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On a nonlinear stationary free boundary problem arising in the magnetic
confinement of a plasma in a Stellarator.

We prove the evistence of a solulion {u, F) of an inverse stationary two-dimensional problem arising in the mathe-
malical modeling of the magnetic confinement of a plasma in o Stellaralor. ‘

1. Modeling.

By using the Boozer vacuum coordinates and averaging the poloidal magnetic flux over the toroidal angle, Hender
and Carreras [8] obtained a nonlinear elliptic equation for the magnetic poloidal flux function ¥(p, 0) associated
to the magnetic fleld for the confinement of a plasma in a Stellarator. The free boundary formulation is as follows
(Diaz [2]): Given R > 0,let @ = {(p, 0): R>p >0, # € (0,2n]} and let A >0, F}, >0, a, b€ L™ () with
b >0 ae iu 2 Givern v € IR we ask for the existence of ¥ @ @ — IR and F : R — R, with F(s) = F, for any
g < 0, satisfying

Ly = alp, OF(W) + PG () + Ab(p, ) o (1)
(P1) W o=y on Ur,  (p,0)=4(p,2r) for p € (0, R), -g-% =0on Ty (3
= { 1[F(/¢:)F’(}¢:) 4 Mbipy | pd pd0 for all ¢ € (inf 4, sup ), (3)
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where I'p = {{(R, 8):0€(0,27]} and Ty = {(0, ) : 8 € (0,27]}. Here £ is a linear second order elliptic operator
with coeflicients determined through the metric of the vacuum magnetic surfaces, ¢ and b are given functions,
I" represents the averaged covariant coordinate of the magnetic field and we are assuming the constitutive law
p(y) = 3¢5 (where vy =max(y, 0)) and that 9 is a perfect conducting wall containing the plasma region
Qp = {(p, 0) € Q:(p, 8) > 0} in the interior of Q. The condition (3) is typical of Stellavators and express the
zero net current within each flux surface.

The main purpose of this communication is bo presenl the results of Diaz - Rakotoson [4], [3] showing that problem
(P1) is (mathematically) well possed ab least for small values of A (i.e. the usual parameter 8 is not too large). This
give a positive answer to the question raised in the literalure since some time ago {e.g. Shoet [12], Freidberg [6],
Garabedian [7]...).

2. Formulation in terms of velative rearrangement.

I{ we assume that the measure of the set {(p,#) : Vib(p,0) = 0} is zero it was shown in Diaz [3] that if we denote
i by w then u satisfies the problem

y sl p, B)) d . !
—Lu = alp, ())(Flj~/\/ ;i-;(*u.,k_,,)“(a)b*u(a')dcr)+ +
Jm(0) :

(P2) +hg (py O)blp, 0) = balm(ulp, 8))] inQ (1)

w o= on 982,



where m(t) = ] pdpd0 is the distribution function of wu, w. is the decreasing rearrangement and b., is the
{u>t}

relative rearvangement of b with respect to u (in all of the cases for the measure pdpdd) (see Mossino-Temam [9] and

Rakotoson-Temam [11}). It is possible to show that (P3) and (7)) are in fact equivalent,

3. Existence of solutions giving rvise to a free boundary.
We ntroduce the functional spaces
LA, p) = {u: Q — IR measurable, s.t. / lulp, 0)°pdpdt < o},

S

; . du . 1 8u 5
ey, N 20y, . 20, Y. - 2009,
H($4p) = {v e L[ p); oy e L~ () a0 € L7 (0 p)}

which is a Hilbert space with

©afdy / af dq dpdo / _
(f, 9) -/n 3p apPC pat -+ Jo 9630 5 + I fapdpdd,

| N (2] :
and finally H(Q2;p) = C22(9) ' ’/). Thanks to the Sobolev-Poincaré inequality over H}(Q; p) (see Rakotoson-
Simon [10]) £ is coercive. We denote by A = inf{< —Lip, 0>, o € Hi(Q p) s.b. [ o*pdpdd = 1}. We have

Theorem 1. Assume thal Mbles < Are for a suilable £ € (0, 1). Then there exisls u € W2 P(Q)NWH =(Q)
(for any 1 < p < oc) selulion of (Py) (u—7 € H(S, pY). Moreover meas{(p, 0) € Q: Vu{p, ) =0} =0,

The plysical case corresponds to v < 0. The following result gives some conditions for the existence of a free
houndary (the boundary of the plasma region Q, = {(p, ) € Q: u(p, 0) > 0}).
Theovem 2. Let 1y be the unique posilive function salisfying

_-L:“il’l = A I_U,!J
’Jpl E [:[[J)'(Q; [))
AL fn Wy pdpdf = 1.

If =y < Fy / alp, 0y (p, O)pdpdd then 0 < meas{(p, 0) € 2 : ulp, §) > 0} < meus(£2).
SO

The relation between the constant v and the measure of the plasma region 1s given in our last result

Theovem 3. Lel v = —F, fn alp, Ndr(p, Opdpdd. Assume v > vy and AMblee < Aie for a suitable
£ € (0, 1). Then there exists an increasing function M - (v, 0) — (0, o), with M(y) — 0 if v — 0, such that
m(0) = f{u}(}} pdpd0 > M (7).

Remark The proof of Theorem 1 is carried out by means of an ilevative algorithm. The most delicale poind
is the passing lo the limit which is justified by generalizing a resull due to Almgren and Lieb (1889) on the continuily
of the decreasing rearrangenend,
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