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EQUATION WITH A BOUNDARY BLOWING UP FLUX CONDITION
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1. INTRODUCTION

In 1757 L. Euler [2] started the study of the best column: i.e., the shape of a stable column with
symmetry of revolution such that it attains a maximum of height once the total mass is prescribed. He
used the Bernoulli-Euler theory connecting the bending moment of the column with its curvature. Since
then many mathematicians have contributed to this subject which in fact is not completely solved.

In this communication we follow the formulation posed, in 1966, by J. B. Keller and F. I. Niordson
[3], in which, after suitable arguments (we send to this paper for details on the modelling) the problem
is reduced to the existence of a function u(x), z € (0,1), and a positive constant A satisfying

— (A(@)p(ug))  + (B(z) + A)u=0 in (0,1),

) — 400 asx — 1,

Alz) = (p+ /u(s)st)z, B(x) = 2/11,1-(7')72 (n+ /u(s)zds)dr and ¢(q) = _qi?"

0 T 0

Notice that problem P(A, B) can be written as the integro-differential equation
{A(ﬁ‘)] +(B(w)+A)u=0 in(0,1),
Of u'(1) = 400,

2

(2) A(u)(z) = <u + /Om u(t)th>

(3) B(u)(z) = /: ﬁ (u + /Om u(t)2dt> dt.

The main goal of our study is to provide a rigorous approach to this problem, solved by the mentioned
authors in [3] merely by means of asymptotic arguments. Our main result is the following:

Theorem 1. Assume that

92
4 —_—.
) ~ 128
Then problem P(A, B) admits a solution u with u € WP(0,1) for any p € [1,3) and such that,

(5) () = 0 <(11I)1/3> near x — 1.

In particular, u £ W3(0,1).
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We shall prove the above result by iteration. For given w,,_1, we define A,, = A(up—1), Bp = B(upn—1)
and then w,, is constructed as the (unique) solution of
Al By +Au=0 in(0,1)
u3 n - 9 )

T dx

u(0) =0, v/ (1) = +o0,

(6)

(we start, for instance, with ug(x) = x). In Section 2, we shall prove that the singular problem (6) has
a unique bounded variational solution (for prescribed A,, and B, satisfying some suitable assumptions).
In fact, u is obtained by minimization of the functional J,, given by

1 1
(7) Tn(u) = /0 An(e) /0 (B (x) + Au(z)?da

on the set {u € C([0,1]) N W51 (0,1), u > 0, uz > 0, u(0) = 0, 2= € L2(0,1)}.

loc =
Finally, in Section 3, we show that under condition (4) the iterated sequences {A4,} and {B,} are

equicontinuous and that {u,} converge (in suitable functional spaces) to a solution of P(A, B).
A detailed version containing other complementary results will be given in [1].

2. ON THE MINIMIZING OF J(u) AND ITS EULER-LAGRANGE EQUATION.

The minimization of functional J,(u) can be considered as a particular case of the problem of to
minimize a functional J : K —] 0, +oo] of the type

= ' a(z) T 1 x)u(z)dz
J(u)—/o%(x)zd +/Ob(><>d

with a(z) > p > 0 and b(z) > 0 a.e. z € (0,1), on the convex cone

K ={ueC(0,1])n W (0,1), u>0, u, >0, u(0) =0, va € L*(0,1)}

x

Remark 2. We do not suppose a priori that u is convex (ugz, > 0) but from the equation (11) below we
can show that any minimizer u is such that u, increases, whenever a(x) is assumed to be nondecreasing.

Let us denote n = inf,cx J(u). It is easy to construct special functions v € K such that J(v) < oo.
So, we have that n < +o0.

Proposition 3. There exists a unique minimizer v of J on K.

Proof. The uniqueness of the minimizer comes from the strict convexity of J. The proof of the existence
of the minimizer will be divided in several steps.
Step 1. Let {u,} be a minimizing sequence in K such that J(u,) — 7. Then {u,} is bounded in the
weighted space L2(0,1) = {u : (0,1) — R: fol b(z)u(z)?dr < oo}. Thus, replacing it by a subsequence,
one can suppose that it has a weak limit u € LZ(0,1). On the other hand, the sequence {i} is bounded
in L2(0,1) and so, there exists 1 € LZ(0, 1) such that {i} — ) weakly in L2(0,1) and
1 1

(8) / a(a:)w(m)zdm—i—/ b(z)u(z)?dx <.

0 0

Step 2. Define e = sup,,> y J(un) — 7, so that ey — 0 as N — oo. Since 1 belongs to the weak closure

of the set {%, n > N}, for each N there exists a convex combination ¢ = Zszl )"f% (with n, > N
nx np,

Vk) such that ||[¢)n — 9|[L2(0,1) < en. Let vy = Zszl AkUn, be the corresponding convex combination

of the u,,. Then vy — u strongly in L7(0,1). In fact, as  — 1/z is a convex function on R%, then {up,,
n > N} converges weakly in L2(0,1), and so, by replacing {u, } by a sibsequence, one can suppose that

{un} — w strongly in L2(0,1). Moreover v}im < 9y and consequently

U (e 1 1
9) limsup/O (7)2d:v < lij{]n/o a(x) % (z)d :/0 a(x)y(z)?dz .

N—oo sz(x)

Step 3. Since J(vy) > 7, using (8), we get
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lin}vinf/ola(x)val(x)gdx+/01b(9c)u(x)2dx
 lim inf (/Ola(x)mvzl(da:—i—/ b(a)uy (2) das) = liminf J (o)

27;2/ a(z dx—i—/ b(x
Hence

(10) Jim / e - /0 ' (@) ().

Step 4. We have that 0 <

1
1
< ¢n and lij{[n/o (1&%, — 1}/2> a(z)dr = 0. Then lij{[n

UNz N

UNg

strongly in L2(0,1). Substituting the vy by a suitable subsequence, one can suppose that vy — u and

— 1 a.e. in (0,1). Then vy, — i a.e. and by Fatou’s Lemma foz ﬁdt < liminfy foz v (t)dt =
UNz

liminfy vy (z) = u(z). Defining v(z) = [ Ui%t) dt, thenv € K, J(v) < fo 2d;z:—|—f0 u(x)?dr <
1 and so v is a minimizer for J.m

Proposition 4. Let v be the minimizer of J on KC. Then

a(x) !
11 = b(t)v(t)dt
() e e ALOE0

and hence the boundary flur blowing-up condition lim,_.1v'(x) = 400 holds. Moreover v is a weak
solution of

a(z)
(12) ( o3 )x +b(z)v =0.
Proof. Choose o # 0 in L>(0,1) and set w(z) = [, o t)dt and vy = v+ sw for s € R. For s in R,
|s| < 7——, one has vs; () = u.(z)(1 + so(x)) >(1- s|\0||m)u$(m) >0 and vs(z) < (14 s||o||oo)u(x).

llo]loo

So v, € K with

! 1
J(Us) :A Cl(x) (1+80’(Z‘1))2Ux(x)2dx+/0 b(x)vs(x)de
1 1 1 ) 1 )
= W/o a(ﬂf)WdH(HsIIaIIoo) /0 b(z)v(z)dx

max ; sllo ) : N
: <(1—8|a||oo)2’(1+ llolloc) )J( ) < +o0.

d
Then, d—J(vs) =0 at s = 0 provides
s

T 1
(13) —2/0 a(x) L Za(x)derZ/O b(x)v(z)w(z)dx =0.

The second term in this equation is

/01 b(z)v(z)w(x)dx —/ b(x (

_ /O oty ( |

/0 1 (‘“(”%év)z +0,(a) ( : b(t)v(t)dt)) o(2)d = 0.
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This holds for any ¢ in L*>(0, 1), and so we get a(x)m = v () (fml b(t)v(t)dt))7 ie.

1 1
14 = .
(14) @) = [ MOt
This provides also the boundary condition
. 1
(15) il—>m1 a(z) @? 0.

and, by derivation
(a(x)%(lx)g)x — —b(z)v().

3. PROOF OF THEOREM 1.
Let u,, be are defined as at Section 1. It is clear that {B,(z)} — 0 as x — 1. Moreover we have
Lemma 5. Assume (). Then {u,} is bounded in L*(0,1).

Proof. Since A,, and u,, are nonnegative and increasing functions we have

> — S _
Une(2)3 = Ung (7)3 /1 (Bn(t) + Mup(t)dt > A1 — z)u, (),
which provides
A, (1 1/3 B
(16) n (2) 1 () < *‘;ff%zg*<1—-m) 1/3,
Integrating between 0 and z
A (1 1/3
(17) Un(l‘)4/3 < QL [1 (1= l‘)2/3] .

Al/3

Notice that A, (1) = (p + ||un—_1]|3)%. Then, since fol 1-(1- x)2/3]3/2dx = 37 integrating between 0
and 1, we get that

371'\/§
16v/A

Consequently, due to (4) the sequence ||uy,||3 is bounded.m

(18) llunll3 < (1 + llun—113) -

We point out that |[A || < (1 + C’%)2 with Cy = sup,, ||tun||2. More precisely we have
Proposition 6. The sequence {uy} is bounded and equicontinuous in C([0,1]).

Proof. By (16) and (17), the uf/ % are bounded and their derivative are equiintegrable, so that the sequence
ui/ ? is bounded and equicontinuous. The same property holds then for the u,.m
In order to prove the equicontinuity of the B,, we shall prove previously the following result:

Lemma 7. Assume (4). Then there exists v > 0 such that un,(z) > v(1 — x)~'/3 for any n and a.e.
x € (0,1). In particular u,(z) > 3?7[1 — (1 —2)%?] for any n and any = € [0,1).

Proof. For x close to 1 we have () ~ cp(1 — x)~? with ¢2 = A;(1)/Au,(1) > 0. In particular,
(1 —2)'3u;(x) > 0 on [0, 1] and has a strictly positive limit as  — 1. So, there exists 7; > 0 such that
(1 —2)3u1,(z) > v ae. z € (0,1). By induction, suppose (1 — z)"/3u(,_1),(z) > v > 0 with v small
enough. In particular, v <1 and v < 7. Setting C, = sup,,, ||tum||cc we have

©? An(z) 1 N e
Ung ()3 = Una ()3 _/z (Bn(z) + A)uy, (z)d

< O [(1 —2)A+37%(u+C2) /1

x

(1- t)2/3dt}

< o [(1 = 2)A+ 2972+ C2)(1 - )]

<Oy 2(1—2) [A Fo(u+ 020)].
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So, if we take v small enough, and in particular such that
p2 >y Ca [A+2(u+ c2)
we get that u,.(2)® > (1 —2) .

Proposition 8. Assume (4). Then the sequences {A,} and {B,} are bounded and equicontinuous in

(o, 1]).

Proof. The uniform boundedness of {A,,} and {A,,,} results from previous results. The uniform boudned-
ness of {B,} and {B!,} results from the boundedness of {u,} and the previous lemma.g

To end the proof of Theorem 1 we apply Ascoli-Arzela lemma to get the uniform convergence of
{un}, {An} and {B,} to some functions u, A and B in C([0, 1]). Obviously A(z) = A(u)(z) = (n + [, u(t)th)2.
Moreover, from (16) and Lemma 7 we get that

dl d2

A= 2)i/3 < Ung(z) < A=)/ a.e. z € (0,1)
for some uniform constants di,ds > 0 (use the strong maximum principle near x = 0). Then {u,,}

converges weakly to u, in W1P(0,1) for any p € [1,3) and the estimate (5) holds. Moreover, from

(19) we get that {uA”((;))s} is uniformly bounded in any LP(0,1) for any p € [1,3) and so, there exists

(19)

a function & € LP(0,1) for any p € [1,3) such that { é:p,} — ¢ weakly in L?(0,1). In particular

u

{unlzg } — ﬁ and as the function 7 — —r~3 generates a maximal monotone graph in L?(0,1) we get
1

that necessarily ﬁ = —3. Then, multiplying by a test function in the corresponding equation (12) for

u, we can pass to the limit and so u is a weak solution of P(A, B).m

Remark 9. Further reqularity results can be found in [1].
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