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ECE—IACE@N ABSTRAéT: We study the behaviour, near the free boundary, of ncamegative
\ luti of h Iliptid bl f the t -Autut=£ (x) i
ES DEFERENCEALES 552(,) 3=$0215169, Zi:hogziini?u;eeprisalz gg?.nt:;ze.o"nonzegzrplzracy"uprop}ecrt;n

Y APLECACEONES (u grows faster than some function of the distance teo the free boundary),

and we give an application to the numerical approach of the free boundarv.
CLASTIFICACION AMS (1980): 35J60, 635N99.

1. INTRODUCTION®AND THE MAIN RESULT: Consider the Dirichlet problem
-AP\H'Auq‘ﬂf (x) in @

0y}
u={ on 3%
N

where § is a regular open set of R, A>Q, q>0 and
‘Apu=div( iVulp—ZVu) . l<p<e

Problem (1) have been largely studied in the literature and appears in ma
ny different contexts {(see Diaz |4| and its references). It is also well
kncwn that under the assumption

(2) q<p-1

there exists a free boundary F defined by the boundary of the support of u.
For the sake of simplicity in the exposition we shall always assume

(3 fe L"'(n) , 20

which allows us to assume that u€ Cl'a(ﬂ) and u20 on ©. So the free boun-
dary F is defined by

F=3{xe R:u(x)>0lNQ .

Qur main goal is the study of the behaviour of u near the free boun-
dary, This was firstly carried out in Phillips |7| and Alt-Phillips {1
for the case of p=2, fZ0 and nonhomogenecus boundary conditions (u=h on
3)) . The analysis of the nonhomogeneous case (f#0) cannot be treataed by
their methods. (We remark that in fact the assumption u=0 on 3Q is mot an
imporzant restriction bacause of the local nature of our results).
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It turns out that the behaviour of f near the bounda’ of its support
has an importaunt role for our purposes. Indeed, as it was rirst noticed
in Diaz [4], if f "grows slowly" near the boundary of its support then
there is '"nondiffusion' of the support of u and F=) supp (F).This is a glo
bal version of the following local property: "Let x¢€ 38(f} (S(f)Esupporc
of £) be such that

{4) 0<f(x)<c[x—onPQ/(p“1“q> a.g. X€ BR(xu)r\Q
for some R>0 and C>0. Then, there exists C*»0 such that
(5) DSu(x)ﬁc*[x-xu]P/p-}—q) a.e. x€B(x)NQ",

(cee Diaz I4| Th. 1.15). We point cut that the main difficulties in tha
study of the behaviour of u nmear F are located at the points of F whers
there is nondiffusion of the support (i.e. on the region M3sS(f)}. In-
deed: if x¢& F-28(f) and F and 35(f) are regular, u satisfies the homoge-
neous equation en B_(xe}c S(u)-S(f) for some £>0 and so the behaviour of
u near xXg 1is a conséquence of the results of Phildlips ]7[ (when p=2).
Thus, we shall concentrate our attention on points xg& FN3S(f). (We re-
mark that assumption (4) is, in soma semse, optimal in order to conclude
that a point xgg 95(f) is such that xqg F : see Alvarez—Diaz |2|).

Inspired in the homogenecus case, and for further applications, we
want toe prove some "noﬁdegene&acy properties” ensuring that u grows fas-
ter than some parabola |x—xa| near xg& F. The following cne—dimensional
example shows that we need extra—-assumptions to (4)°in order to have such
a kind of properties: :

EXAMPLE: Consider the boundary value problem
) ~ulx)tu(x) Y=f(x) in ]-2m,2m]
u(-27)=u(27)=0
~1/x

where 0<q<l and f(x)=C sinx e if 0€x€T for soma C>0 and £(x)=0 if
xe [0m]. It is not, gﬁfficulf to show that 3S(£)=F if € is swall enough
and that the funecrion u(x)nKe'_-/qx is a supersolution on the set EO,R)
for K and 1/R large enough. .

Our wain result is the following
THEOREM l: Let xgg 35(f) and x;g S(£) such that
(7) {f(x)zC(R-Ier)Y a.e. x€By(x1) with R=d(x0,%1),Y¥pa/(p-1-q) and
C>0.
Then
(8) u(x):&[x—xo[Y/q for any xg Dm,x;] and for some K>0,

where Ek,y] denotes the segment between x and y ([x,y]={2ﬂtx+(l—t)y,
te [0,11H. ‘

Proof: Defins

K(R—]x~x1|)Y/q if R/2€|x-=m1 2R
(Dulx)= ‘

- / '
2K( % ){'q ~K|x-xle/q if 0%]x-x |¢R/2 .

Ve clain tha. >0 can be chosen such that u is a subsolurion on BR(XIJ'
Indeed,__l_;_E‘C1 and on R/Z{Ix-xx[‘R we have that if r=lx—x;| then

—QPE%RESE'(K %.)P'lg£ —1)(p—l)(R~r)ﬁ£ -1 (p=~1) "

Y o1y (oe T .
_@-y @ g e ”]+ k¥ R0y e[ ¢ i;i P 1) k9] (rep) ¥
T

Moreover on Oijx—xljﬁR/Z
Q7 KXY ye-i, ¥ iyl - a7 R Y |
-8 uHats [ ( g ) (gD e-DrE-D+EON] ()
Then, if we take K such that
-1
maxf(zs‘e’)”m-nﬂxq, & DHPHCL -1 ey 1)+ Y
%
we have that

-A u+Auq£C(R-lx~x1|)sttx) a.e. xgB_(»1).
— = i R

On the other band, as u=0 on 3B_(x)) we deduce, from the comparison prin-
ciple thar ugu in BR(xl), which implies (8).%

COROLLARY 1: TLet f such that 35(f) satisfies the uniform interior sphere

condition (i.e.3d R>0 such that ?'Kué?as(f),ngR(xl):xue BBR(xl». Assume that

(10) {f(z)m(x,aS(f)>Y a.e. x€ S(E) wich d(x,3S(E)R, v>pq/p-1-q) and
c>0 . '

Then

(11)  w(x)>Rd(x,35(£)) Y79 for any xe 5(F) with d(x,35(E))<R and for some
0 .

Proof. Let zg S(f) with d(x,35(f))SR . Let xo& 35{f) such that
d(x,as(f))=]x—xni- Due to the assumption on 3S5(f) we have that x&3B_{(x)
for some x,€ S(f) with R=d(xg,x;). Moreover, without loss of generalicy
we can assume that x& [xo,x1]. Then

£(x) 2¢d (x, 35 (£)) Y20 (R= | xx1 |3 T
and by Theorem 1 we conclude that
u(x);Kix—xnIY/q=Kd(x,BS(f))Y/q ‘&

The above pointwise non-degeneracy properties imply another non-de-
generacy property {(now in measura) that is véry useful for many purposes:

COROLLARY 2. Under the assumptions of Corellary ! ther exists £4>0 such
that for any compact D {2 we have

(12) [fxe1DnS(f):O<u(x)<EY/q}SKDa
for any €<, and for some positive constant KD .

Proof. Let £4>0 given by

EI/q<min{u(x?:xe DNS(E) and dix,35(F) 3R}



Let x& DN 5(f) such that d(x,d5(f))<R. By Corolla;yql u(x):Kd(x,as(f))Y/q_

So if R>d(x,35(£))3 7 we conclude that u(x)ksr . Then
K

| {x€ DN S(E) 10<u(x)<e /D) ¢ (xe DOV SCE) d (e, 35 (£) )< q?YHegf
for some KD>O - K

REMARK 1: Non-degenerancy properties of the type (11) or (12) were obtai
ned by other different methods in Phillips |7| and Alt—DPhillips | 1| for
the case of p=? and u=h on 3Q (but £Z0). Their results are concerned with
the critical exponent Y=pq/(p~i-q} and give us information on the growing
of u on the part of the free boundary F-33(f) (i.e. on the part of F whe—
re the support diffuses). Indeed, it is dear that S(£)XC S(u). Then in the

region (-S(f) u satisfies the homogeneous equation and u>0 on (3S(F)INS{u),

<

=. APPLICATION TO THE NUMERICAL, APPROXIMATION OF THE FREE BOUNDARY .

As it has been shown in Nocherto 161: non degeneracy properties are
one of the main ingredients in order to approximate the free boundary F,
To apply this general philosophy to problem il% we consider a descomposi-
tion of Q in finite elements, and let- h €{ R )" be a discretizarion para—
nerer whose components tends to zero, Let be the discrete solution of
(1) (i.e. of a sequence of approximate problems (P1)h). In contrast with
the obstacle problem it is possible thar 35(y, )N Q be the empty set. So
we define the discrete fres boundary by means of

Fh=3{x€ﬂ:uh(x) >5h}n 9»
where § >0 is a constant to be determiieg laier. We make the assumption

that "there exists a function g(h):( R )=+ R', o(h)$0 as h+0 such thar
for some s, lgsge

(13)  |ju-u ] <g(h)
R AT()

Then we have

COROLLARY 3. Assume ; as in Corollary 1 and suppose that (13) holds.
——— s/l as}
Then taking 6h=c(h) » @=p/(p~1~q). for any compact set D we have

+,
| Aﬂh)nnlscgc(h)sf(l+“s) for any compact set D,

+ .
where Q ={x g R:u(x)>0}, Q;={xe§huh(x)>dh}and AAB=(4-B)U(B-A) for any sets
4 and B. Moreover, if (13) holds for p==, then
+
Een D poyten®natno

where Qyt(E)w{er:d(x,E)Q}, for any EcQ . g4

The proof is a direct consequence of Thesrems 5.7 and 5.8 of Noche-

tto {6! once that the assumptions of chose theorems are implied by (11)
and {13).

"REMARK 2. ‘'The assumption ([3) is well-known in some particular cases

(see Nochetto Iel and its references for p=2 and Cortey-Dumond [31 for
the study of the case pF2).

REMARK 3. Corollary | can be also applied to show the continuocus depen-

dence of the free boundary with respecte to f in the class of functions

f satisfving (10). See Diaz- Nochetto l5| for a related result.
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