
Modelización matemática de la 
elasticidad de la cubierta volada del 

Hipódromo de la Zarzuela 

J.I. Díaz
Departamento de Análisis Matemático y 

Matemática Aplicada, UCM

9 Octubre 2018



Conferencia complicada:
• a mitad de camino entre divulgación y presentación de resultados 

nuevos en el campo (EDPs, Elasticidad, Matemática Aplicada),
• Seminario del Departamento de Matemática Aplicada (¿audiencia ?)

Indulgencia frente a una pequeña gimnasia mental: castellano / inglés

Shell structures are typically found in nature as well as in classical 
architecture.

There are two principal uses of shells in civil engineering:

•industrial structures:  silos, tanks, cooling towers, reactor vessels etc.
•aesthetic and architectural special structures

(Potential very nice lecture of many pictures: a different lecture…)

1. Introducción. 



Here, after recalling the mathematical modeling of the Shell deformation theory, 
we shall apply it to the Zarzuela Racecourse shells 

!! Joya 
arquitectónica !!



• 5 m intervals and connected longitudinally by small reinforced concrete double curvature 
vaults. 

• The cantilever roof, with a minimum thickness of 5 cm, overhangs to a distance of 12,8 m. 

The race course is protected by a heritage listing Bien de Interes Cultural (2009). 

2004 Remodelación: Jerónimo Junquera García del Diestro y Liliana Claudia Obal Díaz.



i) Por el propio Eduardo Torroja:

• E. Torroja Miret: El nuevo hipódromo de Madrid. Antecedentes del 
concurso. Hormigón y Acero, nº 7,  1934, 287-288.

• E. Torroja Miret: Cubiertas laminares de hormigón armado, 
Hormigón y Acero nº3.; 1935/36.

• E. Torroja Miret: The Structures of Eduardo Torroja, F. W. Dodge 
Corporation, New York, 1958, Las estructuras de Eduardo Torroja 
CEDEX, Madrid, re-edición de1999. 

• E. Torroja Miret: Estructura de las tribunas del nuevo hipódromo de 
Madrid. Revista de Obras Públicas, nº 2714, 1941, 213-222.

Impresionante listado de estudios, informes, exposiciones,…



• E. Torroja Miret: Razon y ser de los tipos estructurales. 
CSIC, Madrid, 1957, re-edición de 1991.

• E. Torroja Miret: Hipódromo de la Zarzuela, Informes de la 
Construcción Vol. 14, nº 137, Enero, febrero de 1962.

ii) Análisis por otros autores (véase, Hipódromo de la Zarzuela en la base de datos del Colegio de 
Arquitectos de Madrid http://212.145.146.10/biblioteca/fondos/ingra2014/index.htm#inm.F3.474 ) 

• F. Arredondo, C. Benito, G. Echegaray y J. Nadal: La obra de Eduardo Torroja. Artes 
Gráficas Soler, Valencia 1977.

• Varios autores: La modernidad en la obra de Eduardo Torroja. Catálogo de la exposición 
celebrada en el Colegio de Ingenieros de Caminos, Canales y Puertos, Madrid, junio de 
1979), Ediciones Turner, 1979.

• J.A. Fernández Ordóñez y J.R. Navarro Vera: Eduardo Torroja Ingeniero. Pronaos, 
Madrid, 1999. 

• C. García Reig: La geometría en la obra de Eduardo Torroja. Revista de obras públicas, 
nº 3393, 1999, 15-31.

• J. Antuña Bernardo: Las estructuras de edificación de Eduardo Torroja Miret. Tesis 
Doctoral. ETSAM, Madrid, 2002.

• P. Chías Navarro, y T. Abad Balboa:  Eduardo Torroja. Obras y proyectos. Instituto de 
Ciencias de la Construcción Eduardo Torroja, Madrid, 2005. 

iv) Documentos de profesores de la Escuela de Arquitectura de la UPM: Rafael García 
García, Ana López Mozo, María Pastor, …

• M.C. Díez Pastor: Carlos Arniches y Martín Domínguez, Arquitectos de la generación del 25. 
Mairea. Madrid, 2005.

• P. Rabasco y M. Domínguez Ruiz: Martín Domínguez Esteban. Cornell AAP Publications. 
2016.

iii) Véase también:

http://212.145.146.10/biblioteca/fondos/ingra2014/index.htm#inm.F3.474


Personally, one (but not the single one !!) of the motivations to my interest : 

(in his book, E. Torroja, The Structures of Eduardo Torroja, F. W. Dodge 
Corporation, New York, 1958 (Ministerio de Fomento, Madrid, 1999) he 
writes (p. 12): 

From the mathematical view point: geometrical considerations…. (a potential 
very nice lecture). 

Main goal of this lecture: elastic modelling of this type of shells.



The present talk, based on my joint papers with 

Evariste Enrique Sanchez-Palencia, 
Laboratoire de Modélisation en Mécanique, Université Pierre et Marie Curie, 

and Academie des Sciences, Paris.

• J. I. Díaz, E. Sánchez-Palencia, On slender shells and related 
problems suggested by Torroja's structures, Asymptotic Analysis, 52, 
2007, 259-297 

• J. I. Díaz, E. Sánchez-Palencia, On a problem of slender slightly 
hyperbolic shells suggested by Torroja’s structures. CRAS 
Mechanique, 337 (2009) 1-7.

• J. I. Díaz, E. Sanchez-Palencia, A problem on slender nearly 
cylindrical shells suggested by Torroja's structures. International 
Journal of Engineering Science. 88 (2015) 83–98

• J. I. Díaz, E. Sanchez-Palencia, On periodic or pseudo-periodic 
slender nearly cylindrical shells modelling Torroja's structures (2018), 
To be submitted.



Évariste Enrique Sanchez-Palencia (Madrid 1941- ). 
Nacionalizado francés 1976 (residente en Paris desde 1964).

Próximo Dr. Honoris Causa por la Universidad Politécnica de Madrid, 
propuesto por la Escuela T.S. I. Aeronáuticos (Amable Liñán, …).

Directeur de Recherche de classe 
exceptionnelle, CNRS, emérito.

Ingeniero Aeronáutico (UPM) 1963-1964,
Doctor UPM, 1969.

• 1969-Médaille de bronze du C.N.R.S. (Mécanique.)
• 1974-Prix Henri de Parville de Mécanique, décerné par

l'Académie des Sciences.
• 1981-Médaille d'argent du C.N.R.S. (Sciences Physiques pour

l'Ingénieur)
• 1987-Elu Correspondant de l'Académie des Sciences, dans la

section des Sciences Mécaniques, puis Membre en 2001.
• 1995-Prix de l'Institut Français du Pétrole, décerné par

l'Académie des Sciences.

Ha publicado 5 libros, y más de 200 artículos de investigación. 20
Tesis doctorales dirigidas.

Su trabajo en los últimos años se centra en tres líneas:
• Homogeneización en medios heterogéneos (solidos, fluidos en

medios porosos…)
• Vibración de sistemas acoplados
• Medios elásticos formados por capas finas



for this last subject, please ask 
to some other colleagues !!!

Some previous naif questions: 



1. The basic element: We shall carry out the study of the asymptotic modelling 
of such kind of shell structures

2. Two basic shells coupled by an edge with slight folding 

We also will consider more sophisticated structures formed by 
coupling two of such basic shells by means of an edge with slight 
folding 

Three kind of structures related to the Zarzuela shell roofs

3. The periodic repetition of a basic shell

An infinity set of shells obtained by the periodic 
repetition of the basic structure 

¿Motivation?



Many other similar Shells, … 



Plan of the rest of the lecture:

2. Shells (coques minces, cáscaras,…): the difficult reduction from 3d to 2d

3. The basic problem.

4. The shell with an edge with slight folding

5. On periodic or pseudo-periodic slender nearly cylindrical shells

6. Final remarks



2. Shells (coques minces, cáscaras,…): the difficult reduction from 3d to 2d

Planteamiento general (notación no universal,..)

P. G. Ciarlet, Mathematical Elasticity, Vol III, Theory of Shells, North-Holland (2000)

J. Sanchez-Hubert and E. Sanchez Palencia, Introduction aux méthods asymptotiques et à l’homogénéisation: 
application à la Mécanique des Milieux Continus, Masson, Paris 1992.
J. Sanchez-Hubert and E. Sanchez Palencia, Coques élastiques minces. Propriétés asymptotiques, Masson, Paris 
1997.                                        

Many other books, surveys, expositions,…



Surface Rigidity !!!  (previous considerations to the mechanics model)

Structural typologies







Definition. A surface S is said to be uniformly elliptic, parabolic or hyperbolic
when the determinant of the second fundamental form is respectively positive, 
null, or negative at each point of S.





Theorem (W.T. Koiter, 1959)



This system, called system of rigidity, is essentially a system of two equations of 
first order in u1 u2 . It is elliptic or hyperbolic at elliptic or hyperbolic points of S. The 
asymptotic lines of S are the characteristics of this system.

u is a pure bending

Caution !!

The surface S, fixed by a part of its boundary Г0, is said to be rigid when the 
above system with the boundary conditions  u=0 on Г0 has only the solution 
u = 0
Let us first consider the case of an elliptic surface. The local uniqueness theorem for the Cauchy problem implies that u 
vanishes in the vicinity of Г0. Moreover, u vanishes identically on S provided a unique continuation theorem hold true, for 
instance if S is analytic. The surface is then rigid. 
In the case when the surface is hyperbolic, uniqueness for the Cauchy problem only holds true in the determinacy domain 

bounded by the convergent characteristic issued form the extremities of Г0



Hyperbolic surface. The region spanned by two 
characteristics issued from the fixation is rigid

PARABOLIC SURFACES     
(=DEVELOPPABLE SURFACES)

Portion of a cone. The entire zone
spanned by the generators issued
from the fixation is rigid

Boundary 
layer



The general Koiter Shell Model:  
From the linear 3d-elasticity to the 2d-Shell Models 





Why bending moments ??



Deformation Displacement
Stress principle of Euler and Cauchy,

symmetric

3D-Linearized Elasticity System



This linear system has a unique solution in 
appropriate function spaces !!!



Main idea of the passing to the 2d-problema by means of asymptotic 
analysis:





3d-Variational Formulation

Take as test function

Then



This term justifies 
the presence of 
Momentum terms

Coming back to the Shell variational formulation



(already said)







For ε>0, the existence and uniqueness of the solution of P(ε) is showed by
applying the Lax–Milgram theorem
(Bernadou, M., Ciarlet, P.G.: Sur l’ellipcité du modele lineaire des coques de
W.T. Koiter. In: Glowinski, R., Lions, J.-L. (eds.) Computing Methods in
Sciences and Engineering. Lectures notes in Economics and Math. Systems,
vol. 134, pp. 89–136. Springer, Heidelberg (1976)

This theorem relies on the continuity and the coerciveness of the left hand side
of bilinear forms. The coerciveness of this bilinear form was proved in the
above reference by using Korn’s inequalities on a surface.



An interesting application: Rigidity of narrow layers (of a developable 
surface, along a generator)

¿Motivation?

In the previous scheme:

-The limit solution holds true whatever the value of c.

As a consequence, this kind of solutions hold true for 
very narrow pieces along a generator.



3. The basic problem.

J. I. Díaz, E. Sánchez-Palencia, 
On slender shells and related problems suggested by 
Torroja's structures, Asymptotic Analysis, 52, 2007, 
259-297 









Scaling and a priori estimates in the basic problem.







Formulation in terms of 
Calculus of Variations









Limit problem and convergence in the basic problem.









Other cases:

J. I. Díaz, E. Sánchez-Palencia, On a problem of slender 
slightly hyperbolic shells suggested by Torroja’s 
structures. CRAS Mechanique, 337 (2009) 1-7.

J. I. Díaz, E. Sanchez-Palencia, A problem on slender 
nearly cylindrical shells suggested by Torroja's 
structures. International Journal of Engineering Science. 
88 (2015) 83–98

Slender nearly cylindrical shells



The more important differences with respect to the
case considered in Díaz and Sánchez-Palencia
(2007) arise in the description of the space G

We also point out that the higher order equation for 
the potential function φ add some new terms





whereas the boundary conditions for u3, which are concerned with the ‘‘singular perturbation terms’’











4. The shell with an edge with slight folding





Remark. Similar treatment for the case of Slender nearly 
cylindrical shells



5. On periodic or pseudo-periodic slender nearly cylindrical shells

Case of cylindrical shells: 



Case of slender nearly cylindrical shells:



Our results concerning the potential función shows that the tests of Torroja with an 
isolated band constituted a sure test for the periodic case, since the space where it was 
minimized was larger



6. Final remarks

• Many alternatives, waiting some answer, for the case of 
nonlinear elastic shells (Ciarlet school,…

• Extension to the obstacle problem
J. I. Díaz, E. Sánchez-Palencia, On slender shells and related 
problems suggested by Torroja's structures, Asymptotic Analysis, 
52, 2007, 259-297 

• Very careful numerical analysis ?? 

E. Sanchez-Palencia, O. Millet, and F. Béchet, Singular 
Problems in Shell Theory,
Vol. 54:Lecture Notes in Applied and Computational 
Mechanics, Springer, New York, 2010.



Thanks for your attention
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