = v*(z) (see
Proposition 8).

By the properties of v we can repeat arguments used to prove (36) replacing all the inequalities by
equalities and obtaining

—v®s/:;]’:’8—cu(§ for s ¢)
(%) = g [T — € (0.7(). (39)
and thus
~1(4)))? d '(s))7 coV(s) = F(s or s
{w4¢ O |- (V)] +avo =Fo) forse @40 "
V(0) =0, V'(v(2))=0.
Putting together (38) and (40) we get
N |4 (@) + & (7)) (1)
< F(s) — F(s) +co (V(s) —U(s))
Since U,V € C([0,~(f2)]), there exists sg € (0,7(€2)) such that

U = V)4 llL=00) = (U V)(50)-
We argue by absurdum. Suppose that

U=V)(s0) > IF = Pellzmooion
If s < v(€2), by (4) it follows that

f(s)—f(s)—i—co V(s) —U(s)) < ||(.F_]'F:)+HLOO(0}A/(Q))_CO(U—V)(S) <0 for s € (sp—e,80+¢). (42)

We set
Z=U-VcH*(s9—¢,50+¢).
Then . .
U'(s))" = (V'(s))7 = Z'(s) p(s), (43)
where
14 /
o(s) —/0 LU+ (=) dr >0 (44)



As a consequence of (41), (42), (43) and (44) we obtain

(b1 (@71 ()’ {—CZ ((U’(S))%) + % ((V’(s))}’ﬂ

= (1 (271 ()"

where

o = [{[ it @i —a -0t (0enH)] b arso
We can conclude that J
s

which is in contradiction with the assumption that Z has a maximum in sq.
If 59 = (), (45) holds for (y(R2) — &,7(R)), then Z’(v(2)) > 0, but we know that Z’(~(£2)) = 0 and
again a contradiction arises. m

(0(s)Z'(s)) <0  for s€ (sp—¢e,80+¢), (45)

Remark 10 Under the same assumption of Theorem 9, it is well-known that we deduce also that

[[ul

L@, S Mollprex ) forany 1 <r < oo.

Remark 11 As mentioned in the Introduction, when 2 is bounded the usual radially symmetrizarion
method, when applied to an elliptic operator with a drift term as (2), modifies drastically the drift term
in the symmetrized equation. For instance, we can apply Theorem 1 of [TV] to equation (2), which can
be formulated in divergence form as

—Au(z) — div(zu) + Nu + o [u()|P " u(z) = f(x),

so that in the notation of [TV] we must take bj(x) = —x; and c(x) = N. Then the corresponding
symmetrized problem built in [TV] is

~Auly) = B Vuly) = Bodiv () + Not o oly)"" vly) = f4(y) in 0%,

(46)
v=20 on 0Q#,

where Q¥ is now a ball with the same volume than Q, B = Nzl Lo (), and f7 s, for instance, the
radially decreasing symmetric rearrangement of f. Notice that, in contrast with the “artificial” first order
terms arising in problem (46), the half-space Gaussian symmetrization problem (33) preserves the same
type of drift than the original problem (2)

Using the Definition 1 the above comparison result can be extended to the case of 2 = RY and p > 1
under the assumptions of the previous Section.

Theorem 12 Let Q) = RY, p > 1 and the rest of conditions of Theorem 2. Let f be a nonnegative
function and let f € L?log L=Y2(HX*,~) for any w € R such that f = f*. Then
i) problem

—div (aVu(@)p()) + co |o(@)["~  v(z)p(2) = f(z)p(x) in RY (47)

admits a unique weak solution v.
ii) let u and v be the nonnegative weak solution of (12) and of (47), respectively. Then, for any
e € (0,1)

1 _
(U =V)illL=0,1-c)) < a”(}-_ F)llee(o,1-¢)
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where
ues) = [ ey a V) = [ be G d
)= [ 1o Fo) = [ o
for s € (0,1). In particular, if we suppose that

F(s) < f(s) for any s € [0,1),

then
U(s) <V(s) for any s € [0,1).

Proof. Part i) is a consequence of Theorem 2 (see also [Be]). To prove ii), as in the proof of Theorem 2,
we first consider uys, the solution of the corresponding localized problem (P_js) on H_ps, and vps the
solution of the symmetrized problem

—div(aVe) + ¢ [o]P ve(z) = f(z)e(z) in Hoy
v=0 on OH_,,

where now H_p* = H_j; and f is such that f = f*. We extend uy; and vy by zero over RN \ H_
and we denote again these extensions by up; and vys. Then, from the proof of Theorem 2 we know that
{unr}, {va} are bounded in H(H,,,,) with w € R and wg > 0. It follows that there exists u and v such
that (up a subsequence) up — u and vy — v weakly in H'(H,) for any w € R, weakly in LP*1(H,, )
for any w € R, strongly in LI(H,,~) for any w € R with ¢ <p+ 1 and a.e. in H,, for any w € R. Since
the rearrangement application v — u* is a contraction in L"(H,,, ) for any r > 1, we get that u;f — uX
in LY(H,,~) for any w € R with ¢ < p+ 1 and a.e. in H,, for any w € R (and weakly in LP*1(H,,,~) for
any w € R). On the other hand, by the Polya-Sezgo theorem

vt

L2(H_pr) = HvUMHLQ(H—M)

which implies (thanks to the assumption p > 1: Lemma 3) that {u]\*/l} is bounded in H'(H,4,) and

thus u}f/[ — u* weakly in H'(H,,) for any w € R. In particular, if we define

Uni(s) = / WS WP dt Var(s) = / WS ()P dr,

we get that
1 _
| (Unr = Var) oo (0,5 (H_ar)) < %H(‘F_‘F)JFHLOO(O,’Y(H—AI))7

for any M € N. Moreover Up; — U and Vyr — V strongly on L>°(0,1 —¢) for any € € (0,1) and thus we
get the desired conclusion. m

Remark 13 Notice that we have proved the existence and, specially, the uniqueness of a solution of the

problem
1

(o @ @) [~ (760F)| +aVo =F6) porse )

V(0) =0, V(1) =0.
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when we assume only 0 < F(s) and F € L, (0,1), to be more precise F € L'(0,1—¢) for any € € (0,1).

loc
For instance we could consider function of the type

~ S

F(s) = —, for any a > 0.

=
This type of questions is related with the study of removable singularities for quasilinear equations (see,
e.g. Section 5.2 of Veron [Ve]). In this theory, usually it is assumed N > 2.

Remark 14 The above passing to the limit in M € N also holds (for very different arguments, see
Remark 6) when p < 1 once we assume that f € L*(RYN,~) is in the dual space of H'(RYN,~) (which,

essentially, corresponds to the case in which Fe L'(0,1)).

We end this Section with a qualitative property for the case p < 1 which holds as an application of
the above comparison Theorem. First of all we recall that this assumption allows the formation of a free
boundary in the sense that if f = 0 over some suitable large subset of 2, with

Tz € Q: f(z) = 0}) = 55 € (0,7(92)),

then the solution u of (32) have compact support on  (i.e., Ny, := {x € Q: u(x) = 0}, contained in
{z € Q: f(x) =0}, is not empty) (see, e.g. [D1]). Thus

y{zx € Q:u(x) =0}) =7, for some 7 € [0, s¢]. (48)

Notice that in terms of the corresponding function U(s) it means that I/ attaints its maximum on a
subinterval [y(2) — 7, v(2)]. Solutions V(s) of the symmetrized problem (40) may have also this property
(once the data F(s) take its maximum on an interval [y(€2) — s7,7(Q)]). This is possible since the
diffusion operator of (40) becomes degenerate over the sets where V' (s) = 0, because p < 1 (see, Theorem
1.14 of [D1]). The following result gives some estimates about the decaying (in measure) of u®(t) near
the boundary of its support ¢t = v(2) — 7 (notice that 7 could be zero). Since our goal is of local nature

we shall need some additional condition which holds, for instance, when f is a bounded function:

[ull oo () < Mo, for some Moo > 0. (49)

Proposition 15 Assume that p < 1, (A2') — (A3") holds, f belongs to the dual space of H*(2,7), f >0
and

¥(Q) <1 and >0 or Q=R"Y and 7> 0. (50)

Let u be the solution of (32) and assume (49). Let T € [0,s¢] given by (48). Assume data f and ,
and u be such that,

UH(Q) —T—6) < M, — 055 (51)
for some 6 € (0,v(Q) — 1), and

k(6) pil

coM, + K> [v(Q) —7— s]? for s € (v(2) — 7 — §, min (fy(Q) —

F(s) AQ)),  (52)

-
2
where 0 > 0 is some constant such that

P

6> KJ(Q)CO% a : (53)
2p(p+1)»
Ky() = ! . (54)

minsE('y(Q)f‘rfé}min(v(Q)f%,'y(Q)) (501 (CI)_1 (S)))

14



1 2(p+1)7
ko) =03 22 g0,
(1-p)»
and
7(2) o Q) —T o
M, = maxUs:L{Q:/ utpdtz/ u® (O)Pdt = ||[uP] ;1,000 -
e U =UG@) = [ wtwpa= [T W @l = )
Then
y(Q) = ptl
[ Wi < 660~ 7 - 9 for anys € (@) = 7= 6:2(2) - 7).
Proof. Since —— ( ) (U'(s ))% u®(s) which is a decreasing function), for any 6 > 0 in a
neighborhood of ’y(Q — 7 we have
min (o1 (27! (5)))2 [_d ((U/(S));)]
SE(V(Q)foﬁ,min(’y(Q)f%,V(Q))) ds

< (o @7 @) [ 41 (@eDF)]. forse (300 =7 = dmin (309 - T 9(0) ).

Notice that due to (50) then min,e (y(Q)—r—6 min(+(2)— 3 .7(2) (o (@t (s)))2 > 0 since min(y(Q)—7Z,7(Q2)) <
1. Moreover, from (49)
0 < U/(s) = [u®(s) < M2,
which, in particular, implies
UN(Q) =T —6) < ME(v(Q) — T —9).

Then, simplifying the notation K = K;5(£2) in (54), (38) and (55) we get
[—d% ((Z/(s))%ﬂ + Keold(s) < KF(s) for s € (Y(Q) — 7 — 6, min (y(Q) — Z,7(0))),

UN(Q) =7 —6) < ME(Y(Q) =7 =), U'(min(y(?) — 3,7(2))) = 0.
(56)
When Q = RY we recall that the existence of solutions can be proved by well-known methods since the
perturbation is sublinear (see e.g. Theorem 4.2 of [D1] and Remark 14).
Let us construct now a supersolution of (40). We define the function

o ) Mu—n(y(Q) —T—3s) if s €[y(Q) —7—6,vQ) —7],
W(s) = { M, if s € [v(Q) — 7, min(v(Q) — Z,v(Q))],

where bt
n(r) = 0ri=  with 0 satisfying (53).

Since p < 1, according Lemma 1.3 and Lemma 1.6 of [D1] (where its conclusion implies that k(6) > 0
when (53) holds), we get that

p+1

[—;L ((W/(s)) ;>} + KcoW(s) = KeoM,, + k(0) [y(Q2) — 7 — ]2 for s € (0, min (v() — 7,7(%))),

pt1

W) —7—8) = M, —0(8) >, W (min(5(2) — 3,7(2))) = 0.

Notice that the support M, — W is the interval [y(Q) — 7 — 6,7(€2) — 7] and that () — 7 > 7(Q) — sy.
From the assumption (51) U(y(2) —7 — ) < W(y(2) — 7 —9)).

15



Moreover, by (52) we have
[ (w()7)] + Keotd(s) < {—js ((W (s)) )] + KeoW(s) s€ (4(Q) =7 — 8 min (v(Q) - 2

UM(Q) =7 =) < TT(HQ) =7 = 8), U (min(v(Q) = 5,%(2))) = W (min(y(Q) — 5,7(2)) = 0.

Thus, by the comparison principle,
-

57 V(Q)))a

U(s) <W(s) for any s € (y(2) — 7 — §, min(y(Q) —
i.e. . (D)t
[we@pa= [T wewpd - nt@) - -
0 0
and then @)t
/ W (E)Pdt < n((Q) — 7 — 5) for any s € (1(R) — 7 — 6,7(Q) — 7).

which gives the result. m

Remark 16 The above result improves Proposition 5 of [D3]. We send the reader to [D1] and [D3] for
many other results concerning solutions with compact support and dead cores, when p < 1. In particular,
it is well known that a suitable balance between the “sizes” of f and the set {x € Q: f(x) = 0} is needed
for the occurrence of a free boundary: in some sense the last set must big enough. Such a balance appears
here written in terms of the assumptions (51) and (52). Notice the above results says that if condition
(51) holds for s = v(2) — 7 — 0 then we get the decay inequality for any s € (v() — 7 — 6,7(Q) — 7).
Finally, notice that if in (56) there is an equality, instead an inequality, and if sy > 0 then, necessarily
M, = My, where

() V() —sy
My =F(»(Q)) = /0 (e ()]Pdt = /O [FE@®Fdt =171 1 (e -

5 Comparison in mass for problems with a more general non
linearity

The results of the previous section can be generalized to a class of elliptic problem with a more general

zero order term. Several directions of improvement are possible. We could work with solutions outside

the energy space, for instance when f(x)p(x) € L1(£2), as in the famous paper by Brezis and Strauss

[BS], but we prefer to continue working with solutions in the energy space and so, to fix ideas, we consider
in this Section the following generalization

— SN 55 (4@ 8 @) +e@bu)p() = f@)e(@) nQ
: (57)

u=0 on 0f2.
We assume the structural assumptions (A0), (A2')-(A4’) and replace (A1) by
(B) b is a continuous increasing function such that 5(0) = 0 and b(u)u > 0

Moreover arguing as in Theorem 9 it is possible to prove a comparison result between the concentration
of the solution u to problem (57) and the solution v € H}(Q2*,v) to the following problem

—div(aVo(@)p(@)) + co bv(z))p(x) = f@)p(x) n QX
(58)
v=20 on ON*,
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where Q* is defined in (7) and f: f*, the Gauss rearrangement of ]?

Theorem 17 Suppose that (A0), (A2')-(A4') and (B) hold. Let f be a nonnegative function, f €
L?log L=Y2(Q*,~) and let v and v be the nonnegative weak solution of (57) and (58), respectively.
Then

1 ~
1= V) sz @) < ZIF = Pl

where
U(s) = /08 b(u®(t)) dt V(s) = /OS b(v®(s)) dt
)= [ o Fo) = [ o a

for s € (0,7(2)].

The proof of Theorem 17 runs as in the case b(u) = |u[P~!u, but as a preliminary step we need that the
analogue of Proposition 8 is in force. For reader convenience we detail the following result of existence.

Proposition 18 Suppose that (A0), (A2')-(A4’') and (B) hold. If f is nonnegative, then Problem (57)
has a unique nonnegative weak solution u € Hg(S2,7), i.e. such that c(z)b(u) € L* (Q,~) and

N
ou O
/ §jaij—“idﬂ/cb(u)wdv:/fwdv
Q =1 81'1 3% Q Q

for every v € HE(2,v) N L>® () holds. Moreover c(z)b(u)u € L* (Q,7).

Proof. We give only some details about existence, because the proof of positivity and uniqueness is
standards and runs using the monotonicity of b. We introduce the following class of approximated
problems:

50 B (4 ()25 + T (cblun)) 9(x) = f(2)p(x) i O
hj=1 (59)

u =0 on 01},

where Ty (s) is defined as in (16). Since |Tj (c(z) b(ug)) |o(x) < ke(x) and Ty (c(x) b(ug)) ux > 0, the
existence of a variational weak solution u € H}(€2,7) is well-known (see, e.g. [BB]). Taking uy as test
function and using Log-Sobolev inequality (11) we obtain

Vgl 2w,y < CllfllL2 10g L-172(0,7)
and

/Q Ty (e() b)) g dy < Clfll12 10g 1 1/2600)

for some positive constant C' independent of u,. Then the sequence wuy, is bounded in Hg(€,7), then
there exists a function u € H{(£2,7) such that (up a subsequence

up —u in Hy(Q,7) and wj — u ae. in Q

hold. In particular
Tk (c(x) b(ug)) ugp — c(x) b(uw)u  a.e. in Q.

By Fatou’s Lemma and estimate (5) we get

/ () b(uw) udy < liminf / T (e() b))tk &y < 1|22 10g -1/2(610):
Q Q
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then c(x)b(u)u € L*(£2,v). Moreover for some § > 0 and every E C 2 by (5) we get

/ Ty (c(a) blur)) dy = / Ty (c(a) bux)) dy + / Ty (c(a) b(ur)) dy
E En{ur<1/6}

En{ux>1/6}
1
<b(3) [ et +ClSlnner-0

1

Choosing § = fE c(x) dy if supb(s) < +oo or otherwise § = ﬁ7 we get the equintegrability

JEg c(z) dvy
and Vitali’s Theorem allow us to conclude that

Ty (c(z) b(ug)) — c(z)b(u) in LY(Q,). (60)
Now we are able to pass to the limit in (59) for every ¥ € H}(Q,v)NL>® (Q) and the result holds. m

Remark 19 Theorem 17 also holds if we assume in (B) that b is merely non-decreasing b(0) = 0 and
b(u)u > 0. The only difficulty arises when dealing with b=' because now is not necessarily a function but
a mazximal monotone graph of R? and some technicalities are needed (see, e.g., [BS], [D1] and [Va]).

Remark 20 A different extension concerns the case in which we replace f by a general datum F =
f —divg with f that satisfy (A4") and g € (L*(Q,7))N. To have nonnegative solutions we have to require
< F,9p >> 0 for every nonnegative test function.

We can also compare (in the sense of rearrangements) problems with different nonlinearities. Just to
give an idea, let us consider problem (57) when the domain 2 is H,,, the half-space z; > w with w € R.
We take into account two smooth strictly increasing functions b and b having the same domain such that
b(0) = b(0) = 0, and two positive increasing functions of x; variable f and f defined in H,. Recalling
the symmetrized problem (36) it is natural to require some conditions on the inverse of the zero order
term functions. Indeed let us assume that b and b are smooth functions such that

/

(b)Y (s) < (b™1) (s) for every s € R, (61)

where b~! and (Z)_1 the inverse functions of b and b respectively and that the datum f is “less concen-
trated” than the datum f, namely

/ f(z) dz < flz) dz for every v > w.
H, H,

Then, we are going to prove that

/ b(u* () do < / b(u(z)) de  for every v > w, (62)
H, H,

where u* is the rearrangement with respect to Gauss measure of the solution u to problem (57) and  is
the solution to the following problem

—div (aVi) 4 b(@)p(z) = f(z)p(z) in H,
u=0 on 0H,,.

We refer to [Va] for unweighted case ¢(x) = 1. A more general result, implying conclusion (62) can be
proved. To be more precise, let b1, by be two continuous non decreasing functions. We say that by is
weaker than by, and we write

by < bQ, (63)
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if they have the same domain of definition, and there exists a contraction p : R — R (i.e. such that
|p(a) — p(b)] < |a—b| for a,b € R) and by = p o by (notice that this implies condition (61) when they
are differentiable). We are now in position to state a comparison result between the concentration of the
solution u € H}(2) to problem (57) with ¢(z) = 1 (for simplicity) and the solution v € HE(Q*, ) to the
following problem

—div(aVo(z)p(x)) + b(v(@))p(z) = f(@)p(r) in Q*

v=20 on ON*,

(64)

where Q% is defined in (7), f = f* and (b)~* < b~ L.

Theorem 21 Suppose c(x) = 1, (A0), (A2')-(A4") and (B) hold with co = 1 and (b)~* < b=, Let f
be a nonnegative function, f € L?log L’1/2(Q*,’y) and let u and v be the weak nonnegative solution of
(57) and (64), respectively. Then we get

1B = B)+ll 102 < I(F = F)ille 040

where
B(s) = /0 ) b(u®(t)) dt B(s) = /0 S'B(w®(t)) dt
)= [ 1o o= [P

for s € (0,7(Q2)].

Proof. By using the Yosida approximation of functions (b)~* and b~ it is enough to prove the conclusion
when both functions are differentiable and strictly increasing (see, e.g. [BS], [Va]). As in the proof of
Theorem 9 we get

(91 (271 () {;S (b (B’(s)))] +co B(s) < F(s) for s € (0,7(%2))

and

(o1 (@71 (5)))” {—i (@) (E’(s)))] +coB(s) = F(s)  fors € (0,7(Q))

B(0) =0, B'(y(Q)) =0.

Assume that ||(B — g)+“Loo(0,,Y(Q)) > 0 (otherwise the conclusion is trivial). Since B, Be €°[0,~(Q)] the
above norm is attainted in some point sg € (0,v(92)] (is clear that sy > 0), so that

1
(B—B)(s0) = %H(B - B)+HL°°(O,'y(Q))-

On the other hand, since (Fl;)_1 and b~! are differentiable and strictly increasing we get that B and B are
convex functions on (0,7v(€2)], from the assumption (63) we get that

(o @ @) [ 41 (07 (F®))| + Bl = 7o

Then we can reproduce the final arguments of the proof of Theorem 9 and the result holds. m

19



Example 22 Condition (63) holds, for instance, if b(u) = e** — 1 and b(u) = € — 1 with § > a > 0.
_ u® f0<u<1
It also holds for b(u) = u® when b(u) = with > a > 0.
u?ifu>1,

Remark 23 The pointwise comparison between b(u* (x)) and b (u(x)) usually fails. This type of point-
wise comparison was studied in [BD] for the case of some evolution problems which are related with
problem (57) through its implicit time discretization.

Remark 24 Proposition 15 can be extended to the case of a function b(u) more general than |u|P~lu
with p < 1. The condition p < 1 is now replaced by a condition stated in terms of an improper integral

T ds
/0 ﬁ%}sz) < 400, for any T € (0,1),

where o(r) = [ (b71)(s)sds (see Lemma 1.3 of [D1]).

Remark 25 Theorem 2 can be also extended to the structural assumptions of this Section when Q = RN
by replacing the expression |u|PT! by b(u)u and by working in the Orlicz space Lt (RN, ~), where A(t) =
b(t)t and by asking some additional conditions. We recall that b verifies a Ay condition, i.e. there exist
a constant K and sy such that

b(2s) < Kb(s) Vs> sp.

We stress that all estimates in Lemma 3 holds replacing |u|P~ u with b(u), when
b(ku)ku > |[ulPT™  for u > ugp

for some k,ug > 0 and for some p > 1 and the only crucial step is the weak convergence in the Orlicz
space Lf})c(RN,fy). Clearly we have to require more on b in order to have that A is an N-function (see
[AF]). For example b has to be an odd function. Moreover when b verifies a As condition, it is easy to
check that A does. Then the Orlicz space Lis (RN ,~) is reflexive and the boundedness of HUMHLZA})C(RN
allows as to pass to the limit in the sequence of approximate problems.

For some results in this framework but with the Lebesgue measure see [KK] and its references. For

other generalizations of Brezis result [Br] see for instance [Dg], [BGV], [Be], [KK].
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