A gquasilinear functional reaction-diffusion equation
arising in climatology

J.I. Diaz and G. Hetzer

Dedicated to Jacques-Louis Lions
on occaston of his T0th birthday

0 Intreduction

This work concerns the initial value problem

()8 + h{w)dew — V - [k(x) |VufP ™2 Vu + g(u)
= f(t,z,u,w), €M, 1 >0,
(0) wit,z) = f?Tﬁ(s,m)u(t +5,2)ds, £ >0, z € M,
uls,z) = uo(s,z), T <s<0, z€ M,

on a two-dimensional compact oriented Riemannian manifold M which arises
in the context of energy balance climate madels with A/ = S$2, the Euclidean
anit sphere in R2. Here, the symbols ¥ and V. denote the (weak) gradient
and divergence on M where both concepts are understood with respect to the
Riemannian metric of M (cf. {14], e.g.). Throughout p = 2 is assumed, and f is
2 bounded, possibly discontinuous function. Earlier work by the first author and
L. Teilo [14] has dealt with the corresponding reaction-diffusion problem without
memory, i.e. h =0 and f = f(z,t,u), whereas the effect of memory terms was
investigated by the second author in [19] for linear diffusion, i.e. p = 2, and
continmious f relying on a different framework (h = 0, but ¢ depending on w).
The present contribution is committed to the program initiated by J.L. Lions in
[23] and later continued (also in collaboration with other authors) in a series of
works concerning the development of some mathematical methods needed in the
study of climate and environment (see, e.g. [24], [25], [26], [27] and [12], [13]).

Equation (0) rewritten in a more accessible form (2) can be treated in L2(M)
using the theory of evolution equations on Hilbert spaces approach as well as in a
C(M)-setting (which requires to assume f and g continuous functions. Roughly
speaking, both cases lead to functional evolution equations that are governed by
an m-accrebive principal part A which generates a compact semigroup. Sobolev
regularity in time is then a consequence of the strong solvability the Hilbert
space approach yields, whereas the mild solvability in (M) paves the way for
deriving global a priori bounds for the unique noncontinuable solution in the
continuous case and for establishing the existence of a uniformly bounded global
mild solution of (2), if f is discontinuous. The solution in the discontinuous case
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is obtained as the limit of a sequence of solutions for approximating continugf:
problems. An example, which goes back to the first author, shows that, evey i¢
h =0 and f does not depend on w, one cannot expect uniqueness without addigwi%f
assumptions regarding the behavior of the solutions near their discontinuities (cf‘
(14] for more details and a uniqueness result). -
There is a well-established existence theory for functional evolution equation
the form w + Au = F(t, %) in a Banach space X, where 4: X O dom(A4) —
is m-accretive and genecrates a compact semigroup, b, T > 0 and F:[0,p
C{[-T,0],X) = X is continuous (uy:s — u(t + s) for s € [~T',0]). The reads
is referred to chapters 4 and 5 in {32] for a brief account of the results we a7
going to utilize. Consequently, we focus here on establishing a priori bounds jf
the supremum norm for the mild solutions of (2}, if f is continuous, bounds whiéﬂ%
only depend on the size of the supremum norm of f.This is achieved by employiﬁig
a standard implicit difference scheme and cut ofl test functions which emulag
in a sense the semidefiniteness properties at extrema in cases where regulariti}l_;']’gg
missing.

As for the solution concept in the discontinuous case, there is not one distips
guished “natural” definition. It is convenient fo resort to a set-valued approac
by filling in the gaps of f, if one is primarily interested in jump discontinuities I
turns out that (2) possesses a global solution in this set-valued sense which is th@
uniform limit on compacta of a sequence of solutions to equations with appréﬁi
mate locally Lipschitz selections of f replacing f. This approximation propert ris
significant in the climatological context which will be presented in the foliowili?:g?;
section. It suggests, roughly speaking, that Budyko-North type models are limits
ing cases of Sellers type models as long as one is interested in the evolution of thid
system over a finite period of time and can select solutions in the Budyke—NorﬁE
case appropriately.

The next section describes the model background, section 3 is devoted to thé
continuous case, and the general case is considered in the last section.
Throughout, we will employ standard notations as well as several fundamental
results from the theory of evolution equations governed by m-accretive operatgfg
and refer to [32) for details. In particular, let a € R, b € (a,00}, X be a Banacl
space and I' : T x C(]-T,0],X) — 2% be a suitable “multi-valued” operator)
A function v : [a — T,0) — X is called a mild (strong) solution of a functional
evolution equation @+ Au € T'(f, u,), iff there exists a function f : [a,b) = X such
that v is a mild (strong) solution of @+ Au = f(t) on [a,b) and f(t) € INEEA]
for t € [a,b) ae.. ’
As a final remark, let us point out that our focus is on the slow diffusion casein
this paper. Clearly, sharper regularity results are valid for linear diffusion (p= 22
thanks to the theory of analytic semigroups, an aspect which is neglected herej
We refer the interested reader to the recent monograph of [33] for a comprehensi_fé
overview on semilinear functional evolution equations of parabolic type.
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1 Climatological background

sation (0) arises from a one-layer energy balance climate model (EBM) which
is to predict the evolution of a, say, ten-year mean of atmospheric temperature
y = ults z) at sea level. Here = denotes the position on the earth’s surface M and
 time in Years. Starting point is the balance equation of energy which can be
qritten in the form

(1) Grelt,x) =V -j(t, ) = Rpei(t, =)

where &, j and Roet denote the internal energy flux, the flux due to horizontal
peat transport and the net radiation flux, respectively. EBMs are designed by
peuristically deriving functional expressions for e, j and Rpe in terms of v in
such a way that the (in the model context) fundamental feedback mechanisms
are accounted for. This approach goes back to Budyko [7] and Sellers [30] who
roposed independently two such models in 1969. The interested reader is referred
10 [16] or [17] for an introduction and to the articles in [10] on EBMs for more
recent developments.

Let us briefly discuss the significant qualitative features of the three flux terms
beginning with the net radiation flux. Ry et is equal to the difference between the
absorbed and emitted radiation fluxes. The absorbed radiation flux is given by
Q(t, x)[1 — a(z, v, w)] with Q the ten-year average of the incoming solar radiation
flux and @ the albedo, i.e. the relative portion of the incoming flux reflected to
space. The function a depends on = due to land-water distribution, orography
and vegetation zones, but more importantly on temperature which is utilized as
an indicator for ice- and snow cover. Budyko and later North and collaborators
(see, e.g. [29]) modeled the temperature dependence by means of a step function,
which assigns a high value for the albedo to all temperatures below a certain
threshold value, usually -10 C (ice- or snow cover occurs in that case), and a
lower value, if u lies above that threshold. Sellers and Ghil used roughly speaking
a continuous interpolation of such a step function. In linking the albedo to u
alone, one neglects the very important long response times which the cryosphere
exhibits. E.g. the expansion or the retreat of the huge continental ice sheets occurs
with response times of thousands of years, a feature, which Bhattacharya, Ghil
and Vulis [4] proposed to incorporate by substituting v by a long term average
of u, here called w, e.g. w(t, z) i= [Or B(s, z)u(t + 5,z)ds with T =~ 10* years.
Of course, one can refine this procedure by having independent ice- and snow-
lines. In that case, one understands ice-lines as the boundaries of regions that
are covered by continental ice-sheets or huge glaciers (slow response times in
comparison with the ten-year mean), whereas snow-lines refer to boundaries of
regions where the variations in ice- or snow cover occur on the time-scale of u.
This approach was chosen in [21], [18,19,20] and will be employed here, too. The
emitted radiation flux is modeled either according to the Stefan-Boltzmann law
with temperature in Kelvin (Sellers) or by a first order approximation of empirical
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radiation data (Budyko). Our qualitative setting, a strictly increasing function g
with |g(y)] — oo as jy} — oo, comprises both cases. i
The ten-year mean of the horizontal heat fux is described in EBMs by a diffugivd
approximation. Most papers use a linear diffusion operator, however following 3
suggestion of Stone in [31], the first author and collaborators have also considered
“slow diffusion”, i.e. p > 2 (cf. {9,10], [14], [11]} which leads to the generalizéd
p-Laplacian appearing in (0).
Finally, as long as one disregards the latent energy stored in continental 10@
sheets and glaciers, the internal energy flux e is given by c(z)u(t, =) with ¢ the
Lieat capacity which varies considerably with z due to the land-water distrib_ﬁ;f
tion. However, a more accurate modeling suggests to set e(t,z) = c(m)u(t,m)gﬁ
H(w(t,z)) where ¢ denotes the thermal inertia and H(w(t,z)) stands for th}
latent energy density due to huge ice accumulations. This approach is closely
rolated to the one for the Stefan problem (cf., e.g.,[22] and [28]) with the obvion:
change that H should depend on the long-term temperature mean w rather the{i:
on u in view of the time scales relevant for the latent fluxes. H is a nonnegati{rg
hounded decreasing function with derivative A having compact support. Usirigfji‘

Selt, ) = lelz)ult, z) + Hlw(t, )] = e(z)fuult, ©) + h(w(t, x))Ow(t, 7)

and observing that dyw(t, ) = 10 B(s, z)B1ult + s,z) ds in case that w is suffi-
ciently smooth, one obtains

0

o{z)dpult, z) + h(w(t, z))B(0, 2)u(t, z) — h{w{t, z)) LT[BSﬁ(s,:c)u(t + 5,7)|ds

via integration by parts for 8:e(t, z) supposing that B(~T,-) =0, T the memory
span of the system, e.g. T' = 104 ys.

Collecting all terms apart from the absorbed radiation flux and a technical cor-
rection term in case of Budyko-North type models on the left hand side, ongi§
led to

c@gauuﬁw-v-woﬂvu@,wkzvu@,n@)
+h(w(t, z))B(0, z)ult, )
@) ~h(w(t,z)) [Orl8:B(s, )ult 4+ s, z)] ds
t+g(u(t,z) = flt, z, ult, z),wt,x)), 1 >0, z€ M ae,
w(t,z) = fETﬁ(s,m)u(t +s,z)ds, 1> 0, = € M, _
u(s, ) = ug(s, z), s € [T, 0], =€ M.

Throughout we will employ the following basic hypotheses which cover the varigus
model settings.
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(H(}) M two-dimensional, compact, oriented Riemannian manifold
without boundary; T > 05
(H1) ¢ k& C2(M) positive, p > 2, B € GH{([-T,0] x M, Ry), B(-T,-) =0,
B(s,z) >0for se (—T,0] and z € M, [°B(s,z) ds =1 for z € M;
(H2) (a) h: R = R bounded Lipschitz function;
(b) g € C(R), g(0) = 0, g strictly increasing and odd, ylir&g(y) =00
and g satisfies an arbitrary polynomial growth condition fp=2;
(c) f: R4 x M x R x R — R bounded.

0f course, we have to supply regularity hypotheses for f, e.g. one can consider f
to be C! in case of a Sellers-type model, the situation we begin with.

2 Existence in the continuous case

We are going to establish global mild solvability, uniqueness and continuous
dependence for (2) under hypotheses (HO0)-(H2), if f belongs to C(R4 x M xR x
R,R) and is a locally Lipschitz function. Moreover, requiring a minimum growth
of g at oo, a property of no climatological relevance, one can derive uniform

‘boundedness of the solution.

2.1 A Hilbert Space Setting for Global Solvability.

Our goal is to rewrite (2) as an evolution problem

{Mﬂ+BMﬂzﬁumd t>0

) w(0) = 110

in H := L*(M) equipped with the equivalent inner product

<'7'>H : (¢:¢) = A{ Qi’l,’ic

To this end let G(s) = inthg(s)ds and J : H — (—0c0, oo} be defined by

1
SE() [V + Go ] for ¢ € WHP(M),
sy = { [EROIVEP +G o) for o € W2(a0)
o0 otherwise.
Notice that if ¢ € WIP(M) then G o ¢ € LH{M) since p > 2 (M being two-

dimensional) implies W1H?(M) < C(M) and, on the other hand, WY (M) —
L9(M) for ali g € [1,00) leads to this property once that, in this case, g has a

”p_olynomial growsh. It is known that J is a proper, lower semicontinuous, conv ex

finctional on H, hence its subdifferential B := 8J (w.r.t. {,-)x) is m-accretive
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and dom(B) is dense in H. Before defining ﬁ}et us indicate the Signiﬁc_:a'ﬁ'é‘“’a
utilizing the inner product (-, ). Denote by A the subdifferential of e

1
3:pe { [ EOITSE for ¢ € WD),

o0 otherwise.

with respect to the standard inner product on H —we use & in this ééé{i' :
order to distinguish the two subdifferentials. One has that dom{A) ¢ Wisfis

is dense in H and

(Ad, W)z = /A Q)P VG Vg orall 6 € dom(A) and % € WIS{ffy

Set, dom(A) = dom(A) and define A by
(Ad, )y = (A, ). forall ¢ € dom(A) and ¥ € WIP(M1),
The fact that A = 33 means that dom(A) = {¢ € H : 9&(¢) # 0} and
B(6) < B(P) + (A, ¢ — ¥hiaqary for all ¢ € dom(A) and ¢ € 1.
Now, dom(/l) = dom(/—_k) and
(Ag, ¢ — Wi = (Ad, ¢ — Wr2(ans:
hence 80 = A. Likewise, one concludes that

(B, e = (Ap+god,¥)rzar-

A well-known result of Brezis ([5]) guarantees that if vo € H, b € (0, Zo)
> e L2([0,b), H), the (unique) mild solution of the initial value problem .~

4+ By =z
v{0) = g

(i.e., a function limit of step functions obtained by an approximation schim&?@
described in the proof of Theorem 1 below) is also a strong solution.dgi_ﬁ Ui
Observing that therefore - '

0 = ((t) + Bu(t) — 2(£),%)m = {c((t) + Av(t) + g v(t) — c()z(t),«,b)fgﬁ

holds for a.e. £ € (0,b) and all ¥ € H one concludes that v represents aS@L@@
of

(@)t )~ 9 O Fult, W20, (@) = cl@)z(t)(z)  te o, b e
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i\’ith this in mind one seis
: 1

Hooe) = =5 [ Alezloten ) as) (-A0.20000,9
: :
+_/;Tasﬁ(s,m)go(s,x)ds) +f (t,m,@(o,z),/Tﬁ(s,m)w(s,w)dSH

t>0, €M ae., ¢ C([-T,0,H)

“3ad observes that

Ileo g1 + 70
infe o + T1|018]00] H‘P(“{', ')HC(PT,O}.L?(M))

+“f“oo (LM 1[\{)% .

VEGE @)llzan <

gandard arguments show that F : {0, c0) x C([-T,0], H} — H is continuous if /
E,,:céﬁtinuous. Thus, (3) falls into the scope of the existence theory for functional
fvolution equations with m-accretive principal part as described in [32; chap. 3],
qnd with the preparatory remarks at hand, it is now easy to conclude. )

gr'oposition 2.1 Let (HO)-(H2) be fulfilled, vy € C([-T,0}, H) and f € C(R+x
MxRxR, R). Then we hove: ) N

{a) There em‘stf‘ at* € (0,00] and a v € C([-T,¢*), H) which is a local sirong
solution of (3)i.e. for any 0 < b < 1" uligy) € W,H((0,b), H) and the following

“conditions hold:

u(t) € dom(B) for t € (0,b), a.e.
w{t) + Bu(t) = F(t,w) holds for a.e. t £ (0,b),

l{b)TEve)ry local mild solution of (3) can be exiended to a global mild solution on
-T,00).
PROOF :

J is of compact type due to WIP(M) — H compactly, hence (a) follows
from Corollary 5.3.1 of [32]. Moreover, the semigroup generated by B is compact
}:l_ggp‘ks to a result of Brezis ([6], cf. [32; prop. 2.2.2]), thus Theorem 5.3.3 of [32]
applies to (3). QED

Re.mark. A straightforward uniqueness proof is available only, if h = 0 and f
satisfies, say, a global Lipschitz conditions of the form

Lft 2, y1,21) = Ft 2y, 2)] € Cp llyn — 2l + |21 — 2]

r . .

E;‘ﬁ{‘égt,m, i, z].-) e Ry x M xR xRandj=1,2 with Cf a positive constant.
I i&»i’,them is no harm from a climatological point of view to require the global
Mpscnitz condition as soon as one opts for local versions.
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2.2 A C(M) approach.

The disadvantage of the Hilbert space approach is that the notion of a solution y
does neither imply the continuity of (¢, ) — u(t) (x) nor the uniform boundedness

of this function on compact intervals. Also, one needs rather strong conditions tg

puarantee that an operator such as £ has good mapping properties. Therefore
one wants to realize (2) in a continuous function space setting. The price one pays
is that the theory does not provide for any time-differentiability of mild solutiong
in that context. Understanding A as in the previous subsection one has thanks
to WiP(A) «— C(M) if p> 2 and from regularity theory in case p = 2 that
dom(A) c C{M), hence one can introduce an operator A by setting
dom(A4) == {¢ € dom(A): A¢ € C(M)} and A¢ = %Agb Ve € dom(A).

It can be shown that A is accretive, hence m-accretive in view of its definition;
Moreover, dom({A) is dense in C(M) thanks to the fact that M does not have a
boundary. Assuming that f is continuous one can define a mapping

F € C([0,00) x C([-T,0], C(M)) — C(M)
by . o
Rl o)) = 23 [—h ([, Bls.z)ets=) ds) B(0, )0, z)

+h (f_OTﬂ(s,m)ga(s,m) ds) /;DT 385,z )p(s, z)ds

ftm0,2), [ 9o el 2)ds) ~ glp(02)

fort >0, z € M and ¢ € C([-T,0],C(M)). Then (2) corresponds to the initial
value problem

(4)

and one obtains:

Proposition 2.2 Let (H0)-(H2) be fulfilled, ug € C([-T,0],C(M)) and f &
([0, 00) x M x R x R,R). Then we have: o
(a) There exists a local mild solution of (4), and every noncontinuable mild ol
tion of (1) is defined on [=T,c0). )
(b) Suppose that f satisfies & local Lipschitz condition of the form: For eachr >0
there exists a Cp(r) € (0,00) with

lf(tazvyla Zl) . f(tom7y25 Z?)I < Cf(r) [1?,/1 - yQL + |Zl - ZQH
whenever (£, x,;,2;) € [0,00) x M x Rx R, 7 =1, 2 and

{ a(t) + Au(t) = F(t,u) t>0
2{0) = ug

max{t, |yll: Iyzl, lzlh lzgl} <

Then the mild solution is uniquely determined and depends continuously on o
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PROOF :

Part (a) follows by quite the same reasoning as for Proposition 1. As for (b),
it is a matter of routine to derive that (H2) and the Lipschitz condition required
for f imply:

For each b, r € Ry there exists a C(b,r) € R such that
17, 01) = F(t,¢2)lleo < Clom)lles — w2lles

for all £ € [0,b] and @1, w2 € C([=T,0], C(M)) with [[@jllec < 7 for
i=1, 2.

Now, let u and v be two mild solutions of 2+ Au = F(,u.) on [-T,c0). A theorem
of Benilan ([3], ¢f. [32; Theorem 1.7.5]) implies that

Ju(t) — v(t)es < u(0) = v(0) oo + folulr) —v(7), F(r,ur) — F(r,vr)lsdr
< u(0) — v(0)fico + fy |1F (T ur) — F(7,v:)-00dr

for each t € Ry. Here, [-,"]+ denotes the normalized upper semi-inner product
on C(M), Le.

_ [ max{p(a)sen(d(@)) : & € M, 1¢(a)| = ol i 6 20
e = { Tl it =0

Choose b > 0 and 7 € R such that max{||[ulj—rlleo, [¥]|-7llec} < 7. Then
x(2) = v{B)lloe < N1u(0) = v(0)lieo + C(b,7) Jo Il = vrllog 7
< Jtuo — volies + C(b,7) Jo ur — velloodr

for all t € [0,b]. Thus, Gronwall’s inequality yields

e — villoe < Il — volleo exp(C(0, 7))
for ¢ € [0,8], which implies uniqueness and continuous dependence by standard
arguments. —— QED
The same reasoning can be employed to ensure uniqueness ir the Hilbert space
setting for mild solutions with continucus initial conditions.

Corollary 2.3 Let (H0)-(H2) be fulfilled, and let ug € C{[-T,0],C(M)) and
Fec(0,) x M xR xR,R). Assume that there exists a Cy € Ry with

1f(t,:s,y1,21) - f(tr:E)yQaz?)] < Cf Hyl - y2| + }Zl - z?.”

uﬁeneuer (t, 2,95, 7) € [0,0) x M xR xR, j=1, 2. Then the unigque global
mild solution of ({) guaranteed by Proposition 2. is the unique mild solution of

»(3), hence the unigue strong solution of (3).
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PROOF :

Let u be the mild solution guaranteed by part (b} of the previous proposition;
Since C(M) — L?*{M) and Graph(4) C Graph(gcl-;yA) (notations from 3.1.), u ig

a mild solution of v+ E%AU = F(t,u), hence of (3). Now, let v be a mild solutic;ﬁ
of (3), then the inner product version of Benilan's result used before yields

(5) () — v < [ < u(r) = o(r), F(r,uc) = Flrve) > dr

for all t & R, and it suffices to establish for b € R that there exists of a
Cu(b) S R+ with ~

(u(r) = v(r), Flr,ur) = F(z,00)) < Culb)ur — vrllegora,m

One knows that u|_r is bounded and obtains therefore for example, for the
usual norm in L (M ): '

([ Bt potr 5.5 B0, i)
—h (f_T Bls, Yulr + s, -)ds) A0, Yul7, )

|

<[ B, ot 5, 140300, ot = B, ol 14980, Yl |

0 0 .
PR Bl ol + 5, )80, Julr ) ([ B, ulr+,)d)B(0, Julr, )
< [BllollBlealio(r) = ()]
o 0
B loltl izl [ B, Yol 45,05 = [ 8o, Julr + 5, )ds]

< [1AlcolBlloe + TTRILNBIE el -pllo] - = wrllog-rolzeany-

Here, [h]gp denotes the smallest Lipschitz factor of h. Likewise, the term
B ([0 (s, Jols,)ds) S2pBu(s, )u(s, s |
([0 Bls, Yuls,)ds) [2p Bafi(s, Juls, )ds

can be treated, whereas it is routine to establish a global Lipschitz condition fot
the term involving f thanks to the required global Lipschitz condition. Conse:
quently, we get from (5) and the estimate for the right hand side that

t
e = vl my < Cu(b)/u fur — v lloeromy  VEEDY,

— QED

which implies ue = v; for t € [0, b] thanks to ug = vo.
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Remark. (a) The corollary tells us that the global mild solution of (4) is also a
sirong solution in the 1.2-sense. Consequently,

u € C([—T, 00), C(M)) N W2 ([0,00), L} (M)

and u(t) € dom(A) for a.e. ¢ € (0,00), hence (t,z) = u(t,z) can be considered
o weak solution of (2), and it is therefore possible to apply regularity results for
degenerate quasilinear parabolic equations (cL.[15]).

(b) It is not too difficult to see that a rather similar approach should work in an
[®-setting (cf. [14] for a related problem without delays).

2.3 Global boundedness.

In order to establish the uniform boundedness of the solutions, we require at
least linear growth of g at infinity. Again this hypothesis can always be realized
for the climatological applications by modifying the expression for g outside the
climatologically relevant range, if necessary. We have:

Theorem 2.4 Let (H0)-(H2) be fulfilled, ug € C{[=T,0],C(M)) and
feC{[0,00) x M x R xR, ). Suppose that

Q
ﬁyﬂ_l,g}fg—(y@ > lleo [uﬁ(o,m +sup [ T151ﬁ(8,$)id3} .

Then every (global) mild solution u of () is bounded.

PROOF :

The notations of the previous two subsections are used. Select 7 € (Jluol| » c0)
with

(y +1) =l flleo 2 llelioo

G
ORI {umo,-)nw sup [ 18(s,2)] s
zeM =T

for all y > r. Assume that [|ullee > 7 Then there exists a p € (r,7 + 1) and a
e (0,00) with JJu(t)]es < p for t € [0,7) and [[u(t)]le = p. Set z(t) = F(t,w)
and note z € C([0, c0), C(M)). Therefore {[0, 7] is a mild sclution of

04+ Av =z on [0, ],
(6) { w(0) = up(0).

Choose e & (0, min{ 27", rlalle 11) with [Ju(t, oo > %7 for t € [f~e, ] and

fu(t, o < M};@i for ¢ € [0,&]. Since u|[0,7] is a mild solution, one finds an
e-discretization Da(e, to, 11, - - -ty 20, 215 - - - » 2n) fOr (6) on [0,7] and a solution v
of that discretization such that ju(t) — v(#)|l < € for t € [to, tal.
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Recall that DA(E,tO,tl,...,tn,ZQ,Zl,...,Zn) is called an e-discretization of (8)
on [0,1] iff B

0o 0<ip <ty tn<htole tj—ti1<eforl<jsmi—in<g

® Zp, 21, - > L zZn € C(M);

@ Z /J Hz(s) -—Zj“co ds <e.

1<j<n Vit ,

Moreover, a step function v : [to,t.] — C(M) satisfying v|(tj-1,t;] constant
for 1 < § < n,is called a solution of this e-discretization of (6) on {O,{]’ 13
ran{v) C dom(4) and

v(t]-) - U(ﬁj_l) LA

U = Zj. 1<3<5n
by —tj-1 J 1
Sinece z is continuous, one can assume
£
sSup ”h'(t) - Z zjl(tj_l_,tj]HOO S 1+t“

ostsb 1<i<n
without loss of generality. One obtains thanks to these choices that ||u{to)|| m{_ﬁf
r—¢e and |[ults)]jeo > 3%33, hence there is an 4 € {1,...,n} with () loo <T‘E§
for 0 <7 <i=1and [vltille 2 42 Suppose that there is a T € M Wlﬂj
vl(ti, &) = [o{ti)llee > 557 Since ult:) € dom(4) ¢ WP(M), it follows that
= (ufty) - H2)T € WHP(M) and

VG )S = m‘vip!
[ g = [ RO

thus

v(ts) — vltj-i)
0 <[ —_ (< foo o
TIm ti— i ¢ YRS I
Now, v(t;)(x) > “E2 implies u(t;)(z) > 3’—}'3 > r, hence

Flti,ue)(z) < —g(r) + [iflleo

+ihlleo (“5(0: Meolw(ts, z)] + 1018, )Ly (-T0)) | Swp .W(Saw)l dﬁ)

<5<

< —g(r) + 1 Flleo + [1lico {Hﬁ(ﬂr)llm + jgﬁ||51ﬁ(',x)|{v([“T,n])} p < =liclloos

thus z;{z) < 0 for these z. Consequently, il (>0} % < 0, which is a contradictiong
Therefore, there is a z € M with v(ts, ) = —jv(ti)]leo < —IE2 Set 7 = (—v(ﬁ'gymé
IE2y* and observe that

/M Av(tin = —f o B[V {t)P < 0.

{7>

A quasilinear reaction-diffusion equation in Climatology 473

Arguing as in the previous case one now obtains

t:) — vt
szwnzfzinzf 7]
M ti—tia M {n>0}

and
G(x)F(tisuti)(m) 2 g(r) = [[flleo = lihlloo DEﬁ(O, Moo + IS:}\?IHaiﬁ('vm)“Ll([—T,O]) p

Z flelles

in view of u(t;)(z) < —3—%'{12 < —r whenever n(z) > 0, which shows f{n>0} zn >0,
QED

again a contradiction. Thus, lull o < 7.

Remarks.
(a) We record from the proof for later purposes. If rq is chosen such that

(m+1) = fllee 2 llclleo

0
g@rwwmhmmmm+mpj|Ma@m
zed =T

for all y > rg and r > 7, then [luflee < 7 for all mild solutions u of (4) with
llto]] < 7. Observe that the proof shows tleo < 7+ & for every 4 > 0.

(b) Actually, a careful analysis of the arguments of the proof shows that
lult, Moo < 7 for all ¢ € (0,c0). Assuming that f satisfies the local Lipschitz
condition of part (b) of Proposition 2. and is independent of ¢ {autonomous case)
one can conclude that the closed ball B,, in C{[-T,0],C(M)) with center v =0
and radius o absorbs all solutions of (9) uniformly on bounded subsets of initial
conditions, le. for each 7 € (0,c0) there exists a tp € (0,00) such that for each
up € B, one has u; & By, provided that £ > {5 and u is the soluion of (G) for that
ug. This yields that the solution semiflow possesses a compact attractor in that
case.

(c) First Open Problem. Assume that one deals with temperature in Kelvin,
p=2and h = 0. It is well-known [21] that solutions u of (6) are nonnegative
in that case whenever vy > 0. Quite similar arguments as those employed in the
last part of the previous proof should yield the same statement for p > 2. In the
general case one has supp(h) C (0,00) for models with temperature in Kelvin,
but the invariance of the nonnegative cone is not at all obvious from the above
proof. Since this invariance is a natural climatological postulate, can it be proven
for the situation under consideration?

3 Existence if f has discontinuities

One obtains as already mentioned in Section 2. albedo functions with jump dis-
tontinuities at the snow-line from Budyko-North type albedo parameterization.
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This leads in the framework under comsideration to a function f with a Jjump
discontinuity along a hyperplane. More precisely, one may think of f to be givey
by ’

[l zuw) ift>0,2€ M, ue (—oo,i), weR,
ftzuw) {fﬂ(t,z,u,w) ift>0,zeM, [g,00), weER,

where 4 € R, f! € C*{Ry x M x (—00,4] x R,R) and f* € C*(Ry x M
[, 00) x R, R) with 0 < inf f*, sup f* < inf f# and sup f*# < co.

There are several solution concepts for differential equations with (jump) discon?
tinuous “right hand sides”, e.g. one fills in the gaps, a process which leads t
muitivalued equations, This approach has recently been employed by the firgt
author and collaborators in dealing with models without memory, and will bg
utilized here, too. It turns out that one then can treat more general right hand
sides than the one indicated by the example previously outlined. We assume (Ho);
(H1), (H2) (a) and (b) and

(H3) "Ry xMxRxR~— oR upper semicontinuous and bounded;
D(t,z,y, z) a nonempty compact interval for (t,z,y, z)

in dealing with the “set-valued” version

e(@)ru(t, @) = V - k() [Vult, )P~ Valt, ))(2)
+h{w{t, 2))B(0, z)u(t, z)
- — (e, 2)) [ [BuB(s, mYeult + 5,7)] ds
+olu(t,z)) € T, z,ult, z), wit, z)) t>0, € Mae,
w(t,z) = (20 B(s,x)ult +s,z)ds, t >0, z € M, '

u(s,z) = up(s,z), s€[-T,0], z € M.

of {2}. In the sequel we are going to employ several concepts and results from

set-valued analysis. We refer to [2] and [8] for details.

As pointed out in [§; Ex. 1.3.] one finds an upper semicontinuous (smgle—vaiued)_
function 7 Ry x M x R x R — R and a lower semicontinuous function 7: Ry %

MxR xR — R with
DL, z,y,z) = [y(t, 2,1, 2), 7(t 2,9, 2)] for (2,2} e Ry x M x R x R. .
Moreover, the graph of T, i.e.
{t,z,y, 2),v):y € Dt z,u,2), (t,z,y,2) e Ry x M x R x R},
is closed [8; prop. 1.2.(b}].

Theorem 3.1 Let (HD), (H1), (H2) {a) and (b) and (H3) be fulfilled. S’uppose
that g satisfies

Y0

() 0 .
tmint 22 > ] {nmo, Moot 51 [ 10150 :L>|ds]-
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Then, for every ug € C([~T,00), C(M)), there exisis a bounded (L2)-mild solu-
tion u € CO([=T, 00), C(M)).

‘PROOF

The Approximate Selection Theorem for upper semicontinuous mappings

(cE[2; Theorem 9.2.1.] and {1; Theorem 1, sect. 1.12.]) guarantees the existence

of a sequence (fyj)jeN of bounded locally Lipschitz functionson R x M x R x
R such that dist (((t,z,v, 2),v;(t,z,4,2)), Graph(I')) = 0 as j = oo for every
(t,3,9,2) € Ry x M x R x R. Part {b) of Prop. 2. guarantees for each j € N the
existence of a unique global mild solution u; of (4) with f = «; in the definition
of F. The sequence (u;);eN is uniformly bounded as part (a) of the Remarks
to Theorem 2. reveals. In fact, denote by C a bound for the absolute values of
pumbers in the convex hull of

Im(I) = U

(tzaz)ER:xMxR=xR

(i, z,y,2)

and choose 7 € {Jug||eo, 00) with

0
9(y) = 1hos {Ilﬁ(ﬂ, Moo+ sup [ |B(s,z)lds| (y+1) = Cr 2 [lelleo
seh J-T

for all y > r, then supjen [lujlle < 7. Let us write w; for

{t,z) H_/

(s, x)u;{t + 5,z) ds

and set

byt ) = % (5t ), ws(t,2)) — Blws (2,280, 2 0,

+hlg(,2) [ (o, 2i+ 5,5)]ds = (s 2)

for all (¢,2,7) € Ry x M x N. Noting that u; solves mildly the initial value
problem

(8) {ﬂ-i—A'u:kj

’U(O) = UQ(U, )

in C(M) for j € N, where A has the same meaning as in Section 3.2., that
(kj)jEN is uniformly bounded and that A generates a compact semigroup on
C(A), one can employ a theorem of Baras {(cf. [32;Theorem 2.3.2.]), which implies
for n € N that {ujlomxar : 7 € N} is relatively compact in C([0,n], C(M))
for n € N. Therefore Cantor’s diagonal argument yields a subsequence —also
called (u;)— which converges uniformly on compact intervals to a function ue €
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C{[~T,00), C{M))}. Note that uulj-T,0 = %0 and Yeolloo % r. Fixing n ¢ N
one observes that (kj“oa”}XM)jeN is a bounded sequence in L?([0, 7} x M), henes
possesses a weakly convergent subsequence. Now, employi.ng Cantor’s diagc,n'a}
argument once more, one can SUppose by passing to a suitable subqsequence, if
necessary, that there exists an ket Ry ¥ M — Rowith kooljomlxar € L7([0,n] x )
for n € N and Kjljgnyxar = Eoali0,n)x (weakly in L*([0,n] x M)). Moreover, ong
observes that u; solves mildly the initial value problem

{ U A’U == kj

() v(0) = u (0, )

in H for j € N, where H and A have the same meaning as in Section 3.1.. Sincg
A also generates a compact semigroup one can appeal to [32; Cf)rollar}f 2.3.1] and
obtains that e is a mild solution of (9) for j = co. Therefore it remains to shoy
that '

sty 2) = @) koo (b ) — [h(ww(t,m))ﬁ(o,m)um(t, )

— h{weo(t, ) /OT[asﬁ(s, T oo (t + 5, 2)} ds + g(um(t,m))}
- € T{t, 7, 2o (t ), Woolt, T))

holds for a.e. (¢£.2) € [0,n] x M and all n € N. . 7
Assume this is not true. Then there exists an n € N and a (without loss of
generality) compact set B C [0,n] x M of positive measure with

Soolt, ) & T(b, o, o, T), Weo (2, @) for (E,2) € B

Set
Filt z) = i (t, @, w8, ®), wilt, x)) for (t,z) € [0,n] x M.

Since

(t,z) = h(w;(t, z))B0, z)u;(t, z)
—h(w;(t, ) [2p[BaB(s, w)uy(t + s, z)]ds + g(u; (2, 2))

converges to

(t,z) = h(wm(t,cz:))ﬁ(o,z)uw(t,z)
—h(wee(t, z)} fET[BSﬁ(s, T)Uoo(t + 5, 7)) ds + gluce(t, )

uniformly on [0,n] X M and kjljom)xar — koolo,n]xas5 it follows that Fi = Feo 1B
L2([0,n x M). Using the representation

T(t, 21, 2) = [yt 2,1, 2), 7(6 2, 2)] for (82,%,2) € Re x M x RX R

with v lower semicontinuous and ¥ upper semicontinuous one obtains that‘?’-%
least one of the sets {(t,z) € B : 4(t,z) > F(t, T, oo (t, T), Woo (t, z))} a0
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{(t,:{;) € F 1 Aoolt,z) < 7(t, 2, uco(t, ), Weo(t, x))} has positive measure. Let
us consider the first case. Setting 7ao(t, 2) = F(t, 2, Uco(t, Z), Weo (£, z)) for all
(i,z) € E one has that 5500 > [ Yoo- On the other hand, one knows from the
choice of v; that

: dist ((Z, z, u; (¢, ), wi(t, 2)), ¥;(t, 2}), Graph(T')) — Oas j — oo for (t,2) € E.

;f‘his implies that for each (t,z} € E, there are sequence {s;) € [0, o), (my) €

MY, (y;) € RN, (z;) € RN and (g;) with

s &€ Llsy,m3, 95, 25),
dist ({85, mj, ¥4, 25 ), (& T, w5 (8, ), wi(t, 2)) = 0

and
I;}’j(t,fﬂ) - Q'j‘ — 0.

Thus, s; =+ £, Mmj — T, U¥j = Uso(t, &) and z; = Wao(t, ). Now,
5 < Als5.m5,u5,7) for j €N
and 7 upper semicontinuous imply that

lir_nsup G = Hmsup:)'('s_‘f’mjv Y Zj) < Yoot z),
f—+oo j—co
consequently limsup; ., %%, 2) < Jeolt,z) for (t,x) € E. Since (;(t,2)) is
uniformly bounded and the measure of F is finite, one obtains by means of
Lebesgue’s dominated convergence theorem that

limsup | % S] limsup ¥; S_/”_/oo
£ E B

J—reo F—+infty

and from 4; = 300 in L2([0,n x M) that lim; e [ = [ Yoo Thus,

[ o= ) 20,
5

which is a contradiction. The second case can be treated likewise.

— QED

Remarks. 1. The proof of Theorem 2. reveals that for each vy € C([-T,0] x
M,R), one can find at least one global L?-mild solution u € C{[—T, oo} x M, R)
with the following approximation property. There exists a sequence of locally
Lipschitz approximate selections of " such that the unique mild solutions in
C(M) to these approximate selections converge uniformly on compacta to u.
This is significant from the underlying climatological point of view. It means,
roughly speaking, that at least one solution to the initial value problem from
a' Budyko-North type model setting is the limit of a sequence of solutions to
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approximating Sellers type initial value problems with steeper and steeper slopeg:

of the albedo at the snow-line.

2. We cannot expect uniqueness as the first author already showed for equaticms;'
without memory and h = 0. An open question is whether all solutions of the initja}
value problem, if there are more than one, can be approximated in that way by
Sellers type “solutions”. One should be aware that there is no straightforwarq
solution concept for the discontinuous case, cf. the discussion in (8] for ordinary
differential equations. Therefore it is very much the meaning for the specific
application which should determine the choice of the respective concept.

3. A main reason for utilizing a C/(M) setting is that this approach allows to
establish global boundedness very naturally. One could also think of using 3
fixed point theorem for set-valued mappings, but again one would need an extra
argument for deriving the global boundedness of the solution. Actually, it is not
obvious that (7) has only bounded global mild solutions under the assumptions
of Theorem 2.

4. The fact that % is a mild solution in L?(M) and B. (as in Section 3.1.) is
the subdifferential of a proper lower semicontinuous convex functional, allows tg
employ a Theorem of Brezis ([5], cf. {32; Theorem 1.9.3]} which shows that u is
actually a strong solution of (9) in case j = co and gives various growth estimates;
In particular, one obtains u(t, ) € dom(B) for a.e. t € (0, 00) (spatial regularity);

w & Wt (0, 00), L2(M)) and ¢ Viu(t) € L ([0, 00), L2 (M)
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