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~Let @ be an open regular set of 'RN and consider the following
nonlinear parabolic boundary vatuesproblem

’

u, - Au = f(t,x) in Q x(0,=) = Q
(1) 1 u(0,=) = ug on Q
{ %%—+ b(u) = g(t,x) on 3 x(0,») =%

where n is the unit outward normal to 30 and b {is a continuous non_
decreasing function such that b(0) = 0. Many different resuits are
well-known on the existence and uniqueness of solutions u under several
kind of regularity assumptions on f, u, and g (see, for instance ,
Friedman |8| Amann |2] and Alikakos |1]| ). It is also well-known that
if F30,up;20 and g >0 then ux0 in Q. In fact, by the strong
maximum principle, if u 1is nonnegative and u(t,~) ¥ 0 for every t> 0,
then u >0 on Q. A natural question arise: For which functions b, the
behaviour of u near I becomes pathological, in the sense that u(t,-)|Z
" vanishes on some subregion of £?,A first answer is easy because, again,
by the maximum principle if wu(t,x) =0 on Tox{to,e) then we arrive to
the contradiction 0 » %% (t,x) = g(t,x) - b(0) » 0, on Tex{te,=) So,this
behaviour is excluded for any nondecreasing continuous function b such
that b(0) = 0 and for which u(t,«} # 0 forany t > 0.

The situation changes strongly if we take b in the class of the
multivalued maximal monotone graphs of R2? (that we shall denote by 8 ).
That general formulation is of interest in the applications (see Duvaut-Lions
| 7 |) and now the problem is
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Uy - Au = ft,x) in Q

P(f,ua.9) u(0,°) = u, on €

- g%-+ g(t,x) e B8(u) on z.

In fact, we shall pay our attention on the particular case of B given

(2) glr) =70 if r >0, B(0) = (-=,0] and B(r) = ¢ (the empty set).

That problem is associated to the néme of Signorini parabolic problem.
Note that in this case the boundary conditions are of "unilateral type"

(3) ux0 , - a% +g g0 and u(- %%—+ gl=0,o0on ¥,

Qs

and that the coincidence set, defined by I, ={(t,x) e T : u(t,x) = 0},
plays an important role in the understanding of the prbb]em. Our question
now is the study of the assumptioné on T , up,and g that allow the
formation of the coincidence set Lo . A first homogeneization Lemma show
us that we shall may assume, without loss of generality, that f =0 and
ug =0,

Lemma. Let u solution of P(f.uy:9) and v satisfying Vi - Av = fin Q,
v(0,¢) =ugon Q , and v =0in I . Then the function U = U-V satisfies
P(0,0,9), where

DI . |

9 =9 -4y

After this trivial remark, it seems natural that the existence or non-. ..
existence of the coincidence set I, will depends on the behaviour of this
function g. We start with a necessary condition:

Theorem 1. ILet U be a (weak) solution of P(f,uq:q)} for B given by (2).
Assume that U(t,g) =0 a.e. on Iy= (0,@ X Ty where Ty is a "smooth"
part of 3. Then necessarily g{t,£) €0 a.e. on Lo -

[dea of the proof. Let T >0 fixed. We first note that

T

T
u ﬁﬁ-dgdt 2 [ j fvdxdt + J J gvdEdt
on o) 30

(5) -.fﬂug(x)v(o,x)dx + mm )
0



for any Vv € wl’E(O,T:Hl(Q)) such that vy +Av = 0 in Q; =(0,T) x Q ,
vx-u ond2x (0,T) and v(T,x) =0 on Q . Indded, by regularizing
the data f,u, and g, we may assume that u 1is a strong solution i.e.
such that u, e L? and satisfies

JQT»ut(w—u)dxdt + J 0 Vu  V{w-u)dxdt 3 JQ f(w-u)dxdt +
T T T

+ { f g{w - u)dedt

for every w e L2(0,T : H‘(ﬂ)) with w> 0 fin 52 x(0,T). Taking

w=v+u we obtain (5). But from the Lemma we may assume f = 0, uy= 0

and g=g without loss of generality (note that U =u on 3Q x{(0,=)).

Then we have that

T
9V
[ Ua—ndgdt?-f

8

T .
J gy dedt
8790
for any v satisfying v, + Av =0 in Qps V3 - uon I and v(T.x) = 0
on Q . In particular, if we take v{(t,£) = o (t,£) onz with o> 0
arbitray such that o(t,g) =0 on I - I, , by the strong maximum prin_
oV
t

ciple we have tha an < 0 on ¢ - Izand so

T ~
f J g(t.g) oft,g) dedt ¢ 0
0 I‘o

which gives the conclusion, g

As in the elliptic case (see Djaz-Jimenez |5] ) the condition
E(t,g) € 0 on a part of & 1is not enough for the formation of the
coincidence set. Nevertheless, such a condition 1s almost sufficient
as the following Theorem shows

Theorem 2. Assume, for simplicity, Q be convexr and let fT,uy and g
such that there exists et > 0 such that

glt.£) < - ¢ on a given part T_ of 30 and for any t >0,

Then there exists R = R(e) > 0 such that



Zé:{(t,E) e [0,%) x F.vd(g,02 - T.) >R},

t.e. U vanishes, at least, on the part of the boundary I given by the
right hand side set of the above expressiton.

A stronger result is possible: the coincidence set may occur
only after a finite time. More precisely we have

Theorem 3. Assume Q conver and let g and t such that there exists
e>0 > T, o and te > 0 such that

g(t,g) - o (t,8) < - € on [te,m) X Te s
where F(t,Xx) satisfies Fp - &F = f in Qp» F 20 on 20 x{0,®) and
F(0,°) = 0on @ . Then, for any given initial data Uy, the solution
u of P(f.ue.9) satisfies that there exist a finite time To > t
such that ‘ ‘

Loo{(tsg) € [Tosw) x 12 d(g,00 - T) 3R}

for some R = R(€). In particular if [_=123Q then u=0on (To,=) x30
and U becomes the solution of the homogeneous Dirichlet problem after
the time T

i+

The proof of the above results is obtained through the construc
tion of suitable local-supersolutions inspired in the elliptic case (Diaz-
Jimenez |5]). For details, see Diaz-Jimenez |6| where the constants
R(g) and T, are estimated. |

We shall end this communication by giving an application of the
above theorems to the study of the sign of the trace u(t,-) g of solutions
of the initial problem (1) when f,g and u, don't have constant sign
on their respective domains. So, assume, for instance, that f =0, up =0
but g(t:g) changes of sign on I . Even for the linear prbb]em, b(u) = u,
or b(u) =0 it is not an easy task to find regions of L where u f{s
nonpositive (or nonnegative) when only the region of L where g {s non-
positive (or nonnegative) is known. Nevertheless, by a variant of the
comparison principle is not difficult to show that Uy & uB (see e.q.




Brezis |4|), where up represents the solution of (1) and Ug satisfies
P(0,0,g) for B8 given by (2). In consequence, from Theorem 2 we deduce
that if there exists ¢ > 0 such that g¢g(t,x) < - e on a part r. of 8@
and any t > 0, then the trace ub(t,u) on 80 1s such that ub(t,o) < 0
at least on the set {(t,£) € [0,=) x FE:.d(g,BQ~P€)z R} for some
R = R(e). The study of the regions of & where ub(t,n) is nonnegative
may be sfmi1ar1ye§timated by studying previously the problem P(f,ug,g)
for B given by g{r) = -g(-r) with g defined in (2).
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