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1 Introduction

Many evolution boundary value problems in PDEs can be reformulated as spe-
cial cases of abstract Cauchy problems of the type

du u u) in
(ACP) o (t) + Au(t) > F(u) X, 1)
u(0) = uo.

where the operator A is, in fact, a nonlinear operator on a Banach space X and
F(u) represents the operator associated to a real continuous function f.

Different ideas have been introduced at the literature in order to get con-
clusions on the solution v but by using the information obtained trough some
auxiliary simplified Cauchy problems. Here we shall pay attention to two dif-
ferent arguments of this nature.

The first of them is the so called “method of quasi-linearization” introduced
by Bellman and Kalaba in [8] in order to prove the existence of solutions of
nonlinear parabolic semilinear problems with A a second order linear elliptic
operator and f written as f = f., + fen With f., convex and f., concave by
means of some iteration schemes. One of ours contributions to this respect is to
avoid any additional assumption on the second derivative of the function f , in
contrast with other results in the literature (see, for instance, Laksmikantham



and Vatsala [27] and Carl and Laksmikantham [11], [12], [13]).To do that we shall
combine an iterative scheme with some approximation arguments (we replace f
by a regular approximation f*) of the type

dﬁ;;l + Aﬂk+1 >
FE@R) + (fé)u(we) @rsr = k) + (f5,)u(@r) @1 =) in X,
du
,;;rl +A@k+1 5
SF(uy) + (ffu)u(@k)(ﬂkﬂ — ) + (fckn)u(ﬂk)(ﬁkﬂ —uy) in X,
TUp41(0) = uo, ug,1(0) = uo.
We also prove that this method can be extended beyond the linear assumption
on A and, which is perhaps more useful, we formulate and prove this princi-
ple in the abstract framework of T-accretive operators in the Banach lattices
X = LP(Q) for some p € [1,400] or X = C(Q), where Q is a regular open
bounded set of RV allowing to get, as applications the case of quasilinear or fully
nonlinear parabolic equations. It is also applicable to some multivalued equa-
tions, as the obstacle problem (something proposed in Laksmikantham [25]).
Notice that, the above system of uncoupled equations replace the nonlinear
term F(u(t)) by linear (zero order terms) as [(f%)u(wy,) + (f%,)w (Wk)]Uk41 and
[(fE)u(ug) + (f5)u(@We)] w1 -As a matter of fact the quasilinearization method
was introduced by R. Bellman and collaborators ([8]) in order to get the ap-
proximation of the solution of semilinear equations by means of a quadratic

(sometimes called as rapid) convergence. We can prove something similar for
concrete quasilinear equations as we explain at the end of Section 2.

The second method which keeps the main idea of simplify the initial non-
linear PDE is a principle, introduced by the authors in Casal -Diaz [16], and
generalizes the classical linearization principle. We consider, this time, some
abstract problems of the type

{ () + Au(t) + Bu(t) 3 F(ui(.))  in X,

u(s) = up(s) s € [-T,0].

(2)

on a Banach space X, where u:(0) = u(t + 6),0 € [—7,0] .We want to study the
convergence, as t — 00, to the associated equilibria: w € D(A) C D(B) C X
such that
Aw + Bw 3> F(w(.)),

where w € C' := C ([—7,0] : X) is the function which takes constant values equal
to w. Our main goal is to extend, to a broad class of nonlinear operators A, the
usual linearized stability principle saying, roughly speaking, that for the special
case of A linear (single valued) and B and F are differentiable, the asymptotic
stability of the zero solution of the linearized equation,

{ 4o (1) + Av(t) + DB(w)v(t) = DF(@)vy(.) in X,
v(s) = uo(s) s € [-T,0].



implies that u(t : ug) — w as t — oo, at least if ug(.) is close enough to w.
We point out that our results seem to be new even without the delayed and
nonlocal term (i.e. for F' = 0). Our generalization is motivated by the fact that
quite often the nonlinear operator A is not differentiable near some equilibrium
points and so the classical linearization principle is not applicable.

The main motivation to keep A nonlinear after the process of linearization
in the above papers was the study the stabilization of the uniform oscillations
for the compler Ginzburg-Landau equation by means of some global delayed
feedback. In fact, due to the important role of a controlling term, we consider
in this section the case in which F' depends of some delayed term w(0) = u(t+6),
0 € [—7,0] for some 7 > 0. It is a curious fact that even if the complex Ginzburg-
Landau equation is formulated in terms of a linear (vectorial) diffusion operator
A the usual representation for the unknown as z(x,t) = p(z,t)e'?@? leads the
original system to a coupled nonlineard system_of equations for p and ¢ which
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can be formulated again in the form () + Az 5 F(z) but with a nonlinear

(and not everywhere differentiable) operator A.

Many other examples can be appealed to justify the philosophy of keeping A
non-linear after linearizing the rest of the terms of the equation. For instance,
this is the case when A is multivalued, or nondifferentiable or a degenerate
quasilinear operator. We point out that some relevant examples of nonlinear
equations arise in the most different contexts (see, for instance, Diaz and Hetzer
[20] for one example in Climatology).

The main conclusion of the pseudolinearization principle was formulated
in terms of the condition that the operator y — Ay — DF(w)y belongs to
A(w* : X), for some w* € C with Rew* = v* < 0 where the class of operators
Alw : X) = {4 : Dx(A) € X — P(X),such that A + wl is a m-accretive
operator} (see Brézis [10] for the case of X = H a Hilbert space and Bénilan,
Crandal and Pazy [9], Vrabie [32] for the case of a general Banach space).

2 Abstract Quasilinearization Principle

Given ,a regular open bounded set of RV, we shall consider the abstract
Cauchy problem (ACP) in the Banach lattice X = LP(92) for some p € [1, +o0]
or X = C(Q). Several definitions are in order first.

Definition 1 An operator A : D(A) C X — 2% is called m-accretive if it is
accretive and, in addition, R (I + M\A) = X, for each X > 0

The structural assumptions on the operators we shall assume in this section
are the following

(H1): Ae A (w: X), for some w € C, with A; (w: X)={A:D(4) C X —
P(X),such that A+wl is a m-T-accretive operator}. Moreover A satisfies
the property (M ) of Bénilan [9].

(Hz): The operator semigroup T'(t) : D(A) — X, t > 0, generated by A, is
compact. (see Vrabie [32]).



(H3): Ug € (A) N LOO(Q)
We shall assume that the nonlinear term F'(u) is generated through a con-
tinuous real function f: R — R satisfying that

(Hy): f = feo + fen with f., convex and f., concave

Notice that, in contrast with previous works on the quasilinearization process,
we do not require any assumption on the linearity of operator A neither on the
differentiability of f (in the classical sense).

We define the notion of sub and supersolution of the original abstract Cauchy
problem (ACP) : A couple of functions u,u € C([0,T] : X) N L>®((0,T) x )
are called sub (respect.) supersolutions of (ACP) if there exists g (respectively
g) in L1(0,T : L*°(2)) with g < 0 (respectivelyg > 0) such that u,u are mild
solutions of the problem a

1)+ Au(t) > flu) +g X,

u(0) = o,

(respectively
G0+ Au(t) > f(@) +7 in X,

ﬂ(O) = Ug

in the case of @). Notice that here we are identifying the operator F'(u) associ-
ated to f with the own function f(u).We shall assume

(Hs): there exists u, @ sub and super solutions of (ACP).

Finally, as we shall combine some ordering and some approximation argu-
ments we shall need

(Hg): the subdifferential operators df., and 9(—f.,) are bounded on the set

I := [inf eS$t€[07T]7x€Qg(t,x), sup eSSte[O,TLxegﬁ(t,x)L ie, [b] < M for
any b € 0f.,(r) or b € d(—fepn)(r), for any r € I.

Remark. Since u,u are bounded functions then I is a compact interval of
R. Moreover, by using some well known results (see, e.g. Brézis [10]) it shown
that assumption (Hg) implies the existence of a sequence of auxiliary functions
f¥ € C?(R) such that f& = f& + fk with f% & € C%(R), f¥, convex and f%,
concave for any k € N, such that

fk /" fe, as k — oo, uniformly on any compact interval of I,
k N\ fen, as k — 0o, uniformly on any compact interval of I,

3)
Moreover ||(f¥)u(n), ( fn)u(n)HLm(uT:X,) < M < M, for the same M > 0

given in (Hg), for any n € C([0,T] : X) such that u < n <.

Finally, since the main goal is the approximation of the solution we can
consider the uniqueness of solution question as an independent goal. So, we
shall assume that



(H7): Problem (ACP) has at most one mild solution.

Remark. This can be proved once we assume (H; ) and some extra condition
on f such as, f is (globally) Lipschitz continuous.

In order to construct the iterative scheme we define the pseudo linearized
(approzimated) abstract Cauchy system

dUp 1 —
5 T Atk S

fk(ﬂk) + (fckv)u(@k)(ﬂk+1 - ﬂk)
+(fl)u (@) (Whr — k) in X,

(PLACS)i {4 1 4 Ay, ) 5

SPug) 4+ (FE ) u(ug) (g gy — )

+( ckn)u(ﬂk)(ﬂk;+1 - Mk) in X

Up+1(0) = uo, up,q1(0) = uo.

Theorem 2 Assume (Hy)-(Hz;). Then, for any k € N there exists (uy,ur) €
L*((0,T) x Q)2 mild solutions of the system (PLACS) and with (u;,%;) =
(u,w). Moreover,the sequences {u},{ur} converge in C([0,T] : X) to u €
L>((0,T) x Q) (unique) mild solution of (ACP) and we have that u < u < .

We shall prove the result in several steps.
i) Existence of (uq,us).The (PLACS), is given by

4% | Aw, > f(7)
+(foo)u(w) (@2 — 1) + (f2,)u(@) (@ —7)  inX,
(PLACS)Q % +A22 5 fl(ﬁ)

L))y — w) + (fh) (@ (uy —w) 0
u2(0) = ug, uy(0) = up.

The existence (and uniqueness) of solution of this uncoupled system comes from
the fact that A € Ay (w: X), and that f*(w) — (fL)u(w)u— (f1). (@), fH(u)—

(fl)u(@u — (fL)u(@u € LY(0,T : X) (recall that u,u are bounded and that
f! is continuous in R).

ii) Estimates on [tug — U], and [u — u,], . By construction we get that

d(uz — )

7t +Aﬂ2—Aﬂaal(t,x)(ﬂg—U)—ﬁ-l-fl(ﬂ)—f(ﬂ)



where a; (¢, z) = ( clv)u(@(twr)) +( cln)u(ﬂ(tvx)) and so, ||a1||L°°((O,T)><Q) < M.
Since g > 0 and A + w/ is a T-accretive operator we get the estimates

mastego || [a(t) = Tt e gy < €TI0 [ = A1 -
maxiepo,r] [[[F2(t,) = @t )] o ) <

eHMIT(T |0 H [/ - ﬂ—”c(z) G120, )

The proof of the existence of u, is analogous. In that case we get the estimates

maieio ||t ) ~ ot )| oy < €T = T
maXge(o,1] H[g(t, ) = uslt, ')]fHLOC(Q) <

(w+M1)T 1 _
eI H [F1 =] —ch) + ol o2 @)
Remark. If no regularization is needed and so f¥ = f then we get that u < u,
and sy < .
iii) Proof of the inequality u, < Us. We have that

d(Tz — uy)
dt

with Fy = f1(u) = f1(u) + (f2)u(w)(w — @) + (f&,)u(@) (. — 7). But, from the

convexity of fl we get that for any u,v € I, f (u) > fL(v) + (fL)u(v)(u —

v). Analogously, the concavity of fl implies, for any u,v € I, that fl (u) >
1 (v) + (fL)u(u)(u — v). Both properties imply that F; > 0 and so, by the

T-accretiveness we get the conclusion.

iv) Existence of (uy,uy) for k € N, k > 1. It is analogous to the above step. For

instance, the forcing term (independent on 1) is now f*(uy) — (f% ) (w, ) g —

(%) (@x )y, which, again, is in L((0,T) x ).

v) Estimates on [tgy1 — ), and [uy, — yk+1]+ . By construction and (Hg) we

get that

+ ATty — Auy 3 [(f2,)u(w) + (f2) (@) (T2 — uy) — Fy

d(Tg11 — )
dt
with ap(t,2) = (f5)u(ug) + (fh)u(@) (and so [lakll (o ryxay < M) and
Fy, = f*@a) — fF (ugp_1) + ax_1(t, ) (T — Tr_1). So, using the convexity of
* and the concavity of f* we get that Fy, > f*(ty) — f*~'(u). Thus, by the
T-accretiveness of A we get that

+ Aﬂk+1 — Auy, D ak(t,x)(ﬂk+1 - ﬂk) + F},

maxseo,7) || [Wrs1(t,.) — Un(t, ')]+||L°°(Q) =
W MITT Q) H [f* - fk_1]+HC(1) ’

maxyeo,7] H [ug(t, ) = wpsa (1, -)]+HLOO(Q) <

(w+M1)TTQH k—1 _ gk H .
cmrriof [ -



Remark. If no regularization is needed and so f* = f*~! then we get that
Uy, < Uy and that wp < ugys.
vi) Proof of the inequality wy,, < Ug41. As in step iii) we have

d(ak+1_ﬂk+1) —
e 4 Al — Ay D

[(FE () + (FE)u (@) (W1 — wpey1) — Fe,
Fi = f5(te) — f*(we) + [(F8)u (1) + (F2)u(@r—1)] (g — T—1)-

Using the convexity of f% and the concavity of f¥ we have that Fy > 0 and
so, by the T-accretiveness we get the wanted comparison.
End of the proof of Theorem 1. The sequences {u,} and {uy} are uniformly
bounded in L*((0,7) x ). In consequence, using assumption (H.6), the se-
quences { £ () + (£ ) (1) T s1— ) (5, ) () (@ s1 )} and {7 () +
(8 )ulur) (Wry — we) + (F5)u(@h) (Wpqq — uy,)} are also uniformly bounded in
L*((0,T) x ). Thus, by the assumption (H2) there exists U,U such that
{u,} — U and {ug} — U (strongly) in C([0,T] : X) (and, at least, weakly in
L>((0,T) x Q). Finally, {f* @) + (£5,)u () @1 — @) + (f) (@) (@1 —
)} — f(U) and {F*(w) + (& )u(we) (Werr — ) + (F8)u (@) (w1 — )} —
f(U) and so U,U € L*((0,T) x ©)? are mild solutions of (AC'P) which must
coincide due the assumption (H7). From steps i)-vi), passing to the limit, we
get that u <u < u.mg
Remark. If no regularization is needed and f* = f then it is easy to see that
U< uy <SSy <.Su<..<up <ux <
Remark. Some abstract results of a difference nature (in which A is a regular
function, and so, of difficult application to PDEs) can be found in Section 4.6
of the book [27] (see also the references cited there).
Remark. More general functions f (¢, x,u) can be also considered. For instance,
it is possible to improve Theorem 1 by assuming the existence of ¢ convex and
1 concave such that f = f., + fen With f., +¢ convex and f., 4+ concave. In
that case, we assume merely that A + ¢ 4+ v is a m-T-accretive operator on X.
The method can be applied to systems of nonlinear pdes as well as to pdes with
some delayed terms (see some iterative schemes in [29], [18] and [?]).

Many different examples are possible. For instance, we can consider

Example. A: D(A) — P(LY(Q)) given by Au = —div(|V(u)|” > Vé(u))+
B(u) with D(A) = {¢(u) € WHH(Q), u(z) € D(B), ae. x € Q, Au € LY(Q),

P=2 5.0,
- )a(gsl“) %&f) € v(¢(u)) on 9N} where p > 1, ¢ is continuous and increas-

ing, and 3, are maximal monotone graphs of R? (not necessarily associated to
differentiable functions).

One of the reasons argued by Bellman to introducing this method for semi-
linear equations is the quadratic (sometimes called as rapid) convergence. We
can prove something similar for concrete quasilinear equations:

Theorem 3 ([?]). Let A as in the example with p > 2, ¢(u) =u, 5 =0 and 7



corresponding to Dirichlet boundary conditions and assume (H3)-(H7). Then
_ 2 _
max;eo.7) [lu(t) — Uk(t)”m(g) + flu— UkHip(O_’T:WULp(Q) <

_ 2 2
Cllu— U‘k*1”L2((O,T)><Q) + ||“ - gkleL%(O,T)xQ))’

2
maxe(o.7 [[u(t) — w () 120 + v — Hk”ip(o,T:WOl,p(Q) <

_ 2 2
C(lJu— uk*1||L2((0,T)><Q) + H“ - ukleLQ((O,T)xQ))'

3 Abstract Pseudolinearization Principle

As said at the Introduction, our main motivation to generalize the linearization
principle comes from some previous works by the authors and collaborators
([?], [1]), [?]) dealing with the stabilization of the uniform oscillations for the
complexr Ginzburg-Landau equation. This stabilization takes place by means of
some global delayed feedback. If, for instance,we consider the case in which the
domain is Q = (0, L1) x (0, Ls) with periodic boundary conditions, and define
the faces of the boundary

I :an{.Z‘j ZO},Fj+2 :8Qﬂ{xj :Lj},j =1,2,
this problem can be stated as follows

o (14 ie)Au=(1—iw)u—(1+iB) [ufu

+ueXoF(u,t,7) Q x (0, +00),
(Pr) u‘FJ' - u|Fj+2 )
ou _\| Ou _ Ou __ Ou
(_ Bin}rj _) i |y, = Pu5|p, (— 87|FJ+2> 00 x (0, 4+00),
u(xas) = 110(1'78) Q x [-’7’,0],

where n is the outpointing normal unit vector and

F(u,t,7) = [myu(t)+meu(t)+msu(t — 7, z)+mgu(t — 7)),

with U(s) = |Ql|/ u(s,z)dx.
Q

Here the parameters €, 8, w, , X, m; and 7 are real numbers, in contrast with
the solution u(z, t)=u(z,t) + tus(z,t).

This type of equations (called as of Stuart-Landau in absence of the dif-
fusion term) arise in the study of the stability of reaction diffusion equations
such as 88%( — DAX = f(X 1) where X : Q x (0,+00) — R” and 7 is a real
scalar parameter when the deviation v from the uniform state solution X, is

developed asymptotically in terms of some multiple scales (see Kuramoto [23]).



Coefficient € measures the degree to which the diffusion matrix D deviates from
a scalar. With the basis of a sound experimental work, many recent studies
of a more descriptive nature, but of a great originality and interest, have been
written. In those studies the delay term F(u, ¢, 7) has been taken corresponding
to my = 1,m; = 0 for ¢ = 1,2,3 and introduced as a control mechanism (see
Battogtokh and Mikhailov[7], Mertens et al. [28]).

If we focus our attention on the so called slowly varying complex amplitudes
defined by u(z,t) = v(z,t)e” ™!, thus, v satisfy

XN (1+ie)Av =v—(1+iB)|v[*v

+peXo [myv+mov

+e“T (mav(t — 7, 3)+maV(t — 7))] Q x (0,+00),
VlF]' = VlF]‘+2’

_ 81} —) Ov
on Fj - 6:6_7'

v(z,s) = uy(z,s)e’s Q x [-7,0].

— Ov
— Oz

— Ov
F]' Fj+2 (_ an|FJ+2) aQ X (O7+Oo)?

The existence and uniqueness of a solution of (P;) can be proven once we
assume, for instance, that uge C([ — 7,0] : L*(Q)). In the mentioned refer-
ences we were interested in the stability analysis of the time-periodical function
Vauose(T,1) = poe . We can reduce the study to the stability of station-
ary solutions of some auxiliary problem by introducing the change of unknown
z(x,t) = v(x,t)e?* where v(x,t) is a solution of (P,). Thus z(z,t) satisfies

22 (14 ic)Az = (1+ i0)z—(1 + if) |2 2

+peXo [myz+moz

+ !N (maa(t — 7, 2)+maz(t — 7))] Q x (0, +00),
(Ps) Z|Fj = Z|Fj+2’
z(z,8) = uy(z, s)et@=9s Q x [—7,0].
Notice that now, vyesc(z,t) = poe_wt is an uniform oscillation if and only

if z(2,t) = Vuose(n, 1) = y = p, is an stationary solution of (P3): i.e.

0= (1+i0)y — (1+iB) |y]> y+pe™o [mi+mat+e’ @07 (mytmy)] y.

The motivation to keep A nonlinear after the process of linearization (reason
why we used the term of pseudo-linearization principle) comes from the fact
that if we use the representation for the unknown of the delayed nonlinear
equation (Ps) as z(z,t) = p(z,t)e’*®) then we arrive to a coupled nonlinear
system of delayed equations for p and ¢ which can be described in terms of the
representation operator given by P : R? — C, P(p,¢) = pe'®. Indeed, notice



that P is nonlinear and that if q = (p,¢) then z(x,t) = P(q(z,t)) and the
(P3) can be formulated as A 4 AP(qg(-,1))+BP(q(-, 1)) = F(P(a()):).
By using that the matrix C(q(+,t))=gradP(q(-,t)) is not singular, we can arrive

to the simpler formulation

%?(wt) +C(a(-1)) " [AP(a(, ) +BP(q(-, 1)) = Cla(-,) " F(P(a(-)e). (4)

Notice that, although this delayed system can be also (formally) linearized
(this is the procedure followed in Battogtokh and Mikhailov [7] and Mertens
et al. [28]) the above diffusion operator C(q(-,t))"*AP(q(-,t)) becomes now
quasilinear on q and thus the mathematical justification is much more delicate.

Other examples, given in Section 3, justify also the philosophy of keeping A
non-linear after linearizing the rest of the terms of the equation. For instance,
this is the case when A is multivalued, or nondifferentiable or a degenerate
quasilinear operator. We point out that some relevant examples of nonlinear
functional equations arise in the most different contexts (see, for instance, Diaz
and Hetzer [20] for one example in Climatology, Chukwu [19] for a family of
examples dealing with the wealth of nations and the general exposition made in
Hale [22]).

Coming back to the abstract formulation, the structural assumptions we
shall assume in this paper are the following

(H1): A€ A(w: X), for some w € C, with

Aw : X)={A:Dx(A) C X — P(X),

such that A + wI is a m — accretive operator},

(see Brezis [10] for the case of X = H a Hilbert space and the works by
Benilan, Crandall, Pazy and others for the case of a general Banach space: see
the monographs [9] and [32]),

(H2)=(H:): the operators semigroup T'(¢) : DX(A)X — X, t > 0, generated
by A, is compact

(H3): B € A(0: X), B is single valued, Fréchet differentiable, and B is domi-
nated by A; i.e.

Dx(A) C Dx(B) and |Bu| < k|A%| + o(|ul) (5)

for any v € Dx(A) and for some k < 1 and some continuos function
o : R — R, where, here and in what follows, |.| denotes the norm in the
space X (in contrast with the norm in space C' which will be denoted
by ||.||] if there is no ambiguity, when handling two spaces X and Y the
corresponding norms will be indicated), |A%/| := inf{|¢| : ¢ € Au} for
u € Dx (A),

10



(H4): F: C — X satisfies a local Lipschitz condition, i.e., for any R > 0 there
exists L (R) > 0 such that

[F(¢) = F(¥)| < L(R) ||¢ — 9| for any ¢,4» € C and |||, [|[¢]| < R-( )
6

(H5): there exists 0 > 0 such that F : BY. (@) — X is Fréchet differentiable

with the Fréchet derivative DF (@) given by D(F(w))¢ = fET dn(0)e(0), ¢ €
C, for n: [-7,0] — B(X, X) of bounded variation and the Fréchet deriv-
ative is locally Lipschitz continuous, where

B (@) = {0 € Cillo -3l < "},

We further assume the main condition of our arguments:

(H6): the operator y — Ay+ By —DF(w) (e*"y) belongs to A(w : X), for some
w € C with Rew = v < 0 where e v € C is defined by

(e¥v)(s) = e“*0(s), with ¥(s) = v, for any s € [-7,0] for v e X. (7)

In order to treat the case in which B is differentiable we introduce the
conditions

(H7): there exists a Banach space Y and there exists ° > 0 such that B is
Fréchet differentiable as function from Bgs(w) into Y, with the Fréchet
derivative DB(w) locally Lipschitz continuous, where

Bss (w) = {z € D(B); |lw—z| < 63} ,
(H8) the operator y — Ay + DB(w)y — DF(@) (e "y) belongs to A(w* : Y),
for some w* € C with Rew* =~* < 0.

Theorem 4 Assume (H1)-(HG). Then there exists « > 0, ¢ > 0 and M > 1
such that if ug € BX(®), uo(s) € Dx(B) for any s € [—7,0] then the solution
u(- : up) of (1) exists on [—7,+00) and

lu(t : up) —w| < Me™* |lug — @, for anyt > 0. (8)

Moreover, if we also assume (H7), that (H1)-(H5) holds on the space Y and (HS8)
then there exists a* > 0, ¢ € (0,¢] and M* > 1 such that if ug € BX"Y (@),
uo(s) € Dx(B)N Dy (B) for any s € [—7,0] and for any t > 0,then

ult  w0) — wl + [t : wo) — wly < M€= (o — @l + luo — @y ). (9)
Proof. From assumptions (H4) and (H5)

F(¢) = F(®) + DF(®) (¢ — ©) + GF (@, ¢), for any ¢ € By (0).
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Moreover since DF (@) is locally Lipschitz continuous, there exists a continuous
increasing functions b% such that

|GF(@,¢)] < bk (I — @ll) |9 — @, for any ¢ € Byi (). (10)

Then

du dw N N Fo~
E(t)—E—i—Au(t)—Aw—l—Bu(t)—Bw—DF(w)(ut—w) > —G" (W, u). (11)

We now use assumption (H6). We claim that we can find a constant constant
K > 1 and such that

t
lug — @ < Ke |jug — 0| —|—/ Ker(t=s) |GF(117, u,)| ds. (12)
0

Indeed, as u(t) and w are “integral solutions” in the sense of Benilan (see. e.g.
[9]), then, by (H6), if we multiply (11) by u(t) — w (by using the usual semi
inner-braket [,]: see, for instance Benilan, Crandall and Pazy [9] or Vrabie [32]
(Section 1.4)) we get that

t
lu(t) — w| < Ke?t%) Ju(ty) — wl +/ Ket=s) ’GF(@, us)| ds (13)
to

for any t > to > 0 (see, for instance, Benilan, Crandall and Pazy [9] or Vrabie
[32] Theorem 1.7.5). Then,

t
lu(t) — w| < Ke |lug — @ +/ K= |GF (B, u)| ds (14)
0

for any ¢ > 0. Finally, since (14) holds trivially for ¢t € [—7,0] we get (12) by
taking the maximum, in (13), on intervals of the form [t — 7,¢] for any ¢ > 0.
Now, let R € (0,6%) be chosen so that

bk (R) < (=7)/(4K). (15)

Define € = min{R/(2K),5§}. Let us show that if ug € BX(@) then the

associated solution u of (1) exists and |u; — W|| < R for all ¢ > 0. Thanks
to assumption (H2) we can apply some maximal continuation results (see, for
instance, Chapter 3 of Vrabie [32], or Chapter 2 of Wu [33] when A is linear),
it suffices to show that there exists no ¢; > 0 so that ||u, || = R and ||u¢]| < R
for t € [0,t1). By contradiction, if there exists such a ¢, then on [0, ¢1] we have

t
lus — @) < Ke |jug — | —I—/ KeY(t=9) |GF(@, u5)| ds
0

t
< Ke |Jug — @] + 2Kb§(R)/ 1= ||y, — @ ds.
0

12



In particular, at ¢ = t; we have

2KDR(R) ,
(= =7

e, — @] < Ke +

a contradiction to the choice of ;.

Finally, to end the proof, let ug € BX (@), uo(s) € Dx(B) for any s € [—7,0]
and let u the associated solution of (1). Since we have shown that ||u; — ]| < R
for all £ > 0 we get that

t
lue — @ < Ke* [Juo — | + bec(R)/ ) |lug —@llds - (16)
0

holds for all ¢ > 0. Thus, by using the Gronwall’s inequality, we get
lur — ]| < Kl PN lug — @] < KeO/D* [lug — @, uo € BX (@)

which shows (8).

In order to show the decay estimate (9), we repeat the same arguments as before
but now on the space Y. Then, from assumptions (H3) on Y and (HT7), there
exist 6% and 6% such that

B(z) = B(w) + DB(w) (z — w) + GB(w, 2), for any z € Bss (w),
F(¢) = F(w) + DF(@) (¢ — @) + G" (@, ¢), for any ¢ € By ().
where now

Bys (w) = {z € Dx(B) N Dy(B); |w— 2| < 5?}} :

By (@) = {6 € ;o - 3lly < o7},

and, as before, ||.||; denotes the norm on the space Cy = C([-7,0]:Y).
Moreover, there exists two continuous increasing functions b5 and b% such that

}GB(w,z)|Y < bf}(\w —z])|Jw — 2|, for any z € Bél}% (w), (17)
GF(@,9)|y < by (l¢ — @lly) |6 — @y , for any ¢ € Byr (@).  (18)

—(t) = — + Au(t) — Aw + DB(w)(u(t) — w) — DF(@)(u; — @) >

GB(w,u(t)) — GF (@, uy). (19)

Thus, by using (H8) and arguing as in the first part we get that there exists a
constant constant K* > 1 such that

lue = @y < K" |ug — @y
t
+ K*eV*(tfs)(|GB(w,u(s))|Y + |GF(117, us)|Y)ds (20)
0
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and then, by taking § = min(6%, %) and R* € (0,) such that
max(b% (R*), by (R")) < (=7)/(4K), (21)

we obtain that
lur — @y < K*e " lug — @y

t
[T OQR R s @l -+ B s s
0
(22)
We define R = min(R, R*), K = max(K,K*), ¥ = max(y,7*) < 0 and €* =
min { R/(2K), 8} . Then, if uy € BX™ (@), uo(s) € Dx(B)N Dy (B) for any

s € [-7,0] and we assume, for instance, that 7 = v, by adding (16) and (22) we
deduce that

e = @ x + llue = @lly < Ke¥(lug — @l + e Jug — @y )

t
R [ AR B R R fu — 3]
0

—&—bg(R*)e('y*_'Y)t lus — w||y ]ds. (23)
and the estimate (9) follows, again, by Gronwall’s inequality.g

Remark 5 It is not difficult to show that the assumption (H8) is implied (when
A is linear) by the condition: “if A € C is given so that there exists y €
D(B)\ {0} such that Ay + DB(w)y — Ay > DF(@) (e*y) then ReX > 07. This
allow to see Theorem 4.1 of Wu [33] (see also Parrot [30] and its references) as
an special case of our abstract result with B = 0. In that case the “variation of
the constants formula” can be used to get a different proof of the theorem since
A is linear. Notice that if B # 0 and D(B) & X then the arguments of the
proof of Wu [83] do not work (in spite of the claimed in the Example 4.8 given
there).

Remark 6 When A is linear, as in the case without delay, assumption (H7) im-
plies that the zero solution of the linearized problem ¥ (t)+ AU (t)+DB(w)U (t)-
DF(w)U(.) =0 in X, is locally asymptotically stable (Wu [35]).

Remark 7 It is possible to prove the existence of global solutions for a general
class of initial data (not necessarily near @) by using that A+ B € Alw : X),
for some w € C, some truncation of the nonlocal term F(u:) and passing to the
limit by the compactness of the semigroup generated by A (see Vrabie [32] for
some related results).

An easy adaptation of the above proof leads to the following linearization
result (now on a possibly smaller neighborhood of w) when A is differentiable

Theorem 8 The conclusion of the above result remains true if we assume, ad-
ditionally, that condition (H7) also holds for A and we replace condition (H8)

by
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(H9): the operator y — DA(w)y + DB(w)y — DF (@) (e¥'y) belongs to A(w),
for some w € C with Rew=~v< 0Nl

3.1 Example 1. The complex Ginzburg-Landau equation
with a global delayed mechanism

Motivated by the special form of the nonlinear term of the equation in (Ps)
we shall take X = L*Q) and Y = L*3(Q) (notice that, in contrast with
the case of scalar equations (see Parrot [30]) the space L*°(2) is not suitable
space to check assumption (H1): see [6]). A detailed analysis of the associated
diffusion operator is consequence of some previous results in the literature: see,
for instance, Amann ([4])). Notice that the operator Au can be formulated

matricially as
Ul - A — GA Ul
Us eA A ug |’

So, if € # 0 the diffusion matrix has a non zero antisymmetric part. In particular,
A is the generator of a semigroup of contractions {T'(t)},~, on X and the
compactness of the semigroup is consequence of the compactness of the inclusion
D(A) € X (notice that, since N = 2, WH4(Q) ¢ Wh4/3(Q) ¢ C(Q) with
compact imbedding) and some regularity results for nonsymmetric systems.

Concerning the rest of the terms of the equation in (Ps), we define Bu =
(1+4f) [ul>u with D(B) = L'2(Q). By using the characterization of the semi
inner-braket [,] for the spaces LP({) (see, for instance Benilan, Crandall and
Pazy [9]) it is easy to see that B verifies (H3). Moreover, by the results on the
Frechet differentiability of Nemitsky operators (see Theorem 2.6 (with p = 4)
of Ambrosetti and Prodi [5]) we get that (H7) holds, with DB(y)v = 3(1 +
iB) ly|* v, if we take Y = L4/3(Q). It can be found in the above mentioned
reference that assumption (H7) does not hold if we take X =Y = L?(Q).

The nonlocal term is defined, by

F(uy) = (14i0)u(t)+peXo [mlu(t)+m2ﬁ(t) + e @O (mgu(t — 7)+mau(t — T))] ,
is locally Lipschitz continuous and its Frechet derivative is given by
DF@)v(t) = —(1+ i0)v(t) - pe™ [myv(t)+mav(t)
— T (v (t — ) —maT(E — 7))} (24)

since for any ¢ € C, the non-local operator ¢ — ﬁ fQ ¢(s)dz is linear and we

can write DF(y)¢ = fET dn(s)o(s), with

dn(s)v(s) = do(s)(1+i0)v(s) (25)
™0 [80(5) (mav(s) +ma¥(s))+e 6 (5) (mav (s) +ma(s))

for any v €C([—7,00): L*()) and any s € [—7,00), where d¢(s),d_(s) denote

the Dirac delta at the points s = 0 and s = —7 respectively. By well-known
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results, we have that n : [-7,0] — B(X, X) has a bounded variation and so,
conditions (H4) and (H5) hold (and analogously replacing X by Y).

Finally, assumption (H6) can be read as a condition on the stationary state
y (a study of the eigenvalue of operator A can be found, for instance, in Temam
31]).

Remark 9 By introducing the representation operator P : R? — C, P(p,¢) =
pe'? it is clear that the quasilinear operator AP(q) obtained from the operator
Au=-(1 + ie)Au satisfies also condition A € A(w) (since P is merely a change
of variables). We point out that,

AP(q)=— (1 +i€)[Ap — p|Ve|* +i(2Vp-Vp + pAg)e™.

Then, the “formal linearization” of the operator E(q) := AP(q) at q*(z,y) :=
Y = pg becomes

DE(q")(pe?) = —(1 +ie)[Ap +ipy Agle™.

Notice that the linearization of C(q)~1AP(q) needs a slight modification of the
above linear expression.m

3.2 Example 2. Case in which A is nonlinear and nondif-
ferentiable

It is not difficult to adapt the results of the first example to the case in which
the vectorial operator is given by

U1 Al —CA (V51
()~ )0 &
with A; : D(4;) — P(L*(Q)) two (possibly different) m-accretive operators in
L4(Q), as for instance,

Aju = —div(|Vul" "> Vu) + 8;(u)
D(A;) = {u e WHH(Q) N LY(Q), u(z) € D(B) a.e. z € Q, Aue LHQ)

u [Pi—2 du
and — |9v 9u € 7,(u) on O}

where p; € (1,+00) and 3;,~,; are maximal monotone graphs of R? (not neces-
sarily associated to differentiable functions). We send the reader to Vrabie [32]
(and its references) for the study of the assumptions (H1) and (H2) for each
of the nonlinear operators A;. We point out that the structure of the nonlin-
ear diffusion operator (26) allows to guarantee that the diffusion operator is
m-accretive in L*(Q). The same holds also on L*/3().g
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