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1 Introduction.

The main goal of this communication is to present some of the results of the
work Diaz-Henry-Ramos [1994] related to the LP-approximate controllabiliy of
the Dirichlet semilinear problem

y=0 on & =380 x (0,T),

yo—-Ay+ fly)=v inQ@=0x(0,T),
(Pp)
y(0) = %o on &,

and the nonlinear Neumann type problem

m—~0y=10 in @,
dy

(Pw) %+f(y)=v on T,
y(o): Yo on Qa

where in both cases v represents the control. Similar nonlinear problems arise
very often in the study of environmental problems. .

For problem (Pp) we show a stronger property than the usual approximate
controllability: for suitable desired states we can control the problem by us-
ing merely nonnegative controls. In both cases we prove the L?-approximate
controllability for any p such that 1 < p < oo.

QOur treatement of problems (Pp) and (Py) relies on the same general pro-
gramme: we first establish the conclusion for the linear associated problem and
as a second step, we prove the result for the nonlinear case by means of a cance-
lation technique already introduced in Henry [1978}]. This technique consists in
modifying the control assaciated to the linear case by means of a perfurbation
which cancels the nonlinearity appearing at the equation.
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* the nonlinear case. In the rest of this paper we will a

2 Internal nonnegative controls.

In spite of the very large literature on the approximate controllability for nonlin-
ear parabolic problems (see .. the list of references of the survey Diaz [1993))
the study of the approximate controllability property under nonnegativeness
constraint on the controls seems to be unexplored until the work Diag [1991]
dealing with the parabolic obstacle problem.

We point out that, in constrast with the case of unconstrained control prob-
lems (sec e.g. Henry [1978] and Diaz-Fursikov [1994]) the constraint on the
controls introduces some important difficulties, even if the control v acts on the
whole domain Q.

We start by considering the linear case, which we will use in the proof of

lways assume 1 < P < 0o

(4 he limit cases P=1and p = co can be also treated after some modificatjon

st see Dfaz-Henry-Ramos [1994])

Theorem 1 Leth e LAQ), Yo € LP(Q) and a € L>=(Q}. We denote byY( 1 0)
the solution of

‘ K-AY+aY:h,+U inQ
(LPp)¢ Y =0 on %
Y(O):}’ﬁ on 0.

Then, if U is o dense subset of LE(Q), the set F := Y(T:v): ve U} is
dense in V(T : 0) + LE(8), where ) ={ge LP(Q): g > 0 a.e).

Proof. By linearity we can assume Yo =0 and h = 0. Suppose that there
exists ys € LY () such that Y4 & F (notice that F is » closed and convex set)
Then, by the Hahn-Banach Theorem (in its geometrical form), we can separate
Y4 from F, ie, there exists o € Randg € L”(Q) (with L4 o = 1) such that

Ly(T tv)gde < o <Aydgdz for all v C niy.

Besides, if v & Li(Q)and ) & IRy, then by linearity, y(T, M) = Ay(T,v) e F
and so

v/ﬂy(T:v)gd:rSO(a</ny¢gdz for all v g 74, (1)

Now, let ¢ € ([0, T]: L(9)) be the solution of the auxiliary backward problem

q=0 ' on ¥ (2)

{ —0-Ag+ag=0 inQ
WTy=yg on {1,

Multiplying (2) by ¥ (v), with v € &/ arbitrary, we obtain
H = EU.
0> Lg(m)Y(T,l tv)de = jqqud:z:dt Vv

Then, ¢ £0in Q. In particular ¢ < 0, which is a contradiction with (1)

Now, we are ready to consider the nonlinear problem (Ps) under the as-
sumptio’n that f is a nondecreasing continuous real function. We also assume

vo € L®(Q) (for simplicity).

Theorem 2 If U is a dense subset of L (Q) then F = {y(T : v) solution of
(Pp); v el is dense in y(T: 0} + LL(Q).

Proof. As yy € L*(£), by the maximum principle y(-‘: 0) € L=(Q) and
h(-) ‘=-——f(y(- :0)) € L**(Q). Then, applying Theorem 1 with 2 = — f{y(: : 0)),
there exists v, € LP(()) such that

| YT :w.) —ya "LP(ﬂ)< E.

Besides, f(Y(w.}) € LP(Q). Now, given § > 0, let §j be the unique solution of .

the auxiliary problem

Ge=AJ+ fI+Y(w)) = f(Y(w))+6 inQ
(Pp)! §=0 onZ
#7(0)=0 onQ.

Then, if we define y = § + ¥ (w. ), we easily check that y is solution of (Pp) with
ve = we + f(V(we)) = fly(-: 0)) + 6 € L7(Q).

i i i asi dY(iw)2Y(:0)=y(-:0)
Besides, v, 2 0 since f is nondecreasing an :
U:isrllg the density of I/ and the continuous dependence D.f the data in pro}i)llzm
(Pp), we can choose v € U such that || v—wv, ||r)< €. Finally applying Hélder

and Young inequalities, we conclude (for 6 > 0 small en ough) that
| 9(T) {lzrimy < Cie

and so
(T :v) = yu e < Czc‘-

Remark 1. In the above theorem we can replace f by a ﬂ‘mammal mo Bnotgne
graph of . The existece of solution can be found, for instance, in Benilan
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[1978] and Theorem 2 remains true if we assume f.(r) < +oo for all ¢ € D(p),
where. .

Bi(r):=sup{be R: be B(r)}.
This assumption is verified in many cases: i) case of D(B) = IR (as for ins tance

B a continuous nondecreasing function or the Heaviside graph; ii) the condition
is also satisfied in some cases for which D(B) # IR as for instance

) ifr<0
B(r) = { (—o0,0] H#Hr=0
0 ifr >0

Remark 2. It is easy to see that Theorem 1 and the decomposition ¥ =
Y, —Y_ allows to conclude the LP-approximate controllability for the unconstrai
ned linear problem, For the unconstrained nonlinear case the LP-approximate
controllability follows from obvious modifications of Theorem 2.

3 Neumann type boundary controls.

In this section, we study the problem (Py). The similar result to the internal
nonnegative controls is in this case an open problem for us, Ho wever, we

can apply the cancelation technique in order to prove the LP-appro ximate
controllability.

Theorem 3 Letyp € L=(Q) and v € L?(Z). Let f be a nondecrea sing contin-
uous real function end denotes by y(v) the vnique solution of ’
ye— Ay =10 m @
Oy
(Pn) Ew +fy)=v onZ
¥(0) = yq on §).

 Then, if U is dense in LP(T), the set F = {W(T:v); v e U} is dense in LP(Q).

Idea of the proof: For y; € LP(Q) and € > 0 fix, we use th e decdmposition
¥ =¥ + Y with ¥ solution of the associated linear problem

Y, — AY = 0 in Q
(LPy) %}3 =—fly(-:0))+v. on X
¥(0) =y on {2,

for a suitable Ur such that || y(T :v,) —y, llze(2)< € (this holds again by means
of the Hahn-Banach Theorem; see Lions [1968]). For 6 > 0 let §f be the solution

of (f=Aj=0 in @
. ay i+ Y(w)) = fO(w))+é& on X
(PR)§ 5, + [0+ Y (we) = £ ( o
§0) =0

Then. if § > 0 is small enough, there exists C > 0 such that
I 9(T) i@ < Ce,
and so we have the result by using the triangle inequality.
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