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Abstract

This paper addresses an investigation of the asymptotic behaviour as € — 0 of the solution to the
boundary value problem associated with the p-Laplace operator in an e-periodically perforated domain
with a nonlinear Robin-type condition specified on the boundary of the inclusions. Here we consider a
non-critical size of the particles. The objective of this paper is two fold. First we study the homogenization
of solutions in the case of continuous nonlinearity. Then, we move to studying the homogenization of the
effectiveness factor of the reactor, which is of importance in Chemical Engineering.
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Introduction

This paper addresses an investigation of the asymptotic behaviour as ¢ — 0 of the solution to the
boundary value problem associated with the p-Laplace operator in an e-periodically perforated domain
with a nonlinear Robin-type condition specified on the boundary of the inclusions. Here we consider a
non-critical size of the particles. The objective of this paper is two fold.

First, a homogenized problem is constructed and a theorem is proved stating weak convergence as
e — 0 of the solution of the original problem to the solution of the homogenized. The closest papers
in the literature are [31, 32] where the case p = 2 was considered, [17, 18, 19, 26] dedicated to the case
2 < p < n and [11] where the case p > n was investigated. In contrast to the mentioned papers we
consider here that reaction function o need not be smooth. In order to achieve this result we introduce
uniform approximation arguments, that allow us to deal with such reaction functions.

The case when the size of particles are non critical is characterized by the fact that the homogenized

problem contains the same nonlinearity as the nonhomogeneous problem. However, there are critical
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cases in which the nature of the nonlinearity changes (see [9, 10, 12, 17, 18, 19, 20, 25, 29, 32]). For
further reference see [18, 17, 19]. In the critical case due to the technique used were considered that
inclusions are balls, whereas in this noncritical case a general shape is considered.

The second main result of the paper is the analysis of the asymptotic limit of the effectiveness func-
tional (as introduce by Aris, see [2, 3]), which extends results in [13, 14] to the cases p # 2 and o Holder

continuous.

1. Statement of results

1.1. Problem setting

Let © be a bounded domain in R™, n > 2, with a smooth boundary 9Q2 and let Y = (f%, %)” Let
Gy be a smooth open set such that Go CY. For § >0 and B C R" let 6B = {z € R" : "'z € B}. For
£ > 0 we define Q. = {z € Q| p(z,090) > 2¢}, where p is the distance function. Let a. > 0, define the set

of inclusions

G5: U (asGO+5j): U va

JeEY, JEY:
where Y. = {j € Z" : (acGo +¢€j) N Q. + 0}, Z™ is the set of vectors z with integer coordinates. Define
YJ = €Y +¢j, where j € Y., and note that GZ C ?i. Finally, we define

Q. =Q\G., S.=0G., 00.=00US..
Notice that the number of inclusions is of the order of e~ in the sense that

T
lim M = |Q| (1)
e—0 e~
Throughout this paper we will write
a: K b, < lim asb;1 =0
e—0
ae ~b. <= lima.b_' € (0, +00).
e—0
We will consider that the sizes of the particles is smaller than their repetition, in the sense that

a. K €. (2)

Sometimes, this case is known as tiny holes (in our case they can be though of as tiny particles). We

consider the problem

7Apus = f(x)a HAS Qs7
v, ue + B(e)o(ue) = Ble)g, x €S, (3)
ue, = 0, x € 09,

where Apu = div(|Vu[P~2Vu), d,,u = |VulP~2(Vu,v), v is the outward unit normal vector to S: and o

is a continuous nondecreasing function such that ¢(0) = 0, f € L (Q) and g € WH=(Q).



This problem can be obtained as a change in variable u = 1 —w, o(u) = §(1) — 6(w) of the following
problem, which appears in Chemical Engineering in the design of fixed-bed reactors (see, for example,

[301)

_A:Dwf = f(JU), x € e,
Oy, ue + B(e)o(w:) =0, x €S, (4)
we, =1, x € 0N

A quantity of great interest in the applications is the effectiveness, which can be expressed as

a(mco):@ /S 5(w.) dS, (5)

in the nonhomogeneous case and as

E(Q,Gy) = ﬁ/ﬂ&(w) dz, (6)

in the homogenized case. It represents the ratio of the actual amount of reactant consumed per unit
time in € to the amount that would be consumed if the interior concentration were everywhere equal
to the ambient concentration. A high effectiveness is desirable in most applications. For isothermal and
endothermic reactions, we see that 0 < &£.,& < 1. This definition was introduced by Aris in the linear
case (p = 2 and 0 = Au, see [1, 21, 3]). The study of this functional is equivalent to the study of the

ineffectivenes

1 / 1
Ne = o(ue) dS, n=-— [ o(u)dz. 7
i1 J, 7 9 Jo "™ "

The mathematical properties have long been studied, see [4, 5, 6, 7, 8]. The aim of this papers is to prove

that n. - nase — 0.

1.2. Weak formulations

Let us define the energy functional

o= [ 0P ds 4 500 /

Se

d(v) dS —/Q fvdx — ,6’(5)/5 gv dS (8)

€

where ®(s) = [ o(r)dr. Its subdifferential A, = d.J. is given by

(Av,w) = /Q VolP~2Vo - Vo dz + B(e) /S o(v)w dS — /Q fw da — ﬁ(e)/ qwds.  (9)

We say that u. is a weak solution of (3) if Acu. = 0. However, o(u.) is usually not a well behaved sequence.
We would rather work with an equivalent formulation that does not include it. In this direction, we have

the following characterization of minimizers

Lemma 1. Let X be a reflexive Banach space, J : X — (—o0,+00] be a convex functional A = 9J :

X — P(X') be its subdifferential. Then the following are equivalent:

i) w is a minimizer of J,



ii) u e D(A) and 0 € Au.
If either holds, then

ili) For every v € D(A) and § € Av
(&v—u)>0. (10)

Furthermore, assume that J is Gateaux-differentiable on X and A is continuous on X then iii) is also

equivalent to i).
Remark 1. Naturally, if there is uniqueness of iii) then the i)-iii) are also equivalent.

Remark 2. One should not confuse condition iii) with the Stampacchia formulation (see e.g. [6]). For

a bilinear form a and a linear function F' this function is
a(u,v —u) > G(v —u) (11)

for all v in the correspondent space, whereas with this formulation we have a(v,v — u). The advantage

of the representation we consider is that one of the elements can be taken constant as & — 0.
We will say that u. is a weak solution of (3) if it is a minimizer of J. in WP(Q., 09).
Proposition 1 ([26]). Let p > 1. Then there exists an extension operator
P.: WhP(Q,,09) — W P () (12)
Furthermore, there exists a constant C independent of € such that
IV Puc| |10y < Cf|Vue| Lo (q)- (13)

Hence, there exists a subsequence of the original sequence P.u. that admits a weak VVO1 P(Q) limit,

which we will define as u. The aim of this paper is to characterize u.
1.3. Homogenization of solutions for 1 <p <mn
We state two approximation lemmas, which are key to our arguments.

Lemma 2. Let 0 € C(R) be nondecreasing such that o(0) = 0. Then there exists o. € C1(R) non

decreasing such that o.(0) =0 and ||lo — oc|| < e.

Let us define the critical values of a. and 3, for 1 <p <n

=gn-»p, B*(e) = a;(”_1)£"7 (14)

*

*, since

which separates different asymptotic behaviours of the solution. We focus on the cases a. > a
the critical case is a. ~ al. The value §* separates the behaviours as shown by the following theorem.

In fact, let us define

fio = 10Go| lim 5(c)B"(¢) . (15)



Theorem 1. Let 1 <p <mn, g € WH>(Q), af < a. < ¢, 0 € C(R) nondecreasing such that o(0) = 0
and

lo(v)] < C(L+ [ulP™H). (16)
Then the following results hold:

i) Let By < 4+o00. Then, up to a subsequence P.uc. — u in Wol’p(Q), where u is the unique solution of

—Apu+ foo(u) = f+ Bog

u=20 o0

(17)

ii) Let By = +00, g =0 and o € C*. Then, up to a subsequence P.u. — u in Wol’p(Q) and u satisfies
u(z) € o 1(0) (18)
a.e. in .

Remark 3. In particular, if 55 = 0 then the limit problem does not contain any reaction term. If

a. = Coe® and B(e) = =7 we have

a € (1, i )
n—p

0 v < a(n—p)—mn,

Bo = 08_1\3G0| vy=a(n—p)—n,
+00 v >a(n—p)—n.
Remark 4. The same result holds for p = n, where the condition on the size a. is

e In(aZte) — 0, ase — 0, (19)

(see [27]) and for p > n, where critical size of inclusions doesn’t exist so there is no condition on a¥ (see

[11]). We can write the critical size for any p > 1 as:

enw if 1 <p<mn,
a; = sef(%)k% if p=n, (20)
0 if p>n.
The value of 5* is still
B*(e) = a7 Ven, (21)



1.4. Homogenization of the effectiveness factor when p > 1

We conclude by stating a theorem on homogenization of the effectiveness functional that improves

previous results by the authors (see [13, 14]). We give conditions so that

1 1
m/s o(ue) dS — @/QU(U) dz as e — 0. (22)

To achieve this we need a stronger approximation result for the family of Holder-continuous functions.

Remark 5. If I is a bounded interval then C(I) C C%%(I). This is not true if I is unbounded. For

example, all functions in C%(R) are sublinear. We introduce the following condition
lo(t) —o(s)] < C(|t —s|“+ |t — s|P) Vi, s € R, (23)

that represents “local Holder” continuity, in the sense that there is no need for the function to be
differentiable. On the other hand, as |s — t| — +o00, the function o behaves like a power, and then o can

be a non sublinear.

Lemma 3. Let o € C(R), nondecreasing and there exists 0 < o < 1, p > 1 such that (23) holds. Then,

Jor every 0 < e < ;& there exists 0. € C(R) (piecewise linear) such that

loe = ollew) <, (24)

1

0<o. <De"=, (25)
where D depends only on the C, a, p.

Theorem 2. Letp > 1, a* < a. < &, f ~ * and o be continuous such that 0(0) = 0. Let u. and u be
the solutions of (3) and (17). Lastly, assume either:

i) o is uniformly Lipschitz continuous (o’ € L™ ), or
i) o0 € C(R) and there exists 0 < a <1 and g > 1 such that we have (23) and

(o(t) —o(s))(t—s) > CJt — s/, Vt, s € R. (26)

Then (22) holds.
Remark 6. Even though roots o(s) = |s|7"!s do not satisfy (26), but a continuous linear cutoff

[s]771s |s| < so,
o(s) = (27)
oo+ s |s| > so,
does satisfy this kind of behaviour. Hence, the result for o(s) = |s|971s where ¢ < 1 holds, at least for

uniformly bounded solutions. This must hold, for example, in Chemical Engineering since u typically

represents a concentration, so 0 < u < 1.



2. Auxiliary results and estimates

2.1. Estimates on the boundary integrals

First let us introduce a uniform trace information in S,

Proposition 2. Let p > 1 and assume (2). Then

i) There exists C, independent of €, such that, for u € WHP(Q., 00), it holds that
5*(5)/ |ulP dS < C/ [Vul|P dz. (28)
Se Qe
ii) Ifv. = v in Wy P(Q) and a* < a. < e. Then

8 (e) / v dS — |9Go| / v da. (29)
S. Q
Remark 7. Notice that the natural trace in S. is not well behaved with respect to [ s, dS, but rather

: 1
with @ fSE -dS

Lemma 4. Let 0 < r < s. Then, there exists C, independent of €, such that

(ﬁ*(f) / u dS)i <c (ﬁ* / Jul dS)i . (30)

Proof. Let ¢ = £ > 1. Then ¢’ = *~. Applying Hélder’s inequality we find that

s—r"

/ " ngc(/ u|SdS)S (/ 175 dS> !
SE Sa SE

5@ [l as <o ([ as) s
Se s.

< Cpr ()it < /S fuf? ds)s 15,5

s—r

<c (ms) / Jul dS) S @IS

< c(me) [ ds):,

which concludes the result. O

With this results we can proof that

Proposition 3. Let p > 1. Then, for every e > 0 there exists a unique weak solution of (3) u. €

WLP(Q.,00). Furthermore, there exists a constant C' independent of € such that

IVl fo o,y < CULF L o,y + BB () gl ). (31)



2.2. Characterization of solutions
The proof of the furthermore statement can be found in [16]. In fact we state the the following
characterization, which could improve the regularity required, but that we do not apply due to the

homogenization techniques applied.

Lemma 5 (Proposition 2.2 in [16]). Let us assume that J = J; + Jo and Jy and Jo being l.s.c. convex
functions on a convex set C into R, J; being Gateauz-differentiable with differential J;. Then u € C, the

following three conditions are equivalent to each other:
i) w is a minimizer of J,

ii) For every v € C
(J1(u),v —u) + Jo(v) — Jo(u) >0, (32)

iii) For everyv € C
(J1(v),v —u) + Ja(v) — Ja(u) > 0. (33)

We have the following lemma
Lemma 6. Let 1 < p < 400 and o be a nondecreasing function. Then if
X =Wwh(Q.,00) C={veX: ) ecL'(S)}
J(v) = E:(v) Av=A.v
Ji(v) = 1/ |Vv|P dx—/ fu dx—b’(a)/ gv dS
P Ja. Q.

T (0)(w) = /
To(w) = B(e) /S B(v) ds

=

=

|Vv\p_2Vv-dex—/ fwdx—ﬁ(s)/ gw dS
Qe

(J3(w),w) = Be) /S o(v)w dS,
X =whr(Q), C={veX: ok el ()}

J=J1+Jy

_1 P _
J1(v) p/ﬂ|VU| dz /va dz ﬁo/ﬂgv dz
/ — } p—2 . — — W
(J1(v),w) p/ﬂ|Vv| Vv - Vw dz /wa dz — B(e) /Ssg dx

Ta(v) = fo /Q@(u) dz
Th(w)(w) = B()Fo / (v)w da,

o
Q
we have that Jy, Jy : C = R, Jy are convex, Jy is Gateauz differentiable. Furthermore, if (16) holds then

C = X, Jo is Gateauz-differentiable in X and J' is continuous on X.



Remark 8. The furthermore part was first proved in [15]. Condition (16) is given by the fact that,

v G(v) is L"(Q) — LY(Q) is continuous if |G| < C(1 7). Notice that, for r = p and t = p’ we

have 7 = p — 1. In this case, J satisfies the continuity condition for LP — L', which is enough to make

J continuous. It is likely that (16) is purely a technical requirement so that iii) implies i).

2.8. On the coercivity of the p-Laplacian, when 1 < p < 2

We will need the following auxiliary lemma, that deals with the coercivity of the p-Laplace operator:

Lemma 7. Let 1 <p <2 and u,v € WHP(Q). Then

V(=) 2 . N
/Q V(u—v)Pdz<C / aTr + Vo7 dz (|Vul*7P + |Vu|*7P)z= da
Q Q

(N}

<o | [avur2vu= 19up290) - V(- v) ds

Q
2—-p

X /(|Vu|2_p + Vo> ?) 5 do . (34)
ol

Proof. The first inequality is a direct consequence of the Holder inequality

V(u—v)lP _ 2
/(|Vu||2 £+|w|z o (Tl +[Vele)® do

2—p
2 P
|V (u—v)? / 2— 2—p\ 5
d v Py |V Pyz=r d ,
/ R (IVu[*™" + |Vo|77) r
Q
and the second one is due to the estimate for vectors, £, 7 € R™, not both zero:
€ —nl 2 -2
T e < C (P~ n—¢P77¢) - (n = &),
e fpr = O )
this concludes the proof. O

2.4. Comparison of solutions with different kinetics

We have the following comparison lemma for the solutions:

Lemma 8. Let 0,6 be continuous functions, o satisfies (26) for some g > 1 and let u. and G, be the

corresponding solutions of (3) with 8 ~ *. Then

_q
B0) [ fue = iul" ds < Cllo = 41125, (35)

€



Proof. We use u — @ as a test function, and via the monotonicity of o we have

M@L(dw—o@mu—mdSél;Ww—ﬁWdS+Md/(dw—GWMu—mdS

Se

=

gmw/(dm—ommu—mdS

€

éno—&wmm@yé|u—Mds

SQW—5Mm(Md/)u—MNw>.
Se

Due to (26) we have that

ﬂ@{é|umwwscwammm<ma[;umww)
1—1

q
(96 [ u-alras) " <cllo - sl
Se
which concludes the result. O

Lemma 9. Let 0,6 be continuous nondecreasing functions such that 0(0) = 0 and u, @ be their respective

solutions of (3). Then, there exists constants C depending on p, but independent of €, such that

) Ifl<p<?2
IV (e = @)l o) < CBEB @) o = dlew (IVuclite,) + IVl30,,) " (36)

ii) If p > 2 then
IV (e = )75,y < CBEB* ()Mo =6l (37)

Proof. By considering the difference of weak formulations we can write, for the test function ug — uq,

/(\Vu2|p_2VU2 — [Vui|P2Vuy) - V(ug — up) da + B(e) /(ag(ug) —oa(u1))(uz —up) dS
Q Se

= B(e) /(Ul(ul) — oa(u1))(uz —uq) dS.

Se

Applying monotonicity, Proposition 2 and Lemma 4

/(|Vu2|p_2Vuz — |[Vui|P™2Vuy) - V(ug — up) da
Q

1
P

gﬁ@ﬂwg—alwﬂwa-lcwkyéswl—uﬂpwﬁ

< CB(E)loz2 — o1lleoBB* () THIV (U1 — u2) || Lo (e

10



Part ii) follows directly. Let us prove part i). Applying Lemma 7 we have that

IV (w1 — u2)|[2, < C (B(e)B" (€)™ o2 — o1 oo |V (1 — )| 1) ®

2-p

D

« /(|vu1\2*p + Va2 ") 75 de

Q
22-p
IV (w1 = w2) v < CBEB () oz — 01l / (IVer 7 + [ Vs [277) 755 da
Q

2

* — — — P
< CBE)B* () oa — a1lloo (IIVerll3s? + [ Vual77) 7
which proves the result. O

2.5. Proof of the approximation lemmas

There is extensive literature on the approximation of functions in bounded intervals, in particular
approximation that preserve the monotonicity. For example, it is known that Bernstein polynomials
of a monotone function are also monotone, and the convolution with a positive kernel also preserves
global monotonicity. Finer results are known as to the approximation of function which are piecewise
monotone by functions that share their monotonicity (i.e. comonotone functions. In this direction see,
e.g. [22, 23, 24, 28]).

One of the canonical options in this directions is the Yosida approximation, but, in general this only
converges pointwise. This is natural, since one can approximate a discontinues function, which is Lipschitz

continuous, and therefore the limit cannot be uniform. We choose, locally, a convolution with mollifiers.

Proof of Lemma 2. Let 0.9 € C'([—1,1]) be an approximation of o such that

Oe0 =0 in {—1,0,1},
loco —alleq-11)) <€

0¢,0 is nondecreasing.
This can be done, since, for example, the convolution of ¢ with nonnegative mollifiers are nondecreasing.
Let 0.1 € C'([1,2]) be an approximation of ¢ in [1,2] such that
oe1 =0 in {1,2},
02,1(1) = ‘7;,0(1)7

loe1 —alleq2) < e,

0,1 is nondecreasing.

We proceed analogously in [n,n + 1],[—(n + 1), —n] for n € N. We finally construct o. € C}(R) by
matching the pieces. O

11



Proof of Lemma 3. Let € < 1 and § = (%)é <1.If |z —y| < then
lo(z) —o(y)l < D(lz — y|* + |z — y[) < D(6* + 67)
<2D6* =e.

We define
oe(nd) = a(nd), nez (38)

and linear in (n,n + 1). Since ¢ is nondecreasing so is .. For € [§(n — 1), dn] we have

|o(2) = 0=(2)| < |o(x) — o(én)| + |o(dn) — 0= (2))|

< £ +lowlon) — o.(0)
§g+(05 (6n) — og( (n—l)))
zg—i—(aén —o(6(n—1)))
<f4c

-2 2

=e.

On the other hand, for z € (6(n — 1), n) we have
o(én) —o(d(n — 1))
0

which concludes the result. O

0<ol(x) = <C@Et 407 < Dela,

3. Proof of Theorem 1

Proof of Theorem 1. We rewrite the problem, due to Lemma 1 as

/ |Vv|p_2Vv~V(v—ug)dx—I—,@(E)/ o(v)(v—ug) dS

Q. Se

> /Q Fo—uo) dz+ 5(5)/3 gv—u)dS Yo WiP(Q). (39)

€

Let us start by considering o € C*(R). If either 3y = +oc and g = 0 or By < +00, we can apply Proposition
3 to show that P.u. are uniformly bounded in W3 ?(Q), and therefore there exists u € Wy () and a

subsequence of P.u. (denoted as the original sequence) such that
Pou. —u in WyP(Q) as e — 0. (40)
Then it is known that (see [26, 29, 32]), for v € W;">°(Q2) we have

/ |Vo[P=2Vo - V(v — u.) do — / |VolP~2v - V(v —u) dz
Q

E [ so-wyaso [ so-was
5*(5)/S o(0)(v — uz) dS — \3G0|/ch(v)(v—u) dz

€

,6*(5)/ (v — ) dS — \8G0|/ﬂg(v—u5)dx,

€

12



as € — 0. If By < +00 we can pass to the limit in (39) as &€ — 0 and obtain
/ |VolP~2Vo - V(v —u) do + 50/ o()(v—u) dzx
Q Q

E/Qf(v—u) dx—i—ﬁo/ﬂg(v—u) dz Yo e Wy™(Q). (41)

Applying density, Lemma 6 and Lemma 1 this is equivalent to u being a solution of (17).
If By = +00 and g = 0 then we write (39) as

B*()B(e)! / |V|P~2Vo - V(v — u.) dz + 5% (¢) / o()(v —uc) dS
Q. S.
> 508" [ o= ) de.
Q.
By passing to the limit we obtain
/ o(v)(v—u.)dz >0, veWy™(Q).
Q

Again, applying Lemma 1 we deduce the result.
Let 0 € C(R) and By < +o00. By Lemma 2 there exists nondecreasing functions (o,,) C C!(R) such that
om(0) =0, oy, = o in C(R). Let uc ., and u, be the solutions of (3) and (17) with kinetic oy, which

by the previous proof satisfy
Ptte = U, in WyP(Q) as e — 0. (42)
Applying Lemma 9 we have that
|V (te — tm,e) ||LP(Q) < 06(5)5*(5)71”@% - U”C(R) ifl<p<2,
IV (e = thne) Fogay < CBEB () om —0olew — if2<p<n.
Passing to the limit as € — 0 in this estimations we get
IV (u—=tm) L) < Cllom —ollewy  f1<p<2,
IV (u—um) ||Z[7,;(IQ) <Cllom — U”C(JR) if2<p<mn.

By uniform boundedness there exists @ € W,?(Q) such that u,, — @ in W'?(Q) as m — +oo. By
continuity of the equation with respect to the kinetic we know that @ is the solution of (17). From the

previous estimate we have that u = @, which concludes the proof. O

Remark 9. Notice that condition (16) is only used to show that (41) implies that « is a solution of (17).
However, if we show that (41) has a unique solution then condition (16) can be removed. Also, if w is
bounded then this condition can also be removed.

4. Proof of Theorem 2

Proof of Theorem 2. Applying the results of this paper for the case 1 < p < n, which extend naturally
to p =n (see Remark 4) and [11] for the case p > n we have that Pou, — u in W, ?(Q).

13



First, let us suppose that ¢/ € L. Then o(u.) is bounded in WP(€., 99Q). Hence, it is easy to show
that P.o(u.) — o(u) in WyP(€). We have

S| = [Tel|a:0Go| = a2~ Y. ||0Gh| (43)
Taking into account (1) we get
|5e|
——— — 1. 44
EREIITen .

Hence, applying Proposition 2 we have the result for o uniformly Lipschitz.

Let o € C%%(R) such that (23), (26) are satisfied. According to Lemma 3 there exist a sequence of
nondecreasing functions (¢,,) C C(R) such that o/, € L*™ and o, — o in C(R).

Let e ,, be the corresponding solution of (3) with kinetic o,,. Then we have

‘me) /

o(u) dS — (e) / O (1t ) S

< Be /|0 ) — o (ue)] dS

€

/ |U UE - Uam)lds'i_ﬁ / |U Ue,m _Om(u57m>|d5

< CB(e) /S te =tz m® AS + B(E)IS: 0 — Omleqey

<c <B(€) [ e ds) T BEIS o - omlle
<C (Jlo = omld + lo = omllem ) -

In particular, taking any m € Z we show that up to a subsequence following convergence holds

Ne = |S| u) dS — g as e — 0.

Applying the first part of the proof, we have that

Mo — / Om(Up,) dz
19

Due to Lemma 9 we have that, as m — +00, u,, — win LP(2). Also, due (23) we have that o (u,,) — o(u)

in L1(). Hence

<0 (llo = omld) + o = omlleqe) ) -

llom (um) — U(U)”Ll(Q) < lom(um) — U(um)”Ll(Q) + o (um) — U(U)HLl(Q)

< Ham - UHC(R) + HU(UM) - U(“)”Ll(ﬂ)

Therefore, o, (um) — o(u) in L'(Q). Hence,

v,
o= —= [ o(u)dx
€ Jo

Since every convergent subsequence of (7)) has the same limit 79 we conclude the proof. O
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