Internationale Schriftenreihe zur Numerischen Ma. :matik
Série Internationale d’Analyse Numérigue
Vol. 106

Edited by
K.-H. Hoffmann, Minchen; H. D. Mittelmann, Tempe;
J. Todd, Pasadena

International Conference on Free Boundary Problems
in Continuum Mechanics, Novosibirsk, July 15-19, 1991

Edited by

S. N. Antontsev
K.-H. Hoffmann
A. M. Khiudnev

Birkhduser Verlag - N
Basel - Boston - Berlin 1992 Birkhauser Verlag

Basel - Boston - Berlin



NEW APPLICATIONS OF ENERGY METHODS TO
PARABCLIC AND ELLIPTIC FREE BOUNDARY PROBLEMS

S.N. Antontsev,
Lavrentiev Institute of Hydrodynamics, Novosibirsk, RUSSIA,

J.I. Diaz
Untversidad Complutense de Madrid, Madrid, SPAIN,

S.1. Shmareu,
Lavrentiev Institute of Hydrodynamics, NouvosibDirsk, RUSSTA.

We present some recent results on the application of diffe-
rent energy methods for the study of free boundary problems. Such
nethods offer an alternative way when the maximum principle falls,
So they are of speclial interest for the study of systems of equa-
tions and higher order equations. They are also useful for single
equations with compllcated structure making difficult the con-
struction of super and subsolutions: this is the case, for instan-
ce, when there are unbounded data; or the nonlinearities depend on
T and T; when there are flirst order differential terms in the equ-
atlon, and so on. A monograph [1] (ln preparation) collects many
results In this direction. We present here several different ap-
plications.

Key words: degenerate elllptic and parabolic equations, local

energy method, vanlshlng properties of solutlions.

1.FREE BOUNDARY PROBLEMS IN STATIONARY GAS DYNAMICS.
Let us consider two-dimensional flow of barotropic gas. Let
U= (vl,vz), p = pl(q), (q2 = U? + vg), be, correspondingly, the

velocity and the density of a gas. Then on the plane of complex

potential [} = {(¢,w}i 0 <¢ <, 0 <y < I} the function

q
7 pl(t)
j de
q T

satisfies equation

1

u(a,¢)



60 S.N. Antontsev et al.

au qu
m (Kwag)roz=0
where
K(u) 1 (pq)
u) = —5- = = — (pq),
2 pag

Mz(q) is the Mach number, q_ 1is the sonic speed, u(g.)=0,

Mz(qs):f, K(0) = 0. For equation (1) we consider the boundary-
value problem

u(g,1) = h(p) 2 0, uw(¢,0) =0, 0<¢ <o wl,w)=uylp). (2)

Problem (1)-(2) describes the motion of the plane gas jet moving
along the given straight boundary {(being the image of the line ¢
= (). The unknown (free) boundary of the jet, (the image of the
line ¢y = ), is defined by the prescribed distribution of the
speed modulus. It is assumed that the given functions satisfy
inequality O < (h,u,), implying, due to the maximum principle,

2
- 1-H
that 0 < u(¢.¢), q = |V] < q,, Ku)= —5 2 0. We study local

>

p
properties of weak solutions U{¢,y) of the problem (i)}-(2) such
that

o 1
0 < ul(e,y) s My, Blgp) =] j(Kui + ui)d¢dw <M. e >0 (3
6 0

The existence of such solutions is proved in [2].

Let the functions K(uw), h(¢) satisfy the conditions

0 < K(u) < Kju”, Vusz0, «>0. (4)
¢ a
0 < hle) chy = c[f - F]+' u, = mar (u,0). (5)
” ¢ ~20-1
2 2
[h e < *cfr -5 ]+ Lo > 172, (6)
¢
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Here KO’ «, €, o, T, C(c,T) are some positive constants. Let us

2
o

T(2-1)

THEOREM 1. (walting distance). Let U(¢,p) be a weak soluti-
on of the problem (1)-(2) and the conditions (3)-(6) hold with
o > mar{1/2,2/a). Then

remark that (6) is valid for A, with C =

0

Ufp,y) =0 as ¢ > T for any 0 < ¢ < |/

if ¢ and M1 are small enough.
Proof. Any weak solution U(¢.y ) of the problem (1)-(2) pos-—
sesses the following energy equality

vo 1

, 2 2

E(¢) = [ f(Ku¢ tu Jdpdy = I+ I (7
¢ 0

where

1 o 1

I, = - Ku,(u-h)dy, I=[T Ku,h, duds.
o ¢ O

Using (3)~(6) and relations

2 ’ 2 g 2
(u-n)? = | [ule.o)de|? < -B', B = g2 < 0, ulp.p) < 2(n°-E")
1

one may estimate II’ I, as follows

2
! 5 172 1 e w 5 1/2
PAE [ JKE ] [ [ 1R (u-h )%y } <
] 4]
< 2&/4Ké/2 (-B )2 R g 2 g )12 onog 6

= 1/2
/A yl/dnpl/2 , 4.2 ;a4 2
\I,1s 27K 2B 2 n?-p) [ [ h¢d¢] <

¢
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(4+a)/8

o]
< 6E(4+a)/8[ I hid¢] . Cé(hZ—E')(“*4)/4, 5 >0. (9

¢
If « 2 4 then, applying (3)-(6), choosing & so that

d+a
B -1 o0

sE [ [ nids
¢

(4+a)/8
] g 172

and using (7)-(9), we get inequality
E < C (hz—E")(OHq)/‘},

Here and elsewhere later we denote by C different constants de-
pending only on a, T, M,, K,. If « < 4 then we obtain, applying

Young inequality to the first addend in the right-side part of
(9):

00

1I,] < E/2 + C[(he—E')(“+4)/4+ [ I hid¢]
]

(d+a)/(4-a)

]

and, respectively,

E s O[mP-En )% 4 [ 112 ay

(4+a)/(4—a)
s %)
¢

).

Hence, in the both cases the energy function E satisfies ordinary
different.ul inequality

4/(4-a)

B+ e <o v e[ [0 as ) ) < H,,

2 P 4/a
where Hy = Co®(1 = 7 ], . t(a) =0 if axd. f(a) = I if a < 4.

By (3) E(T) = 0 if only MI and ¢ are small enough. Thus,

uw(¢,¢) =0, u(¢,¢) =0 as ¢ > T and the Theorem 1 is proven.
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2. THE FLOW OF IMMISCIBLE FLUIDS THROUGH A POROUS MEDIUM.
Consider the system of equations

ds
¢(z) i dtv(ky(z)a(s)vs) = div(R,(x)o(8)vp) + F(z.1),
(10)
div(k,(z)d(s)vp)=0 ,

under the structural assumptions: 0 < CI g flz) £ C,,

Cylel® < (Ry(z)g.€) < Cylei®, Vg e R'-(0), 0 < C, < d(s)

and Césa(l~S)B < a(s8) ¢ < C7Sa(1—8)a. This system arises in the
study of immiscible fluids flow through a porous medium. Referen-
ces on the physical derivation of the system and on the basic
theory of the existence of weak solutions can be found in [(3]. We
make emphasis in the absence of the maximum principle for the
system (10). To illustrate the application of energy methods we
concentrate our attention in the degenerate case Q > (.

THEOREM 2. (finite speed of propagation). Let (8,p) be any

local weak solution of (10) such that p ¢ Lm(O,T;WI’q(Br (Io)))
1

for some @ > 2, ry > G, Iy € EN. Assume o > (0 and (b’)2 < Ms*.

(T,)=(0,7)
1

Let 8(z,0) and f(x,{) vanishing on Br (Ib) and Br
1

respectively. Then there exist tOE(O,T) and 0 < r(t) < r such

1
that g(x,t) = 0 on Br(t)(IO) for any t ¢ [O,TOJ.

THEOREM 3. (waiting time). Assume (for simplicity) f£=0 and
the assumptions of Theorem 1. If in addition

I Is(z,0)1%dx < C(r-r, )9

Br(xo)

for any o E‘[O,sz, PZ > Pl and a suitable g>0 then there exists

T T e s T R P Tl
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The proofs as well as other qualitative properties for the
case « € (-1,0) can be found in [3].

3. ON THE BOUNDARY LAYER FOR DILATANT FLUIDS.
The study of the boundary layer for a dilatant fluid of vis-
cosity n>0 leads (after the formulatio

: a5 a Prandtl’ system in
von Mises new unknowns) to the problem

v 3] [Iaw n- IQUj aw

ow
- - Fx ~ Vo(Tlgy +2UULR0, 0<T<X, 0<)<e,

w(Olw)sz(w) w(r,0)=0 , w(z,y) » U(z) as y ~ w,

where U W, and U, are given functions satisfying Uy (r) < 0,
U > 0, U(m) >0, u, (O) =0, wy(w) >0 1f ¢ > 0. The case n = |
has been studied by O.A. OLEINIK in a series of important works,
Here we assume n>1 and use some technical results that allow us

to assume that 0 < Ci< wix.y)< Gz for any re(0,X) and y Vo
for some by 2> 0 (see [4]). The application of energy methods al-
lows one to improve the results of [4]on the localization of the

coincidence set where W(Z,y) = UZ(I):

THEOREM 4. Assume Wyly) = UZ(O) for any y 2 y,;, for some

¥, 2 ¥,. Then there exist € > 0, and « > 0 such that

w(x,y) = Uz(m) for any y > ¢, + Ci* and any T ¢ (0,X]).

THEOREM 5 (waitting distance). Assume in addition

fw(Uz(O)—wO(w))zda < Clyy - w)?

for some suitable q>O and any ¢ € (w3,+m) for some g, < vy S ¥,

Then there exists Z'> 0 such that w(T,y) = u? (z) for any
y €y, ,®) and any T € [0,2°].

New applications of energy methods iR

4. FORMATION OF "DEAD CORES" IN REACTION-DIFFUSION EQUATIONE
UNDER STRONG ABSORPTION.

By introducing of new domains of integration in the defini-
tion of the energy functions it is possible to consider not vani-
shing initial data in the study of the formation of "dead cores'
{[5,6]). Consider equation

8
_-[|u;““u] - div Az, t.u,vu) + B(z,t,u) =0 (:
at

where « > 0, (Z.A(Z.1.w8) 2 CylE|P, (EA(z.t,uE) < CIEI",
p > 1 and B(z.t,uu > C,uf?.

THEOREM 6. Assume (p-!)/a 2 | > y/=x. Let
uec”(srl(xo) < (0,0)) N I7(B, (Z5) = (0.2))

be any local weak solution of (11).Then there exist 0 < Yb < e
and 7T ,@) - R, r(T,) = 0, such that u(z,t) = 0 on B
t > 17,

Rigorous proofs of this assertion with different function

r(t){IO)

r(t) are given in [6,7].
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